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Abstract

The microscopic theory of superfluidity [1-3] was proposed by Bogoliubov in 1947 to explain
the Landau-type excitation spectrum of *He. An analysis of the Bogoliubov theory has already
been performed in the recent review [4]. Here we add some new critical analyses of this theory.
This leads us to consider the superstable Bogoliubov model (5]. It gives rise to an improvement
of the previous theory which will be explained with more details in a next paper [6]: coexi-
stence in the superfluid liquid of particles inside and outside the Bose condensate (even at zero
temperature), Bose/Bogoliubov statistics, “Cooper pairs” in the Bose condensate, Landau-type
excitation spectrum...
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1. Introduction

“Le monde progresse grace aux choses im-
possibles qui ont t ralises.”
André Maurois.

The first microscopic theory of superfluidity was originally proposed in 1947 by Bogoliubov in
three revolutionary papers on the theory of interacting Bose gas [1-3]. His Weakly Imperfect
Bose Gas (WIBG) arising from the truncation of a full interacting gas, was a starting point
for this theory. However, only very few rigorous results concerning his WIBG and ansétze were
known until 1998-2000. Then, the recent papers [7-11] expressed for the first time a rigorous
analysis of this Bogoliubov model (WIBG) in the sense that the grand-canonical thermodynamic
behavior is finally given at all temperatures and densities.

A deeper analysis of the Bogoliubov theory, including all recent studies [7-12] and some new
critical analyses, has already been done from the point of view of rigorous results in the recent
review [4]. However, the intention of our work is to check more carefully the Bogoliubov theory
and its problematic ansétze in order to get solutions and explanations not included in [4].

Our detailed analysis gives rise to an improved new microscopic theory of superfluidity for

liquid helium explained in [6]. Here we review and give a critical discussion of the standard
microscopic theory of superfluidity, specially the Bogoliubov truncation and approximations
corresponding to both canonical and grand-canonical Bogoliubov theories of superfluidity, see
section 2. This will lead us in section 3 to our proposal for a new microscopic theory of super-
fluidity, for which we provide the physical arguments.
Notice that a recent historical overview of superfluidity is given in the paper [13]. Here we take
into account only homogeneous gases. Concerning the inhomogeneous case, a rigorous proof that
a 100% superfluid liquid occurs, corresponding also to a 100% Bose condensate. was performed
for the first time with dilute trapped gases at zero-temperature whose the number of particles
goes to infinity with an interacting potential converging to a Dirac function, see [14,15].

2. The Bogoliubov theory of superfluidity

“Que celui qui n’a jamais péché jette au
poisson la premiére pierre.”

Francis Blanche, Le Carnaval des ani-
MaUT.

We give here a detailed analysis of the Bogoliubov theory to emphasize on its different problems
and questions.



2.1. Setup of the problem: the full interacting Bose gas

Let an interacting homogeneous gas of n spinless bosons with mass m be enclosed in a cubic
3 . . .
box A = x L C R®. We denote by ¢ (z) = ¢ (||z||) a (real) two-body interaction potential

. ® a=1
satisfving:

(A) ¢ () € L' (RY).

(B) Its (real) Fourier transformation

Ak =/ d*zyo (z) e ke R®,
=3

satisfies: Ag > 0 and 0 < A, < ), for k € R3.

Using periodic boundary conditions, the corresponding Hamiltonian of the system acting on the
boson Fock space F2 is equal to

H x>0 :Z exapay + UMF + Us, (2.1)
kEA*
with
Uy = 2—1— Z Mg, 1 g Oy — o Oy Oy (2.2)
k1,k2,q#0€A"
uMr = %07 k%;w af, G}, Gk, Gk, = %} (N2 - N,). (2.3)
Here

Ny = E ayak

keAx
is the particle number operator. £, = A2k2 /2m represents the one-particle energy spectrum and

27
A* = {k ERY: hp= 0% —0 41,42 . a= 1,2,3}

L

is the set of wave vectors. Also, note that af = {a; or ax} are the usual boson creation/annihilation
operators in the one-particle state ¥, () = V=-ze® k€ A*, 1 € A, acting on the boson Fock
space

+
Fy = Y ”Hg”,
n=0
with ’Hg‘) defined as the symmetrized n-particle Hilbert spaces

HY = (22 (A™) #HO =,

symm ’

see [16.17]. Under assumptions (A) and (B) on the interaction potential ¢ (), the full Hamil-
tonian H y,»o is superstable [16].



