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Exact velocity of dispersive flow in the asymmetric avalanche process
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Using the Bethe ansatz we obtain the exact solution for the one-dimensional asymmetric avalanche
process. We evaluate the velocity of dispersive flow as a function of driving force and the density of
particles. The obtained solution shows a dynamical transition from dispersive to continuous flow.
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The avalanche dynamics is a basic scenario of relax-
ation of unstable states in extremal systems where each
movable element is near a border of stability. A typ-
ical long-tailed distribution of avalanche sizes leads to
the dispersive transport of particles [1]. As an illus-
trative example, granular systems exhibit intermittent
avalanches what enables one to use granular piles (sand
piles, rice piles) for explanation of self-organized critical-
ity in generic dissipative systems [2]. In the past decade,
it has become clear that the dispersive transport can be
recast in terms of interface depinning [3], [4] and vari-
ous growth models [5]. Recently, a dynamical transition
from intermittent to continuous flow in a random sand-
pile model has been revealed [6]. Nevertheless, an explicit
theoretical description of stochastic avalanche processes
and an exact evaluation of characteristics of dispersive
flow remains an open problem.

Despite drastic simplifications which were introduced
to mimic real avalanches, exact results are scarce even for
the determimistic dynamics. As to stochastic dynamics,
it is especially difficult as it is beyond the class of abelian
models [7], where asymmetric processes appear to be
solvable [8]. The situation is to be compared with the the-
ory of exclusion processes where many properties, such
as steady states, average current, diffusion constant etc.
have been calculated for an asymmetric one-dimensional
case [9], [10], [11], [12]. The usual presentation of the
asymmetrical exclusion process (ASEP) is given by a
master equation for the probability P (zy,...,zp) of find-
ing P particles at time ¢ on sites z1,...,zp of a ring
consisting of NV sites. During any time interval dt, each
particle jumps with probability dt to its right if the tar-
get site is empty. This elementary restriction leads to
a non-trivial problem of evaluation of the steady state
properties, which can be solved by the Bethe ansatz.

In a similar way, the simplest asymmetric avalanche
process (ASAP) can be formulated as follows. In a sta-
ble state, each of IV sites on a ring is either occupied by
one particle or empty. The total number of particles P is
fixed. During time interval dt, each particle jumps with
probability dt to its right. In the course of time, some
site £ may get unstable with occupation number n > 1.
Then it must relax immediately to the stable state by
transferring to its right either n particles with probabil-
ity g(n) or n — 1 particles with the probability 1 — g(n).
The quantity ¢(n) can be associated with a driving force

acting on the unstable group of n particles.

The main difference between the ASEP and ASAP
lies in the depth of reconstruction of a configuration
C = {z1,...,zp} during the time interval dt. In the
ASEP, the total distance Y; covered by all particles be-
tween time O and ¢ increases by 1 during dt if the con-
figuration C' differs from a new one C' or remains un-
changed if the motion is forbidden. In the ASAP, the
motion of a particle is always possible and increase of
Y: is not bounded. Thus, the configuration C may be
completely different from C’ depending on numbers of
particles spilled to right from each unstable site.

The present formulation of the ASAP is inspired by
works [13] where a model of activated random walks is
introduced and [15] where the directed avalanche dynam-
ics is formulated in terms of continuous variables. Under
an assumption about independence of variations of the
avalanche size at each time step, the probability distri-
bution of avalanche sizes is found exactly [15]. However,
the configurational space of the continuous model is too
complicated to determine steady state features.

Here, extending the Bethe anzatz approach to exclu-
sion processes, we obtain the expression for the generat-
ing function of Y; for the discrete ASAP in the thermo-
dynamic limit of large N for a fixed density of particles
p = P/N. We find two phases corresponding to a disper-
sive flow and a continuous flow, and evaluate the exact
average velocity in the whole range of parameters of the
first phase. We determine the separation line between
two phases where avalanches are critical.

