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Abstract

The partition function of rational conformal field theories (CFTs) on Riemann
surfaces is expected to satisfy ODEs of Gauss-Manin type. We investigate the case
of hyperelliptic surfaces and derive the ODE system for the (2, 5) minimal model.
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1 Introduction

The present paper gives an ab initio mathematical introduction to rational conformal
field theories (RCFT) on arbitrary genus g > 1 Riemann surfaces. Our approach re-
quires only three relatively simple and neat axioms. The central objects are holomor-
phic fields and their N-point functions (¢; . ..¢y). In order to actually compute these
functions and more specifically the partition function (1) for N = 0, one has to study
their behaviour under changes of the conformal structure. This is done conveniently
by first considering arbitrary changes of the metric. Such a change of (¢, ...¢n) is
described by the corresponding (N + 1)-point function containing a copy of the Vira-
sosoro field T. For this reason we have previously investigated the N-point functions
of T (rather than of more general fields) [10]. In the present paper we study functions
on the moduli space Mg, which is the space of all possible conformal structures on
the genus g surface. For the RCFTs one obtains functions which are meromorphic on
a compactification of M, or of a finite cover. We shall use that conformal structures
occur as equivalence classes of metrics, with equivalent metrics being related by Weyl
transformations. The N-point functions of a CFT do depend on the Weyl transforma-
tion, but only in a way which can be described by a universal automorphy factor.

For g = 1 this has been made explicit in [12]. Less is known about automorphic
functions for g > 1. Our work develops methods in this direction. The basic idea is
that many of the relevant functions are algebraic. In order to proceed step by step, we
will restrict our investigations to the locus of hyperelliptic curves, though the methods
work in more general context as well.

For an important class of CFTs (the minimal models), the zero-point functions (1)
will turn out to solve a linear differential equation so that (1) can be computed for ar-
bitrary hyperelliptic Riemann surfaces. Since (1) is algebraic (namely a meromorphic
function on a finite covering of the moduli space), it is clear a priori that the equation
can not be solved numerically only, but actually analytically.



2 Notations and conventions

In this paper, 0° = 1.

For any category Cat, we denote by |Cat| the set of objects of Cat. For any pair of
objects 01, 0, € |Cat|, we denote by Morg.(O1, O) the set of morphisms O; — O
of Cat.

Let Diff be the category of differentiable manifolds, and of smooth maps. Here by
smooth we mean C.

By a Riemann surface we mean a one-dimensional complex manifold. If U € C
is an open subset, we say thatamap f : U — C is conformal if f is biholomorphic
on its image. Let Riem be the category of (not necessarily compact) Riemann surfaces
without boundary, and with conformal maps.

By a Riemannian manifold we mean a real smooth manifold equipped with a Rie-
mannian metric, i.e. a smooth positive section in the symmetric square of the cotangent
bundle of the manifold.

Our surfaces are non-singular, i.e. they have no multiple ramification points.

‘We shall use the convention [19]

1 1 1 1
GZk(Z):EZﬁ-’_EZZW’

n#0 m#0 nezZ

and define Ey; by Gi(z) = {(k)Ex(z) for {(k) = 3,51 nik, so e.g.
2
T
Ga(2) = gEz(Z) :

P

Gu(2) = %54(2) ,

76
Ge(z) = —=E6(2) .
6(2) 013 6(2)
Let (), := [1;_,(1 - ¢") be the g-Pochhammer symbol. The Dedekind 1 function is

@) =g (e =g (1-q+@+q +q" +...) . q=e"".

For ¢ = %7, the theta functions ©%(z, ¢) = 9¥i(z) at z = 0 are given by [1, which
however uses the convention g = €™7],

$1(0) =0

9200) =2 Y "D =281+ g+ g7 +q° + ¢+ .. )
n=0

930)=1+2> "
n=1

2

=1+2¢7 +2¢>+2¢% +...

194(0) =1+ 22(—1)nq%n2 =1- Zq% + 2q2 — qu 4+ ...

n=1

We have the Jacobi identity:

95+ 095 =05 . M



3 Preliminaries

We specify what we mean by a smooth category and introduce F-bundle functors.
Subsequently we remind the reader of the definition of primary fields and of N-point
functions.
3.1 Categories with a differentiable structure
Let Diff be the category of differentiable manifolds.
Definition 1. A category Cat has a differentiable structure if
1. Y 01,0, €|€at], V £, %, € |Diff| and for any smooth map
fi1ZE = Morsa(04,0,),

the composition
fogp:XE — Morg(01,0)

is smooth, ¥ ¢ € Moryi(Z1, Z2);
2. ¥ 01,0,,03 € |Cat|, ¥ 21, %, € |Diff| and for any pair of smooth maps
ﬁ : 2[ - MO’"Gat(Oia 0i+1) ) l = 1’27

the induced map
2 XXy — Morgy(01, 03)

defined by (z1,22) — f>(22) o fi(z1) is smooth.

Definition 2. Let Cat be a category with a differentiable structure. A functor F : Cat —
F(Cat) is smooth if

1. F(Cat) has a differentiable structure,
2. Y 01, 0; € |Cat],
Morso(O1, 02) — Morpea)(F(01), F(02))

is smooth.

3.2 F-bundle functors

Let F be an infinite dimensional C-vector space endowed with an ascending filtration
by finite-dimensional subvector spaces

FopcF,cF,cC..., FZU,‘eNOF,‘.

Equip F with the finest topology for which the inclusions F; c F for i > 0 are contin-
uous. Equivalently, a series (x);ay with x' € F fori € N converges to x € F iff

1. Amp € N such thatx € F,,, andx’ € F,,,, Vi€ N,
2. (xDiey converges to X in F,,.

Definition 3. We refer to F as a quasi-finite C-vector space.



The filtration induces a grading
F =&y, Fi/ Fio
of F into finite-dimensional complex subvector spaces. Let
Endgraa(F) = &End(Fi/Fi_)

be the ring of endomorphisms of F that respect this grading. These are the only en-
domorphisms of F we will consider. In a basis of F, an element A € Endg,a(F)
can be written as a block diagonal matrix in which the i’th block defines an element
A; € End(F;/F;_1). A is smooth (we mean C*) if for every i € Ny, A; is smooth on the
real vector space underlying F;/F;_;.

Definition 4. Let F be a quasi-finite C-vector space.

1. By a vector bundle & with fiber F we mean a family of pairs (&E;,1;) for i € Ny,
where &; is a vector bundle with standard fiber F;, and 1; : & C &y is an
inclusion of vector bundles.

2. For any two vector bundles E, &' with fiber F, a morphism f : & — &' of vector
bundles with fiber I is a family of vector bundle morphisms f; : & — & with

Jirle, = fi

fori € Ny, where &; and &; are the vector bundles with standard fiber F; defined
by & and &', respectively.

3. Inparticular, if & and &', respectively, is a vector bundle over a smooth manifold,
then f is smooth if f; is smooth for every i € Ny.

We define Vec(F) to be the category of vector bundles with fiber F, and with smooth
morphisms. The objects in |Bec(F)| are referred to as F-bundles.

The morphism set of the category Riem and Bec(F), respectively, has a natural
manifold structure:

Propos. 5. For £,Y € |Riem|, the set Morgien(Z,Y) is naturally an infinite dimen-
sional complex manifold. For E,& € |Be(F)|, we have Mory.(r)(E, &) € |Diff| in a
natural way.

Proof. LetX, X € |Riem|, and let M be any complex manifold. We say thatgp : M —
Morgien(Z,Y") is holomorphic if the induced map ¢; : M X ¥ — X’ defined by
©1(p, q) = (@(p)) (g) for p € M, g € X is holomorphic. The proof of the statement for
Lec(F) is analogous. m|

In the following, we shall treat Morgiem(Z1, Z2) as a smooth manifold (by forgetting
about its complex structure).

Definition 6. For any quasi-finite C-vector space F, an F-bundle functor is a covari-
ant functor
Op : Riem — Beo(F)

with the following properties:

o VX e |Riem|, ®p(X) =: Fx is a vector bundle over %,



o Oy is compatible with restrictions: if U C X then ¥y = Fslu,

o V3,3, € |Riem| ®f defines an element in
Moryiiz(Morgien(Z1, Z2), Morge r)(Fs,, Fx,)) -

Example 7. The tangent functor T : Diff — Diff has precisely the above listed
properties: For M € |Diff, TM defines the the tangent bundle over M, and if f €
Moryiii(M, N), we have T f = df € Moryi(TM, TN). Moreover, if (U, z) is a chart on
M, Tz = dz defines a nowhere vanishing section in the cotangent bundle T*U, and thus
a trivialisation TU = U x C.

The latter observation is actually a general feature.
Propos. 8. @ defines a canonical trivialisation of Fc = ©p(C) with fiber Fco = F.

Proof. All conformal self-maps of C are affine linear. Forz € C, lett, : C — C be the
translation by z. The induced morphism ®(z;) maps F' = F¢ isomorphically to F¢..
The map Cx F — ¥ defined by (z, ) = (Orp(1;)) (¢) € Fc,. is invertible. O

If U € |Riem| has coordinate z : U — C, Op(U) trivialises in a way determined by
Dr(z). For (p, ) € C X F, the corresponding element in 7 is

@.(p) = (Dr() (P, ¢) .

Abusing notations, we shall simply write ¢(z) where we actually mean ¢.(p). (This
will entail notations like $(2) instead of ¢:(p) etc.)
We shall only consider bundles that lie in |Bec(F)|.

3.3 Primary fields

Let Oc be the sheaf of germs (U, f) which are represented by pairs (U, f) for some
open set U C C and some conformal map f : U — C. Let Oc be the fiber of germs
in O¢ which are defined at the origin in C, and let

G :={(U,f) €Ocpl f(0) =0}.

It is easy to see that G is a group under pointwise composition, with identity element
(C,id). G is actually a Lie group [15, p. 267]. G is a real manifold that admits no
complexification.

The Lie algebra g of G can be identified with the Lie algebra of germs of holomor-
phic vector fields on C which vanish at the origin [3],

g= SanRKU» €n>}n20 5

where £, = —z"*14,. These polynomial vector fields define diffeomorphisms of S! that
extend to the unit disc {z € C||z] < 1}. Over C, the vector fields ¢, for n € Z generate the
Witt algebra. [17, p. 34]. The infinite-dimensional Lie group Diff(S') of orientation
preserving diffeomorphisms of S ' has no complexification.

Propos. 9. ©f defines a representation of G on F.

Proof. For any pair of representatives (U, f) and (V, g) of a germ (U, f) € G, the corre-
sponding bundle maps ®r(f) and ®r(g) induce the same automorphism of F = F¢ .
]



By assumption, the representation decomposes into finite-dimensional subrepre-
sentations, corresponding to the grading of F. The corresponding representation of the
Lie algebra

g — Endgrad(F)

extends to an R-linear representation L + L of the complexified Lie algebra gc = g®C,
where L and L are complex linear and a complex antilinear Lie algebra homomor-
phisms, respectively. For n > 0, let L, and L, be the image of (U, ¢,) under L and L,
respectively, in Endgaq(F). {L,},»0 satisfy a Lie subalgebra of the Witt algebra

[L,, L] = (I’l - m)Ln+1n . (2)

{L,}n0 define an isomorphic Lie algebra, and [L,, L,,] = 0 for n,m > 0.
Forn > 0, L, + L, and i(L, — L,) represent the generator of the infinitesimal
transformations

z - exp(-e2""19,) ~ z(1 — &),
z > exp(—ieZ"™19,) ~ z(1 — i), €>0, zeC,

respectively. (Z is treated as an independent variable and will be disregarded.) In par-
ticular, Ly + Lo and i(Ly — Lo) represent the generator of the infinitesimal dilation and
rotation, respectively, in a one-dimensional complex vector space.

Propos. 10. Let V be a complex representation of G, dimcV = 1, such that
Lolv = h-idy, Loly =h-idy, (3)
for some pair of numbers h,h € R. Then h — h € Z, and
L)ly =0 forn>0. “4)

Proof Byeq.(3),Lo—Lo=h—h in V. Now exp(ie(Lo — Lo)) defines a rotation by & in
V, so taking & = 27 shows that 1 —h € Z. Now let V = span{v} for some simultaneous
eigenvector v # 0 of Ly and Ly. Since [L,, Lo] # 0 for n > 0, we have L,v = 0 in this
case. O

Definition 11. An element ¢ € F has the property of being primary if spanc(p) defines
a one-dimensional representation of G.

We give a converse to Proposition 9.

Propos. 12. F-bundle functors @ are characterised, up to bundle isomorphisms, by
representations of G.

Proof. Let V be a complex one-dimensional representation of G with property (3).
Suppose V = span{v} for some vector v € F. By definition

vEF, 5)

if h —h < n. This defines a grading F = @y, F;/Fi-1. Since @ is compatible
with restrictions, it suffices to define the functor locally. For two contractible sets
U,V € |Riem| and for f € Morgien(U, V), @r(U) = U X F, so ®p(f) is determined by
f and the representations F;/F;-; — F;/Fi_1 of G, fori € N. m]



We shall come back to our standard example and consider tensorial powers of tangent
line bundle 7C and its complex conjugate 7C.

Propos. 13. Every rank-one subbundle of ®p(C) is isomorphic to a bundle of the form
(TC)"" & (TC © TO)"
with h € Rg and h — h € Z. We refer to this bundle as the (h, h)-bundle and write
(TCY' ® (TO)" .

Note that the latter should be taken as a notation only. Since under coordinate
change z — w, TC has the holomorphic transition function ‘fl—j, the transition function
of TC® TC is |‘(’1—’Z”'|2, which is real and positive. Thus it has a well-defined logarithm.
Proof. Example 7 shows that TC and thus every (4, h)-bundle defines a rank-one sub-
bundle of an F-bundle. To prove the converse, it suffices by Proposition 12 to show
that every (&, h)-bundle, or in fact the differential functor T defines a one-dimensional
representation of G which isomorphic to (3) and (4).

For infinitesimal € > 0 and for n > 0, define F,, : C — Cby F,(2) = z(1 +&z"). F,
defines an element in G. Since

To(Fy o Fy) = d(Fy o Fn)o = (F, 0 F)(0)F,(0) dzo = F,,(0)F,(0) dzo ,
T defines a one-dimensional representation of G by
F,— F/(0).

Since F,(0) = exp(gd,), the representation is isomorphic to that generated by L, for
n > 0, in V. We have a similar description for T and anti-holomorphic functions, and
obtain a representation isomorphic to that generated by L, for n > 0. O

3.4 States and N-point functions
For N > 0, define

M,y the moduli space of compact Riemann surfaces X of genus g
with N different distinguished points py, ..., py € X;
M; n the moduli space of Riemann surfaces X € M, y, on which for 1 <i < N,

there is a copy of F attached to p; with one marked point ¢; € F.

Let oy : Mg v — Mo be the forgetful map for N > 0 and the identity otherwise.

Conversely, f’rom X € Mg we recover an element in Mg | (N = 1) by choosing a point
p € X and marking an element ¢(p) in the fiber 5, of Fx = Op(X). We may view Fx
as the set of elements in Mg , that corresponds to all possible markings,

Fs = 01_12 .
This description allows to vary the markings p € X and ¢(p) € 5, in a continuous

way.

10



We will also have to have to discuss Riemannian metrics which are compatible with
a given complex structure. Let S be a compact oriented genus g surface with a dif-
ferentiable structure, (determined up to diffeomorphism). Let Met,(S') be the additive
semi-group of Riemannian metrics G on S or equivalently, the set of Riemannian sur-
faces S diffeomorphic to S. (We shall use the two descriptions interchangeably.) We
have the well-known isomorphism [2]

Mgo = Met,(S)/Weyl = Diffeo .

The map 6 : Met,(S) — M,y is given by forgetting about the specific Riemannian
metricGon S € Met,(S) and keeping only its conformal class [G].

Definition 14. For any N > 0, we define
MYy = 1{(5,%) € Mety(S) X ME 5|68 = onE in Myo} .
For N = 0, we write M. An N-point function is a map
() M, ->C

which is

e continuous as a function of § € Met,(S), or of the metric G on S,

e smooth as a function on oNX € Mo, and N-linear on the fibers F of X € MQN.
A state is a family of N-point functions for N € Ny.

Since the marked points py,..., py on the Riemann surface are all distinct, for
the purpose of local variations we replace an element £ € Mg v With markings at
(p1,e1(p1))s - - -» (PN, en(py)) with the N-fold symmetric fiber product of elements in
Mil defined on on X, where for 1 <i < N, the ith factor is marked at (p;, @i(p;)).

