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Abstract

We investigate the quantization of the bosonic string model which has a local
U(1)yxU(1)a gauge invariance as well as the general coordinate and Weyl invariance
on the world-sheet. The model is quantized by Lagrangian and Hamiltonian BRST
formulations d la Batalin, Fradkin and Vilkovisky and noncovariant light-cone gauge
formulation. Upon the quantization the model turns out to be formulated consistently
in 264+2-dimensional background spacetime involving two time-like coordinates.



1 Introduction

It is the purpose of this paper to cast some further light upon constructions of theories
involving two time coordinates. To consider the physics which has more than two time
coordinates might be a clue to understand the origin of time and spacetime.

Several theories constructed on spacetime with two time coordinates are investigated
from various viewpoints, such as F-theory [1], two-time physics [2] and 12-dimensional
super Yang-Mills theory [3]. F-theory is proposed by Vafa as an extended concept of string
theory and constructed by using field theory of super (2,2)-brane [4] with 10+2-dimensional
background spacetime. The two-time physics is proposed by Bars as a device for searching
a unified theory and developed by himself and his collaborators [5]. In this context, string-
particle systems are proposed [6] from string theory point of view. By introducing constant
null vectors in background spacetime into the formulation, the 12-dimensional super Yang-
Mills theory [3] is also proposed.

Some years ago, one of the authors (Y.W.) had proposed a model which has a U(1)v x
U(1)s gauge symmetry in two-dimensional spacetime [7]. The striking feature of this
model is that there exists a negative norm state in two-dimensional spacetime as the same
as string theories [7]. Using the U(1)y x U(1)s gauge symmetry he also proposed string
models which have two time-like coordinates in ref. [8]. These models have the U(1)yxU(1)a
gauge symmetry or a supersymmetric version of the U(1)y xU(1) gauge symmetry on the
two-dimensional world-sheet. The background spacetimes of the U(1)yxU(1)4 bosonic and
superstring model might be 26+2 and 10+2 dimensions, respectively. In ref. [9] manifest
covariant formulations of the string models are given.

We in this paper further study the U(1)y x U(1)a string model. In particular, it would
be obviously important to explicitly carry out the quantization, so that we can argue not
only the critical dimension but also the mass spectrum at the quantum level. Since many
concepts in string theories are presented in bosonic models, we focus our attentions on the
bosonic U(1)y xU(1)4 string model in this paper. A quantization of the superstring model
based on our framework will be discussed in an additional work elsewhere [10].

The U(1)yxU(1)4 string model is constructed as gauge field theory on two-dimensional
world-sheet [8]. Although the similar models were investigated in refs. [6,11], an advantage
of the formulation of our model is its manifest covariant expression in the background
spacetime by using the U(1)y x U(1)s gauge symmetry [9], so that in this paper we can

easily carry out the quantization with preserving the covariance. The U(1)y xU(1)a gauge



symmetry is essential in our model. In constructing the covariant action, the generalized
Chern-Simons action [12] proposed by Kawamoto and one of the authors (Y.W.) as a new
type of topological action plays an important key role.

There are two remarks in quantizing our model. Firstly the action has a reducible sym-
metry which originally arises from symmetric structures of the generalized Chern-Simons
action [13]. Secondly the gauge algebra is open. In the covariant BRST quantization of
the system including reducible and open gauge symmetry, we need to use the formulations
developed by Batalin, Fradkin and Vilkovisky [14,15]. By adopting these methods we
explicitly show the covariant quantizations are successfully carried out in the Lagrangian
and the Hamiltonian formulations.

In order to treat the dynamics of our model more directly, we also quantize the model
in noncovariant light-cone gauges. The suitable noncovariant gauge conditions can be
imposed by residual symmetries of the U(1)y x U(1)s gauge symmetry and we can then
solve all of the gauge constraints explicitly. We can also confirm that the existence of
two time-like coordinates is not in conflict with the unitarity of the theory, since the two
time-like coordinates are required by our “gauge” symmetry.

As an important feature of quantum string models, we can argue the critical dimension
of the background spacetime. In usual bosonic string theories, the critical dimension is
25-+1 [16,17,18], which is estimated by the BRST [19,20] and the light-cone gauge for-
mulation [21]. For our bosonic model, the critical dimension turns out to be 26+2. We
obtain this result directly from both the BRST and the noncovariant light-cone gauge
formulations.

This paper is organized as follows: We first introduce the U(1)y x U(1)a string model
and explain semiclassical aspects of the model in Section 2. The preparation for the
quantization is also given in this section. We present the covariant quantization based on
the Lagrangian formulation in Section 3. In this section we investigate the perturbative
aspect of the quantized model and determine the critical dimension of our U(1)y x U(1)a
string model. In Section 4 the covariant quantization of the same model is carried out in
the Hamiltonian formulation. By taking suitable gauge fixing conditions we reproduce the
same gauge-fixed action in the Lagrangian formulation. We also obtain the BRST charge
in this section. The quantization under noncovariant light-cone gauge fixing conditions is
carried out in Section 5. We then study the symmetry of the background spacetime and

obtain the same critical dimension by direct computation of the full quantum Poincaré



algebra. We also present a mass-shell relation of the model and give low energy quantum
states. Conclusions and discussions are given in the final section. Appendixes A and B
contain our conventions. We also exhibit the BRST formulation of U(1)y x U(1)a model

without two-dimensional gravity in Appendix C.

2 U(1)yxU(1)s bosonic string model
2.1 Classical action and its symmetries

The U(1)y x U(1)s bosonic string model [8], described by two-dimensional field theory,
consists of D scalar fields ¢/(z), an Abelian gauge field A, (z) and the metric gpmn(x). The
two-dimensional spacetime coordinates are ™ (m =0, 1) and the signature of metric is
(=, +). Our conventions are given in Appendix A. The scalar fields ¢/(z) are considered

to be string coordinates in D-dimensional flat background spacetime with the background

metric:
—1 (I=J=0)
| (I=J=i, i=1,2,...,D—3)
no =0 = {1 (I=J=0) (2.1)
1 (I=J=1)
0 (otherwise)

The indices [ and J run through 0, 1,2, ..., D—3, 0, 1. As we will explain, the unitarity as a
two-dimensional field theory requires two negative signatures to the background metricnz;,
because the U(1), gauge transformation as well as the general coordinate transformations
removes a negative norm state. At the quantum level the absence of conformal anomaly
requires [ =28, however, we need not specify the value of D at the classical level.

The covariant action of the present model [9] is

1 ~ ‘
S = /dzx =g (— igmn mgl&n& + Amgﬁ[amfl) + Saos, (2.2)

where

g(x) = det grn(2), —g(x) A" (z) = ™" An(2).

The action Sgcs is the generalized Chern-Simons action which is formulated in two-

dimensional spacetime [12]
2 o 1~
Saes = /d"l’ V—y (B "0bs — §C¢I¢I)7 (2.3)
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where

/—g(z) B (z)=e™"Bl(z), —g(z)C(z)=Le™Crun(z).
The fields ¢!(z), BL () and Cyy(z) are introduced for the purpose that the action 5 has
the covariant form in the background spacetime. A derivation of the action (2.3) from the
original generalized Chern-Simons action has been given in the paper [9].

The action (2.2) is invariant under the following U(1)yxU(1)a gauge transformations,

§¢ =v'¢l,
N €mn
SA™ = Onv 4+ g™ 00,
Vo]
§B™ = —v 6__8nfl +0'g™" 0, ¢ 2.4
(Sé = &,w'fim — UIVmAm7
5¢I = 0Gmn = 0,

where the parameters v(z) and v'(z) correspond to the vector U(1) transformation “U(1)v”
and the axial vector U(1) transformation “U(1)r”, respectively. Since the generalized
Chern-Simons action is invariant under nontrivial gauge transformations, the action (2.2)
is also invariant under these gauge transformations with gauge parameters u!(z) and

(@) 6 (2) = e (a),

mn

§B™ = S g0l —umel,
vV —g

§61 = 6A™ = ¢! = §gmn = 0.