Consider the ASAP consisting of P particles on a ring
of N sites and denote by P;(C) the probability of finding
at time ¢ the system in a configuration C'. The probabil-
ity P;(C) satisfies

SR(C) = Y (0.) +36(.C1RE) ()

where M;(C,C")dt is the probability of going from C’
to C during the time interval dt, and Mj is a diagonal
matrix

My(C,C)=— > Mi(C',C) (2)
C'#£C

Before using the Bethe ansatz, it is instructive to note
that in the region where the distances between each two



neighbouring particles exceed 1, the master equation (1)
becomes “free”:
d

E-Pt(xh

wzp) =Y ViPi(e1, . 2h,nzp)  (3)
k

where Vkpt(...,lik, ) = Pt(...,xk - 1, ) - B(...,xk, )

To compensate the difference between (1) and (3) when

Zr — Tp—1 = 1 for some k, we introduce the boundary

conditions

Pi(eoy Thy Thy o) = Dogy (L= )™t
x Py(.. ,a:k—na:k—n+l ) (4)
where u = ¢(2). This condition can be viewed as the
recurrent relation

P(.,z,z,..)={1—pwP(..c—1,z,..)+

X uP(,z—1,z-1,..) ’ (5)

where the probability of a unstable configuration
Pi(...z,z,...) is given in terms of another unstable config-
uration P (...z — 1,2 —1,...) and so on. Now, we can de-
fine the ASAP by (3) and (5) instead of (1) without even
knowing the exact form of the matrix M (C, C') which is
very cumbersome for the ASAP model.

Specifying a configuration C by positions 1 < z; <
Z9... < zp < N of the P particles, we use the Bethe
ansatz for an eigenvector of the matrix My + M; in the
form

"U

ZA H [ 253" (6)

where the sum is over all of the permutations @ of
1,2,..., P and the factor exp(y) is the activity of a sin-
gle particle step. The condition (5) fixes the two particle
S-matrix Aij/Aji as

A 1-Q
A, 1-(1

2
— ez — pelzzy

— p)eVzy — perz;zy

(7)

Imposing the periodic boundary conditions gives the
Bethe equations

2
2N = (—1)N- 1H 6721 perzjzg (8)
k 1— 1_ Yoy — 1127 2 ;
( Jerzy — peYz;zy

The eigenvalue A(7y) corresponding to (6) is

P
Ay)=—-P+¢€ Z z; (9)

An important property of the ASAP to be solvable by
the Bethe ansatz, follows from the condition of order-
ing of particles. Due to (5), the decay of a unstable site
can start from the rightmost argument in a block of n
equal arguments in P(...,z,2,...,,...) and then proceed

%
to left. This implies a recurrent relation for the prob-
ability g(n) of removing all n particles from the n-fold
unstable site, g(n) = (1 —g(n — 1))p.

The average velocity of the particle flow in the ASAP
is determined by the average number of steps of all par-
ticles involved into an avalanche during the time interval
dt and can be written as

_ Y 10X

Pt ~ Poy (10)

The rest of the letter is devoted to evaluation of v in
the thermodynamic limit N — oo for a fixed density of
particles p = P/N.

For a finite NV, the largest eigenvalue A corresponds to
the solution {z;} which converges to z; = 1,7 =1,..., P
as v = 0. For small v > 0, the distance |z; — 1| grows
rapidly with N for all j and becomes of order of 1 in the
limit N — oco. Introducing a variable o by

1 — elaj
Z] = men’y (11)
and assuming the solutions {a;} are distributed along a
smooth curve in the complex plane a = (u + ir) with
endpoints (—a + 1b) and (a + ib), we obtain the Bethe
equation in the form

1 a-+ib
pe) =2F(@+ o [ 8- ARG iy (12)

T J—a+ib
where we defined as usual a function F(a) such that

dF/da = —R(a)/2m and F(—a+1ib) = —F(a+ib) = p/2.
The functions p(e) and 8(a) are

l_ez’a

1+ eia—Zl/ (13)

pla) = —iln (

and

cosh(v + ia/2)

bla) = ~iln (cosh(u —ia/2)

) (14)

where v = —In(u)/2. Taking the derivative in (12), we
get the integral equation for R(a)

—R(u,b) + % ’ K(u—v)R(v,b)dv = &(u,b)  (15)
with
coshv
§la) = sinhv — sinh(v — ia) (16)
and
K(a) = sinh 2v (17)

cosh 2v + cos &

All that is very similar to the equations for the asym-
metric 6-vertex model [16], [17](see also [18]) with an
essential exception: both terms containing z; and z;z;



in (8) are negative, which is the reason for a dynamical
transition, as we shall show below.

If @ = w, equation (15) can be solved by the Fourier
transformation. To evaluate 0,A, we have to find the
solution of (15) in a vicinity of the point @ = n which
corresponds to a “conical” point, considered in [17]. Fol-
lowing Bukman and Shore, we write the solution R(u) as
an expansion in € = 7 — a up to order of O(e?)