2.2. The Bogoliubov truncation and approximation

In order to get a microscopic explanation of the (phenomenological) Landau - theory of su-
perfluidity [18,19], it is crucial to get a Landau-type excitation spectrum for the model (2.1).
Indeed Landau [18,19] understood for the first time that the properties of quantum liquids like
‘He (or *He) can be entirely described by the spectrum of collective excitation. which for liquid
“He. has two branches : “phonons” for long-wavelength excitations and “rotons” for a relatively
short-wavelength collective excitations. This second assumption ensures the superfluidity of the
Bose system. The computation of the spectrum of the full interacting model (2.1) is far from
being solved for general two-body potential ¢ (z). For a large class of interaction potentials
¢ (z), the standard canonical or grand-canonical thermodynamic functions (free-energy density
or pressure) of the Bose gas (2.1) in full interaction are unknown.
Two ways to extract some thermodynamic properties from the original model (2.1) would be
either to use a very particular two-body potential ¢ (z) (see {20-25]), or to truncate the full
interaction of (2.1).
As an example, the Mean-Field Hamiltonian

HYT =T+ UNF =Tyt 55 (V- N
consists of either taking a constant two-body interaction potential ¢ (z) in the box A , or
cutting-off the terms with g # 0 in the full interaction of (2.1). This model has been analyzed
exhaustively via the Imperfect Bose Gas

H‘{BG =Ty + ;—{;—Ni

in [26-32] and is thermodynamically ”very close” to the Perfect Bose Gas, see the discussions
in [4,33.34].
The Bogoliubov WIBG, coming from the microscopic (Bogoliubov) theory of superfluidity [1-
4,8,11,35,36], is also an example of such truncation procedures. Indeed, if one expects that the
Bose-Einstein condensation, which occurs for the Perfect Bose-Gas in the mode k£ = 0. persists
for a weak interaction ¢ (z), then according to Bogoliubov [1-3, 35, 36] the most important
terms in (2.1) should be those in which at least two operators ag, ag appear. We are thus led
to consider the following truncated Hamiltonian [1-3, 35,36 :

HE,\ oo =Ta+UP +UYP + UZME, (2.4)

where we recall that Ay > 0 (hypothesis (B)) and

TA = E Eka;ak,

keA®
1 .
Ul = — Z Meagao (apax + 6 0-k) , (2.5)
keA"\{0}
1 .o <2
U,{VD = W Z Ak (aka_kag + ag aka—k> ) (2.6)
keA=\{0}
A0 %2 )\0 * *
USME = 5779 ag + 779080 Z Q- (2.7)

keA*\{0}



This first step in the Bogoliubov theory. i.e. this truncation, 1s actually far from being ezact.
The Bogoliubov model HY )\ 5o manifests. for high densities, a coezistence of two Bose conden-
sations in the grand-canonical ensemble [4,7, 8, 10, 11]. The first Bose condensation appears on
the single mode k = 0 due to the nondiagonal interaction UNP cf. [4, 7-10]. But it saturates
for high densities and then coezists with a conventional Bose-Einstein condensation on modes
nezt to the zero-mode (||k|| = 27/L), see [4,11]. Then, for high densities, to be at least self-
consistent in this procedure, the terms in (2.1) involving the 6 modes k|| = 2n/L should not
have been neglected in the truncation of the full interaction!

The Bogoliubov model (2.4) is "simpler” than the full Hamiltonian (2.1) but it is still nondia-
gonal. A very ingenious Bogoliubov treatment to solve this problem was to consider the two
operators ag/v/V, a;/v/'V as complex numbers:

a/VV = ¢, at/VV >,

since for large V, ap/v/V, a%/v/V almost commute. This assumption is called the Bogoliu-
bov approzimation. Attempts of mathematical justification of this procedure and its intimate
connection with representations of the Canonical Commutations Relations (CCR) was the sub-
Ject of several papers, see e.g. [17,37, 38]. A very interesting analysis was done by Ginibre [39]
where he thermodynamically treated this problem for the full Hamiltonian (2.1).

This Bogoliubov treatment implies a new self-adjoint operator HZ ), 50(0,¢) (cf. (A.1) with
o = 0) depending on operators {ak}keA.\ (oy- This operator is well-defined on the Boson Fock

space
+00
Fg Eniao ’Hg‘,}c#,

, where (") are the
keA\{0} B’#(OO)

symmetrized n-particle Hilbert spaces appropriate for non-zero momentum bosons (Hy' =C).
However. the Hamiltonians H Ao>0 and Hlﬁ a0 commute with the total particle-number Ny,
whereas HZ, _0(0,¢) (A.1) does not:

constructed on the Hilbert space H' spanned by {wk = ez /\/V }

[Hf,/\po 0,¢), NA] # 0.