The action (2.2) is invariant under the general coordinate transformations and the Weyl
transformation
§¢T = ko, ¢
SA™ = k"9, A™ — 9, k™ A" 4 25A™,
§BmT = 0, BT — 0,k B 4 255,
587 = K" 0u,
§C =k"0,C + 2sC,

(2.6)

59mn - klalgmn + amklgln + 8nklgml - QSanv
where k" (x) are parameters for the general coordinate transformations and s(z) is a scaling

parameter for the Weyl transformation.



Here it is worth to mention about some algebraic structures of the symmetry. The first
is the reducibility of the symmetry. The system is on-shell reducible because the gauge
transformations (2.5) have on-shell invariance under the following transformations of the
gauge parameters with a reducible parameter w'(z),

Sul = w'¢?,

fom  ET , (2.7)

o™ = ﬁanw .

Since the transformations (2.7) are not reducible anymore, the action (2.2) is called a first-
stage reducible system. The on-shell reducibility is the characteristic feature of the gauge
symmetry (2.5) for the generalized Chern-Simons action and the quantization of such a
system has been discussed in the previous works [13]. The second is that the gauge algebra
is open. This means that the gauge algebra closes only when the equations of motion are
satisfied. Actually, a direct calculation of the commutator of two gauge transformations

on B™(z) leads to

- , , emt

[61,82] BT = -+ — (vivs — ’U2U1)“\/‘f§an¢ )
where the dots (---) contain terms of the usual “structure constants” of the gauge algebra.
From the points of view of these structures of the gauge symmetry we adopt the Batalin-
Fradkin-Vilkovisky formulation [14,15] which allows us to deal with reducible and open

gauge symmetries to obtain covariant gauge-fixed theories.

2.2 Semiclassical aspects

Before getting into the quantization of the system, we present semiclassical aspects of the
action (2.2) by eliminating gauge fields through their equations of motion. Indeed, this
manipulation might be helpful to understand the heart of the model.

First, equations of motion for the fields B™! (z) and C(z) give constraints

8m¢1 - 07

¢ gr=0. 2

The nontrivial solution for these constraints is possible if the background spacetime metric

includes two time-like signatures (2.1). In the light-cone notation®, one of the interesting

“We use a convention of the light-cone coordinates for the background spacetime as 2! = (z*#, zt, x;)

where 2% = %(wﬁ + ') and the index y runs through 0,1,...,D — 3.



solutions, which is naturally related with the usual string action, is ¢ (z) = ¢*(z) =0 and
¢ (x) = const.. By substituting this solution into the classical action (2.2), the action S
becomes
1 . .
5= / e /=g (— S0 O 0161 — Am¢+amg-). (2.9)
In the action (2.9) a relation OmE™(z) = 0 is given by the equation of motion for A™(z).
Then, the final form of the action becomes the usual string action
1
5= [dxy=g ( _ »igm”amgﬂang“). (2.10)
Thus, the string action (2.10) is regarded as a gauge-fixed version of the action (2.2). The
scalar fields ¢'(z) play an important role for the covariant formulation of the U(1)yxU(1)4
string model in the background spacetime which involves two time-like coordinates.
From the above manipulation it is suggested that the critical dimension of the back-
ground spacetime is defined as D —3 = 25, i.e. D = 28. However the dimensions D) should
be determined in the quantum analysis as we will investigate on this paper. We also want

to emphasize that the quantization will be carried out with preserving D-dimensional co-

variance.

2.3 Preparation for the quantization

In order to carry out the quantization of the model smoothly, we here introduce new D

scalar fields ¢!(z) by replacing B™(z) as
ém[ N Bm[ o gmn nél-
Because of the above replacement, a new gauge symmetry with a gauge parameter u'/(z),

5BmI — gmnanull’

) (2.11)
5¢I:u11’

appears. Then, the action (2.2) is modified to

& [ 1 mn mn i
o = /de -4 < - 59 amglanaf —4g amqsland)l

A0, 4 B 0,00 — L0916 ). (2.12)

"Using this method, the noncovariant quantization of the models with an extra time coordinate was
done in [6,11]. Their models are similar to our model, but do not contain the U(1l)y x U(1)s gauge
syminetry.




Together with the gauge symmetry (2.5) the new gauge symmetry (2.11) constructs another
U(1)yxU(1)4 gauge symmetry on the gauge fields B™(x). In particular, these U(1)yxU(1)4
gauge symmetries turn out to be helpful for the covariant quantizations.

In addition to the gauge symmetry (2.4)-(2.6) and (2.11), the action (2.12) is also

invariant under the following global transformations,
el = Wl e? + ol
SA™ = rA™ + Z Ozlhm
56" = —r¢! +wlso,
§¢' = ro! +wl 47, (2.13)

5BmI—TBmI+wI BmJ+Z 614’&@6)@37

=1

§C =2rC,
OGmn = 0.
In the transformation (2.13) the parameters wry = —wyr, a’ and r are global parameters

for the D-dimensional Lorentz transformation, the translation and the scale transforma-
tion, respectively. The functions Af}j(z) are harmonic functions which satisfy Vinh{}) (z) =
Emn VTR (2) =0 (i = 1,2, ..., 2g; g = genus of two-dimensional spacetime) and «; and

B! are global parameters.

3 Covariant quantization in the Lagrangian formula-
tion

In this section we consider the covariant quantization of the action (2.12). As we explained
in the previous section, the action has first-stage reducible and open gauge symmetries. In
order to quantize the action we adopt the field-antifield formulation ¢ la Batalin-Vilkovisky.

In the construction of Batalin-Vilkovisky formulation [14], ghost and ghost for ghost
fields according to the reducibility condition and corresponding each antifields are intro-
duced. The Grassmann parities of the antifields are opposite to those of the corresponding
fields. If a field has ghost number n, its antifield has ghost number —n — 1. We denote a
set of fields and their antifields by ®4(z) and ®%(z), respectively,

o4 () = (¢(2),C8 (), CP (x), .., CR¥ (),
®(2) = (97(2),Chag(2),Clay (), -+, Cra ()
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The fields ¢'(2) are classical fields, on the other hand, the fields Con(z)[n=0,1,..., N]are
ghost and ghost for ghost fields corresponding to N-th reducible conditions. The classical
fields ©i(z) and the ghost fields C2"(z) have the ghost number 0 and n + 1, respectively.

Then a minimal action Smin(®, ®*) is determined by solving the following master equation,
(Smin((b?@*)wgmin(q)a(p*)) = 07 (31)

with the boundary conditions

Smin(q)y (I)*) ® = Sclassical(tp)v (32&)
*:0
OL0R Smin (@, ©7) \
— R (), —=0,1,...,N). 3.2h
507%"56;—1,%—1 ®*=0 fn ( ) (TL ) ( )

Here the antibracket is defined by

_SX &Y SN ALY
= 305, 504 504 507

(X,Y) (3.3)

In this notation, C*,, (z) = ¢i(x) are the antifields of the classical fields *(z). The

1,(1_1
a_1

terms Ry, (®) and Ren-1 (®) represent the gauge transformations and the n-th reducibility
transformations, respectively. The master equation is solved order by order with respect

to the ghost number. The BRST transformations of fields and antifields are given by
s = (S, @), 5@ = (Siin, ). (3.4)

Eqs. (3.1) and (3.4) assure that the BRST transformation is nilpotent and the minimal
action is invariant under the BRST transformation®.

Now let us consider to construct the minimal action Smin(®,®*) of the model. For
simplicity of calculation we first redefine field variables as ¢™"(z) = /—g(z)g™"(z),
Am(z) = /—g(z) A™(z), B (z) = \/—g(z) B™(z) and C(z) = 1/—g(z) C(z). Using

these new field variables, the classical action (2.12) is rewritten as
1 - :
Sclassical = /d2$ (_ §§mnamflan€.f - gmnamqslangbl
\ , 1. ) )
+ AP Gr0nE! + Br0ndr - 5Col0r+ (G412 ), (35)

where the scalar density field Z(z) is a multiplier whose equation of motion compensates
g(z) = det g™ (x) = —1 [19]. We also redefine the gauge transformations (2.4)-(2.6) and

*Qur convention for the Leibniz rule of the BRST operation is given by s(XY) = (sX)Y 4+ (=) X1 X (sY),
where |X| is a Grassmann parity of field X.