More specifically, suppose X € M,o. We restrict the N-fold Cartesian product
sym*V(Z) of X to the locus

symN,(2) := sym™(£) \ {(z1 ... 2| z; = z; for some i # j}

off partial diagonals. Moreover, let F5x = ®p(X) with fiber F5, at p € X, and let
sym®N (Fz) be its N-fold symmetric fiber product. We define sym=¥ (¥%) to be the set

restr

obtained by restricting sym®" (Fx) to the set of tensor products Fs , ®...® Fx , with
(P15 .-, pn) € sym’N (2). Thus
sym2N (Fs) = oy'T.
To conclude, let (G, X) € M, and let
P:sym™ (Fz) — symP (D)

be the projection onto the base points. An N-point function on a Riemann surface X
takes values {@)g, where ¢ € sym™ (Fz) and P(¢) € sym*Y ().

restr restr

4 Definition of a rational conformal field theory

Three axioms are required to define the notion of a rational conformal field theory.

11



4.1 Axiom 1: Invariance under diffeomorphisms that preserve the
conformal structure close to the respective base points

Using the previous notations, suppose X € M, and § is the oriented surface underly-
ing X. Let f be an infinitesimal automorphism on

Met,(S) X symin . (Fx) .

On the first factor, f defines a diffeomorphic automorphism on Met,(S ) given by G +—
G + 6G. Call this automorphism y. On the second factor, f acts by ¢ = ¢ + 67 ¢,
for some map f . Our approach to CFT is through N-point functions {p); for ¢ €
symi];'lr(?z) which restricts Met,(S) to metrics G on S with (G, X) € M, . Moreover, as
we want to understand the change of {(¢)¢ under smooth variations of G, we only admit
a specific class of diffeomorphisms which depends on the tuple P(¢) = (p1,...,pN) €
symrxeﬁr(E): We require that for i = 1,..., N there exists a neighbourhood U; of p; in S
such that after restriction to U;, x(G)|y, defines a metric in the conformal class defined
by G or X. This allows to define the derivative of () w.r.t. the metric G:

()56 = (@Y + 86 (¥ + O((6G)?) , (6)

It is easy to check that the map on the N-point function induced by f is given by

(@) P @+ 07 ¢0)Gro6 = (P)rsc + (@ + 0@l — (@) + O ¢ - 6G) ,

using the defining properties of the state. The additive change to (¢)s induced by f is

Ap{p)e =={@ + 67 P)G+o6 = (P)G - @)

Given a diffeomorphic automorphism f of S, let yr : Met,(S) — Mety(S) be the
natural induced diffeomorphism. By assumption, for i = 1,..., N, xy preserves the
conformal structure on U;. Thus f gives rise to germs (U;, f;) of conformal maps close
to p;, and thus by Proposition 9, to an automorphism ®(f;) of ¥5 ,,. We postulate that
we have in eq. (7),

Argdo = 0.

This means that for ¢ = 1 (p1) ® ... vn(pN),

(Pr(fD)e1(P1) ® ... @ Pr(fv)on (PN 6) = {p1(P1) ® ... ® On(PN))G -

4.2 Axiom 2: Einstein derivative

Let X € Mgp and F5 = Op(X). Let S be the oriented surface underlying X, with
tangent bundle 7'S . Denote by sym®*(TX) the symmetric 2-fold tensor product of 7'S .
We postulate that to every metric G € Met(S), there exists an element T € I'(Z, 3 ®
sym®2(TS )) such that for ¢ € sym=Y (F), the derivative 5 defined by (6) is given by

restr
dc{p)c = f (T, 6G) ¢)¢ dvolg . (®)

Here (, ) is the dual pairing, and dvolg = +/|detG,,| dx%dx" is the coordinate indepen-
dent volume form.

12



4.3 Axiom 3: Trace Anomaly

LetG € Met(S),andlet T e T'(Z, F= ® sym®2(TS )) be the corresponding element from
Axiom 4.2. Let R be the scalar curvature of the Levi-Civita connection on S,

Rg = G“R,; .

Let T be the field from Subsection 4.2, and let (., .) be the dual pairing. We postulate
that

Cc
(T.6) = -~ Ra.,

where ¢ € R is the central charge.

4.4 Definition of rational Conformal Field Theories

Definition 15. Let F be a quasi-finite vector space. A (rational) conformal field theory
(CFT) is a pair (Op,{)) where O is an F-functor and (') is a state such that Axiom
4.1, Axiom 4.2 and Axiom 4.3 are valid.

5 Immediate Consequences of the Axioms

5.1 Conservation Law

According to Noether’s theory, every continuous symmetry in a field theory gives rise
to a conserved quantity. In a CFT, N-point functions are invariant under certain under
diffeomorphisms (Axiom 4.1), and the corresponding conserved quantity is the energy
momentum tensor.

0,T" =0.

We shall explain the relationship with the Virasoro field 7'(z) on X € M, and the in-
duced conservation law. Let S be the oriented surface underlying . Let G € Met(S)
and let T € T(Z, Fx ® sym®*(T'S)) be the corresponding Virasoro field. On any coordi-
nate neighbourhood U C Z, it is given by the energy momentum tensor

1
0 0
_ e
Tlu = Z T Ox* Ox”

u,v=0

0

Changing to complex coordinates z = x° + ix! and z = x° — ix', we have [4]

T = %(Too —2iTw—Tn).
Lemma 1. T, satisfies the conservation law
v, T",=0.
Here V is the covariant derivative of the Levi-Civita connection on S w.r.t. Gy,.

Proof. We have i
vV, TH, =V.T*, +V:T*,.

T+, transforms like a scalar [7], so V. T*, = 0.T%,. Moreover, V,G*” = 0 so

V:T%, = GZO:T.. .
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This vanishes, since T, takes values in a holomorphic line bundle [7]. We conclude
that i
V.T*, =0,T°, + G*0;T,; =0.

O

The Virasoro field does not depend on the specific metric on Z, but only on the
conformal class. (T'(x)) (dx)*> defines a 0-cochain in the sheaf cohomology group of
sheaf of holomorphic sections in (7*Z)®? associated to a complex analytic coordinate
covering, but fails to satisfy the cocycle condition (i.e. to define a quadratic differential)
when the coordinate changes induce the addition of a Schwarzian derivative term. The
Schwarzian derivative, however, satisfies the 1-cocycle condition, and (T(x))(dx)? is
known as projective connection.

Lemma 2. [6] Suppose T has scalar curvature R = const. Let

1 c
—T3)=T.,— —t.., 9
P 64) 2T 9)
(with the analogous equation for T(Z)), where
4 1 Z \2
lyy 1= |07 — E(r 271
Here I*,; = 0,log G is the Christoffel symbol. We have
0:T(2)=0.
Proof. Direct computation shows that
1
6thz = _EGZZ aZ(Rl) .
From the conservation law Lemma 1 follows
0:T; = — G 0.T%
c c
= - “THGZZ 61(\/67%1) = E ot .
O

Thus for constant sectional curvature, 7'(z) is a holomorphic quadratic differential.

Remark 16. 1., defines a projective connection: Under a holomorphic coordinate
change, 7 — w such that w € D(S),

tow (AW) =1, (d2)* = S (W)(2).1 (d2)*,

where S (w) is the Schwarzian derivative,

Sw) =

w’ 2

W'" 3 [W” :|2

W/

t,; is known as the Miura transform of the affine connection given by the differentials
I,.dz



T(z) is the holomorphic field introduced in [10],[1 1].! For later reference, we note
that from the transformation formula of #., and invariance of T.(dz)?, the following
transformation rule follows for 7'(z): For a coordinate change z — w with w € D(S),
we have

2
A dw c
Tw@)|—| =T@ - =SW)(2).1. 10)
dz 12
For infinitesimal € > 0, consider the map F, : ¥ — X given by
0
F,:7zm (1 + sf,,(z)a—z)z =z(1+¢&z") for f,(z):=2""".

In particular, F,(0) = 0.
Definition 17. Suppose X has scalar curvature R = 0. For n > 0, we define the map
(5}7” F - F

as follows: For ¢(0) € F = Fyx,,
0F,(0) := = éfn(Z)T(Z)QD(O) dz — éﬁ(Z)T(Z)‘P(O) dz.
y y

Here vy is any closed path not containing (but possibly enclosing) the argument of .

Claim 1. If ¢ is a holomorphic field, ¢ € Fy,, then only the integral involving T
contributes.

Proof. The OPE of T(z1) ® ¢(z2) has no singular part. Indeed, Laurent expansion of
T(zy) yields
T)®p(22) = ). (1 = 22)'An(z2)

nzngp

10'T
An ( |129D(ZZ))

e
which depend only on z,, and the dependence is holomorphic. On the other hand,
Laurent expansion of ¢(z,) yields

T ®¢@) = Y (@ - 0)"Bu(z),

mzmyg

for the fields

where B, depend holomorphically on z;. The two expansions are incompatible unless
the powers are non-negative. O

Claim 2. T, does not depend on the specific metric, but only on the conformal class.
Thus T(2) and T(2) defined for fixed 7 = x' + ix* by

_ R
Twdx'dx’ = T(2)dz* + T(2)dz + —264 dzdz
T

define elements of T(Z, Fx ® (TX)®?).
Proof. m|

10ur notations differ from those used in [6]. Thus the standard field T(z) in [6] equals —T; in our
exposition, and the field 7'(z) in [6] equals —%T(z) here.
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5.2 OPE of the Virasoro field
Application to the particular field ¢ = T yields:
Claim 3. The operator product expansion (OPE) of the Virasoro field reads

c/2 2T (22)
T(z1)®T(z2) — d+ +re
et o Gy
Proof. F, acts as a diffeomorphism on F. Under the transformation z — F,(z), T
transforms according to eq. (10) as

T(Fu(2) = (1 +efl(2) > (T(z) — TCZS(Fn)(z).l)
N , ¢ @)
~ (1 —28fn(z))(T(z) -1 175 .1) for |zZ1<1,n>0.

On the other hand, T'(F,(2)) = T(z) + &or, T (2) + O(*) where for v enclosing z = 0,
or,T(0) =~ [T (2)T(0)dz.
y(z=0)
So
< 1O,
12 f7(0)
= 2(n+ DT (0) = S5n(n” = 12 0.1

- 9§ H@T )T (0)dz = - 2£,(0) (T(O) -
¥(z=0)

— 26,0T(0) — %5,1,2.1 .

Now on the Lh.s., f;, = 7! sorts out the pole in the OPE of T'(z) ® T(0) of order n + 2.
We let n run throughn =0, 1,2,....

n | order of pole | term in OPE

02 2T(0)
214 5.1
]
The set {L,},cz defined by
L 95 T() dz
" 2mi
satisfies the Virasoro algebra
[Lm7 Ln] = (m - n)Lm+n + i’n(’nz - 1)6m+n,0 s (1 1)

12

a central extension of the Witt algebra (2).
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6 The variation formula

6.1 The variation formula in the literature

We cosndier a surface S with metric G,,. The effect on (1) of a change dG,, in the
metric is given by

d(1) = - % ffdG,N (T"y NG dx° A dx* . (12)

Here G := |detG,,l, and dvol, = VG dx" A dx' is the volume form which is in-
variant under base change. Eq. (12) generalises to the variation of N-point functions
(p1(x1) ... on(xn)) as follows: Suppose the metric is changed on an open subset R C S
of the surface S. Then

1
dlpi(x1) ... on(xy)) = = 5 ffs(dev) (T"p1(x1)...on(xy)) dvoly . (13)

[18, eq. (12.2.2) on p. 360], see also [6, eq. (11)]?, provided that
xiéR, fori=1,...,N. (14)

Note that in order for the formula to be well-defined, 7, dx*dx” must be quadratic
differential on S, i.e. one which transforms homogeneously under coordinate changes.
The antiholomorphic contribution in eq. (13) is omitted. It is of course of the same
form as the holomorphic one, up to complex conjugation.

Due to invariance of N-point functions under diffeomorphisms, T, satisfies the
conservation law Lemma 1.

A Weyl transformation G,,, = WG, changes the metric only within the respective
conformal class. (In any chart (U, x) on §, such transformation is given by G, (x) —
h(x)G,,(x) with h(x) # 0 on all of U.) The effect of a Weyl transformation on N-point
functions is described by the trace of T (eq. (3) on p. 310 in [6]), which equals

T/ =T7+TS=2T7 = ﬁcﬂm, (15)

([5]. eq. (5.144) on page 140, which is actually true for the underlying fields). Here 1

is the identity field, and R is the scalar curvature of the Levi-Civita connection for V on

S. The non-vanishing of the trace (15) is referred to as the trace or conformal anomaly.

Since T, is a multiple of the unit field, the restriction (14) is unnecessary. Thus

under a Weyl transformation G, — WG,,,, all N-point functions change by the same
factor Z (equal to (1)), given by

C
dlogZ = —mffﬂd(deolz.

While T, transforms as a two-form, it is not holomorphic. redefine the Virasoro
field by Definition 9 to obtain a holomorphic field, but which as a result of the confor-
mal anomaly, does not transform homogeneously in general.

2Note that both references introduce the Virasoro field with the opposite sign. Our sign convention
follows e.g. [5], cf. eq. (5.148) on p. 140.
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6.2 The concise statement and proof of the variation formula

Let S be a Riemann surface. We introduce

y: one-dimensional smooth submanifold of S , topologically isomorphic to S !,
R : atubular neighbourhood of yin S,
A : avector field which conserves the metric on S and is holomorphicon R .

‘We think of A « a% € TR as an infinitesimal coordinate transformation

z P w()= (1+e£)z=z+a(z), (16)
07

where |e] < 1.

Theorem 3. Suppose S has scalar curvature R = 0. Let ¢ be a holomorphic field on
S. The effect of the transformation (16) on (¢(w)) is

de

{p(w)) = —i é(Tzz pw)) dz,
e=0 y

provided that
w does not lie on the curve vy . (17)
In particular, as w is not enclosed by vy, (¢(w)) doesn’t change.

Proof. By property (17), the position of ¢ is not contained in a small tubular neigh-
bourhood R of y. Let
R\ 'y = Riee U Rijgne

be the decomposition in connected parts left and right of y (we assume 7y has positive
orientation). Let W C S be an open set s.t.

Wny=0, WUR=S.
Welet F : R — [0, 1] be a smooth function s.t.

F=1 on RegNW,
F=0 on RrighlmW-

Let € be so small that z € W¢ = S \ W implies exp(eF)(z) € R. Define a new metric
manifold (S ¢, G%;) by

Slw :=Slw
GE.(2) ldzl := Gz(exp(eF)(2)) ld exp(eF)()I*, z€ We.

We have
dG,,T" = dGzT% + antiholomorphic contributions + Weyl terms ,

where we disregard the antiholomorphic contributions ~ T, and the Weyl terms are
absent since by assumption R = 0. Alternatively, we can describe the change in the
metric by the map

ldz? — |dz + pdz = dzdz + pdzdz + . ..

18



where
u=€eo:F + 0(e%)

is the Beltrami differential. Thus
dGz =2G; du(z,2) .

Eq. (13) yields

dfl@ -T2 ff aGﬂV|e =0 (T" @y dvol,

ou(z,z - _
_i f f 26.. B, (T ) G dz A 2
2 Ky (96

:if (0:F) (T, p)dz Ndz,
R

since (G¥)* = (G,;)™* for k € Z. Here

(T ) dz = 14T @) (dZ)z)

is the holomorphic 1-form given by the contraction of the holomorpic vector field A =
ﬁ% with the quadratic differential (T, ) (dz)?, which is holomorphic on R. By Stokes’
Theorem,

M'G 0=1 f 0:(F(T, ) dzNdz
R

de
=i 9§ F(T,oydz+i 9§ F (T, ¢)dz
Wr WL

=—i9§ F(T.g)ds.
Wi

Here Wg = Ng N 0W and W, = N, N W are the left and right boundary, respectively,
of W in R. We conclude that

d
@u 0= - 56 (T ¢ dz= S&Tuw)dz,

by holomorphicity on Rjegt U . O

Remark 18. The construction is independent of F. When F approaches the discontin-
uous function defined by

F=1 on RZeﬁ»
F=0 on Rr,‘gh,,

we obtain a description of (S €, GS;) by cutting along y and pasting back after a trans-
formation by exp(€) on the left.

Remark 19. The integral formula is similar to the conformal Ward identity in the liter-
ature [5] (in particular the so-called conformal Ward identity (5.46)). The exposition is
not very clear, however, and may refer to global transformations, while we consider lo-
cal coordinate transformations. Also, the contour of the integral is required to strictly
enclose the position of any field contained in the N-point function, while we just require
them not to lie on the contour of integration.
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There is a way to check the result of Theorem 3: Let ¢ be a holomorphic field
whose position lies in a sufficiently small open set U c S with boundary U = y. We
can use a translationally invariant metric in U and corresponding coordinates z, Z. Then

1
T..=—T
w= 5 (2)

ineq. (9). For A = di we have

1
(Ap(w)...) = i S&T(ZM(W) o dz, (18)
Y

This can be seen in two ways.