Then. in the canonical ensemble, Bogoliubov (3] suggests a different but similar way corre-
sponding to a canonical Bogoliubov theory of superfluidity, whereas the intuitive Bogoliubov
approximation takes place only in the grand-canonical Bogoliubov theory of superfluidity: see
below.

2.3. Canonical Bogoliubov theory of superfluidity [3,35,40-43]

Let us consider the Bogoliubov Hamiltonian Hf’ a>0 10 the canonical ensemble. Since Ny =

agao is a non-negative self-adjoint operator, the operator (No+ 1 )”l/ ? is correctly defined and
bounded. Let
Ce=05 (No+1)"ay, ¢t =af (No+1)"ag, k € A™. (2.8)



Then for k # 0 these operators satisfy the canonical commutation relations (CCR), and via
(Np + I)‘l/2 ag = aoz\"o"/Q the Hamiltonian H/{B,/\o>0 (2.4) can be written as

. N . A i
Hf 5o = Z 5k§k§k+“‘/_?'/\0 Z Cka-i—O{),No (No=1)

kA" keAa*\{0} -

Y . .
_ﬁ Z M (ChCe +CokCo)

keA=\{0}

1 NY? (Ny =D)M? N2 (Ny =D

T3 Z M (CZCik o & ) + = ( ‘(/)- CeCor |- (2.9)
keA\{0}

The canonical Bogoliubov approzimation for the Hamiltonian (2.9) corresponds to

No
v

N2 (Ny = D)Y?

- — |ef®. (2.10)

= lef*,

The procedure implies the model HZ, _;(0,c) (A.1) where the operators {ak}xes-\(o} are Te-
placed by {Cy}per- 0y - BY (2.8), this model now conserves the number of particles, 1.e. we can
treat it in the canonical ensemble with some parameter c.

To exclude this uncertainty Bogoliubov proposed to eliminate the operator Ny from (2.9) at
the cost of further approximations, see [3,35] and discussion in [40]. Since

Nakzo = Z apag = Z CiCrr No = Na — Nakzo,
keA=\{0} keA*\{0}
he used the following approximation
N2 N, N2
02 o~ A2 2.11)
WY 2 GhEgy (210
keA*\{0}
in the sum of the second and the third terms of (2.9) and

JVO - IVA

v ov F

in the third, the fourth and the fifth terms to arrive to an approximating Hamiltonian for the
canonical ensemble with density p:

Blaso(0) = 3 (eetm)CiGe+ s D MG+ Geloi)

(2.12)

keA=\{0} keA=\{0}

NZ 1

A 2.13
+/\0 oV 2,0/\0. ( )

Since the last two terms are constants in the canonical ensemble we get a bilinear form in
Bose-operators {(, } keA-\{0}- Therefore, using the Bogoliubov canonical u-v transformation (see
Appendix A with a; — (), we finally get the well-known Bogoliubov gapless spectrum (cf.



(A.4) with A\p =0 and a = 0).

This canonical approach involves two main assumptions: (2.10) and (2.11)-(2.12). By analogy
with some ezamples in the grand-canonical ensemble [7, 8. 10, 39], the canonical Bogoliubov ap-
prozimation (2.10) should be true, but we should be very doubtful concerning (2.11)-(2.12). The
approzimation (2.11), taken in terms of operators, change the original Bogoliubov Hamiltonian
HS Ado>0 drastically, whereas (2.12) imposes a completely condensed particles density by fizing
‘e = p. This last assumption 1s not true for the original Bogoliubov Hamiltonian Hx,\ 5o (at
least not in the grand-canonical ensemble, see [7-11]). Experimentally (cf. [44,45]), an estimate
of the fraction of condensate in liquid 4He at zero-temperature 15 only 9% !

2.4. Grand-canonical Bogoliubov theory of superfluidity [1,2,46-53]

Now, let us consider the more well-known approach, i.e. the grand-canonical Bogoliubov theory
of superfluidity. Originally proposed by Bogoliubov [1,2], and essentially advocated by Beliaev
[46,47]. Hugenholtz and Pines [48-51], Tserkovnikov [52], and Tolmachev [53], to remove the
problem of non-conservation of the particle number, they suggested to use the grand-canonical
ensemble from the very beginning, i.e. they introduced a chemical potential c:

Hpyosola) = HE, oo — aNy. (2.14)

Then the Bogoliubov approximation gives the Hamiltonian H 2 950 (@ €) (see Appendix A).