R(u) = Ro(u) + €'6Ry (u) + 28Ry (u) + ¢35 R3(u) (18)

The necessity of such a long expansion will be seen in fur-
ther calculations. The Fourier transformation is defined
by

X(u) = Z (X)pe~ine (19)

n=-—-—o0

where X stands for Rg, R, &, K. The non-zero Fourier
coeflicients of K and £ for b > —2v are

(K)p = (=1)"e~ 2" (20)
(E)n = —€"(1 - (-1)"*™),n <0 (21)
Then, (16) gives
eiu——b
Ro(u) = (Ro)o + 7= (22)
In the next order in ¢, we have
GR)n(n 1) = T ), (e

s0, that Rg(m) = 0,(6R1)n, = 0 and (Ro)o = 1/(1+expb).
The next terms in (18) are evaluated in [17]

(SR?,(U) = —gRO (71') (24)
in(K)nRy(™) _ine

SR (u) e TRk (25)

6Ry = — = R®(m) (26)

120

Thus, in the expansion of R(u), dR2(u) = SR, and
0R4(u) = 6R4 are real constants and dRz(u) is imagi-
nary.

Now, we are ready to start a direct evaluation of 9,
in (10) using d,A = 8,A/8,7y. First, we find 8,v. To this
end, we put & = a+b in (12), and take the derivative by
a at a = 7. Recalling the conditions F(a + ib) = —p/2
and 6(0) = 0, we obtain

)" 16(2a)R(—a, b) +
B(a —v)0, R(v,b)dv  (27)

TOup + 10,y = R(a,b) + (
(2m)~ 2,

To evaluate r.h.s. of (27), we express the values
R(a,b),R(—a,b) and §(2a) by their Tailor expansions at
a = up to the order of O(e®) using (14) and (18). The
integral in (27) is treated as

[ 7:6 F()d = _” fw)dv + Be) (28)
with
B = Y (=™ ) = (D (-}

m=1

and, therefore, can be evaluated by the Fourier transfor-
mation. The Fourier coefficients of 8(m — v) are

27

O —v))a = (™" = (=1)"),n #0 (29)

n

and (6(m —v))o = 2w%. The only v-dependent part of

0uR(v,b) is dR3(v). Using (24)-(26),(20) and (29), we
obtain the explicit expression for r.h.s. of (27)

T _n Ry (m) T (4

eqRo(m) — &L= 35635 ) (30)

Due to (22), the first and third terms in r.h.s. of (30) are
real, the second one is imaginary. Therefore, we have

r

, Ro(m) -

us

Oy = i€2

The expression for d, A can be found in a similar way.
In this case, we take the derivative by a in

= % /_ R(u,b)(2(u,b) — 1)du (32)

where z(u,b), according to (11), is

1-— eiu-—-b
1 + eiu-—‘ZV———b

z(u,b) = (33)

The obtained derivative is similar to (27) but contains

z(v, b) instead of §(a — v). So, we need the Fourier coef-

ficients of 2(v,b) which are
(2)n = (14 2)(=1)"e+0" 5 < (34)

and (z)o = 1.Continuing as in (27), we get

10X _ LRy(m)2 (m,b) . &
Noe =€ 3 ;(2)_71(533)11 (35)

We can see that the term 6R3(u) in (18) is relevant. As
to dR4(u), it is sufficiently that it is a constant and does
not lead to a divergency by integration.



Substituting the explicit expressions for (z)_, and
(0R3), gives the second term in r.h.s. of (35) in the
form
—(4v+b)n

214 €2U)iRST(w) i iilzne (36)

_l)ne—‘Znu
Due to (31), Ry () is cancelling in 9,A/8,7. Then, using
(34) and the identity p = (Ro)o = 1/(1+expb) we obtain
the final result

_ (A=pQ+p)  1+p

ke e G
with
= (=Dt p o n
Flp,p) = ,; it (7 _p) (38)

The velocity of flow v diverges at p. = 1/(1 + p) which
implies a transition to the phase of continuous flow. The
value of critical density p. can be easily understood from
the condition of a balance between gaining (p.) and losing
(1 —g(o00)) one particle at each step of a large avalanche.

The considered model is a directed version of the model
of activated random walks introduced in [13] to see how
a conservative dynamical system with the sandpile top-
pling rules approaches criticality. It has been shown in
[14] that the relaxation time 7 and correlation length &
diverge as 7 ~ |p. — p|™¥* and & ~ |p. — p|7*2. The ex-
ponents v; and v, have been determined numerically for
several kinds of toppling rules. In the directed case, £
coinsides with 7 and is proportional to the average size
of avalanches (s). On the other hand, (s) = v so we have
from (37) (s) ~ (p. — p)~? and v; = v» = 2. An exten-
sion of this result to the symmetrical case [19] is a very
interesting and difficult problem.
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