1. Eq. (18) follows from the residue theorem for the OPE of 7'(z) ® ¢(w). Indeed,
the Laurent coefficient of the first order pole at z = w is N_{(T, ¢)(w) = 9y,
which is holomorphic.

2. Alternatively, by Theorem 3,
d 1
—| {pw+e€)...)==— T @eW)...)dz.
del¢ 2ni T,
The two approaches are compatible!

6.3 Discussion of the metric

Let X, be the genus g hyperelliptic Riemann surface
Y, Y =px), degp=n=2g+1.

Recall that x which varies over the Riemann sphere, defines a complex coordinate on
%, outside the ramification points where we must change to the y coordinate. Pé does
not allow for a constant curvature metric but we shall define a metric on Péj which is
flat almost everywhere.

Suppose we consider a genus one surface with n = 3. By means of the isomorphism
Pé = C U {oo}, we may identify the branch points of £; with points X, X», X3 € C and
X4 = {oo}, respectively.

Let 6 > 1, but finite, such that in the flat metric of C,

IXi]<60, i=1,273.

We define | X;| := oo. For € > 0, define a metric

(ds(€))* = 2Gz(€) dz ® dz (19)
on PL by
(1 + €6%)72 for |z71<@,
2G s(€) := .
(1+ €ez2) for |z>6.

The metric on X is obtained by lifting.
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Lemma 4. In the disc |z| < 6, the metric is flat, while in the area |z| > 6, it is of
Fubini-Study type of Gauss curvature K = 4e.

Proof. For p = 2G,z(€) with
1
Goz(e):= o-(1+22)7 for |2 Vel
we have [7]
R = p~!(-49.0; log p) = e(1 + 2'7)* (89,02 log(1 + 7'7)*) = 8e,
and R = 2K. O

Definition 20. Let X be a genus g = 1 Riemann surface with conformal structure
defined by the position of the ramification points {X;}>_, with finite relative distance

i=1
on R]c:' Let Gz(€) be the metric defined by eq. (19). We define (1){X‘_};3:],6,9 to be the
zero-point function on (£, Gz(€)).

By eq. (15) and the fact that on any surface, R = 2K,
Cc
TZZ = Engq(l N

where 1 is the identity field. So according to eq. (12) we have for the 2-sphere S; of
radius 6,

dlog{Dyyp g = —— f f (d1og G.-(€)) K dvol, .
Tt 48w J sz
Since G(€) = (Gz(€))?, for |z| > 6, the two-dimensional volume form is

_ 1 md(r®
dvoly = Ga(€) dz N dz = 5 (1 +e?)?’
Now
d1log(D)xy3 o = Al + dli

where for g3 := €6, the integrals yield

ct? QS
dljg= — — d(e) ———=
lel<6 13 4 1+
2 g0 2
c o~ d() c 4
dlisg = — — (d1 —— = =——(dl 1 .
1> 17 (dloge) oo (15007 24 (dloge) (1 + 0(0y))

So for |oo| < 1,

4
_c c ©y
Dy g€ 24('+0(93))Zexp(—— —) (20)
{Xi}_,.e0 12 a +Qé)3

where Z € C is an integration constant.
Variation of € rescales the metric within the conformal class defined by the branch
points. In the limit as € N\ O,
1
Gz = 11{% Gz(e) =5 for [z <oo, 2y

(and is undefined for |z| = o0). Thus IP’%j becomes an everywhere flat surface except for
the point at infinity, which is a singularity for the metric.

21



Definition 21. Let Xy be a genus g = 1 Riemann surface with conformal structure
defined by the position of the ramification points {X;}?:1 with finite relative distance on
ch. Let G be the metric on X defined by eq. (21). We define the zero-point function on

(Z1,Gz) by

— i 5 (1+0(g))
<1>{X1}?:] —ploll'\n‘() €24 0 <1>‘X1’?:l’€’9.

Thus <1>’Xi)3:| = Z. We shall also write (1)4ye. to emphasise distinction from the
0-point function on the flat torus (21, |dz|?), which we denote by (1)ga.

Remark 22. The reason for introducing € and performing limes is the fact that the
logarithm of the Weyl factor ‘W is not defined for surfaces with a singular metric and
infinite volume. We have

<1>Sing.
Dfiar

so ‘W is determined only up to a multiplicative constant, which is infinite for € = 0.

dlog =dlogW,

Our method is available for any surface Z, : y? = p(x) with deg p = n > 3. When
n is odd, the point at infinity is a non-distinguished element in the set of ramification
points on X,. We shall distribute the curvature of X, evenly over these. Using the
Gauss-Bonnet theorem, the total curvature is recovered as

f K dvol, =2 y(Z,) = 4n(1 — g) = 8m —2n(2g + 2) .
ZS’

We interpret 87 as the contribution to the curvature from the g = 0 double covering and
—2m from any branch point.

The method is now available for arbitrary genus g > 1 hyperelliptic Riemann sur-
faces and will in the following be checked against the case g = 1.

6.4 The main theorem

We now get to an algebraic description of the effect on an N-point function as the
position of the ramification points of the surface is changed.

Theorem 5. Let X, be the hyperelliptic Riemann surface
DIM V2 = p(x), n=degp=2g+1,

with roots X ;. We equip the P}C underlying T, with the singular metric which is equal
to
ldzl*  onBL\ (X ..., X} .

Let ( )sing be a state on X, with the singular metric. We define a deformation of the
conformal structure by
¢=dX; for j=1,...,n.

Let (U}, z) be a chart on X4 containing X ; but no field position. We have

(1
d(‘P .. »>sing = Z (% 9§<T(Z)‘P .. '>sing dZ) fj P (22)
J=1 4

where vy is a closed path around X in U;.
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Proof. On the chart (U, z), we have % T(z) = T, in eq. (9), outside the points which
project onto one of the X; for j = 1,...,n on Pclc~ Moreover, y does not pick up any
curvature for whatever path y we choose. Since

$ 0
d<1>sing. = fi_<1>sing. P
; axl

formula (22) follows from Theorem 3. |

7 Differential equation for N-point functions of the Vi-
rasoro field, for arbitrary genus

7.1 Notations

In the remainder of the paper, we will deal with very specific fields which will be
distinguishable by the letter - 1, T, &, ¢ - rather than by a lower index.

e To enhance readibility of the formulae, we shall denote p(x), ¥(x), ...and f(x, X;)
by pr, P, ... and fix,. Instead of f(x;, x2) and py;, ¥y, ... we shall write fi, and
pi» ¥, ..., respectively. Thus

fi2 :(y1 +y2)2 )

X1 — X2

We shall avoid notations like f,, and write instead f; since y = p(x). Subscripts
will never denote derivatives. We we also use lower indices for the coefficents of
Laurent series expansions, however, like

Ak, ®k7 \Pk .

These coefficients will not depend on position other than the reference point of
the expansion, so the notatiion should be unambiguous.

e For a function f of x, we denote f" = 6—‘1f, and for k > 3, f® = ;—:kf. (However,
in the notation f® we may include k = 0, 1.) We also write

, . d
fXS - dx|x:X3fx'

and for &; = dXj,

0

x, = §S6_XS .
e We let
_ &s
W, =
X, - X;
t#s
and
n n



e Byapoleat x =0 we mean a xim singularity with —m € N\ {0}.

e For any rational function R of x,y with y2 = p(x), let [R(x, ¥)]no pole denote the
projection of R(x,y) onto those terms of R(x,y) that have no pole at x = X; (but
may have a squarte root singularity), where X; is the image of a ramification
point (X;, 0) ,on P}, (a simple zero of p = y?) specified in the context. Thus

[P T pote = 1im [0 pote = x, -
x=Xg s

o The Schwarzian derivative of f w.r.t. x at xp is (assuming it is defined)

(3) 3 77 12
S(f)xo) = = - 5[4} ,

X0 X0
where [’ = %f, etc.

e When using contour integrals, when P is a point on a surface S, we shall denote
by yp a closed path in S that encloses the point P but does not pass through it.

7.2 Introduction of the auxiliary fields ¢ and

We recall resp. generalise, a few definitions from [10] and [11]. Let J be the field
defined by

c [p.)?
Tx x = 0}: + ==
P 32 s

1. (23)

Lemma 6. Let g > 1. In the (2,5) minimal model, the OPE for the field ¥ reads

c 1
@D 3—2f,22+ /@1 +02) + 4+ 001 — :2) (24)
where
U t= S [DPS (.1 + (P~ 5Pl pd).] (25)
¥ = g Pl PP S PV T S PV T Pati )L

Proof. From eqs (23) and (43),

[p.1>. ¢
=T+ — . 2
i D + 12PxS (px) (26)

Dy =

For brevity, we introduce the notation S = S(p,)(x) and fori = 1,2, S; = S(p)(x).
From the OPE for f"y, using that in the (2, 5) minimal model, ®, = —%6)2;7} we have

’ 172 7 7
1 T, +T 1,4
[p]pz] (C 1+ 1 2 2T)

M - — . -
ten 16 \201-y)*  Gi-y? 577

27)

+Zp.So —(i 5)21+0( — )
6px X 12px . V1 y2),
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where the expression on the r.h.s. of the arrow in line (27) reads

VAR
ﬁm()’l +)’2)4-1
1 pp c c
o 2)2<y1+y2)2{<z91—Eplslmﬂz—ﬁpzsz)}
4 2p.e . 1 |
Pl [—5x+ Lax_ax](%) ’
10 [ p I [P}
We use
(p1 — p2)*
1292
x| — x2)? X —x)* (S +S7” 515
- (% —x2)2(1 3 ¥(51 LS+ (x1 - 2) ( (P1)4 (p2) N 13 2)+O((x1 _x2)6))

(indeed, the l.h.s. is invariant under linear fractional transformations), and

01 +32)* =201 +y2)% (1 + p2) — (p1 — p2)*

The expression on the r.h.s. of the arrow in line (27) becomes

c 1 pi—p2\ S
—fh 1+ = - = = 2
i1+ g Sl + ) 32(x1—x2) 3 %)

+ = % (yl ) (p1—=p2)(S1—-52).1

¢ ) 5)2 1(s" §?
< 2) — (2 2
el +2) ((3 5\2 73

1 »S c

- 2 (9, - Lpsi
+4(y1+yz) (ﬂx 1szS )

1 - 5p1S.1 P — 5paS.1
41 ()’l )’2)(,_ ,1)(1 1271 2" 1P )

| —— T AL
10 7 P S

+0((x] — x2)%) .

Any term in the linear span of

2. 2r 2712
D257 pp S’ 'S, PiPy g1 Px[l/?le s,
P [p,]
) g DAPIE P,
X X
P [p,1? P’

must drop out from the OPE for 9 by eq. (23), as T(x) is regular at p’, = 0. Note that
[p;]zS is allowed. A combinatorial argument dealing with the number of factors of p,
and its derivatives, and the overall number of derivatives, (counted with sign), shows
that every term must have a factor of p,. The only term excluded from the list is p,97,
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which is allowed. We find that only lines (28) and (29) contribute to the OPE, where

AN Lo O 1 1
- 0y +2p,0,—0; = — —p . + -pl0— -p9 +O(/p),
10 1% P ITAl ToPx Sp, 5P (1/p3)
c [P;P 1 PxS C 2 c @) ’
— 0y +2p 0y, —0y| — = — S+ —p.p” +001 .
210 [ 1% » | T = 120 [p:] 22 PP (1/p3)
Collecting terms yields the claimed OPE. O

Claim 4. Fork € Z and 1 < s < n fixed, we define an operator ®y on holomorphic
fields by

Iy dx
= ——— —, 30
k 9§ (x — Xk 27i (30)

The operators ®y generate a non-commutative algebra which is equivalent to the Vi-
rasoro algebra (i.e., their respective commutation relations can be deduced from one
another).

Remark 23. We have
O,=0 fork<0, (€2))

i.e. all N-point functions of Oy and N — 1 holomorphic fields vanishes. So in the fol-
lowing, we shall always assume k € Ny.

Proof. We define a local coordinate y, for x near some ramification point in close
distance to X;, by

=(x—Xy).
By the transformation formula eq. (10),
=1~ 21,
49277 T 3

It is convenient to introduce p, =: (x — X;)p.. Thus by eq. (23),

1. ~r12
0= 3Tsh = 55 20+,
Px

(note that () is regular x = X, since px, # 0). This shows that

9, dx 1 Tspe  dx
iz = 1 ———— —— +{terms o« .1} .
¥, (x = X k1 27 v, (x = XK1 2mi

n—1

n—1
pe= ) a(x—X) = % a™

=0

Set

where d; are constant in y. Then

1 }px 5 n—1 A L
4 x. yk+2 2m Z 2(k 0)+1 2m Zaf 2(k=t+1) »
=0

twice
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where the im satisfy the Virasoro algebra (11) (with Lm in place of L,). So the O
satify the commutation relation

n—1

Z ag, g, [LZ(k.—flJrl),L2(k2—€2+1)] . (32)
0 0=0

[®k| b ®kz] =

ENT

(Note the factor of 1/2 which accounts for circling X, twice.) Inversely, for | }}7~; a‘ ¥ <

1, thatis, |x — X| < 1,

>

1 1 ) n—1 a -1 . my
Lolser(See] -iser 3 (e
Px do m=0 =1 m=0 my+my+-+m,_1 = m P Mp-1: =1 o
SO
i 55 Ty dy
ORI Ay
) dx
:2% ﬁ— {terms o .1}
x, (x = X)) py 2mi
n-1
2 — m! ag\=erm
= &— Z(_l)m Z m (&—) ®k (E;x ][m() + {terms oC 1} .
0 =0 Myt 4t =m L Tm=1E A G0

and the commutation relation for the L, follows from that of the ®. The sum is finite
in practice, by eq. (31). O

Claim S. For { € Z and 1 < s < n fixed, we define an operator ¥, on holomorphic

fields by
Uy dx

e, (0= X)&1 2i
where s is the field defined in eq. (25). We have

W, =

k
Y, = Z Oi_n®,, + known correction terms , (33)

m=0
where Oy is given by eq. (30).
Proof. We have

‘Pk _ é 1 \& 191192 d)Cde] (34)
o, Gl =X o - Qni P
" ié 1 f122] d)Cde1
32 P1.Xg (-xl - XS)kJrl P2, X1 — X2 (27” )2
1 1 191 + 192 d)Cde1
+ - A——— . 35
4 9% (x1 — X+ 9% o T anip )

We address line (34). For |x; — X;| < |xy — X,

oo

Z =
X2 = X (xz - Xy’
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so by choosing a contour enclosing both x; and X,

k
1 191192 dedxl
= OOy .
9;5),_& (g — Xkt é Xy —xp (2mi)? n;) ¢

P2.x;

In line (35), we replace accordingly
m(m+1)* (x; = X;)"

fi2 S
= 2 E .
X2 = X 1+ P2+ 2y132) 2 (2 = Xym+3

m=0

Here for x = x1,x2, px = (x — X;)Pp,. Taylor expansion of p, about x = X; involves
finitely many terms only. All occuring terms in line (35) are either known by reference
to the Laurent coefficients I of Ty, or they involve a square root of one of x; — X and
x> — X and do not contribute. Eq. (33) follows. O

¥ admits a Galois splitting
9, = 9 4yl (36)

Note that 911 and 901 do in general not themselves define fields (except when one of
the two equals ¥,). We define

@y =@ ey .

Theorem 7. Let S(xi,...,xy), N € N, be the set of oriented graphs with vertices
X1,...,Xn, (not necessarily connected), subject to the following condition:
Vi=1,...,N, x; has at most one ingoing and at most one outgoing line,

and if (x;, x;) is an oriented line connecting x; and x; then i # j.

We have

@ .. 9y= > G, 37)
TeS(xy,....xn)
where forT" € S (x1,...,xn),
¢ \loops 1
an:=(5) ] (Z fu) <®} ﬂk> ,
(xi,xj)el’ keEN€ r

where Ey are the endpoints.
Proof. Cf. Appendix, Section A. O

According to the graphical representation theorem, for x; close to x,,

c 1
(1) = 3—2f122<1> + Zflz (D) +(P2)) + (D1 2), | (38)
We will use the splitting
(B192) = 19 + 311920 + 3o (19202 + y1ya(3192)0 (39)
where e.g.

+ @y, oMy, . (40)

reg.

[@x0],, = | 55700+ o+ o)

+ 0y O, . (41)

reg.

[@xh] = fo&xﬁ&”b
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7.3 The differential equation for N-point functions of 7

Lemma 8.
(d - % a))(T(xl) L T(xy) = 22’1: i Ox.T(x1)...TCw)) - (42)
s=1 s
Proof. We change to the y coordinate at x = X;: We have % = %y%, SO
T(>[{4’]2—T<>——[S(> 3(”/)2].1. 3)
P P

Here y(X;) = 0 and S (p) is regular at x = X; (i.e. p = 0), so can be omitted from the
contour integral.

d<T(X1) - T(xn))

(95 (T(xX)T(x1)...T(xn)) dx) dX;

2m
S=

S

2
{95 P (). Ty dx | d

Sm
S=

twice

1 c n p, 2
—ﬁ(T(xl)...T(xN))SZ;[ﬁj (;) dx] dx,

In the first integral on the r.h.s. of the last identity, we wind around X, twice.