(2.11) in terms of these new field variables,
56" = k" 0nE" 4+ ¢,
SA™ = D, (k" A™) = 8,k™ A" + ™" v + GO0,
5" = k0,9,
5T = k"0,¢" + u'l,
§B™ = 0,(k» B™) — 0,k B 4 e Ou + " O (3.6)
— (g™ = ") 0" — ",
§C = 0,(k"C) + Dpid" + Qv A® — /0, A,
5§ = (k') — kTG — Dk g™,
87 = 0, (k" 2),

where we denote W™ (x) = \/—g(z) @™ (). The gauge transformation of the multiplier field

~

Z(x) is required to keep the action (3.5) invariant under the general coordinate transfor-
mations. The reducibility condition (2.7) is expressed by
Sul = w/¢[’

™ =™,

(3.7)

The classical fields ¢ (z) consist of &X(z), ¢!(z), ¢'(x), A™(z), B™(z), C(z), ™ (z)
and Z(x). Here we introduce the ghost fields a(z), a'(z), b'(z), b'/(z), é™(z) and d™(z)
corresponding to the gauge parameters v(z), v'(z), u!(z), v’ (z), W™ (z) and k™(z) and a
ghost for ghost field f(2) to the reducible parameter w'(z). The ghost fields and the ghost
for ghost field are fermionic and bosonic, respectively. Since the U(1)y x U(1)s model is
a first-stage reducible system, the boundary conditions (3.2b) with n = 0, 1 correspond
to the gauge transformations (3.6) and the reducibility conditions (3.7), respectively. It is

straightforward to solve the master equation perturbatively in the order of antifields [22,

23],
Smm - classxcal
+ [@a{ — g+ s
— A (0u(dA™) = 8,d™ A" 4 €™ D+ G O’
— G108
— i d0,8" +b)



% (an(dnéml) _ andenI + 6mnanbl + gmnanbll

mlI
. 1 A
_ (gmna_gmna/)anfl - Am,¢1 + é‘(f‘i‘aa,)fmnB;:I)

— C*(0u(d"C) + 0p" + By’ A" — D, A" )
1

— Z7(0a(d"2))

+a(d*0ha) + a"(d"Dpa’) + B (d°0b" + ') + b7 (d"0uH7)

t &, (0u(de™) - 0dme + (™ — )0, + DS )

+ d (d"0,d™)

- F(d7ong )}' (3.8)

The gauge degrees of freedom are fixed by introducing a nonminimal action which
must be added to the minimal one and choosing a suitable gauge-fixing fermion. We here
choose the orthonormal gauge condition §™"(x) = n™" for the world-sheet metric. The
U(1)y xU(1)a gauge parameters v(z), v'(z) and the global parameter o; make us possible
to choose the gauge A™(z) = 0. In the same way, we can choose the gauge B™(z) = 0
by using the parameters u!(z), v’ (z) and 8. We also fix the gauge C'(z) = Co, where Cy
is a constant parameter, by using the gauge parameter ™ (z). In addition to these gauge
fixing procedure, we also impose the condition 0,,(§™"(z)enrc®(z)) = 0 to fix the residual
gauge degrees of freedom from the reducibility condition. In order to adopt all of these

gauge fixing conditions, we introduce the nonminimal action Sponmin,
Snonmin = / d*z (ww;z:; + ez + &2+ %d*mnz;;n ~ f*d), (3.9)
and the gauge-fixing fermion W,
U= / A2 <emnam£&” + EmnbT B + ¢(C = Co) 4 dpnd™ + FOm(§™ ensé") ) (3.10)
where we require traceless conditions

mn

nmnczm-n = Nmn

The antighost fields d,,(z), b (z), ¢(z), () and dp,(z) are fermionic fields, and the
auxiliary fields Z2(x), 7t (), Z°(z), Z% (z) and f(z) are bosonic ones. The ghost

mn

10



numbers of the fields are as follows:

f (ghost number = —2)

am, quna e, ¢, dnn (ghost number = —1)

§I7 ¢Ij QBI7 Am? BmI7 O? gmn7

ze, zb.o Ze, 78, 7 (ghost number = 0)
a, o, b, Y, em, 4™ (ghost number = 1)
f (ghost number = 2)

The BRST transformations of ®*(z) and ®%(z) are given by

S(I)A = (Smin + Snonmim (DA)> S(I)j—l - (Smin + SnonmiIU QZ) '

Therefore, the BRST transformations of fields ®4(z) are
sel = 0,61 + d'd,
SA™ = 9, (d"A™) — 9,d™ A" + €™ Dya + §" O,
s¢! = d" 09",
s¢l = "0, + bl
sB™ = 0,(d"B™) = 0,d™ B™ + e™0,b" 4 5™ 0,0
—(""a = g )D€ = Em G 4 (f + aa)e™ By
sC = 0,(d"C) + 0,8" + Opd/ A” — a'D, A,
sg™" = Op(d*g™") — Opd™ G — Opd" g™,
sZ = 0,(d"2),
sa = d"0pa,
sa' = d"0,d,
sb' = d"9.b" + f¢',
sbl = dro,b,
$&™ = O, (d*é™) — D, d™" + (6™ a — §™"a)Ond + ™D, f,
sd™ = d"9,d™,
sf=d"0.f,

and
sa™ ="z, sZy =0,

11
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im mn r7b b
SbI = & ZnI’ SZmI —_— O,

sc=Z°, sZ° =0, (3.13b)
8lpmn = 22, sZ% =0,
sf=¢, sc' =0.

The antifields are eliminated by using equations ®%(z) = §¥/6®#(z). Then the gauge-

fixed action is given by

Sgauge-ﬁxed = Smin + Shonmin B 5\1,

= [ { G0 0 — G O D
AT 4 B0y — sC8 b+ (4 1)2
t et (Ou(d"A™) = Bpd™ A" 4 €0 + G0,
+ akb§ (On(d* B™) = 0,d™ B 4 ™" 9,07 + G 9,0
— (e = g )0E — i — ()b
— ¢ (0u(d*C) + 0u8" + Oy’ A" — /0, A™)
1

— 5 (dn = OnJeud = B, Fenid) (Ou(dg™™) — 047" — Bpa ™)

+ emtd O f (Du(d"E™) = 0,d™E" + (€70 — §™"d')Opd + €70, f )
1
2

__/dZ { Amna §Ia f[ Amnamél'an(b[_gmnamf“anf
™ — e™0,(fa) + F§™ 0nd — b€ (Oma + £mid™ Ot
= b7 (Om (6" + a€) + emnd 00 + a'€"))

_ Amza BmIZm] T ( O())ZC ﬁmnzgm o am(gmnenkék) c/ }

TN [

& (Ome + mid " On(c — d"0nf)) + G duiOnd® — ZAmndkak o
— 2abm Ol + e ?’c%) + - (f + aa )emnbmbnl
— A™(22 — drOmé" - smndl‘ﬁka — O™ + cOpd + Op(cd’))

~

- B” ( ml m@bl E:mndkakg? - amdké’kng?)

+C (27 - —¢I¢I — d"dnc) — Co2°

72 4 (G4 1) (2 = e 0n( fa)ond) } (3.14)

[\.')l»—-l

+

12



Here, it should be noted that one can remove a BRST exact term —CoZ°(z) = —S(éec(il?))
from the above action. An influence of the parameter Co disappears at the quantum level.