Remark 2.1. The models, ﬁ/ﬁ,\po (p) (2.13) in the canonical ensemble and HY >0 (a,c) (A1)
in the grand-canonical ensemble, represent two different Bose systems even for [cL = p.

After the gauge transformation (A.2), the Hamiltonian (A.1) depends only on z = ic|. Then,
in [46,48.50,53] the authors proposed to fix z = |c[* using the wariation principle combined
with the ground state v, of the Perfect Bose Gas:

3 B 8 1 4 2 —
3P (o, HA,A0>01/10);5 = 3P (‘2'/\0 "V = alc| V) =0, (2.15)
ie.
a=Xlcf. (2.16)

For a given total particle density p the chemical potential should be excluded from (2.16) by
the subsidiary condition, which defines tc]2 as a function of p. If one does this in the first appro-
ximation [46,48,50], then one gets |c|* = p, which returns us to (2.13). Therefore using again
the Bogoliubov canonical u-v transformation (see Appendix A), we again get the Bogoliubov
gapless spectrum (cf. (A.4) with Ay =0 and o = 0).

The clever Bogoliubov approzimation on the model H? 250 08 in fact true in terms of the
thermodynamic behavior, see [4,7,8,10]. However, the main assumption (2.16) which is crucial
to get a gapless spectrum is false, in the sense that the theory 1s not rigorously consg’stent.
Actually, in [5], the authors show for the first time that the condition (2.16) for jci” > 0
involves a positive chemical potential where the pressure of the original Hamiltonian Hf Ao>0

7



does not exist. Then, in [4,7.8.10]. it is shown that the thermodynamacaily relevant spectrum of
the original Hamiltonian HZ >0 lways has a gap for any chemical potential o in the existence
domain of the pressure.

2.5. Remark on the spectrum of excitations

Before we embark on a strong revision of the Bogoliubov theory, we want to make precise the
definition of the excitation spectrum of a system of particles. In particular, which is the rele-
vant ensemble between the canonical and grand-canonical one, in terms of physical excitation
spectrum?

It is clear that the spectrum of excitations should be understood as the spectrum of the cor-
responding Hamiltonian. Considering for example the Perfect Bose Gas, this spectrum is gi-
ven by {€x},cg in the canonical ensemble whereas in the grand-canonical ensemble it equals
{ex — @}4eg, €. the spectrum has a gap for @ < 0. Of course, the presence of this gap comes
only from the Lagrange multiplier o associated with the operator Ny /V [54]. The excitation
spectrum of the Perfect Bose Gas is then {ex},cg- The chemical potential o has no physical
relevance in terms of spectrum of excitations, i.e. the physical spectrum of excitations should
be seen only in the canonical ensemble.

An absence of gaps in the grand-canonical ensemble is only a specific case. For example,
it is only in the presence of the conventional Bose-Einstein condensation that this property
holds for the Perfect Bose Gas and then for the Mean-Field Bose Gas or the Imperfect Bose
Gas, see [26-33]. This fact can also not be generalized to any Bose system having a Bose
condensation, i.e. a gap on the spectrum in the grand-canonical ensemble may appear even if
no gap exists in the canonical ensemble. For the Bogoliubov microscopic theory of superfluidity,
the spectrum in the two ensembles gives the same result . However. it is only because of the
drastic Bogoliubov assumption (2.16), that all effects of the chemical potential on the spectrum
are removed in the grand-canonical ensemble (3, c).

Consequently, in terms of the spectrum of excitations, a Bose system should be thermody-
namically analyzed only in the canonical ensemble.

3. A new microscopic theory of superfluidity?

To correct the Bogoliubov microscopic theory of superfluidity, the main guiding principle should
be to get a gapless Hamiltonian, or at least a Hamiltonian whose spectrum seems to be gapless.
Considering the complex Bose system (2.1), we should also truncate the Hamiltonian but, of
course, in a different way than Bogoliubov did, see the above discussion in subsection 2.2.
Regarding the last subsection 2.5, this truncation should be understood in the framework of
the canonical ensemble. In this ensemble (3, p) and in terms of thermodynamic properties, the
full Hamiltonian (2.1) is completely equivalent to the model

. ~ 1 . .
HA,O = E EpLay + UA = E skaZak -+ §—V-; E /\qakl+qak2_qaklak2, (31)
keA™ kEA" k1,k2,g#0€EA™

see (2.1)-(2.2), since the Mean-Field interaction U}M¥ (2.3) is simply a constant on the Hilbert
space ng[pvn. Here 8 is the inverse temperature, and p the fixed full particle density, whereas
n = [pV], defined as the integer part of Vp, is the number of particles.