Remark 24. Note that the variation formula is compatible with the OPE, since d com-
mutes with (xlc_/fz)4 and (xl_'xz)z in the (ordinary) Virasoro OPE. By induction, the sin-
gularities at x; = xj for 1 <i < j < N are the same on both sides of the equation.

We obtain, by eqs (43) and (23),

1 (P’ 4 1,
8—.9§ W )Ty Ty dx = = ply FOT (). T
ni Jx, P 2

twice

. T(xn))
X,
Moreover,
1 '\ 1 1 2

— —| dx=— + =4
27i X\,(p) YT o Sé (x— X, (x—Xs)Z(x Z(x ~X,)’
SO

LGlf ﬁ (p_’)z dx = 4w

2mi - * x, \ P
From this follows eq. (42). O
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7.4 The differential equation for N-point functions of

Lemma 9.
C - s
(d—gw)wl...ﬂ]v):zz 0 (9501 By) (44)
s=1 UX;
N dp;
N
C —_—
- — Dr...9 .. 0N, 4
c Z] ( )< ' W) (46)
Here
dp. o &
Px - ; x =X ’
4 C &s
dl—|= —_— 47
( p ) ; (x— Xs)2
Proof. By induction, cf. Appendix, Section B. O

Remark 25. We show that the singularities on both sides of the differential equation
in Lemma 9 are the same. By eq. (38), we have in line (44),

for = — aE
= xlix + ;PSQ + ]px)(x X;) + i )(x X,)? +0((x—X,)%) .
v 1 Pk, Py, 1R’ 1
AT T A S [ AL

and the two singular terms cancel against corresponding terms of the sum in line (46),
upon expansion of p'. about x; = X,. Moreover, Taylor expansion in 'y about x = X,
yields, in line (45),

O __ Ox Y g _Px [(ﬂ[l])% @y

= - >+ -+ O(x - Xy),
x =X, x=X, x-X; % x-X,| py Y Py, ] ( )

and in line (44),

= I+ 0y} = — - ———
2py A %) x—X, 2x-X; %
[Ty
+1 px (ﬂ )X 1p)(X ﬂ[”
2 x - X; p;(y 2pX X
1 M)
oy X ox-X,). (48)
27x-X; py
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So the first term on the r.h.s. of eq. (48) cancels against the corresponding summand in
line (45). The second term on the r.h.s. of eq. (48) and in line (45), respectively, match
the singularity on the Lh.s. of the differential equation, since

dx,y = Eya_xs logp = T (49)
and
dx, (9 = dx, (W) + y@)) = dx, ) + (dy,y + yy, )L
|
— dv (1 PR 90!
(O >+y( I ool K DR

upon expansion of (ﬁ&yl) about x = X;. We conclude that the singularities on both sides
of the differential equation are the same.

Corollary 26. For N =1, 1 < s <nandé&; = d;s,

(dx, - 5 @) @0 = = &5 P S PIXD
1. Py
+ 5E—(Ox,)
Dy,
1, n [«ﬁ“/]);() )
27 x =X, Py, Px,
2,
+ —(Ux, 0 + O(x - X;) . 51
X

Here S (px)(Xy) is the Schwarzian derivative of p, w.r.t. x at x = X;.

Proof. The coefficient of (1) in lines (44) and (46) for N = 1, to order O(1) term at
x = Xj, equals

L0 (p; )] L
—Jxx, — Px D T 6’ S(pX)(XS) |

[ pXS f X 6XS‘ Dx O(D)lr=x ° )

(cf. Remark 25). D

Higher genus requires more terms that are subsumed in O(x — Xj).

8 Exact results for the (2,5) minimal model and arbi-
trary genus

8.1 Computation of  and (Jx, U, ), for arbitrary genus

We consider the hyperelliptic genus g > 1 Riemann surface

To Y =pe, g1,

degp = n = 2g + 1, with a distinguished ramification point x = X which is a simple
zero of p,
Px, = 0 s pg(j #0.
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Let :
D= —pﬁz—zp’(9+p”,

with 8 = . We have
1 1 ;3 ; :
DY = p//ﬁ[l] _ Ep/ (ﬂ[l])l -p (ﬂ[”)” +y {Ep//ﬁbj _ Ep/(ﬁbj)/ _ p(ﬂb])”}
1 1
=p” (19“1 + 5yﬂb‘l) =50 (@M + 3y@Ply) = p (@M + ™)) .

Thus in the (2, 5) minimal model, the Galois splitting of ¢, induces a Galois splitting
of i, by eq. (25). By means of the decomposition

92y, = @M, + yiya@ Y, + 3@, + 3 @eth, . (52)
and by (¢,%.), = (¥y), the Galois splitting of ¢ induces a Galois splitting of ¥,
Wy = Wy + yply (53)
with

WAy = @O, + pu o),
Wi =209, .

Lemma 10. For the Galois splitting eq. (53) of ¥, we have

’ 1 4 ’
((lﬂll]);() — <ﬁX.;(ﬁ“J)XJ>r + EpXKﬂgjﬁgs}% .

and

(W) = @x, @ |-

In the (2,5) minimal model, these are known.
Proof. Cf. Appendix, Section C. O

Claim 6. We assume the (2,5) minimal model. We have

oy S (L, e, T 9 3, iy
[n#0],. = 55 ( TP+ TP | % o0t )+ 2t (0,

1 17 V ’ V1IN V
[@x D] = 7 (PLORD + P (@) + @x 0y,

where
Wx, 9 = k)
is known.
Proof. Cf. Appendix, Section D. O
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8.2 The system of ODE:s for (1) and ()

Corollary 27. Assume the (2,5) minimal model. For g > 1, we have the system of
ODEs

2%,
(5. — S )0 f o). (54)

¢\ (Ox) Py Oy 3 (@)
(5, - § ) p;(j 1200§Ys<;u)<m)<1> 2 e 69

where S (p,)(X;) is the Schwarzian derivative w.r.t. x evaluated at the position x = X;.
Moreover,

(.- § s} 0k - pis D+ 36 ()

where

(W, %)), = <w“’>
is known.

Proof. The ODEs follow from Lemma 9 for N = 0 and N = 1, respectively, under
the assumption & = O for i # s. For eq. (55), the ODE is given by Corollary 26.
On the other hand, the L.h.s. is given by eq. (50). So the differential equations for the
Galois even respectively the Galois odd part can be treated separately. For the two-
point function in line (51), we use eq. (38) and the Galois splitting (52).

1. For the Galois-even part, we replace every copy of ¢ by #!!l. We have seen that
all singularities on the r.h.s. drop out in Remark 25. We argue that

(dx. = g0l O = (dx, - go) @)~ @ "DE, (56)

where (ﬁg}) = (¥,). Indeed, since both { ) and ¥, depend on X, (and 199]
does not), set (x,) = f(Xs, Jx,) for some function f. Then

dx (9x,) = fs f(Xwﬂx)

|(xy) X S (X, Y) +§s |(xy) X0 S (X))

- §° dX dx
= d|uex, Oy + £ )

dX6

From this and from eq. (25) follows

Cc 1[17%&]2 1 3)
(dX - g (Us)<l9x> S3_2 (E p;{j - gpxx <1>

1. Py,
EfsT‘WX)
14

Xy
1
N Efs«ﬂl“);() + (@)
25Y (

3 1 1
3) ” ’ ’ ”
o (p -3 [,,Xx]z) 1)+ 15 P, (O = 2 Y (Ox,)
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or

(dx Sws)wx) y3 C[@) 30P% 1P

= (!
280 3 A ]() 570 (ﬂx> &7 <(19 )k, s

and thus eq. (55).

2. According to egs (50) and (51), the differential equation for 9! is given by

Px ((19[”) )
— XS

(ax. — 5 )¢ = f (9,00, - a FO(-X,).

8

X.;
Evaluating at x = X and using the argument (56) yields the claimed formula.

This completes the proof. O

8.3 The LHS of the ODEs for <ﬁ§]g3 ...), for arbitrary genus

Claim 7. We consider the Galois-even part only. The L.h.s. of the differential equation
for N =1 reads

-2

(. — £ ) ) = Z GO X (o 0~ § 00D)

For N =2, (3119,) is not differentiable at x, = Xy, but we have

n—2

0 c
(dx. - 5 @) @00 = W(xl X (=X ( Lo, (I - gwswéﬁﬁﬂ;ﬁb“]).
We have
9 (k),g(ON[1] 9 (k) g(0)y[1] (k) gL+ 1)\[1]
oy TOIO = ooy PPN+ D0 (57)

It is clear that this generalises to arbitrary finite N.

Proof. (N = 1) We consider the Galois-even part only. For f(XJ,ﬁ(k)) = (ﬂ(k))
and k > 0, we have

........

1
X 90) = f(X, 09 + 0% (- X,) + Eﬁgﬁj”(x — X2 +..).
Since f is linear in its second argument, we have
1
FXe00) = F X 0) + X0 BN = Xo) o+ X B )= X)P

Thus

0
6X oy e X 9 = o X)) = FOX ).

i.e.
0 0
A i a SCAURRC A
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We apply this to the dy, derivative of

1
(@) = (@) + ()x)(x = X) + (0 )(x = X2+ ...

We have
aiXSWX) = aiXJx:xS(ﬂx) +(0%,)
aixs {%(ﬂg@)(x - Xs)k} = % (%b:x&ﬁ?b + (ﬂgﬁ:l))) (x — X,
a (k_l 1)!<ﬁ§é?>(X— X)Ft, k>1.

Thus in the expression for dy,(1,), the terms &,(¢ ) and %(ﬁgfl))(x — X,)F drop out
for 0 < k < deg(y) =n—2.
(N =2)For f(X;, % .. )= @® .. ) _x.. and k > 0, we have

1 . .
FX0090) = 3 = FXe, 909) (0 = X,)
N —d 7! s
i,j

SO

0
0X,
or eq. (57). Also,

0
FELAI) = 5o S 90D + X 9GO

1 ; i ; .
FOG 09 = 3 FOX ) (o = X = X0
71
Thus
0
X,

==, f X, 909D + £ (X, 00 + 9090

2 Y x;

0 ®) o(0
ax, Ko Oy 0x) =

ie.
9 9
e TVION = o (PPN + @I+ (09N
s s

We apply this to the dy, derivative of
1 0 q(l+j i j
@I = D g @O (= X0 G = X
ij
We have for k = 0
0
0X;

d , ,
= o b P ) + (B D) + (D05 )

(Ix,9x,»

3
X,

1
{waﬁ;ﬁfb (x2 - Xsf}

1( 0 )
= o (37|xl»sz5<ﬂx|ﬂ§c€z)> + <19le0§2) + (ﬂxjﬂ(g:r])) (x — Xs)f

-G 1),<ﬂxﬁ“j> (o -X), =1
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and

0 1
X {ngf)ﬁg?) (x1 = X (xa - Xs)e}

1 0
s (67|x,,n:x&<ﬂ§’?ﬂ§?> + () + <ﬂ§§3ﬂ§§ff“>) CIEPONESED o)

- m<ﬂ§§?ﬂ§§3> (1= X = X))

_ (k) q(0) _ k _ -1
k'(f — 1)' <ﬂx&ﬂx&> (xl X?) (Xz Xs) > k,f >1

Thus in the expression dy (,, %y, ), the terms %ng”)ﬁx&)(x—&)" and ﬁ(ﬁﬁff”ﬂ%(xl B
Xo)K(x2 — X,)! drop out. 5

8.4 The actual number of equations

Lemma 11. We assume the (2,5) minimal model. Let X, have genus g > 1 and be

defined by y* = p, where degp = n. Suppose ﬂkyl = 0. The number of differential
equations required to specify (1) equals a Fibonacci number.

Proof. 1. Let P, be the set of ascending chains, including the empty chain, of non-
negative integer numbers < n — 3,

I <...<li, |ij—ij+1|22, 1<j<k-1. (58)

Let F,, = #P,,. By considering partitions that do resp. do not contain the number
n itself, we find
Fp=Fy1+Fuo.

Moreover, F| = F, = 1 (corresponding to P; = P, = {0}). Thus the F), are the
Fibonacci numbers. It remains to show that for n = 2g + 1, F, is the number of

ODE:s required.
2. For g > 1, (1) is obtained by integrating the ODE
25
D1 = Eiy),
X,

(Lemma 9 for N = 0). (J,) is a polynomial of degree n — 2 whose leading
coefficient only is known as a function of (1) [11]. Indeed, for large xi,

W9,..) = —3%(;12 — Dag™ 2. ) + 0", (59)

where the dots stand for holomorphic fields. Thus (i,) for x close to X is deter-
mined by (1) and (ﬂgﬁ)) fork =0,...,n— 3. Assume now {},) for x close to X
is given. The differential equation

(dxy _< ws) @ =25 0,0
©8 X,
+ (9
c D’
~ Ly a B,
6P (px)<>
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involves the two-point function (x,¥«). By eq. (59), (¢) for xi, x5 close
to X, is determined by () (and thus by (1) and (9*')) and by the derivatives
(ﬂ(lk‘)ﬂ(sz)) for 0 < kj,ky < n—3. In the (2,5) minimal model, the singular
terms of (¢19,) and their derivatives are given by the OPE (using our previous
knowledge of <19§{">). Moreover, ¥y, is given by eq. (25) but while all Laurent
coefficients ¥y from eq. (33) are known, the individual summands ®y_,, @ of ¥\
are not. By the commutation relations (32) for the @y, an exchange of the factors
in ©, 0;,, within an N-point function gives rise to additional M-point functions
with M < N, which has been dealt with before. Thus it is sufficient to consider
pairs O, 0y, with
k,'+1 > k[ +1.

which by knowledge of W) can be further restricted to
k,'+1 > k[ +2. (60)

Proceeding inductively, the differential equation for the N-point function of the
field ¥, involves an (N + 1)-point function, and only the nonsingular terms of
(19(1“)19(2'2) .. .19}(”‘)) for 1 < k < N + 1 are required at X;. We can write them as
(0,0;,...0,). By the commutation relations (32), we may assume condition
(58) to hold.

The strictly monotonously increasing sequence (i;) is bounded from above by
n — 3, which is the highest required order of derivative of ¢},. The procedure
using the differential equation from Lemma 9 terminates and the number of N-
point functions for which an equation is required is F,.

]

Fork > 0and N > 1, we have

1 c & (Ox ...y dx
—d 19(/‘)...)(7 - = Sﬂ(k)...)=2 5 —_—
k!( XA = g ol ) =207 P X 2

(Oe..) dx

—& . (x— X2 2ni
c D' dx
- —&¢(... 1 —_— —,
16 ¢ ) T, (X = XOK3 2ni
where the dots stand for N — 1 copies of ,. Using that
Ox,0x...) dx _ 1 (D ...) dxydx
e 0= XM 2 (o = Xy (- x1) 2 2mi

and the OPE (24) for ¢ ® @, the (N + 1)-point function (Jx,¥...) maps back to

M-point functions with M < N. Thus

@) dx -y 1 b dxadx,

e, (X = Xk D R =X . x—xy (mi)?
1 1 (O ..)+ (... dxdx,

4 o, (X1 = X! . iz X1 — X2 Qmi)?