In order to simplify the form of the action, let us redefine some of fields as follows:

7% — $rOnt! — end®Opi™ — OpdPeind™ + cOpa’ 4 Om(ca’) — Z2,
78— Opbp — Emnd" O — Bpd e b — 70,
zZ°— %quqb] — d"Opc — Z°,
7 — ™0 (fa)ona' — Z,
+ 5" Opd = byl — &
b+ at’ — b,
o4 a'et — b,

d—d"0.f — .

am™ — ™0y (fa)

Under these field redefinitions, the action (3.14) is modified to

v 1 AT : AT i ATRTL r
‘Sgauge—ﬁxed - /de { - ;g mglanfl -9 m¢16n¢1 -9 mfanf

V4

— &™(Oma + Emp " Ona’) — BT(Db! + e 0,0T)

(B + 2 Ou) + G D — S5 O

0B} 0!+ b9 4 5(f + ad e by

Az - Bz, Oz Sl 4 G429
The BRST transformations (3.13a) and (3.13b) also become

Sé—] :dnan£1+al¢l7

sol = d"9,d7,
.SQZ-SI — dnanq_sl + b/I _ (I,,fI,
sf=d"0,f,

sf =d"O0,f +¢,

sa = d"0pa,

sa' =d"0,d,

sbh = d" 0,0 + (f — ad')¢,
b = d"o,b",

13



sc=d"Onc + %‘¢I¢[ + Z°,
sc =d"a,c,
sd™ = d"9,d"™,
S = On(d"E&™) — d™ " + ™" ($10,E" — Opr”) — a'by !
— (™ — " )Opa' — ™" Op(cd’ + ca) + (2 — ASIS) (3.16)
s = 0, (d"b]) — 0pd™ b} + ™" Onpr + ™" D01,
S8 = G (dPE™) — Bpd™E 4 (€™"a — §d)Dna’ + €70, ],
$mn = Ly
SA™ = 9, (d"A™) — Dpd™ A" + £™Dpa + GO,
sB™ = 0,(d"B™) = 0,d™ B™ + ™" 8,b" 4 5" 9,0
— " (a0E" + Dulaf)) = G Bpd' € — &S — (f + )b,
sC = 8,(d"C) + 0,8" + d,a’ A" — a9, A",
sG"" = Op(d ™) — Opd™ G — Dpd” G,
578 = d"0, 2% + Opnd" 22 + Z°0pa’ + 0,(Z°d"),
sZ0 ;= d"0, 28 + 0nd" 7y,
sZ¢=d"9,7°,
sZ% =0,

mmn

sZ = 0p(d"Z) — ™D ('’ )Oad.

The action (3.15) is invariant under the nilpotent BRST transformations (3.16).
Using equations of motion for the fields Z¢2 (z), Zt ,(z), Z¢(z), Z%, (%), Z(z), A™(z),
B™(z2), C'(z) and §™ (), thus imposing gauge fixing conditions, we fix fields as

Am — Bml — Cf — 0’ @mn — ,I,,mn7
b d 1 Iy . 1 (3.17)
Zgz = Zm[ =7"= O? Zmn = an - —2_777717177 th Z=- ann‘/mnv

where we denote

1 - _
‘/mn = 5 m§18n§1' + ameIanbI + amfanf

+ &kgkmana, + Z;];Skmanblf + ék@kmancl - d‘mkandk + %dkakdmn
+ (m < n). (3.18)



Then, we finally obtain the following gauge-fixed action,

Spnageinen = [0 { = S0 010,60 — 0,510,000 f S
(O + e Ond) — B (Db £ 0T
— (Ome + em"0nc’) + nm”Jmka d*
20O + b + ( f+aa )gmnbmz)“} (3.19)

The action (3.19) is invariant under the following on-shell nilpotent BRST transformation,

in which the antifields and the auxiliary fields are eliminated,

s¢h = drd.t" + ',
s¢! = d"0,¢",
s¢! = d 0,9 + b — d'¢!,
sf=d"onf,
sf=d"0nf +¢,
sa = d"0,a,
sa' = d"0,d,
sbl = d"0,b" + (f — aa')¢’,
sb'l = dmo,b'Y, (3.20)
sc=d"Opc+ §¢I¢1,
sc = d"0,c,
sd™ =d"0,d™,
$8™ = Op(dP&™) — Opd™a@" + ™ (b18,E" — Bpr€h) — d' b7 B!
—(e™"e — ™" )0 — €™ 0n(cd’ + a),
sbP = 0,(d"b7) — 8,d™b} + ™9, 01,
= 0, (d"E™) — 0pd™E" + (™ — ™" d)Dpd! + €0, f,
$pn = Vipn — %nmnnklv;d.

We can check the following relations for the nilpotency of the BRST transformation,

s2EM = —2< 5ES )a'@na’,

5dmn
- oLS oLS oS
8 o ) Ona ye @' Opd’ + Nn)™ 5o a'Oa
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+77mk77nl<§25) 1" Vg
s*(others) = 0.

Now we present a perturbative analysis of the gauge-fixed action. We would like to
investigate the BRST Ward identities at the quantum level. Then, we find out that nonlocal
anomalous terms obtained from one-loop calculations vanish by imposing a condition,
which determines the critical dimension for this string model. For the explicit calculation

it is convenient to introduce light-cone notations on the world-sheet!. Then, the gauge-fixed

action (3.19) is expressed with these notations

Sgauge—ﬁxed - /dQ‘r {a+‘sla—§1 + 2a+$la—¢1 + 2a+fa—f

—|’ &+a_a+ + &_(9.{.0,_ + B+]a_b§_ + Z;_[a_{_bl;

+ é+8_c+ + 8_8+C_ _ J++8_d+ — CZ__8+d_

+(ag + a_)(bys0-¢" +b_0,¢")

g = Iz - 1 poonl

F@lbaes — olb sty + (f + sara) busb! } (3.21)
where we denote a+(z) = a(z) F d'(z), bi(z) = bl(z) F ¥(z) and ci(z) = c(z) F ().
Propagators are derived by taking inverses of bilinear parts in the action (3.21),

(' ()€ (y))o = <<5[( )f/)J( )>

_ —ip(z—y) IJ
/ 2 4 g€ ‘ T

(@) F))o :/_(_p__{_we—z’p(x—y),
(

1(2m)2 p? 4 1€
ax(z)ax(y))o = (¢ ( )Ci(y)> ~(dsx(2)d* (y))o

2ipT
)2 p? + i€

. dzp 2ipT
I \p/ _
<b:§:(l)bi(y)>0 /i(?ﬂ')Qp? i€

(

—ip(w—y)’

6—ip(93—y)771«7.

Now let us consider the following two-point function,
d?x
i(2m)?

Here we mention that the two-point function (3.22) should vanish from the BRST sym-

AP) 4 = [ s (Vas (@) Vas (0)) 7. (3.22)

metry Viy(2) = sdi(z). Estimating all contributions arising from pairs (¢7,&r), (67, ¢1),

TOur convention of the light-cone coordinates on the world-sheet is z* = ﬁ(arozt:cl). The metric tensor
and the Levi-Civita symbol are given by 4y = - =0, 94 =y = =l and g4 = —e_4 = =1,
respectively.
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(g, ay), (?)+I, bL), (é4,¢4), (dyy,d™) and (f, f) we can obtain the following result up to

+
one-loop order,
1 ()
A(p)yy = 48W3(D+2D—2~2D~2—26+2> -
_ D=8 (3.23)
4873 pt
In a similar way we obtain
D —28 (p*)°
= : 3.24
Next we evaluate the other type of the two-point functions

Alpla- = [ VeV (0

D-38 / dktdk™  ktk (p—k)T(p—Fk)~
82 i(2m)2 ktk— +ie(p—k)T(p— k)~ +1e

This two-point function is actually quadratically divergent. This divergent, however, will
be absorbed adding a suitable local counter term to the action. We conclude then that the

BRST anomaly vanishes if and only if

D =28 (3.25)

4 Covariant quantization in the Hamiltonian formu-
lation

In this section we carry out the quantization of the classical action (2.12) in the covariant
Hamiltonian formulation given by Batalin, Fradkin and Vilkovisky. We present that the
gauge-fixed action and the BRST transformation obtained in this formulation coincide with
the result of the Lagrangian formulation if we make a proper choice of a gauge-fermion and
a suitable identification of ghosts and ghost momenta. We also obtain the BRST charge
in this formulation.

First of all we decompose the world-sheet metric ¢,,,(2) by using the following conve-
nient parameterization [17],

(4.1)

Gmn =

—N?y+ Ny Ny
Ny v

where N(x) and Ni(x) are the rescaled lapse and the shift function, respectively. Under

these parameterization the factor () decouples from Weyl invariant theory.