8



F ormally, the Mean-Field interaction UMF does not change the “physical broperties” of 4 Boge

M =Hf, _, +our (32)
see (2.3) and (2.4) for )y = ¢, In the canonjcs] ensemble, the superstable Bogoliuboy Hamilto-

nian H7% is 4150 €quivalent to the modg] HP . Now, considering that the canonical Bogoliubgy
approximation jg true, we directly get

~ A
HY5 (€)= ASE () 4 5V —p), (3.3)
in the canonica] ensemble with

AR = ¥ WG+ 3 Melel GG, + ¢ty

keA~\ {0} keA*\{0}
1 o »
T3 D0 AP, + ¢l 4]
kEA*\{0}

The Hamiltonjap H 26 (c) is again a bilinear form ip Bose-operators {Cetie a+\(oy (2.8) diagona-
lizable with the Bogoliuboy canonical y-y transformation (Appendix A with @ = (). We then
get the well-known Bogoliubov gapless spectrum for any r = le[* > g (cf. (A.4) with Ao =0

Remark 3.1. Upder the assumption lc|* = p we haye the equality H{B (¢) = ﬁf,\ozo (p). The
paper [6] shows thay this assumption js €xact only for p — oq.

The second term of (3.3) should not be taken into account on the thermodynamic level,
since it is g constant. In the canonical-ensemble, this means also that we can directly consider
the Hamiltonjan HE, (see (2.4) with ), = 0) instead of the Superstable Hamiltonian HPB,
The Hamiltonjay HY corresponds to the original Bogoliuboy truncation done op Hy . But,
unfortunately, in the grand-canonjcg] ensemble, this Boge System is drastically instable at high
densities, i.e. the terms of repulsion are Not strong enough to prevent the system from collapse,
see Appendix B. Ip order to analyze the thermodynamic properties of 4 /€0 in the canonijca]
ensemble, one shoyjqg consider itg Supertabilized form [33,34], i.e. the Superstable Hamiltoniap

Spectrum in the canonicg] ensemble, for the moment based op only two assumptions: a trup-
cation of the fy]] Hamiltonian [or Hip (3.1)] implying H$B [o HE, (2.4)], and the canonical
Bogoliuboy approximation (2.10).

A first important question concerng the truncation. The Bogoliuboy one was false: it was
not rz‘gomusly consistent with the grand-canonijcg] thermodynamic behavior of the Bogoliuboy

9



Hamiltonian and the appearance of a second Bose condensation outside the zero-mode [4,7-10],
see subsection 2.2. We are going to explain why the truncation done here is also better from
this point of view.

Actually, the paper [9] is very useful to point out the origin of this second Bose condensation for
the Bogoliubov Hamiltonian H? x>0 (2:4). Indeed, the apparition of the second (conventional)
Bose-Einstein condensation for the Bogoliubov WIBG comes from the term of repulsion

/\0 *2 v A . *

'é‘"'/:(lo aé = -2—5; (.\/g - ."VQ) y with No = Qyao, (34)
which implies the saturation of the first (non-conventional) Bose condensation by excluding
particles in the zero mode, since for any k # 0 the similar terms of repulsion

/\O 2 2 /\O AT2 R % }
—aj, a, = — (N — Ni), with N = aza 3.5
{2V k Ok 2V( i = Ni) ks SN (3.5)
in the full Hamiltonian (2.1) are neglected in the Bogoliubov truncation. All terms (3.4)-(3.5)
come from the Mean-Field (also called the “forward scattering”) interaction U{'" (2.3). Con-
sequently. keeping the interaction (2.3) in the superstable Bogoliubov Hamiltonian (3.2) allows
us to avoid the appearance of a second Bose condensation, which would be inconsistent with
this truncation.

A second remark concerns the canonical Bogoliubov approximation. In the grand-canonical
ensemble (3, ), it is proven by Ginibre [39] that the Bogoliubov approximation is exact for
any superstable Hamiltonian, including H{Z. We believe that this procedure works also in the
canonical ensemble, and we are going to prove it for this specific model in [6].