Here the dots stand for N — 1 copies of ¢, or of their derivatives.
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Using the OPE (24) for ¢ ® ¥, the (N + 1)-point function {i}x,¥«) maps back to
M-point functions with M < N, and to {(¢x,). The singuar terms are known in terms
of (1) and (i,), which by our counting argument are supposed to be known. (¢, for x

close to X, is determined by its Laurent coefficients V.
For N > 1 and for k > 0, we obtain from the differential equation in Lemma 9

1 c
—(dx (@92 . Onay=x,— g w (09, ... Ow))

k!
&, 95 @, 0 ... D) dx;
YA

=2
! (x1 = X1 2nmi

Py,
_5i§6 1 (9.0 du
' — Jy (i = X) (x1 — Xkl 2pi
iy 295 P BBy O dx
16~ T (=X (n = X)R 2w

For N > 1 and for k£ > 0, we obtain from the differential equation in Lemma 9

1 c
F(d& @ 9Ny~ < Wy (B9, ... D))

& (Ox ... 0n) dxy
p;ﬂ YA ()C] _Xs)k+1 2mi

_ i§ 1 (... 9n) dx;
& =1 VY (xi = Xy) (x1 = Xk 2mi

—ifigg P (BB By dx
167" &4 J, (xi = X0)? (0 =X 2mi

=2

n|g|deg(® |2¢6-2|0<k<n-3 Diff. eq. (dsl.=x,) required for # diff.
=n-2 (kp)i: kis1 2 ki +2 eqs
3111 0 0,0 1), () 2
4112 0 0,0,1 @), (3, (¥") 312
501213 2 0,0,1,2 @), (3, ('), (") 5
02 (I
624 2 0,0.1,2,3 (1), (), (&), (9"), (9) 8 (D
02,03,13 (99" (99D, 93
71315 4 0,0,1,2,3,4 1), (9), (&), ..., D) 13
02,03,04,13,14,24 | (997, ..., (30D (993 (9 ID), (9" 9D)
024 (99" 9Y)

The counting of data required in the (2, 5) minimal model to establish the differential

equation for (1) in genus g. Here ©# = 9!!!. The underlined data are not actually
required since for even n, the two first leading coefficients of () are known.
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9 Explicit results for the (2, 5) minimal model and g = 2

9.1 The two-point function of ¢ for g = 2

Claim 8. We assume n = 5 and the (2,5) minimal model. We have the Galois splitting
(@192) = @19 + 1721 92)0 (61)

Here

@iy = 2 L2y 2 Pir )+ L 2102+ p2{d)

4 (x) — x)* 32 (x1 — x)? 2 (x1—x)?
7 144 144 2]C 144 144
+ %(Pl (B2) + p5(91)) + 200071 P2 1)
+ B(x1,x2) + C (x1 = x)°, (62)

where C is constant in position and

Bx = B(x,x) = _Te G 4 9lc [ //]2+£pxp.(x4) ay
= P EAT960 P T Te000 P T8 04

3 2
/ﬂ/ _ = 0}(
PP = 2o U0

1 7
+ 2P0 + 55

is a polynomial of order 4. Moreover, when multiplied by p? ,
Xs
c PPk,
32 ()C] - XS)Z
cancels against line (46) in the ODE given by Lemma 9 for (¢4) (N = 1) when & = 0
fort# s. Ineq. (61),

1

c Pt
8 (x1 — x2)*

(@10)0) = @+

1O+ (e + s 1o
2 (x1 — x)? 16 24 gL T2

We have

1 1
(9,) = 3izf,22<1> + 2o+ 02+ S +d)

4 4
A

16 24

01— y2)?

5 +O((x1 — x2)%) (63)

+ §<19'1' + 19’2’)]
where terms up to O((x| — x2)?) are known.
Proof. Forn =5, 0% =0 and we have [10]

1 3 1
@) = 700 = —anox3(l) + AL + 00,

soas x; — oo,

3
= —anox?.l + O(x%) s

and

3
(B9,) = —faox?<ﬂz> +0(3). (64)
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On the other hand, in eq. (38),

p1t+p2
= +2 s
fro (x1 — x2)? . (x1 — x2)?
2 _ PL+6p1p2+ ) Sy PP
12 (x1 — x)* (x1 — x)*

In eq. (39). the contribution
Vi 9D 4 ya( 92)P!

must be contained in (};%,), and therefore equal zero for degree reasons. This yields
eq. (61).

1. The terms oc y;y; in the singular part of eq. (38) are degree violating and must
be compensated for by terms in (), (9,)%21 is a rational function in x;
and x, which vanishes for x; — oo. Indeed, setting ¢, = 199] +y ﬂ,&”, we have

2y 9y = @10 + 32001y — (91O - 398y = 0(:d)
in the large x, limit, by eq. (64). Thus
(@919)02) = (@9l = 0(x;09) . (65)

As X1 — 09,
[£5102) = dag(xy + 4x) + day + O(7),

and
! ! 3 1
L@ = [fi2]00),) = —gaom +20)(D) + 3A1 +067).

We conclude that for x; — oo,
¢, 1 bl c | |
3—2f12<1> + Zﬁz(ﬁl) = _Zao(xl + xX1) + §a1<1) + gAl +0(x7).

Thus we compensate by addition of y;y,C, where

c p+py c 1
C= —[ET + g(ﬁ']' + ﬂ;’)] = Zao(xl + )CZ)<1> — gA] . (66)

2. The term 3szlzz(l):

P%+6P1P2+P§ _ 8pip» 1 (pl —P2)2
(x1 — x2)* (x1 —x)* (1 —x2)? \x1 —x2
8171172 p/lp,Z 1 "o r(3)

_ ! e 2
Tt -y alh PPz P+ O = x))

8[) P P/ P' 1 ’ ’ 3 7 7
=G _1);)4 Gear 12 {(p,p;3> +0py) = 5 (1P + 13 ]2)} + O((x1 = x2))
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The term iflz (O + )
(p1 + p)P1) + () _» p1{th) + pa(P) L PP (B2) = (J)
(x1 — x2)? (x1 — x2)? X1 —X2 X2 —X|

9 9
=0 PO ELAOD L 1)+ piit) + On — ).
(x1 = x2)

Introduce

3c ~
By =10, —”1 degd), =2.
+80p eg

Correcting the order violating singular terms and omitting the order violating
regular terms in the previous expansions yields

(0192) = [(9192) order < 2 + B(x1, %2) + Cx1 — x2)°

c 1
—fH) + = fia (91 + D) + (191192>r] + B(x1,x2) + C(x1 — x)°
32 4 order < 2
¢ pip2 T 1 pi{th) + p2(th) c pir+p 1 (d1 + 1)
S AV N s U B N AACEVAN AT, ¢ -
Py T 7 Y popmren A e SR [ ot ¥ popm

(4) )
pl p2 1 ’” ”
T + g(ﬂ] + ’02 )]

1 3¢
o 17 19 17 19 _ 17
40(171( 2) + py () 3200171172 )’1)’2[16
+ B(x1, x2) + C(x1 — 1),
where B(x|, x,) is a symmetric polynomial in x; and x; of order ord; B(xy, x2) = 2

for i = 1,2. (The second line contains the order correcting terms of the singular
terms.) On the other hand, by the OPE (24) and by eq. (25),

- 3¢ 3¢ 2
(019) = (919) + %(p’ﬂﬁz) + YD) + (80) Pipy

3 2
32f12<1) + f1z (&) + (92)) + W1) + O(x1 — x2) + (S(C)) PPy + 8(17'1'092) + py (%))

=£%<1>+£&<1>+1M ¢ pitpy | LD+
4(x1 - x) 32 (x1 — )2 2 (0 -x)? 28— 200 - 1)
3¢
S 19 112
2071 6400 Pl
’ 3 ’ ] r”
960<p1p§” [pl] ) + p1<ﬂl>+ Sl = 5P + O =)

By comparison, we obtain

¢ pi; 4<1>+£ PiP; 2<1>+lp1<ﬂz>+pz§ﬁn)
4 (x1 —x2) 32 (x1 = x2) 2 (x-x)

3c 1 W) + PO 302 3c |, 1)
30 " 70 (P (D2) + py (91)) — 30 t 3200|7172

+ B(x1,x2) + C (x1 — x2)%,

o)t =
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where

Tc 9c? 3c Tc cp p(4)
B — 7 (3) ’” Y PxPx
(2 = = 5eo PP +(6400 3200 640)[” P s

| <ﬂ,,>+3 6+ Lo3e 1)
T 207" Px 5740 T 20)Px

and thus as required. B(x, x) is a polynomial of order 4, though it is not mani-
festly so.

Remark 28. We have

B = B(x,x)
B; = (613 + 623)|x|:x2:x
% ;c/ = %(G%B + agB)bCl:Xz:X
= 20102Blx=x,=x
B = 33018 +002B)| e
For evaluating the contour integral, the corresponding non-symmetric formulations are
ﬂx = B(x,x)
more suitable, 2'8,, i g;%lzc(’);)x)
B = @ab

Claim 9. We have

, 49¢ C
B, = {—p”p“) p;pﬁf‘) pxp(s)} (1)

12000°*"* 480 300
7

ﬁ" "y — (3) ﬂx

P )+—100P< 9 (Ux)

and

6lc 23¢
(3) — 3,4 _ " (5)
= = (6000”x Px = 16007 )<1>

13 9
POy - @ (9" G,
* 507> W) TooPx () = 25p‘ (0
Proof. Direct computation, using that
¥y = 8 Oy, pS = 120a. (67)

9.2 The system of exact ODEs for g =2 (n = 5)

Example 29. Let g =2 (n=5)and ay = 5'p§?)

_ DPx
foA, ()C X. )2

Px, 1, 3) I @ 2o 16 3
+§px+ px(x X)+— (x—-X )+1—20p()(x—Xs).

x—X
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So

L(1OP  1PEP 1
12{3 py. 2 py 5 Px,
+0((x - X,)%) .
When n = 5, we have 911 = 9 (9V1 is absent). In line (44),
11

> ——fax, (O + Ox,}
2 py,

3)

1p 1 P

T [ O e —ﬂ;gv (x—X,)
6 py, 4px !

“4) 3)

; 1 Py, ’ 1px n 1 (3) 2
9y e s+ — 00| (x - X,
Xy ’ XS 8PX 12 ( )

+0((x— X)) .
We use eq. (67). In line (45), we have

’ p,x (. ” 3) “4) 1 (5) fs
dx | —| = .8 X, X X

P xx(px) (p3, + Pk (x )+ 00— X, + = X)7 + o pD - ))(x_xs)2

Px, Px, 1 g @

B (x — X,)? " x — X, +§ Xt pX (e = X)+—p(5)(x X)° .
Moreover,
’ 1 r’
(W, 000r = (W) + O, B 10 = X, + 5 (Ox 05 1r(x = X+ O((x = X))
where by Lemma 10 and eq. (25),
3
! — ’ — (4) 3) 3) ’ = 122
2059 ) = W) = = 355 (PP — 200 pP) (1) + p Y0 + 15 PR (%) = 167k (%)
Corollary 30. Let n = 5. The values of the following integral as a functlon of Xy:
2 L WP dx
(x = X1 27
Fork =0:
7”72

C 1 3) 7 [pX] 9 pX ’

—|=py+ ——— |1 ¥

20(31:& Bl ATy b ) (68)
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Fork =1:

7 (3) (3)
C 7 pXA.pX (4) 11 pX 7 X ”
I X @]y — T (9 69
120{4 o (s o) ¢ ) S @)
Fork =3
11 p
7
200 70

Proof. Forn = 5,9 = 91! (90 is absent). We use eq. (62) for (9,9« )!!! and Claim 9.
(Alternatively, for k = 0, 1, the proof follows from the OPE (24) and Example 29.) For
k = 3, we also need eq. (67) for (9. o

The integral for k = 2 is unknown and gives rise to the introduction of the auxiliary
function

~ <l9xl9x> dx
By:i=() ——=—. 71
(x — X,)3 2mi 7
B, depends on (19X319;Y), in the following way:
2 OP 1pgpk 1
o= o5 |5 5+ g
Py, 192 3 Px 2 Py, 60
() (3) ” 92
1 Py, 1(,Px,  [px] 3 px ®
+ Ox.)+ — + )+ — 0)
{24 e (9x,) 20{ FARTAH ATy O< Oy

+ Tai|x=XA,<ﬂXA,ﬂx>r

X,
We shall also need the following integral:

Claim 10. We assume n = 5 and the (2, 5) minimal model. Let (919,)" be the Galois-
even part of the Galois splitting (61). The value of the integral

W@ H gy
(x = X k1 2@
fork=2is
c ® L < 0 <4>) 1
(96OOPXPX ZSSPX Py, |
11
* 307 PR ) + —p“’(ﬁ' D TR OR (72)
Proof. Direct computation, using eq. (62). O

Theorem 12. We assume n = 5 and the (2,5) minimal model. Let X be a ramification
point. Set

C
Z)Sizdxj—ga)
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Let By be the auxiliary function By given by eq. (71). We have the following complete
set of ODEs:

Dl = X9,y
X.\
Te 9 p" ,
Z)s<ﬂx>|x:Xj =§S{ 48017)( S(p)X)1) 10 p _0<19XS>} >
DU & {LP% (4))<1>+ 11p§?> T Px )__(0,,>}
s\U x/lx=X; s 30 p;{ 30 0

2 .
s & x=X; = GCs _Bs (5)
D(Fr=x, =& {P&S 1920 a >}
DB-f{ e pD p(3’p(4)}<1>
o 32000 %X 960X X
712

1607 ) @ g 143 e Te %17,
S A ANAN ﬂ . s s N - ﬂ
+€340007% ¢ R T RUSEY: 2400"% * 620 [
9 Py -

+

10 py.

Proof. The ODE for (1) is eq. (54), which holds for any genus. Forn = 5, ¢ = 9!l
(90! is absent). For k > 0, we obtain from the differential equation in Lemma 9 for
N=1,
1 c & Ox ) dx
— (dy 9Py oy — = sﬂ(k))zz_bgg—f -
! ( X.;< X i =Xy 3 wy( X\,> p;( ¢ (x' —XS)kH 2i
Wy) dx
(x/ _ )k+2 2

_é'.‘s

/

dx

§°< >9§( ’ X)M 2

In the following, we list the contributions without the factor of &;. Then for k = 0, the
first line yields (68). The second line yields

~(9%.)
and the third

(3)
32PX 1€).

For k = 1, the first line yields (69). The second line yields
1 7’
—5 (%)
and the third

96 Py (1)

For k = 2, the first line yields I%BS. The second line yields

1 c
3) (5)
5% = TeoPx D
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by eq. (67), and the third

- (5)1
3gaPx D

We address the ODE for B;. Note that by the Galois splitting (61),

(919x,) = (P Ox ).

‘We have
B, = 56 ! @192 dx; dxy
T (a-Xy)3 xy — Xs 2mi 2mi’
and
0 1 3 k
X, (x — Xk (x = Xkt
S0
= (hdx,) dx
By = 3& —_—
D ¢ (x; — X)* 2mi
v f L e in e
T (1 =X (v — X,)? 2ni 2ni
1 1 de dX1
+ (9 et Al )
95‘@1 - X3 \é‘xz —XXD (192) 27 2mi
Here

(D@ 19)™M) [eyox, = (D(192)) L=, -

Indeed, we have
Yo~ (=X, dyyr ~ (=X,

s0 Dy (yl Y2 192)[“)’2]) does not contribute to the integral

D(192) dxs
xo— X, 2mi
Thus using the differential equation from Lemma 9 for N = 2,

&s § 1 (Ox,9202) dxp dx;
Py J =X S x-X, 2ni2ni
(Ix,) dx

+26, O ——eL L
P o mx 2

_Lfgg Pl 95 @) dxdn
16 Y (x1 = X,)3 J x2— X, 2mi 2mi
c (9) Py dxpdx

T (x1 —X,)* J (xa—X,)3 2ni 2nmi

DB, =2

(Note that line (73) has dropped out.) We address line (74). By the OPE,

(Ox,201) dxy
Xy — X, 2mi

1
= lei_r)nx‘y [3%}(22;(‘;(191) + Zfzxy(wxﬁﬁ + (192191»]
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(73)

(74)

(75)

(76)

(77)

+ WUx, )



By Example 29 and eq. (25),

Ox, 01y dxs ¢ [1 » 7 [pxxlz]< 97K

3
= ) — (9 0
3P T 16 Py ( x,01) + 10( YO,

p;(S Xy — X, 2 20
cf. eq. (68). It follows

2 é‘ 1 (ﬂxﬁlﬂz)@ﬂ

Py (x1 — X,)? Xy — Xy 2mi 2mi
(1 (3)+ 7 [Py 1P @)+ 9p;‘/31§+i @590 dx
~3013°% T 16 P, 10 pfy. 10 J (x) — X,)3 2mi

where the latter integral is given by eq. (72). Line (75) is given by eq. (70), and gives

ﬁfsp(% X, -
Line (76) yields

2P O
Line (77) yields

_ é Ep <%>< 9) .
We conclude that

Bo=ed—Spr p® 4 3) <4>} 1
Ds 5{320001”"”( 960”pr )

11 c
55(200 384 2000) < )

F &P )

7”12
c c 11\ g 7c lpg] .,
A= - =+ — (D}
*é {(120 o4 400)”’6 640 Pl W,

10 Comparison with the approach using transcenden-
tal methods

We discuss the connection with the work by Mason & Tuite [14].

10.1 The differential equation for the characters of the (2, 5) mini-
mal model

The character (1) of any CFT on the torus Z; solves the ODE [6]

d 1 1
L= o 9§<T<z)> dz = 2(T).
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where the contour integral is along the real period, and § dz = 1. It is a particular
feature of g = 1 that (T) is constant in position. (T) defines modular form of weight
two in the modulus. In the (2, 5) minimal model, we find

2ni%(T) = ﬁ(T(w)T(z)) dz = -KT)G> + 25_2G4<1>'

In terms of the Serre derivative

1 d ¢
.