17



According to the ordinary Dirac’s procedure, we introduce the following canonical mo-

menta defined by Ppa(z) = 615/6(0,®*(z)) corresponding to fields @4(z),

1 N.
PEI = 7\].—8061 - —N'l‘(%f[ - A1¢I7

1. - Ny . -
P} = +:000" = 016" — By, (4.2)
1 . 17\[1
Pg{ - Naoébl - Wal¢]7
and
PN:PlepAm:PIIBm:PC'm:O' (43)

The relations (4.3) give primary constraints. A consistency check of these primary con-

straints yields a set of secondary constraints

%(nga L oo =0, (4.4)
Plowé =0, (4.5)
b1l =0, (4.6)
¢1P! =0, (4.7)
o' =0, (4.8)
P{ =0, (4.9)
-;—96[@1 =0, (4.10)

and these conditions give no other relations. The constraints (4.4) and (4.5) correspond
to the Virasoro constraints. We can easily show that the set of these constraints (4.3)
and (4.4)-(4.10) is first-class. Introducing Lagrange multiplier fields A;(z) corresponding

to primary constraints (4.3), a total Hamiltonian is given by
H = /dxl{ N( %(Pg + A 1) (Per + Avdr) + »;«algfaléz
+ (Pl + B\P; + 016" 0061
+ Ny (P + Avgh)our + (P] + BY)ogr + Piorér)
~ Aobidh€! = Bioub — SOl
+ AN Py + A P, + Ay Pa + gz P+ Aoo P, } (4.11)

The total Hamiltonian (4.11) is weakly vanishing on the constraint surface defined by (4.3)
and (4.4)-(4.10). The gauge transformations of the canonical momenta defined by (4.2)

18



are given by

5P! = 0, (K°NOLET + (K + k°Ny) P/
— e’ — 0y (K°(Ap — Ny Ar)@') +0' P,

§P! = — PH(v' + KON AL) + ¢ (wr — Ao’ — KON A + &°C
— 0 (u — KON — (k' + KON PL + k(B — MiBY))
+ (v + EO(Ao — Ny Ay)) i,

P =0, (KN §! + (k' + K°N1) ).

In the construction of Batalin-Fradkin-Vilkovisky formulation [15] a phase space is
extended so as to contain ghosts n*(z) and their canonically conjugate ghost momenta
P4(x) corresponding to constraints G a(x). Then a nilpotent BRST transformation is
constructed and a physical phase space is defined as its cohomology which is a set of
gauge invariant functions on the constraint surface. The role of the ghost momenta is
to exclude functions vanishing on the constraint surface from the cohomology and gauge
invariant functions are removed from the cohomology because of the action of the BRST
transformation for the ghost.

First of all we separate the variables into dynamical and non-dynamical ones. By
adopting gauge conditions N(z) = 1, Ny(z) = 0, A, (z) = 0, BL(z) = 0 and Cpi(z) =
—((z) = —C (const.), we have a set of dynamical phase space variables (EI(:L'), ng(:c)),
((/51(79), Pgh)) and (qgl(x), PJ("B)) with the first-class constraints (4.4)-(4.10).

Here we rearrange the first-class constraints (4.4)-(4.10) into the following forms,
1 _
Gro = 5 (P{Per + 0:6'0:61) + PiPor + 018 0161,

G, = Plow&r + Pioidr + Povér,
Gn = ¢[81§I?

Gy = 1P, (4.12)
GT?I —_ 81¢I,
anl — nglﬁ
1,
Gﬁ = '2_¢]¢17

and introduce corresponding canonically conjugate pairs of ghosts and ghost momenta

(m0(2), Po(2)). (m(2), Pr()), (n(x), P(a)), (' (2), P'(2)), (n'(2), P (=), (0" (2), P(=))

and (ﬁ(a;), 75(1)> Though the rearrangement of the constraints is not inevitable, it turns
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out that to choose these combinations of the constraints is the simplest way to lead to the
gauge-fixed action (3.19) in the covariant Hamiltonian formulation.
As we explained in the previous section, the model has the reducible symmetry. Indeed

the constraints G,:(z) and Gj(x) are not independent due to the following relation,
Gﬂ" = alGﬁ - ¢1Gn1 = 0. (4.13)

Therefore it is necessary to introduce one more Grassmann even ghost 1”(z) and its mo-
mentum P”(z) corresponding to this reducibility condition.
After the step by step construction according to the systematic procedure [22], we

obtain the following BRST transformations in the extended phase space,

s¢h = — Plyo — 016"y — ¢"n' — Plnon + P'nen,
sP! = = 0u(0h& no) — Ou(P{my) — Bu(@"n) + D1 (P Ton) — D1(Pnon),

s¢l = — 5[?70 — D',
SP(; = - al@lqym) - al(Pq{nl) + Pglﬁl + 8lfIU + 9’5]77 - 8177] - 7),[77077 — P! "
SCZTJI = - gf770 - a1€y771 - U/Ia

Spé‘r = a1(3195I77()) - al(Pd{nl))
sho = — nodim — Mmdino,
sPp = — %ngﬂ — %algfalgf — P{Psyr — 019" 019y
+ P{Pm — PP — 6" Pin+ &' Py — ¢'Pp
+ Pobhy + 01 (Pom) + Proyno + 01 (Pam) + P'ovn + Povn' + PPy + PLown;
— PP — P'ndin — Py o’ + P"ndino + 0u(P"iino),
sm = —nodino — Mo,
sPy = — Ploi& — Ployér — Plowdy
+ PoOino + O1(Pono) + P10 + 0 (Pim)
+ PO + PO’ + Plowmr + Py — 6:Pi — P"oun’”, (4.14)
s = —nodn — mon,
sP = —¢10i&" — PIPmo + 016 P
+ PO 4+ 01(Pn') + 01(P'no) + 1 (Pmr) + P nodin + 01 (P nom),
sn' = —nodin — mony,
sP' = — ¢ P! + P!Ppmo — 016" P
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+ P + 01(Pn) + 0i(Pro) + 1(P'n) + P iy’ + (P non),

sy = —nohn" —mdy" — & non’ — Pinon — Pnon + o™,

sPL = — 010" + 01(P o) + By (PTmy),

s/t = —nodhn’ — mon'" + ¢'nel + Plnon’ + 01 nen + Plary”,
sP" = — P{+ 0i(Pno) + 1(P''m),

s = — Oy(m7n) — ndin' — n'oin + oun”,

P = — 5691+ 6 Pio + 0Py — P,

sn” = —mon" — nondin — non' oy’ — 1me0170,

sP" = P — Pl — 01 (P"'mi) + PIPimo.

By using the generalized Poisson brackets, a nilpotent BRST charge Qumin, which realizes

the BRST transformations sX = {Q,, X} for any canonical variables X, is defined by
o = [da' (o 5 (PLPa + OE101Er) + PLPus + 00500
+m (Pglalfl + Pioigr + qua@I)
nbidh€! o 6rPL o Our P+ s
+n" (8175 — qﬁﬂ?I)
+PIPmon — P Ppon’ + € 01(Pmon) — £'01(Pimon’) — ¢' Poiy
+Po (00 +mina) + P (n0dvno + morm)
+P (?7081?7’ + 7716’177> + P’ (7700177 + 7710177’)
+ Pr (7706177/1 + mo 771) +Pr (77051 '+ 771(9177II)
+ 75<77'8177 + 0o’ + 01(?71ﬁ)) + PIPmon”
+ P (7718177" + nondin + non' o’ + ﬁnoﬁmo) } (4.15)

In order to fix the gauge, we extend the phase space further and introduce sets of
canonical variables (X(:c), )\(x)) and (ﬁ(a:),p(:z:)) Their statics are bosonic for (5\(1’), /\(m)>

and fermionic for (p( z), p( 75)) and the canonical structures are defined by

{5‘7 Ab=—{A, 5‘} =1,

{60}y =1p,p} = 1.

(4.16)
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BRST transformations are also extended to these variables as

sA=p, sp=0,

(4.17)

sp=A, sA=0.