Before going further, let us add an important remark. The canonical Bogoliubov approxima-
tion (2.10) done here for the superstable model H3? may be interpreted, in the grand-canonical
ensemble. as using the Bogoliubov approximation only on Hg, o, i.e. not in UMF (2.3). In
the grand-canonical ensemble, doing this incomplete Bogoliubov approximation seems to be
inexact [39].

This last procedure for the grand-canonical ensemble was used in papers 5, 55, 56]. Indeed,
the same truncation and so the corresponding Bogoliubov Hamiltonian H3? was previously
proposed by N. Angelescu, A. Verbeure and V.A. Zagrebnov in 1992 [5]. The main object of
this superstable model was, for the authors [5], to correct the instability for positive chemical
potentials of the Bogoliubov Hamiltonian (2.4). At the same time, the aim in [5] was to find a
gapless Bogoliubov spectrum. In [56] the authors use a “generalized” Bogoliubov approximation.
This “generalized” Bogoliubov approximation corresponds to partially changing the operators

{ao IVV. a5V } by a suitable function {b (c) ,b—(a} in (3.2) ezcept in the Mean-Field inter-

action UMF (2.3). Then, they prove a Bose condensation in zero-mode via second-order phase
transition and a linear asymptotic of the elementary excitation spectrum in condensed phase
for ||k|| — 0, see also discussions in Section 3.4 of [4].

In [6] we show that the first procedure (partial Bogoliubov approx.) done in [5] is true but
the other one [56] (partial generalized Bogoluibov approx.) performed on the superstable model
(3.2) in the grand-canonical ensemble is inezact, in the sense that it is equivalent to drastic
modifications of the original Hamiltonian (3.2). However, as Bogoliubov did, they were forced
in [5] to add some additional assumptions to find a gapless spectrum since they use the grand-
canonical ensemble, see the discussion of subsection 2.5. From the beginning it was unlikely that

10



the ezgcy solution of HY® had g gapless spectrum even in the presence of Bose-condensation.

In fact. we brove in [6] thas. on the chermodynamic level, there is g gapless Spectrum in the

canonical ensemble, byt not in the grand-canonica] ensemble at all chemica] Potentials.
Actually, the main problem of their methods (Bogoliubov e¢ al) is to assume. a priori, the

¢, without exactly solving ir ip terms of the thermodynamic behavior. In particular, the ex-
made the (showp 1o be wrong in [6]) assumption that [c|* = 5 byt what is our valye of e[ in

As the review [4] explained in the “outline” section, we should be discouraged “from, perfor-
ming sloppy manipulations wip, Bose condensations, quantum fluctuations gng different kinds
of ansdtze”. The example of the exact solution of the WIR -model (on the thermodynamic
level) in relation with the Bogoliubov ansatze, provide g strong warning in doing it.

Actually, the rigorous thermodynamic behavior of the nondiagonal Superstable Bogoliuboy
Hamiltonjan g X7 is performed ip [6]. In barticular, we rigorously prove that this mode] fr i
is “equivalent” ip thermodynamjc limit to the mode] HZ, (2 (3.3) in the canonical ensemble.
The value of le] = [e(8,p) < p satisfies a variationa] principle, different from (2.15) in the
canonical ensemple (8, p). This brovides a new theory of superfluidity with 5 gapless spectrum
at any particle densities and témperatures, leading to g deeper understanding of the Bose
condensation Phenomenon ip liquid heljum [6]: coexistence in the superfluid liquid of particles
inside and outsjde the Bose condensate (even at Z€ro temperature), Bose/Bogoliuboy Statistics,
“Cooper pairs” in the Boge condensate.

This theory is based only op 5 weaker trunecatjon (see (3.2)) than the Bogoliuboy truncation
(see (2.4) with Ao > 0). This unique hypothesis is Dot proven in thisg baper or [6] and it may not
be exact even ip thermodynamjc limit (cf. discusiong in [4,12]. However, the baper [6] shows
that the theory is, at least, self-consistent ag intuitively explained. Moreover this implies the
exact solution of g nondiagonal continuous mode, Le, H /{5:0, far from the Perfect Bose Gas in
the canonjeql ensemble at a]] temperatures and densities [6]. This i the first time for such a

rigorous t;hermodynamic analysis to be performed on 5 non-trivial continuoys gas.
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Appendix A. : the Bogoliubov u-v transformation

“I’ennemi se déguise parfois en géranium,
mais on ne peut s’y tromper, car tandis que
le géranium est & nos fenétres, I'ennemi est
4 nos portes.”