= %E - EEZ(T) (78)

(for weight £), the two first order ODEs combine to give the second order ODE [13, 9]

11
Dz o D()(l) = m E4<1> .

The two solutions are the famous Rogers-Ramanujan partition functions [5]

n*+n
Ay =gn S 4 =q%(l+q2+q3+q4+q5+2q6+...), (79)
= (@n
Wn=q o Y T cgt(legrq@+q +24 +24°+3¢°+..) . (80)
=3 (@n

(g = €*7) named after the Rogers-Ramanujan identities. The first is given by

gon= [] a-gv"

n=+2mod 5

and provides the generating function for the partition which to a given holomorphic
dimension & > O attributes the number of linearly independent holomorphic fields
present in the (2, 5) minimal model. There is a corresponding Rogers-Ramanujan iden-
tity for q$ (1), with a similar combinatorical interpretation, but which involves non-
holomorphic fields.

10.2 Introduction of the transcendental coordinates

Let w = wy, W = w3 € C with Im (w/w”) > 0 be the two elementary half periods so
that w, = w; + w3 is the midpoint of the fundamental cell. The half periods are the
points z with 0 = 9,9(z|t) =: ¢’(z]T). At these points, the Weierstrass p-function is
invariant under point reflection.

In the finite region, a genus one surface is defined by y* = p3(x) where p3(x) is a
order three polynomial of x = ¢(z|7), and y = ¢’(z|r). Thus the half periods are the
ramification points of the g = 1 surface in the finite region. At these points, x = p(z|7)
is invariant under point reflection. This leads us to considering the fundamental cell
of the torus modulo point reflection at any fixed half period point. The half periods
are all equivalent with that regard, as they differ by full periods only. Considering the
fundamental cell modulo point reflection at the chosen half period cuts the cell in two
halves. The edge between these two halves is itself cut into two and the two pieces are
identified through the reflection at its midpoint.

When we perform a linear fractional transformation, close to a ramification point,
the lift to the double cover has two possible values, one on each sheet. We map either
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of the two points to a corresponding pair of points on the double cover of the other
P}C, one on each sheet. The ambiguity of the lift disappears as we project down to the
second IP’(}E. The composition of these maps gives a well-defined map P(lc - Pfc. By
the Riemann Theorem, all P('Cs are isomorphic, so the map is an automorphism of P,
thus a linear fractional transformations x +— %. By fixing the points 0 and co, we are
left with a scaling factor of x as the only degree of freedom.

Let z, Z be the coordinates on the two fundamental cells modulo point reflection.

We cut away a circle about z = 0 and Z = 0 and require
Z=¢ €28

to identify some small annulus centered at z = 0 and at Z = 0, respectively. The copy of
Pé covered by the torus defined by the modulus 7 respectively T comes with the natural
coordinate

E=p=9p@Eh), &=9=pCh, (82)

respectively. By the expansion of ¢(z|t) about z = 0 and by (81), we have on the
annulus

A 1
&~ — (83)
&

SO gp ~ S%%, but these are not exact equations. We are glueing here annuli centered at

oo and zero, respectively, on either P(é; the respective center point is excluded from the
annulus. The result is topologically a PL, and it is covered by a g = 2 surface.

10.3 Pair of almost global coordinates

The new P&: comes with a pair (X, X) of coordinates satisfying the following properties:

1. X is defined on PL, except for the point (c0) where & = 0, and X is defined on P,
except for the point (zero) where & = 0.

2. We have X ~ & where ¢ is defined, and X ~ £ where & is defined. On the annulus
on which the formerly separate two copies of IP’%j overlap (and nowhere else),
both approximate equations hold simultaneously.

3. The pair X, X satifies the exact identity

s 1
X8 =, (84)

1
on all of IP’C.

We shall construct these almost global coordinates. On the annulus, by the approx-
imate eq. (83),
log¢ +logé = f(£) .

To this corresponds to the transition rule on the annulus

é? — é:—lef(f) . (85)
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More specifically, we have by eq. (81),

g:

Sl
Tl .
91l
Now the argument goes as follows: f = log &€ = log p¢ is nearly constant on the annu-
lus by the fact that p ~ Z% and by eq. (81). The corrections are small for small &. Thus
f has a Laurent series expansion part of which can be analytically continued to small

&, and the other part to small £, i.e. to the outside of the annulus (using holomorphicity
of f in &). For X, inside the annulus,

X X
ko) = fX & 0
outer X - XO inner X — Xo

Here by outer resp. inner contour we mean the circle bounding the annulus in the 7 and
the 7 part, respectively. The integral over the outer contour can be extended to the T
part, giving rise to a holomorphic function A, while the integral over the inner contour
can be extended to the ¥ part, giving rise to a holomorphic function A,

f=logpp=A+A

It follows that

e/ =§$=eAeA ,
or
£&_,
EAeA ’

This is the general argument, and we perform the computation for X, X explicitely as
an expansion in &.

Claim 11. Let &1,& be given by egs (82). P}C admits a pair of global coordinates
X = X(&,8), X = X(&, &) which satisfies eq. (84). In the notations

00

A A A+
zgp=1+2amz’“+ ,

m=1

[e)
2 ~ 2m+2
p=1+ E amz ",

m=1
these coordinates are given up to terms of order 5, by
X=9 (1 +a et (gpz - 2&1) + are® (gp3 —Sap — 3212) + 0(,98))_1 ,
X=9 (1 +a et (@2 - 2a1) + ape° (@3 - Sa1§ — 3a2) + 0(88))71 .
Proof. With the notations introduced above, we define

log X := logé — ZA,,g” ,
n=1

log X := logé - ZB,@” .
n=1
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It follows that

£ 4 ¢

X=—— .
oo A oS B

and log X + log X = —2loge, or

- 1
XX =—.
82

Here the coefficients A,,, B, are determined by the expansion
log(¢) +10g(’8) = )" Aug" + > B,&" (86)
n=1 n=1
on the annulus, and depend both on 7, 7 and €. The series converge for small enough €.
Details of the computation are left to the reader. O
The closed form of the denominator of X and X , respectively, defines coefficient
matrices which satisfy a system of equations equivalent to that in [14].

10.4 Ramification points using transcendental methods

In the conventions of [14], the g = 1 fundamental cell is spanned by 2w = 27 and
2w’ = 2mit, (with Im (1/7) = Im () > 0). The Eisenstein series is

1 1
—Ey =——+2q+....
Rt

The half-periods wy, wy, w3 are w, w’ and w + «’ in some order. Let [1, p. 633]

pldt) =&, (k=1,2,3).

MT _
IZZJ'-_ -

We have )
[0/ @F = psip) = 4 [0 - 0.
k=0
The specific cubic polynomial is given by
[9'] = 4(p” - 30Gup — 70Ge)

and implies that

&1 +E+E=0. (87)
Another natural definition is
DY
e =-2—", (k=2,3,4) (88)
043

where D is the Serre differential operator defined by eq. (78) (the theta functions have
weight 1/2). In the normalisation of Mason and Tuite (w = irr), we have for either torus
[1, p. 650]
1
ey = E(ﬁ;‘ + ﬂé) =&
1
e3 = E(—ﬂ;‘ +93) = &

1
@:Ee%—ﬁp&.
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Note that by the Jacobi identity (1),

1
b—& = Zﬂi
1
§1—-6 = Zﬂ;‘
1
& -6 = Zﬂ§

Let the second torus have modulus # and ramification points &. Then the corresponding
equations hold for & in terms of the theta functions in 7. The ramification points for
the g = 2 surface obtained by sewing are &, &1, &> and, fork =0, 1,2,

1
&
Claim 12. Let X} be the point corresponding to & by means of Claim 11. The lin-

ear rational transformation mapping Xo, X1, X» to 0, 1, oo differs from that mapping
&0, 1,62 10 0, 1, 00 only to order at least £°. Thus it maps

ka3 = (89)

X4z = 52—)?;(
to
1 92 9 9 N
f(szf() = 0_3(1 - 7482)(" - I“gze“x,f + 0(86)) )
2
Proof. Cf. Appendix H. O

10.5 Ramification points using algebraic methods, for g = 2

We set
e{x} = exp(2mi x) .

Following [16], we define
|

also called the first order theta function with characteristic [

](zg) = Ze{%(mam(ma)+(ﬁ+3)f(z+5)}, Va,beQs.

ez

S

Su

}for Zi,lg € Q%. We

assume g = 2 and period matrix

Qv -
Q_(V sz)’ Im(Q;;).Im () > 0.

In [14], Q1> = Qy1 = v = O(g). We adopt the convention
Iim Q=71
v1—>mo ji=Ti>

where 71 = 7 and 7, = 7. To leading order Q;; and 7; are the same and their difference
lies in O(»?). For terms of order v? and higher, greater care must be taken.
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In what follows we take 7 = 0, and if @ = (a1, a»)" and b= (b1, b)), we write
a ay,a
5 Q) = Q).
g[b}((), ) O[bl,bz }( )

We set

/lzez”ivze‘~’=1+f/+§v + =V +... v =2nriv)

So

9[ e }(Q)= " el Quntm +a® + vins + s + ) + 5l + ) el + aYB)

iez?
= Z Q]%‘”““l)zgz%("ﬁ“z)z Q0+ n+as) 2riln +anby 40 +a)ba)
ez?

In the following, we assume

d-b=0
Thus
a1, d win L (n+ay)? Tiny (m+as)?
9[ bi’ : }(Q)— ZZZE(HH—M) (n2+az)k 2 ‘b‘ 2 + P bzgz 2+

ny€Z nyeZ k=0

Observe that when a; = 0 for at least one i € {1,2} then all summands to odd k drop
out. Consider e.g.

O’ @ Zmn b k 2min, b z(”2+11°)
0[ b1,by }(Q) szv Py 91 Z(n2+a2) 20

n1€Z k=0 nyEZ

Since

1 2 k 1 2
N N2k s(nj+ar)” d 5(nj+ar)
(i) (nj+aj) Qj = dQ]flgj s

we find (using the definition of ¥)

0,2, - rimbi 2k 51 % 2ringby 3(ma+ar)?
9[ b1, by }( )= ZZ(Zk)' tinie, Z(n2+az) 205

€Z k=0 n,€Z,
(ZV)Zk ( 2ring by z 1) dk ( 2riny by 2("°+a°))
[ —\€ ‘o
k 1 X 2
- 2k)! ’“ZE:Z’Z:Z dQy, dqy;,
Writing ’ﬂk,gﬁ = %(0, 0;), we obtain
] n (o]
> (nj )‘ 1 nj(nj 1)
9[ FChHE Z 2043 SZ "V =tha,
- n;€Z ;=0
0 ] n2
9[0 (QH)_ZQZ’=1+ZZ ,27
B n;€Z n;=1
O ] n; S n; lnz
9[ L@ =)D 02" =1 +2 3 (<1)"g?" = Paq, .
2 niez ni=1
J J
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Moreover,

0,0 1 1
033 := 0[ 0.0 ](Q) = ;ZZe{Ean% +vniny + 5922’15}
%”2 %"2 nn
— ZQI_ 1 Qz_ 2 /l 112
inez?
=30, ¥3.0,X
2 ﬁl ﬁl ﬁ 19,// 6 19,(3) (3)
w14 @v)? Y30, %30, @v)* V39, W30, N 2v)° Y30, Y30,
21 U39, 030, 4 U009, 6 Uiq, tha,
0 0
= [ 0 ](911)9[ 0 ](922)(1 +007),
1 1 1 1 1
@2,3 = 9[ (2):8 ](Q) = _gZ:ZE{EQ”(nI + 5)2 + V(n1 + E)nz + 5922]1%}
= 0" gy A
inez?
= 02»911 193»9sz
’ ’ ’” ’” 3) 3)
o2 @7 Do Pan @) Pr0, V0, @) Dr, Tan
2! tha, ta, 4l o, T30, 6! tha, P10,
0.1 1 1 1 1
_ 1) _ - 2 - - -3\2
03, := 9[ 0.0 }(Q) = ;ZZe{ZQHnI +ymi(na+ )+ 2922(712 +3) }
= 3oy o g
inez?
=30, ¥2,0,X
a ’ 1’ (3) (3)
wlis 2v)? Fa, Pra, @v)* ¥q, ¥, N @° %50, 20,
20 930,00, 4! Daq, tha, 6 th0,tha,
Ly 1 ny
Oy —9[ (2) % ](Q) ; {2911(711 + ) +v(n + )n2+ 2922112} {2}
— Z ZQ%(HH’%)Z eﬂ'lnz é‘|7__ /l(n]+ ny
n€Z ny€Z
=1thq, P40,X
(2V)2 ’ ’ (2V)4 ’” ” (ZV) 3) 3)
X (] + — 21 ﬁZ Qi ﬁ4 Q0o +— 4! 192 KON ﬁ4 Q0o 0 6 02 Q1 194,922
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0, 1 ny
O34 :=0 Q) = Qn+vnn+Qn
3.4 [O,%]() ﬁgzz{z 111 112 2222}{2}
L2 1
— E Qflemanzzz/lmnz
nez?

=30, ¥1,0,X

! ’ 1’ (3) (3)
y [] N 2v)? Fa, Pia,  @* g, ¥, @° Fia, Via, N

+ +
21 30,040, 4 39,010, 6! Uho, g,

The following does not fit into this scheme, but a similar argument applies: Here we
need a; = % for at least one i € {1, 2}. For example,

1 1 2
2 - k k z(”IJr ) 2ringb, 3 M2+az)
[O ](Q)— E E (n1+ )(n2+a) g e o] .

ny€Z k= 0 ny€eZ

Since for n € Z,

(= 1)+ )+ nt 2= (= D4 )+ (D= )

vanishes for k£ odd, we restrict again the summation to even k. We conclude that

11 1 1 1 1 1 1
0, = 9[ 6’8 }(Q) = Z 6{5911(’11 + 5)2 +v(ng + 5)(112 + 5) + =Qn(ny + 5)2}

’ iez? 2
_ Z Ql%(n.+§)2 Q%(anr%)z QD0+

2
itez?
) Z Z Z _(”1 +3 )k(nz + )" 3(m+3) 92%<nz+%>2
n€ZmeEZ k=0
=0, 10,X

’ ’ ’” 7 3) 3)
y [1 N 2v)? Do, P, N et a, Pra, N 2v)° %0, 30,

21 o, Y, 4l g, the, 6! the, tha,

+00®)

(The notation @; ; is non-standard.)
In the conventions of [8, see references therein], for g = 2, the ramification points
are
Xo=0=bs, Xi=1=bs, Xp=by.

Then
2 @2
by =X; = ®3,3®3,2 _ v3.3.32
- - - b
@2 @2 2322
2 @2
by = X, = 03,03, 3234
2= 44 = @2 @2, ‘rr24
22524
2 @2
be = X« = 035034 _ 3334
3=45= @2 @2 324
23724
Note that we have
i,k 0 _ kL]
XMVY[ XY[MV' (90)

55



Moreover, we define as in [8]
by = =2t 1)

We note that when g = exp(27i 7), we have

4
2t
=
3,7

16g7(1 — 8q* + 44q — 64¢ + O(g%)) 92)

The linear fractional transformation that sends X, to 0 and X; to 1, maps X, to by. In
particular, when Xy = 0, X; = 1 then by = Xj.

The finite ramification points on the first torus are obtained from Xy, X;, X» in the
limity — 0.

Claim 13. We have

X5 — X -
bo = lim 2= X0 _ &7 %0 (93)
v=0X1-Xo &6
In particular, as p1 — 0, by — oo.

Eq. (93) for the first torus is analogous to eq. (95) for the second torus, which we
prove in Claim 15.
Let Xo, . .., X5 be the ramification points of the g = 2 surface.

Claim 14. Serting, fork > 0

(k) (k)
k) ._ TiQn ﬁj»ﬂzz
R AL
" ﬁiﬂn ﬁj»sz
k) _ _d* q.
where ﬂmﬁ = d_Qﬁ,»ﬂ”fo’ we have

2 @2 2 2 2 2
®l}j®kf _ ﬂi,Qn ﬁjvgzz ﬁk,Qn ﬂf»sz i,j.k,t

2 @2 92 2 2 2 u,v,s,t
®u,v®s,t ﬂu,Q” 19v,sz 03‘,911 0%922

(94)
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with

i,jikl 2 p(l) (1) 1 (1)
R =1+ 47 (R + R, -R)-R}))

u,v,s,t

u, v ts,t

+ a0 (4RORY + aRORY + [ROT + [ROT + 3 [RO) +3 [RU])

—16v* (R + RY) (RY + RY))

u,v
4 4(p® , P _ p® _ p®
+37 (R? + R - R2) - RY)
6 /pll 1 1 pa nE_ 1 Le npE 1 e
+16/° (R +RY')) (4R£,3R§’2+3[R2,3] - §R5,3+3[R;3] - §R§,’)
1

6 (p) , p) (1) p(1) o, 1o 172 )
—16v°(R) + RS’,)(4RWAR,{,€ +[RY] + SR+ [RO] + 3 Rt

6(~pM (W12 . 1 L2 D ([0 . 1 o
+ 82K, ([Rk,f] *3 Rk,f) 2R ([Ri,j] 3R
Lo, L ool L amee, 1 0
t3 (Ri,j Rij+ 15 Rij |+ 3 \ReRie + 15 Rie )
6 W (210 _ 1 o2 D (2 [pm? _ L p2
+8v°(-2R0 (3[R - 3 R |- 2R7(3 [RD] - S R2

1 3 1 3
1) p2 3 1 (1) p(2) (3) (1) 8
+ Rfl,l)lRfl,l)l - E Rfl,l)l -4 [R(u,\)/] + Rs,tRs,t - E Rs,t -4 [Rs,t ) + O(V ) .
We have
ikl ki
Ru,v,s,t - Rs,t,uv .