The corresponding extended BRST charge is given by
0= ‘Qmin + Qnonmim (418)

Qmonmin - - /dxl /\,0

Now the gauge-fixed action is obtained by a Legendre transformation from the Hamil-

tonian in the extended phase space,

Sgauge-fixed = /diﬂo{ /dx1 ( 00" Per + 00" Py + 00" Pyr
+ donoPo + doni P1 + OonP + Oon' P’
+ 90" Pr + o' P} + 0P + B P"
+ 8opp + BoAN) — HK}, (4.19)

where Hp is a gauge-fixed Hamiltonian expressed by using a gauge-fixing fermion K,
Hi ={Q, K}. (4.20)

The gauge-fixed Hamiltonian Hy consists of gauge-fixing terms and ghost parts only since
the total Hamiltonian of the system has vanished. There is no systematic way to find /& so
as to yield a covariant expression. Here, however, we can use the result in the Lagrangian
formulation as a clue. Actually we would like to show that the two formulations give
an equivalent result. We have found that the following gauge-fixing fermion K works as

desired
K= /dxl( — Py + 10+ pP"). (4.21)

By integrating out the momentum variables P{(z), P(z), Pq{(:n)7 P"(z) and A(z) with
this gauge-fixing fermion, we obtain the following relations,

Pl = do? + Py — Py,

Pf = 809",

P! = 0o, (4.22)

A = don" — moip + ndino — ndin — ' oy’
P’ = do .
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Then, the gauge-fixed action becomes

(1 1
Sgpagerisca = [ ] 300610061 — S0n¢Ort

+00¢"Bopr — 010" hbr

— Pobono + P101m0 — P10om1 + Polim

—Pdon + P'Oin — P'oon’ + Porn'

— Prdon” + Pioun’ — Pioon'" + Prom'”

—Pdoij + poii — pdop + prP

+ Oo Ao — O A"

+00E P — 016" Pl — " Pp’ + 016 P — " Py + &' P1p

+ 01 Aoy + A0 Oy — 0100 ()

— DA O p 4 DoAjOy 10 — DoAnOin — By’ O’

— PIPinop + PPy — 73[77}?7"}. (4.23)

If we redefine the field variables as:

1o — —d°, Po— —doo — 20, f + 0o f,

m— —d*, Py — —doy + 104 f,

n—a, P — 9y(fa) + fOoa’ + BT,
—; P’ —a' + 0i(fa') — fooa — biET,
0’ — bl — a€l, P,
'l — —b! '€l Py p

i ——c°, P — —c+ d°0,f,

0" — f+d°*, A= f,

p—c +d°0f + d' 0., p— e,

the action (4.23) and the BRST transformations (4.14) completely coincide with the gauge-
fixed action (3.19) and the on-shell BRST transformations (3.20) in the Lagrangian for-

mulation. After these manipulations we also obtain the final form of the BRST charge

(4.18),

]— ]. e - N s
0= /daf:l{—do( -2-3()5[3051 + 551513151 + 0o Oopr + D14 0101

— &laoal + &0816&, - Z;}agbll -+ Z;(}alb/I - élagcl + 80610/
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+00f0of + O f01f)

—d" (00" 0161 + Dog" D11 + 016" Dot
+d080d — &10yd + B30b'T — BLoybT + Pdpc’ — é1drc
+00f01f + 01 fof)

—dopd™ Oy

~d'(¢100¢" — 00rE") + a(dr0ht" — Droreh)

b+ bidhs! — 201

—(Oof + adod + a'Boa) + (D1 f + adrd' + d'dra) — (f + ad)b ¢I}

5 Noncovariant quantization in the light-cone gauge
formulation

In this section we investigate the dynamics of the model defined by the constraints (4.3)
and (4.4)-(4.10) and Hamiltonian (4.11) in noncovariant gauge and obtain the same result
of the critical dimension as in the covariant quantization™. In addition, we present a mass-
shell relation of the model and give low energy quantum states. According to imposing
the noncovariant gauge fixing conditions, we explicitly solve the constraints to some of the
variables from the equations of motion.

We begin by considering conditions for the scalar field ¢!(7,o). It is convenient to

introduce Fourier mode expansions of the canonical pair (gbI (r,0),P(r, U)),

I pl( e (5.1)
P 1777,0"
P (T, 0’) o \/— 2;0 P¢7n

Poisson brackets are defined by

{8'(r),pi(m)} ="
{QS;(T),p;n(T)} = 77”5m+n7 (5.2)

otherwise = 0.

In terms of the Fourier modes, the constraint (4.8) is equivalent to ¢ (1) = 0. We will

later adopt a gauge fixing condition for this constraint. On the other hand, the equation of

*In this section, we use conventions of the world-sheet coordinates as #z® = 7 and ! = ¢. We also

parameterize the spatial coordinate as 0 < o < 27 and impose the periodical boundary conditions on any
fields ®4(7,0) as ®4(r,0) = ®4(r, 0 + 27).
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motion for ¢!(7, o) on the constraint surface is 9,¢' (7, o) = 0. Together with the constraint
oL (7) = 0, we then set the configuration of the scalar field as ¢/(r,0) = ¢'(1) = ¢!(=
const.).

As we did in the previous section, by using the gauge parameters k"(7,0) for the
general coordinate transformations we first adopt gauge fixing conditions for the constraints
Py(7,0) = 0 and Py, (7,0) = 0 as the orthonormal gauge N(7r,0) = 1 and Ny(7,0) = 0.
The U(1)y xU(1)s gauge parameters v(7,c), v'(7,0) and the global parameters o; can fix
to be A,,(7,0) = 0 corresponding to the constraints Py, (7,0) = 0. However, the system
still has residual symmetries concerned with these gauge parameters k(7,0), v(7,0) and
v'(7,0). Taking these symmetries into account, we can adopt the following gauge fixing
conditions on “two” light-cone coordinates’ of the background spacetime within the gauge

N(r,0) =1, Ni(1,0) =0 and A, (7,0) =0,

N Pt pt
Enoy=gm  Fro=5 (53)
+ ¥ ’
+ _r + _r
f (7—7 U) - 9 T, Pg (Ta U) 2’

where p™ and pt are light-cone components of the center of mass momenta. Therefore we
can eliminate “two” unphysical components of the coordinates of the background space-
time. Indeed the gauge fixing conditions (5.3) correspond to ones for the first-class con-
straints (4.4)-(4.7).

In order to show how these conditions (5.3) are accomplished, we use Fourier mode
expansions of the canonical pair <§I(T, o), P(r, a)). Under the gauge N(r,0) = 1,
Ni(r,0) = 0 and A,,(7,0) = 0, the equations of motion for £/(7,0) and Pg(T, o) turn

to be free wave equations and their solutions are

I
5](;7_30_):1,1_}_2)_7__*_ Z ( tm(T—0) +Q e 1m(7+0))
27
v 5.4)
Pg](,]_7 O') — % Z (Q’ e—zm T—0) T &[ 6—-zm(7‘+a))’

and Poisson brackets are given by
{«',p"} ="
{om, e} = {ag,, a7} = —imn™ 6o, (5.5)

otherwise = 0.

TFrom the definition of the metric (2.1), we denote the light-cone coordinates of the background space-
time as &/ = (¢+, 27, 2%, 27, 27), where z¥ = \}-(@ +2073) and 2% \7—5(a:0 + z') and the index i runs
through 1,2, ..., D —4.
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In terms of the Fourier modes, the constraints (4.4)-(4.7) are equivalent to
Lp=1Ln,=0, (5.6a)
broy, = b1y, =0, (5.6b)

where we define the Virasoro generators as

1
— — 0 B
= - _S_ ol _Lon, L, = 3 5 &1 Org,
k

and we denote af = &} = p!/ (2\/_ ). The gauge fixing conditions (5.3) are equivalent to
et =zt =0, ,
) ) (5.7)
at =af =at =4t =0, (m #0).

Now let us explain the procedure to obtain the gauge fixing conditions (5.7). Within
the orthonormal gauge we can perform changes of the background spacetime coordinates
with the gauge parameters k"(7, o) provided that conditions 0.k7(7,0) = 0,k?(7,0) and
0.k (1,0) = J,k7(7,0) are satisfied. Here we take the following parameterizations of

k™(7,c) which satisfy these conditions,

kT (r, U)“T(k7+/»0 —\/—,; emimlrto)
1

5 =)= e

In addition to these, the U(1)y x U(1)s gauge parameters v(7, o) and v'(7,0) can be also

k™ (r,0) =

used to perform changes of the coordinates within the gauge A, (7,0) = 0 provided that
conditions 9,v'(7,0) = —0,v(7,0) and d,v(1,0) = —0,v'(7,0) are satisfied. We take the

following parameterizations of v(T o) and v'(7,0) to realize these conditions,

U( Z ( —zm T—0) Q~)m6——1‘7)1(7'-{-0))7

<vme—zm T—0) + Ume_lm(T-'—U))

!/
v'(t,0) =0
m;éO

The gauge transformations corresponding to these parameters are consistent with the equa-
tions of motion for £1(7, ) and P,EI(T7 o). Because, in terms of the Fourier modes, the gauge

transformations are given by
. 1
éfv[:é—\/-—;;kma_m Zk &l +'u’q§[
5]7[ =0,
dal = —im > kn_nal +vm¢!, (m #0),

§al = —im > kmondl + a8, (m#0).
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It is worth to mention that these gauge transformations are the same ones in usual string
theories, except for the gauge transformations corresponding to the parameters v/, vy,
and ?,,. However, we would like to emphasize that these gauge transformations can be

disappear on the following components,

5(¢Fat — ¢tat) zvf_§:(¢+ + kmdt,,) = ¢t (kmadt,, + Endt,,)),
5(¢.{:Oé+ (/J?+ + = —Zmka —n ¢+ . ¢+O‘i—)? (m # 0)7
S(¢*a w+——mzanw+ otat),  (m#0).