Pierre Desproges, Manuel du savoir-
vIvTe.

In this subsection we recall the Bogoliubov canonical u-v transformation by applying it on the
Bogoliubov approximation [39]

1 * *
HD,, (ac) = Z [ex — a+ dolel’] agar + 5 Z Ml [apax + a” o]
kGA‘\{O} keA=\{0}
+— Z )\k c ara’, + Faga_ ] —ale?V + ?0 (] TV — iz) (A.1)
keA=\{0} “

of HP (o) = HE —aNy (2.4) for any )y > 0. After the canonical gauge transformation to boson
operators

are "8 k€ A"\ {0}. (A.2)

the Hamiltonian (A.1) depends only on z = |¢°. Then, we compute the corresponding pressure
1

PR (Brac) = grzlnTrre PR (), (A3)

#

Since HY, (a,c) (A1) is a bilinear form in boson operators {ak , the Bogoliubov

}kEA'\{O}
canonical u-v transformation diagonalizes it by using a new set of boson operators b7 }keA'\{O}

defined by
ap = ukbk - kaf_k, (L;; = \.lkb;kc - ka_k,

with real coefficients {ur = u_}yep-\oy and {ve = V_k}ren-\ (o) Satisfying:

TA . €

2 2 _ k 2 2 _ Gk

up — vy =1, 2upvg = TE u; + v = LB
ks/\o kv)\o

Here
fepo =€k —a+x (Ao + M),

Efy\, = \/ Fiae = 220 = V/(er — a+ zXo) (65 — 0+ 2 (Ao + 2M0)),

L fea 1 fix
u2=__ ~0+1 ,VQ:— 0 _1
k 2(5@0 P2\ EB,,
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(A.4)

for z = ic/®>. Thus




Notice that f x = A and. l¢f? and o satisfy the inequality:

a< §c§2 Ao+ min &
keA=\{0}

The Hamiltonian (A.1) becomes:
/\0 : z
Hf,/\o ( Z Ek )\obkbk + - Z (E/f/\o - fk,,\()) - QT + 'é‘ (.172 - V;) .
keA=\{o0} kEA'\{O}

Therefore, the pressure pA,,\O (8, a,c) (A.3) equals

pfxo (8,a,¢) = fxl,\o (/3, o, T = 1012) T M40 (a_alx = 10{2) ;
fAAO(IBCYI)“-*B— Z ln(l—eﬂE'?Ao) ,

X keA\{0} )
0 T
Mg (5 2) = Y% kez;\{o} (fero = EP\,) +oaz — 5 (xZ - v) ,

and has the following thermodynamic limit:

Pi (30,2 = fCIQ) = hm Py 2o (3, C) x0 (B0, 2) + 1y, (e 55)

/m 1—e " fxo) &,
)8

Ao
Bk + oz — 222,

with Eff/\oZO’ Je2o>0 defined by (A.4), and o < z)g by (A.5).

5)\0 (31 Q, .”E) = hm fA A0 (;3 Q, 33

Mo (:2) = limn, ,, (o,2) =

Appendix B. : The grand-canonical Bogoliubov Hamiltonian

(A7)

“C’est encore plus beau lorsque c’est inu-

tile.”

Edmond Rostand. Cyrano de Bergerac.

We are exploring the thermodynamic behavior of the Hamiltonian HPE, (2.4). because the re-
sults in [4,8,11] are not useful anymore to deduce the thermodynamic propemes since they are

valid only for Ay > 0.

The pressure in the grand-canonical ensemble for a chemical potential o and an inverse tem-

perature 3 > 0, is given by
(/37 ) BIV In T’I"]:-B ( _ﬁ(Hf,o‘aNA)) ,
and the grand-canonical particle density by

ol = (1) (0) = s (5,0).
a2
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B.1. An upper bound for the grand-canonical pressure

Regrouping terms in (2.4) one has

HE, = Hi + ST A (agar +a”4a0)” (aja + a”ya0) > Hi,

keA=\{0}

1
2V

where

Ak 1
H{. = Z (Ek - 5‘7) Nk - W Z /\k IVO.

k€AT\{0} keA\[0}
Hence we obtain
-1
1 Y
pf,O(lea) S Pi(ﬁ,a)f—ﬁ—v Z ln(l_eﬂ(ek 2V a)) +
keA*\{0}
1 1
—_— — ﬂ(a_asu A)
+‘_3V In (1 € p )

for 1

(B.1)