Proof. Direct calculation. O

In the limitas v — 0, the g = 2 surface reduces to a single torus, corresponding to
the modulus 7;. While Xy, X;, X, are the ramification points of the first torus, we find:

Claim 15. Asv — 0,
X3,X4,Xs — by,
where by is defined by eq. (91) and Claim 92. We have
Xs = bo(1 + 0())

1
- W(] +0(q,)(1 + 007)) .

1
Proof. X3, X4, X5 are of the form

04
3,53, _ 73.Qu 3,j3.¢ .
Xt = SRR e 2.3.4),
2,Q

In particular, for v small,
3,3.3,¢
Xy = bo(1 + 00?)).
In particular, by eq. (91) and Claim 92
1
X5 = — (1 + 0(g,")(1 + 00?)).
164,
(Recall that Q;; and 7; differ by 0(?) only.) m|
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Claim 16. We have

4
Xs—X; T30,

_ T 94
X4 — X3 90,

(1+007)). (95)

So when p; is small, then so is the distance between X3 and X4. (Geometrically, the
Sfundamental cell of the torus is stretched to infinity, since as py — 0, we have Qy; —
00).

Proof. Cf. Appendix L. O
Claim 17. We have

X3 - Xs ggu

4
Xy — Xs _ (] ~ ﬂz,ﬂzz](l N O(vz)) ’

Proof. The proof is similar to that of Claim 16. O

Claim 18. With the conventions of [8], we have

ﬂé’tg 2 7T2 4 4 )
ﬁ4’ 4 (Zﬁ4»9|1ﬂ2,§222 + O(V )) .
2,Qyy

X3 =Xy =

Moreover,

X:-Xs 294 4 4
—Xs = Zv 193’922192’9” +0(W").

In particular, when py, py are small,

X;-X 2
3X5 S %v2+(1 +00M).

Proof. This calculation is straightforward. O

10.6 Comparison of the g = 2 partition functions obtained through
either method

Theorem 13. (Tuite et al.) Let

ho(g) = )1, go(q) = (1)

be the g = 1 Rogers-Ramanujan partition functions defined by eq. (79) and eq. (80),
respectively. In the (2,5) minimal model, the g = 2 partition function satisfies a second
order PDE whose solutions are, to order &*

231,42, 8) = ho(gDho(q2) + O) ,
Z%w(ql»qz» &) = g0(q1)80(q2) + O(£%) ,
Z%V(Qb @2, ) = ho(q1)80(q2) + O(e?)
28, (a1, 42.©) = go@Dho(q2) + O,

where the second order terms are obtained through differentiation of go resp. hy. In
addition, there is a fifth solution given by

Z2(q, o 8) = &7 (2002 + 0t

1
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Our equations yield the same result up to the expected metric factor [12], and a
power of £ which requires a separate argument. Our analysis will be published in the
coming weeks. In detail one can write

as cross ratio of ramification points and the gg, sy as hypergeometric functions with
parameters [12]

(a,b,c)=(3 1 3)’

10 10°5
7 11 7
(a7b’c)_ (m’ m’ g) >

respectively.
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11 Results to leading order in X = X; — X, only

11.1 Conventions and basic formulae

We shall vary X; and leave X1, ..., X;..., X, fixed. Thus
fi = 6iS b

where 6;; is the Kronecker symbol. We have d = dx, for

0
dy, := §S67 ,

and w = w,. We take
XSZXI, X:=X1—X2

and assume X is small.
Definition 31. By definition, two expressions A, B satisfy
A=B
if the leading (i.e. lowest order) terms in X in A and B are equal.

For instance,

¢ -
= =X .
@1 X1 —-X d

We shall need the following: Suppose p, = ao [, (x — X;). We have

P = aoi [ Jexr=x0

k=1 i#k
d
o= — —_ .
pX,\ - dx|x:Xny = ap LJ (Xv Xz) >

dx,py = — o | Jx - X)

i#S
(dx,p)(Xs) = dx |x=x, Px = —&5D, -

Claim 19. Fork > 1, we have

akfl
(k) _
Px. =K oxi

w_ _k (k+1)
XprX _k+] SEX,

’
Px,

and to leading (=lowest) orderin X = X; — X»,

PREOX) . pYE0() fork>1, dypy€O0(1).

Proof. (Sketch) For

S, X5, X3,..) = (x = X5) g(x, X3,...)
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(where in the following we omit the X3, . . ., which by assumption are all different from
X;), we have

X, X)) =kg® (X)), k20,

since (x — Xj) is linear and vanishes at x = X;. On the other hand,

9 _ 0 o
aXS(f (X5, X5)) = 6XSg(Xs) =g'(Xy)

since in g, X; stands at the place of x. Now to apply these formulae to p, take
g =a | [x-X), fu, =0-Xao| |x=X)=ps,
i#s i#s

and observe that
g(XS) = p;(Y .
In particular, for X = X; — X,

_ 6k_1 ,
pgi) = kaog® V(X,) = kmpxr ,
and
’ (9 ’ 55 12
dX;PxX =dx,8(X;) = 55676’()(5) =88 (Xy) = prx
" , ” 2, o
depxx =2dy, g (X5) = 268" (Xy) = gfspxj
_ k
dy, b = kdy, g DX) = keg V(X)) = e
O
Moreover,
p//
L oxox!, (98)
Dy,
1 dx,py. 1. Py &,
d,—= = & = b s = X 99
T TR T TR T Ta
Likewise,
Py | 1 1
L =6X 2 +48X7! +6 ——— +4
, _X. —_Y.)\2 _X. _ Y.
pXS i;s;Z Xs Xz #Zs;z (Xs Xl) i,jZf.:J,Z(XS Xl)(Xb Xj)
i#]
(100)

The relevant term for us is

3)
px] B 1

= o=asxt Y :
[ 1 X, - X;

X |_ i#s,2

Note that ;. ﬁ is not a number.
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11.2 The first two values for the leading order in the Frobenius
ansatz

In the (2, 5) minimal model for any genus and to leading (=lowest) orderin X = X; - X
only, we have the closed system of ODEs

c 2&
(5.~ 5 )1 = 22405
8 Py,
7 12 ’”
c (Ux,) Tc [px] 1 Px, (9x,)
d Y——a)s) /S Ezé‘:s T /A <1>+_ /A /y ° (101)
( T8 A {640 Py, 5Py Py

Because of eq. (96), these ODEs have regular singularities, for which the Frobenius
method is available.

Claim 20. Let g > 1. Let u € R be the leading order of (1) and (9x,) in the Frobenius
ansatz, and let

u:=u-—

ol o

In the (2, 5) minimal model, two values of i are given by
11 7
10° 10"
Proof. We have a reason to assume that (1) and (x,) are of the same leading order,
and use eq. (97). So the Frobenius ansatz reads
(1) = a(X; — X)"

)
ﬂ =b(X, - X2)*', ueR,

XS

where a, b do not depend on X;. Thus for &z = u — g, this yields

wa =2b,
7 4 7
(ﬁ—l)b=£a+§b o (ﬁ—%)b:éa,
It follows that
9 Tc
ila-2)1=2 102
”(” 5) 40 (102)
In the (2, 5) minimal model, ¢ = —25—2, o)
_ 9 81 77 9 1 [H for+
Wp="5r\T00 " T - 10T TV 7 :
10 100 100 10 5 15 for—
O
Since § = —é—(l), it follows that
1 [ for+
=i—-—=1% 103
RERTY {% for - (109

Thus instead of considering the differential eq. for (), we specialise to that for
(Ux,). Since () = (U), is a polynomial, only finitely many equations are to be
established.
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113 The ODE for (9"){) and ("))

In Subsection 11.2, we have established the differential eqs (54) and (55) for the 0-and
1-point function of # for arbitrary genus, and two values of . We shall now restrict
to the (2,5) minimal model and establish the third differential equation and the third
value for i.

Claim 21. (The third value) Let g > 1 and k > 0. We assume the (2,5) minimal model.

1. To lowest order in X = X, — X5, we have

c N 25
(dx, - g @) = a[(ﬂxy(ﬂm)&k))]mg. : (104)
and
c y ~ ng y
o5, - o) @y = 2= fomi] | (105)

2. In particular, fork =1,

( c )«ﬂ“]);() Te Py, p§?j<1> Rt Pe (9xy 3 Py (@U))
X, T gqWs| T =&s| Jen ’ 20 0
©8 Py, 480 p py, 30 p%. px,  20p% Pk,
(106)
3. The third value for it = u — g is
7
10"

In order to establish the corresponding differential eq. for (19%r ), we need to take the
terms o (x — X,)? into consideration. Comparison with N»(7, T) in the ordinary OPE
of T for the (2,5) minimal model does not lead us any further since the space of fields
of dimension 6 is two- (rather than one-) dimensional.

Proof. 1. Only contributions from i [(ﬂxﬁy])]no pole (resp. ;—‘i [(ﬁx.ﬁgb]no pole)
contribute to leading (lowest) order in X = X; — X to the differential equation
in Lemma 9. Replacing s (resp. 199]) by its Taylor expansion about x = X on
both sides of the equation for ¢ = 9! (resp. for # = ¥P) and comparing the
respective coefficient of (x» — X,)* yields the claimed differential eq. for (ﬂi’”)
(resp. (9)).

More specifically, by the Frobenius method,

PHx2)...) = (X1 = X2)"(a + O(X1 — X2))

= a(X] - Xz)u ’
where a is in general a function of X», ..., X, and x,, and
6k

@PX) ..y = (X = X2) (=5 lu=x,a + OXi = X5)) .
dx;
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2. In order to actually compute the r.h.s. of eq. (104) for k = 1, we use that
6k
(Ox, (TP = ﬂwmyb fork >0, (107)
X
and
6k
- | [1 ]
[an ] = o]
The splitting of © induces a splitting
Wx,0:) = @x, ) + y@x, 00 (108)

Here by the graphical representation of (¥x,J,), eq. (38), we have (40) and
(41). Since we aim at a differential eq. to leading order terms only and since

% Py = 0, we can immediately restrict our consideration to leading order terms

in [p%(ﬂxxﬂku)] . Using eqs (122) and (124) in the proof of Claim 6,
Xs reg.

2 d|lc , 1
2912 iyt [
[7/ Ox [32fxx“’< e+ 4foX {(ﬁx.;> o >}}reg.
c px 1(P§ 3 0%
~ X (3) s S PX, , olily
%7 x (D + [ —(x,) + 2—p;(5 (& )Xy)]

” (3)2
C 1px (4) 1[p ]
I .t 25 - x,

X

@) 3) "
1|7 P Dx

+— | ==y + 2= (@) + 3= (@) | (- Xy)
12 pxx pxx X\v

+0((x = X,)) . (109)

Moreover,
0 [1] 1 ’ ’ g/ 2
O, = W) + 000, (X -0+ 0(X - x?) . (110)
where () = (i) + y(u?') and
, , 1p
W =W+ y(ax + Ep_) Wi
= 3y, + pld o), + p a9y, + 00 .
It follows that
i) 1 1, il
2o O D = S0, OO, + P03 (111)

To obtain the first term on the r.h.s. of eq. (111) , we differentiate (,) given eq.
(25),

= 250 (PP =200 ) <D
3

1 1
{5""63_1_0 62+1—0 ' 0, +5p<*>}<ﬁ“]> (112)

OO, =
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(y,) is regular at x = X, and its derivative at X, equals

[11ql1ly _— “) (3
6-’C|Xs<0x ﬂx >l’ - 480 (pX px 2pX p )<1>

3 1 1
+ { 5Pk, By, + ToPN, Oulx, + p‘”}<ﬂl“>

The second term on the r.h.s. of of eq. (111) does not contribute to leading order.

Multiplying eq. (110) by ->- and adding to eq. (109) yields &' [¢x,("1),)]
? " dreg
Evaluated at x = X, this ylelds according to eq. (104),

(3)
Tc st (3)( > 11
480 30

7 X,
0

(dx. - go) @) =&

<(ﬂ[”)x >} :
(Note that since this is an equation to leading order only, we have omitted terms
o pl ) Using egs (98) and (99) yields the claimed differential eq. for (9''1)} ).

3. After change to the basis (1), w’“) @ )Xf>

, we have

(dx, - go)¢ 1y =26 T

o ) 52 { e G|

8 xx
(d ¢ ) <(z9u])x&> {7 Xilpxx s 1 Py (Ox) 3 @)
X, T qWs| T =& 540 ; 07 7 10% T
8 Py, 240 Py, 30 Py, Pk, 10 Py,
or
i -2 0
I T [
80(3) (5?) b = O’
Te Pxs nrx, - _ 7
%0y, 30p, 4T 10)\C
and

O=det=(ﬁ—l)det a2
10 —3 U4—3

Z

So the third value is &z = -

O

11.4 Check: The differential equation for N-point functions of
and its kth derviative, for arbitray genus

We check that no logarithmic solutions can arise in the system.

Lemma 14. (Differential eq. for the N-point function)
Let

dX; =& with & #0, &=0 fori#l.
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Let k > 0. We have

285
(dxy - Ews)«ﬂ“l)g? Sy f [@x,@HP .|
8 Ly, i
[<ﬁx.x‘(ﬁ[l])§€k> o >] reg. 7 p” 2 1 P” kﬂxx(ﬂ[]l)g‘k) e >] reg.
c x=Xs C X, k) X, —
dy, — —a)s) : = 0¢, | LS [—} (@M )4 o :
( ts Py, 640 | px, x 5P, Px,

where [ ],,, denotes the restriction to the terms regular in the first two positions. The
system closes up, and setting

("5 ] = ax”
[, @)

reg.

; 2 px"', ueR,
Dy,
the two values for i = u — g are
11 7
107 10°

Remark 32. We don’t know what [(ﬁxﬁik))] reg is in general. However, we can con-

x=Xs
s = {

For k = 3, we have an explicit expression for n = 5.

clude (for k = 2) that

[~3l=

)

Proof. In the following, let
ER

Let X»,...,X, be fixed and x,,... are arbitrary, but mutually different and different
from X;. By Lemma 9 and Remark 25, we have
2¢s

(dxy - %a)s) Px1)..)= = [(19X519(x1)...)]reg' , (113)
Dx,

to leading order in X. (On the r.h.s. we have restricted to terms which are regular at
x; = X;.) Here

(. = ) PCDC) - o, = (d, = G ) OB ),

so we can replace x; by X on both sides,

c 2&,
(dxx - —ws)(ﬁx&...) = 22 (93 0. Mg
8 Py, -,

yielding the first of the claimed equations for k = 0. We address the second equation.
The same arguments that prove eq. (101) also show

Y 7
I (x2). .. 7e [P 1 PY (9. 9(x2)...
(dxy_gws)< x 9 >22§S{ c { x] ).y + L7 P, () )
8 Py, 640 | py 5p% px.
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We restrict to the terms regular at x, = X;. Since by holomorphy of (Jx,(x,)) outside
x» = X, the coefficients of its Laurent series expansion can be defined by contour
integrals, we have

Cc

(@, - 50) x| :

=(dy -
8 (X

ws) [0, 80) . M, - (114)
reg.

Now setting x, = X, yields the second claimed equation for kK = 0. Alternatively, we
replace of {#(x) by its Taylor series expansion about x, = X;. Comparing the terms
o (x — X,)¥ yields the claimed system. This system closes up. For the given Frobenius
ansatz, the arguments used in the proof of Claim 20, we obtain the two claimed values
for @. =

11.5 The number of equations to leading order

‘We have
dy (1) ~ (9.

and all differential equations for N-point functions of ¥!!! and its derivatives do not
involve 971, So set ¢ = 91, and let N > 1. By Lemma 14, fork = 0,...,n — 3, (with
ik} = deg(¥)), Y
k) *)
dy, (%)) ~ [0, >]re§, :

In the (2,5) minimal model, the r.h.s. is known for both k = 0, 1. For the remaining
n — 4 values of k we have by Lemma 14,

d, |0, 9]

reg.
x—Xs

~ @Oy + [, 9]
k reg.
x—Xs
So
dy (09 ~ dy, 9Py + @),
and both (9®) and [(ﬁx&ﬁik))]reg are known as functions of X. So to leading order in
X, (1) is determined by o
1+(n-2)+(n—4)=2n-5

equations, whenever n > 4, and n — 1 otherwise.
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12 Application to the (2, 5) minimal model for g = 2

12.1 The fifth equation
We need to know () and (Jx,) in the (2, 5) minimal model for n = 5.

1. In the limit of (¢¥}%,), as x; — xp,
Bo(x% + x%) + B1,1x1x2 - (ZBO + Bl,l)xz
so knowledge of (9%), determines (), only up to one unknown.