By using the gauge degrees of freedom for k,, and k,,, which is the same manipulation to

realize the light-cone gauge fixing condition in usual string theories, we can adopt gauge

conditions
¢$x+ _ ¢+$J} =0,
gtat —¢tal =0,  (m#£0), (5.9)
tat —gtal =0, (m#£0),

if the following condition is satisfied,
otpt —op £0. (5.10)
Next we use the gauge degrees of freedom for v', v, and 9,, in (5.8). To keep the condition
(5.10) both of the scalar fields ¢ and ¢* can not be vanish simultaneously. If ¢t £ 0, we
can adopt the following gauge fixing conditions of the 4 component,
ot = 0,

:&;':rL:O? (m%O),

without spoiling the gauge fixing conditions (5.9). From (5.9) and (5.11) we can then obtain

(5.11)

RS

«

the gauge fixing conditions (5.7). In the similar way, we also conclude the same gauge fixing
conditions (5.7), in the case ¢t # 0. Therefore without the loss of the generality we choose
the case ¢+ # 0 throughout the rest of this paper.

We next adopt the gauge fixing condition C,,(7,0) = —C(r,0) = =Cy (const.) with
respect to constraints P, (7,0) = 0, by using the gauge parameter w,,(7,c). Within
this gauge we also have a residual gauge symmetry corresponding to the gauge parameter

Wy, (= const.) which will be used later.



Using the remaining gauge parameters u!(r,o) and u'l(r,0), we can further impose
gauge fixing conditions for the constraints Pé(r, o) =0, P (r,0) =0and 9,¢'(7,0) = 0.
In order to specify the gauge fixing condition it is also convenient to introduce Fourier
mode expansions. We list below these for the canonical pairs (g/;I(T,U),Pg(T, O')) and

(Bé(n o), PE (r, a)) and their Poisson brackets:

o (¢, P(;]) sector:

(5.12)

and Poisson brackets,

{6 (7). p3(r)} = 0"’
{¢m(7)7p$n(7)} = 77”5m+m (5.13)

otherwise = 0.

e (BL, P} ) sector:

Bi(r,0)= Z B eme,
VT g (5.14)
p 7—( zma .
P.ér (7-7 O-) = B27T Z B-,-m ?
m#O

and Poisson brackets,

{BI(r),p,(r)} ="
{Bn(7): 5, (T)} = 1" S, (5.15)

otherwise = 0,
and the similar relations for (Bf, P§_).
Then, equations of motion for ¢!(7, ) and qu(T, o),

0-¢!(7,0)=Pj(1,0) + B;(,0),

- X (5.16)
0, Pl(r,0)=02¢'(1,0) — 9, BI(1,0) — Cod’,
are expressed by the Fourier modes,
I
0,8(r) = 20 4 pi(r), (5.172)
™

28



- 9L (1) = Pl (7) + By, (7), (5.17b)
9.pl(r) = —2mCog!, (5.17¢)
0:p}, (1) = —m*¢}, () —im Bl (7). (5.17d)

The equation of motion (5.17¢) for the non-oscillator mode of P/(r,) can be solved as
pi(r) = pj — 2w Cod'r, (5.18)
where pé is a zero-mode and Poisson bracket is defined by
{0, iy =n". (5.19)

On the Fourier components, the constraints Pé(’i', o) =0, P, (r,0) =0and 8,¢'(r,0) =0

are equivalent to

pg(T) =}, (1) =0,

pBT(T) Pp. m(T) :Ov (520)
PBU() Era (1) =0,
)=0

! (r

Now we impose gauge fixing conditions corresponding to the constraints (5.20). The gauge

fixing conditions are determined so as to be compatible with the equations of motion
(5.17a)-(5.17d). By making the gauge transformations

59 =

5Bf = d,ul + 9,u',

§BI = 0,u'T + 9,4,

5P¢f = —9,u!,
with gauge parameters

zmor

= - [ar'Bl(s

W(r,0) = ~3'(7)

m;éO

%27?,%

and the equations of motion (5.17a)-(5.17d), we obtain the following gauge fixing condi-



tions,

I (5.21)
Bl == Bl =0,
2m
P (7) =0
Finally we consider the constraint
1
§¢I¢I = 0. (5.22)

As we explained, the model has still residual gauge symmetry w,(= const.) within the
gauge C,(1,0) = —C. Using this symmetry
5P¢{ = ¢lw,,
we can make the one of the zero-mode components of Pé(v', o) to be vanish. By taking the
case ¢t = 0 and choosing the gauge parameter w, as
_n
2mpt’

Wy =

we impose a gauge fixing condition
pi =0. (5.23)
We shall here summarize the correspondence between the constraints (5.6a), (5.6b),
(5.20) and (5.22) and the gauge fixing conditions (5.7), (5.21) and (5.23) obtained from
the above manipulation within the gauge N(7,0) = 1, Ni(7,0) = 0, A,(7,0) = 0 and
Cro(7,0) = —Cy:

constraints gauge fixing conditions
Lo+ Lo =0, xt =0,
Ly =Ly =0, af =at =0, (m#0),
¢rp’ =0, 2t =0,
b1of, = b1é, = 0, of, =&} =0, (m#0)
P5(T) = Pgn(T) = 0, ¢'(7) = &1 (1) =0,
P5.(T) = Phm(T) = 0, Bi(r) = By, (1) =0,
Phoir) = b =0, Bl =-PT gl
O(T) =0, Pom () =0,
Ser=0, =0



Under these gauge fixing conditions, the dynamics of the model is described by the zero-
modes and the oscillator modes of the transverse string coordinates ¢'(7, o), the zero-modes
of light-cone coordinates £¥(7, o) and €%(r, o) and the zero-modes of the fields ¢’ (7, ) and
Pl(r, U)( = —Bl(r, 0)).

In fact these gauge conditions completely fix the gauge degrees of freedom and these are
consistent with the equations of motion. As the constraints are quadratic in the Fourier
modes, we can solve the constraints directly and the dependent variables are expressed in

terms of the independent variables. Here are the independent canonical variables

{a7,pt} = o7, p = —1,

{a',p'} = &Y,
{or,, b} = {a},, a2} = —im76 o, (5.24)
(6% p3y = {7, p5} = Lot 05} = 1,

{¢',p} = 69,

and the remaining non-vanishing dependent variables are

ro= ¢J;p+__1¢+p4 {p;p: G %Wéi)
—p*(¢7p" — ¢'pi) — 2mgt (LY + LY) }

05 = oy (e~ 2R LY). (),

Gy, = m(ﬁaﬁi&m —2y/mpt L), (m#0),

P = s (E (649 - 309) (529
—p*(¢7p" — &'pi) — 2mt (LY + L) }»

o = M(wwam _o/mEtLE),  (m£0),

b = o (P = 2R ), ()

6 == (670 - 509,

where the transverse parts of the Virasoro generators LY and L% are defined by
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Now let us investigate the symmetry of the D-dimensional background spacetime. The
translation and the Lorentz transformation generators derived from the classical action

(2.12) are given by
27
Pl= [0 P!
0
— (5.26a)
21 .
MY = /0 do (617! + ¢'P{ + P + BIP}_+ BIP} — (I )

—m m —-mm

1
=y — LY ;z-(al o +al ) + 6l — (I & ). (5.26b)

Using the independent canonical variables (5.24), the Poincaré algebra ISO(D — 2,2) is
satisfied,

{P', P} =0,
{AIIJ) PK} — T]IKPJ o 77JK])I7 (527)
{A{IJ, jMKL} — nIKMJL _ 77‘]]{]\/{[[1 _ 771L]\4JK + UJLMIK,

if the level matching condition L{ = ]~;ff is imposed. Conversely, the gauge fixing procedure
we considered is the way to preserve the full D-dimensional Poincaré symmetry.
According to the ordinary string theories in the light-cone gauge, we have to examine
Poincaré algebra (5.27) in the quantum theory [21]. The checking of the Poincaré algebra
is again straightforward, except for commutation relations [M'~, M?~], [M i= Mi7], and

(M=, M’ ;]. After lengthy computation, we can obtain the following results,

i aAgi- 4W¢;2 ij
M= G g
iz - 47T¢+2 i
M~ M’~] = (Gt — ¢+p%)2AJ’ (5.28)
4w¢;¢+

i

(M=, M~ =M~ —

(¢tpt — gtpt)?