B.2. A lower bound for the grand-canonical pressure using the Bogoliubov appro-

ximation

The corresponding lower bound for the Bogoliubov Hamiltonian HY, ., (2-4) found in (3]

remains valid even for Ay = 0 and one gets

Pro (B ) > sup Py, (8,a,c),
cE

(B.2)

where p? (8, @, c) is defined by (A.7) in Appendix A. Therefore one has to analyze the lower

bound sup p%, (3, a.c).
ceC

Lemma B.1. Let pf, (8, c) be given as in (A.7). Then

pio (57 Q, 0) - prG (187 a) ; for o < Csup, A < 0

B —
SUp P o (5 0 €) = { +00 ; for & > gyp,a,

ceC

where p{2% (3, a) is the grand-canonical pressure for the Perfect Bose Gas.

Proof. Through (A.4) and (A.7) in Appendix A, one gets that for o < 0:
(d)

14



(i)
1

2 foud —
8;377,\_0 (0, 2) = - AeVer — @ ) > 0.

3/2
|14 keAT\(0} ((Ek — o+ 22)\g) /

1 2 \ 72
. L Z =0,
J:Eg-noo 2V M (1 + CESk - a)
keA=\{0}

Since

even in the thermodynamic limit, (i) implies
@ <Oy (0,z) <a— Qsyp,a for allz > 0
and

x}-gl:loo {31777/\,0 (CY, .'L‘) -+ asup,A} = O’

we get with (ii)

_ ) Mola,z=0);fora< Qlsup A B.3
igg {0 (e o)} = { +00 ; for & > agyp 5. (B.3)

Therefore, for 8 — ~ (zero-temperature) the corresponding pressure pf’o (8, e,c) (A7)
attains its supremum at ¢ = 0 if o < Qsyp,a Whereas sup pﬁo (B, c) does not exist for any
ceC

@ > Qsup.a- By (A.4) and (A.7) note that

(7) Oréx50 (B, 2,2) < 0 and  lim Exozo0 (B, 0, 2) =0,

T—+00

(44) 9583550 (8,2, 2) < 0 and Jm &5 (8,0,2) = 0. (B.4)

Hence via (B.3) and (B.4) the lemma holds. B

Consequently, combining (B.2) with Lemma B.1, we find

Pio (B,@) > py (8. 0,0) = pf29 (8,0, (B.5)

for any o < Qsup.p , Whereas for o > Gsup,a the pressure p% (3, @) does not exist.

B.3. Thermodynamic behavior of the model

Via the previous upper bound and (B.5) we get

Pr7% (B,@) <pfy (8,0) <pl (8,0),

for o < Qisup,A , Which gives
P (B, ) =lim pf, (5, @) = p"2¢ (8, ) (B.6)

in the thermodynamic limit for

) 1
Q< Qgyp = 11/1\11 Qsup,p = —599 (O) ,
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and which can be extended by continuity of the pressure to o < agyp. Here p72% (8, @) is the
infinite volume pressure for the Perfect Bose Gas. From (B.6) and Griffiths lemma [57, 58] the
infinite volume particle density p? (3, a) equals

1 , - _
PE (B.0) = 0,07 (5.0) = 720 (8,0) = — [ Pk (e =1)”
e’ ),
for o < agyp and therefore
lim pg (8, ) = p"P% (8, agyp) < +00, (B.7)

a—+Qsup

Le. it is not possible to reach high densities regimes in the grand-canonical ensemble (3, «).

Hence the properties of the model Hf’o are, in a way, trivial for rather negative chemical
potential & < agyp,a: they are equivalent to the Perfect Bose Gas. The nondiagonal interaction
UNP (2.6) is not able to change the system for sufficiently negative chemical potential & < agyp.
This fact is not surprising since it is exactly the same for the Bogoliubov Hamiltonian H?
for & < ogup,a, see the corresponding lower and upper bounds in {5] and discussions in [4, 8].
Actually, as soon as the nondiagonal interaction UY? (2.6) beats the kinetic part for & > agyp s
by attracting particles in the zero-mode [9], the system becomes unstable, i.e. all particles
collapse in the zero-mode because of the absence of strong enough repulsion terms such as
(3.4). Such terms as (3.4) are then crucial to induce the non-conventional Bose condensation
mechanism without any instability.

The model H /1\3,0 turns out to be not sufficient for a microscopic theory of superfluidity in
the grand-canonical ensemble.
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