An anomalous term A% is

A% = (1~ 225 i m(al0f, + 6t 8, — (i & j)

where the constant ao denotes the ordering ambiguity of the sum L& + L& in (5.25) by

adopting the normal-ordering prescription. The anomalous term A% vanishes if and only
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if
D=98 a=2. (5.29)
Then, the Poincaré algebra ISO(26, 2) is satisfied in the quantum theory.

A mass-shell relation of this string model is given by

m? = —PP,
=47 (N + N = ao), (5.30)
where level operators N and N are defined by
N=)Y a,, dim, N = & .
m=1 m=1

The level matching condition L = LY is then expressed as N = N. Therefore, this
closed bosonic string model also involves tachyon in the ground state and graviton grs(¢),

two-form field Bys(£) and dilaton ¢(£) in the first excited massless state.

6 Conclusions and discussions

We have investigated the quantization of the U(1)y x U(1)a bosonic string model in two-
dimensional quantum field theory. Even though the system has reducible and open gauge
symmetries, we have shown that the covariant quantization has been successfully carried
out in the Lagrangian formulation ¢ la Batalin and Vilkovisky. In the covariant Batalin-
Fradkin-Vilkovisky Hamiltonian formulation, we have considered the first-class constraints
and the constraint algebra corresponding to the gauge symmetries and led to the same
gauge-fixed action and BRST transformation as those of the Lagrangian formulation un-
der the proper choice of the gauge-fermion and the identification of the fields. In addition
we have obtained the BRST charge which generates the BRST transformations. Further-
more we have presented the noncovariant light-cone gauge formulation and investigated
the symmetry of the background spacetime. With careful considerations of residual gauge
symmetries, we have specified the gauge fixing conditions corresponding to the first-class
constraints. Under these suitable conditions, we have been able to clarify dynamical in-
dependent variables and solve the first-class constraints explicitly. Although manifest co-
variance has been lost, we have confirmed the full D-dimensional Poincaré algebra of the
background spacetime by direct computation.

Since the quantizations of the model have been successfully carried out, we can argue

the critical dimension of the string model. In our case, it turns to be 264+2. This means the
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background spacetime involves two time-like coordinates. Conversely, the requirement of
two negative signatures in the background metric is natural one due to the gauge invariance
of our model. The critical dimension has been obtained from both the BRST Ward identity
in the BRST formulation and the D-dimensional quantum Poincaré algebra in the nonco-
variant light-cone gauge formulation. Therefore, we have concluded a consistent quantum
theory of our U(1)y x U(1)a string model has only been formulated in 26+2-dimensional
background spacetime. We have also considered the quantum states from the mass-shell
relation. Contributions toward the mass-shell relation from zero-modes of the scalar field
¢'(x) are completely canceled, so that our closed bosonic string model possesses the same
spectra as usual string theories.

We propose the quantum U(1)yxU(1)4 string model as a device to formulate the physics
involving two time coordinates. In the formulation, the generalized Chern-Simons action
has played an important role. From this viewpoint, it would be interesting to consider a
low energy effective action which might be derived from our formulation of string theory. If
we consider a background gauge field A7(¢) which could be obtained from our open string
or superstring model, it should have an additional gauge symmetry dA;(§) = ¢r(¢),
where Q(£) is a gauge parameter and ¢; is a constant null field, corresponding to the
constraints (5.6b). Such a gauge symmetry has been discussed in the formulation of 10+2-
dimensional supersymmetric Yang-Mills theory [3]. In this context, the generalized Chern-
Simons action [12] which can be formulated in arbitrary dimensions is also supposed to be
useful for constructing the low energy effective action.

The form of the classical action (2.12) suggests that this model should be more naturally
defined in higher-dimensional field theories, namely, that membranes or p-branes are more
fundamental than strings in our formulation. Actually, the action (2.12) is derived from a
membrane action by adopting a compactification prescription. The U(1)y x U(1)4 string
model might be the first useful example which suggests higher-dimensional object like
membrane or p-brane in the framework of perturbative field theory without using the

concept of “string duality”.
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Appendix A. Two-dimensional world-sheet

The two-dimensional spacetime coordinates are denoted by 2™(= (7,0)). The two-

dimensional flat metric 1,,, and Levi-Civitd symbol &,,,, are given by

o mn __ -1 0 _ . mn _ 0 1

In the curved two-dimensional spacetime, the metric is given by ¢, (z) and the covariant

derivative V,, operates to fields as

van = am‘/n - Flmn%;
vmvn = amvn + anlvva

where I'',,,, is the Christoffel symbol defined by I',,., = %glk(amgkn + OnGmk — OkGmn )-
The functional derivative with respect to a symmetric tensor V™" (z) = V"™ (z) is

SV™r(z)

SVH(y) (650 + 67"0F) 6(x — ).

Then, the antibracket (3.3) is explicitly written as

(x,y) = XY X &Y 16X &Y
TG 0T SAn sAm 264, 6™

Appendix B. Generalized Poisson bracket

A generalized Poisson bracket [22] is defined by

oL F 6,G oLF 5LG> oL F 6.G o 0LG
F = : — - — ]F|< )
6] (599@ 5P, ir, a0 ) T \Ge spe T 5P 907 )

where canonical variables ¢' and P, are bosonic, and % and Fse are fermionic. In the
above definition the contraction of the indices contains the integration of space or spacetime

and |F'| is the Grassmann parity of F. This generalized Poisson bracket will be replaced
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by the graded commutation relation multiplied by —¢ upon quantization, as usual. The

explicit forms of the basic Poisson brackets are given by

{¢" P} =—{Pp,¢'} =,
{0%, Pgs } = {Pys, 0%} = —d5.

The algebraic properties of the Poisson bracket are as follows:

{F> G} = _(_)lFHG'{G) F}a
{F\Fy, G} = Fi{F,, G} + (=R Ry GY .

Appendix C. BRST formulation of U(l)y x U(1)4 model without
two-dimensional gravity

In this appendix we summarize the Lagrangian BRST quantization of U(1)y x U(1)x
model without two-dimensional gravity. Since the quantization of this model is much
simpler than that of the model coupled with two-dimensional gravity we have investigated
throughout this paper, the following result might be helpful to understand the quantization
of the U(1)y x U(1)a gauge structure.

The action of U(1)y x U(1)s model without two-dimensional gravity is
1 -
§= [@ (= 3000 00t = 700 Ou
o ~ 1~
AP G0, + B0 — 50061 ), (C.)

which is invariant under the following local gauge transformation,

5€I:U/¢I7
dp' =0,
5(;5[: u/I’

- (C.2)
SA™ =™ v + " O,

5Bml — gmnanuf + nmnanull _ vem”&lé[ + U/nmnané-I _ Ibm¢l,
§C = D™ + Oyv' A™ — 00, A™.
After performing the BRST formulation, one obtains the following gauge-fixed action

1 - _
Sgauge-ﬁxed = /de{ - '2'77mn mélangl - 77mn m¢Ian¢I - nnznamfanf
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— A" (O + e D) — BT (Db’ + £, b

— E™(Ope + £m" Onc)

. ) 1 ..
— 2B Ol e BPE S 4 (] + ad el }

The action (C.3) is invariant under the nilpotent BRST transformations
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