2. We computed (19%193), with the (2,5) minimal model property (the formula for
) implemented. (19%193), is a function of (1), (¢) and of (9,13),. We considered
the change in (ﬂ%m)r produced by

@97) = G, + (= x)° (115)

for (7, j) = (2, 3). (Since all terms of order O(x®) are known in (19),, this is the
only change to consider.) The new terms in (19%193), resulting from (115) all lift,
along the projection x| — x;, to symmetric polynomials [kfm] (i.e. xf, x5, X7+
permutations) of order k + £ + m = 5, namely [500], [320], [311],[221], and
y1y2 + y2y3 + y3y1 ([410] does not occur). Projecting [221] yields

9 X1 X 2> X3

2.2 22,2 4 3.2 hymy 2 ¥ h 2
X X5X3+HX1 X5 X5+ X1 X0X5 —> X3 + 2005 ~ 05(2x5 + xpx3) — 395x3

with known coeff. By T 3Bo,,152Bo+B1 1

. .(x% +x§ +x3x3)

3. ($1%:93), is a function of (1), and (J;};),. We computed (191192193)’} =
(9192),9% with ¢ = —3%)@.1 (Laurent series as x3 — o) and the terms pro-

duced by the change (115) in (191192193)’} fori, j = 1,2,3. These are [500], [320], [311],

which are known as they are of order > 3 in one variable, and y;y, + y2y3 + y3y1.
[221] is not produced due to our restriction to (¢t )ﬁ'. Unexpectedly, the co-
efficients of all occurring terms perfectly match, yielding no constraint on [221].

The (2,5) minimal model constraint does not provide any further information on the
3-point function.

For n = 5, we are interested in By 1, so it suffices to formulate the fifth differential
eq. for (9395 ), at x3 = X;, or for [(Ix,97)] By Lemma 14, we have

reg.”
x=Xs

ﬂ vﬂ” 7 ’” 7 <0X5ﬂ"
¢ LD ">]§S§; 7c [PY 1 (9%) 1PXS[ " ],IS%;
1~ o) —— w2 ST S

s

640 P PSPk Pk

s

(116)

Remark 33. From the formula for ($,9,193), we can deduce
(91193), mod terms in Ker; _, »
where the kernel is of the form
(x1 = x2)*(x1 — x3)*(x2 — x3)* X polynomial .

However, the latter is of order O(x*) and thus known.
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12.2 The full matrix of the system of differential equations for (1)
and derivatives of () for n = 5

Forn =35, 199] is absent for degree reason, so
9, =0l

Theorem 15. We assume the (2,5) minimal model for g =2 (n =5), (with a; = 0). To
leading (=lowest) order in X = X| — X,, we have the system of ODEs

(dx, - g1 =26, Wx)

;(5
0 7 4 )
(dxy—fws)< X o x { T x1qny + 24 X>]
T8 Pk, 80 S Py,
(%) 105 [7 110 3 @)
(dx, - go) == =3 {—C X1+ ’”] fs{—xl—f‘f ]
8 Px, 10 Py,
2
(ﬁn) p(4) 1 p(3)
(dx, - go) = g XS 4 2| 2| L
©8 Px, px., 3|px,
ve. 1y W) 1P (By) Y
127, Pk, 6px,\, px, 2 P,
(O, 0% )
T
2
Ox. 9 ), [
(. - go) i = s 5% ’,‘ — x| [
8 [pr] 640 15°¢ 9 pxx
e _,PE?’ NS
807 |70 9 |mk | Pk
1 Py, (%) 3 Y
b g X e A 2 2 KL
20 pX pX 50 Py,
/ X!  Ox? +0X, - Xo) .
1077 py, ]2 ?

(Note that with assumption X, = X, made for the Sth equation, (p;(j)’1 is not defined.
We have to pull p;éy out.)

Note that the first three equations have been shown for arbitrary g > 1. (The first
two have derived from the exact equations (54) and (55). The third is eq. (106).)

Proof. Under the assumptions of the Theorem, the fourth differential equation reads,
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to leading (=lowest) order in X = X; — X5,

“4)

c <19§Y c PX Dy, c
(d)(r - —ws) — =¢ + —
*8 Py, 192 Py py, 288

3)
Dy,

2
}()

px

vl Py, (9x) ), ] P 3% 1p% %)
W Py, 6ry Pk Ark P,
Ox, 9% )
LIy P
(For the proof, cf. Appendix E or F.) Furthermore, eqs (98) and (99) apply. The fifth
eq. is obtained from eq. (116). O

12.3 Monodromy matrix for n = 5

Let ¥ be the fundamental system in the basis that corresponds to the Frobenius expan-
sion in powers of X = X; — X,

@

Py
wm aXy — Xp)"!
w, ) b(Xi — Xo)*!
2> _ ~ u—1 )_} (= =
y= = [ (X1 - X3) , =015 Y5)
M dX; — Xp)*!
-~ - »
(0XT§ZY>’_ e(X; — Xo)"
P,
Fors=1,
d c/8 B).
—§ = Z +—| 3
dXi i#1 Xi-Xi Px,
where
-5, 2 0 0 0
320[17)(,]2 5p§ 0 0 0
3) 11 .3
b= 48%))(' P 3 Opffﬁ Ogi( 0 0
2 |
93 px Px, t 288[p ] 12px 6pX 7__11’3;32 22
0 0 sl 5Py,
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Corollary 34. Using the Frobenius ansatz

(1) = a(X, - X»)"

=5 = b(X, - Xo)!
Py,
%)
5 = o(X, - X))
Px.
)
B = d(X, - X!
Px.
(O, 0% ) .
,7‘256(X$—X2) , ueR,
[Py ]

the system of DEs takes the form (Note that with assumption X; =

equation, (p;(y)’1 is not defined. We have to pull p%} out.)

7] -2
_7_(6) -2
(3) (&
_Jc [pi] _u [pi]
240 | 3, |4 30 ] Py |y

() (3)\2 )
o Px |y e [P 1| Pxs
96 p;(X . 288 pg(d_ | 12 pg(d_ _1
) (3)\2
<)L Px | _ L ffPx
4032|5144\, 1

&l

(3)\2 “)
(], =11}
Py, » Py, |

X, made for the 5th

0 0 0
0 0
= 7
u— 10 0
3)
1| Pxy ~ 1
| = u-— 5 -2
6 [pxx]—l 2
(3)
1 [rx 3 o1
20 | Pk, 1 50 10

Here by [ 1_; we mean to say that we take the coefficient of the order X~' term only.

The determinant is

i -2
13 1 3 _I ii—2
i——||la— |+ =2 det 80 u
{(u 10)(u 2) 25} © 7c [P 11 PS? = _ 1
240 K 30 P, |4 “~ 10
where the first factor vanishes for it = 17—0 and it = %.

a a
b]—A b is ...
c c

i
The matrix A in the eigenvalue equation u[

form reads

o O o3z
o ozl o

—o o
¥ ¥ O© O

oZ|
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Proof. Only the Jordan normal form of A remains to be proved.

-2 2 0
Tc 9
O=det(A— 1) =...det| B, s A 0
l["x;] u[% 7.2
240 [P, |, 30 [P, 10

]
-1 2)

7
...(1—0—/l)det(k 22

80
7 Tc
=. . (=-DJA1-=)-—=
(10 ){( 5) 40}
so eigenvalues are
A=A = l A3 = 1 Ay =
1—2—10, 3—10, 4 = ...

Vi
To determine the eigenvectors [vz] tod = %, we consider the system

V3
7
—1—01)1 +2v, =0
Tc
— —p =0
80" " 10"
Tc N 11 0
240" T 30"
20
All three equations are compatible and yield v = | 7 |. Another linearly independent
0
0
eigenvector is [0|. Thus to the double eigenvalue we have two linearly independent
1
eigenvectors. This proves the claim about the Jordan normal form (the minor 3 x 3
matrix of A is diagonalisable). O

Remark 35. There is no logarithmic solution, despite the fact that several eigenvalues
have an integer difference (equal to zero).

Using —5; = é—(l), we find that the eigenvector of A3 = % isV=v 10 with

V] € C*.

Remark 36. We have (9, = 1©(x). Forn =5,
3! 9¢
(3)
= —A = —— 1
Oy) = 7Ao=-—(D)

(ap = 1), so by the differential eq. (54),

C G\ ~ <'19XX>
(dx, - Go) 00 = - 9ct, a
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13 General results
We consider the hyperelliptic Riemann surface
Y, iy'=p(x), degp=2g+1,2g+2.

with branch points X1, Xa, ..., Xog+1, X2442 (Where X5,.> may be the point at infinity).

13.1 Branch points as primary (twist) fields

Twist fields are a way to make the dependence of N-point functions on the position of
the branch points explicit. If (p(x) .. .)x, x,. . X X0, denotes an N-point function on
Y., we can write

(@(x) ... TXDT (X2) - - x50 Xoge1 Xoger “= SPX) + DX, Xooo Xogr1 Xogar -

As X; — X, the ramification at X; is dissolved, and the surface X, degenerates to a
surface of genus g — 1, with 2g branch points X3, ..., Xog+1, X2442. For X = X5, we
have an expansion

(). TXNT(X) . dx,. = 3 (X = X)) xf o (X) - Dx,.. (117)
k

where y; and y; are primary fields corresponding to the two different sheets. They
don’t depend on X; and so the N + 2 point functions on the rh.s. of eq. (117) are
defined on the degenerate (genus g — 1) hyperelliptic surface. The range of k remains
to be specified. If £ > 0 and k = 0 occurs, then

x,]i—{nxz(T(X' YT (X2))x,,.. = x,li—rpxz(l)X"Xz"" = (o (X5 o X5 x,... - (118)

Remark 37. 1. We cannot make a statement about k because we are working with
a singular metric which affects the power of (X; — X»).

2. We actually have two types of pairs of fields x* ® x~, namely the field 1, ® 1_ for
h = 0 and some other pair ¢, @ ¢_ for h = —%. Here h = —% = h, and somehow

| ‘ .
B-L==(h+h).

3. A problem is that we don’t have the global partition function Y.; pironacei 1Zil%, but
the Z; are only defined up to unitary transformation (monodromy). Going around

. . o TR P L

one ramification point gives a factor of e”™ T, going around the other ¢*™ 7.

Since y* is a primary field, it has the OPE with the

+

*X)z XX +

T()®x*(X) —
(x—

—— T (X) + reg.
— DT 0 + reg
with the Virasoro field. Letting

p(x) =1 (x = X1)(x — X2)p(x)
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we have by eq. (117)

=00 X (X (X)) - x. = G X OG- xs,

(x— X2)?p (x X)2
+—— (. () X)) i (X2) .. )x,,.. +reg.
X—Xz
;92
c|p + V(Y
- — = X X5)...
32[;9] X XN (X)) - Oxs
(119)
Here ) )
pl 4 4 =~/ ﬁ,
—| = + —+ = +0X - Xp).
M G-XP Txoxp g PO
Thus (119) reads

@) . X X () - D, = (h)( - %)ﬁ X XN () D, + O(x = Xo).

By eq. (118), in absence of fields other than # resp. 1, (119) reads,

cy\ .. @ x, x....
hy - —) lim (1 = lim XX
( X 8/ xi ll>n)(’z< >X1’X2W X 1—> X2 ﬁ(x)
We may evaluate at x = X since #(x) ® 7 (X)) is non-singular ({(¢{(x))x, x,.... is a poly-
nomial in x), provided X is finite, and use p’(X;) = (X1 — X2)p(X)):

OXD)x, ...

120
p'(X1) (120)

cy\ .. .
(= 5) Jim, (Dx = lim (X1 - X)
(Note that this makes sense since both sides are ~ (X; — X,)" this way.)
We can compare eq. (120) with the ODE (54): If eq. (120) holds before the limit is
taken, for X; ~ X, we must have

c
=)
u v s 8
Moreover, in the minimal model with ¢ = —%, this reproduces
11 4 n,. =0
=2 (h)“ ) 10 e
20 m h)(i = —g

which is correct.

13.2 The number of ODEs in general
Let g = 1. We introduce a non-holomorphic (physical) field ¢ with the OPE

-1/5 1
@ /)290 —3¢,o+ 90+O(Z—M).

T()p(u, ) =

By comparison,

1
(T(2)p(u, n)) = —gf«)(z — u)p(u, ) .
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(as there is no periodic function with a first order pole). We have

1 71,2
f pz-ult)dz = ——Ex(7).
0 3

So when the contour integal is taken along the real period and § dz =1 then

1 1
et ) = 5 Tt ) dz ~ =3 Exliptu )
so (p(u, )y ~ n’z/ 5. This gives the solution for the h = h = —% conformal block,

(p(u, @)y ~ 72

For every node (singularity) between two tori we can introduce a field 1 or ¢. For
g = 2, there are two tori connected by one node, and we have

node number of choices solutions
1) 2 Rogers-Ramanujan functions
(p) 1 n3

For g = 3 there are three tori (I-IIT) connected by two nodes. Only the middle torus (II)
has two marked points, and inserting a field on either node may give rise to a 2-point
function. We obtain

torus] nodel torusIl node2 torusIll number of choices

1) 1 1 1 1) 23
1) 1 (v @ (@) 2
(@) ¥ (v 1 1) 2
() ¥ () [ () 3

For g = 3, we must have an equation of order 15 for (1).

We need to explain the 3 choices for {¢yp). Consider the torus I with two marked
points. It is obtained by sqeezing a genus g = 2 surface. On the torus we have a choice
between the partition functions only, while on the g = 2 surface we have 5. {pp) must
make up for this difference.
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A Proof of Theorem 7

Notation: Let A LI B denote the union of sets A, Bwith AN B = (.

Let ¥ be the bundle of holomorphic fields. Let 7 ¢ # be the subbundle with
fiber CT, andlet 7, = e® 7 C F, where ¢ is the trivial bundle. For N > 1, let Iy :=
{x1,...,xn}, and Py := P(Iy) be the powerset of Iy. For I € Py, let Graph(]) be the set
of admissible graphs whose vertices are the points of /, and let Graphy = Graph(Zy).
For any N > 0, we consider the map

w i Unso7 2N — Unso7 ™
defined as follows: For ¢ € 72 over (xi,...,xy) € UN c TV \ Ay (symmetrised
product) with x # x; V i,
w(le X5 @) =w(p) .
For (x1, ..., xy) as above, and [1Y, T(x)p(x;) € T(UY, T%V),

N N
w (]_[ T(xi)p(xi)] = > W (FN, [ T(xi)p(xi)] :
i=1 i=1

I'eGraphy,

where

N 0oops
W(FN,]_[Tu»p(xi)]:G)m " T (}1 f(xi,x_») R o X Tope.
i=1

(x;,x))el keAyNEN®  Ce(ANUEN)

By the theorem about the graphical representation of (T'...T) p...p, w is such that

(O=COrow
on 72V, Note that for I € Py, I'; € Graph(/),

T(x»p(x,»)] = (rl, 1 T(x»p(x,»)] - (rp, [ T(x»p(x,»)] :

N
= iel ielc

w (r] Uy,
i=1

Here I = Iy \ I.
Since both () and ( ), are linear, We also have for ¢, € TEN,

W[Z [Tew ] w<x>] =, w{]_[ e | ] u/(x>] :
IePy xel xely\I IePy xel xely\Il

2

Now ¢ € 7. For P = —55 [”I;J

N
w [1_[ ﬁ_/] = w[ (T(x)px + P(X))]
j=1 XEPN
w Z H T (x)px H P(X)]

1ePy xel xely\I

(I o] (e

xely\I xel

[]_[ P(x)] > W[F,HT(x)px]
IePy \x I'eGraph(])

ely\l xel

1,
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Let ess be the projection

ess : Ujep, Graph(l) — Py

which assigns to a graph its (essential support consisting of its) set of non-isolated
vertices. For I € Py, let Is(T') := (Ar U Er)°, the set of isolated points of I' € Graph([/).
Let I'g(x) be the graph consisting of the point x (with no links). Every graph I" can be

written as

T =T U (Ueessme To(x)) = T U (Uersy To(x)

(disjoint unions). By the previous computation,

2,

1ePy

2,

1ePy

2

1ePy

N
w [l_[ ﬂj]
Jj=1 xely\l

[ P(x)]
xely\I
[P

xIn\I

PIEDIN

TePy TrdeGraph(])

2 2

IePy TedeGraph(l)

2 2

TePy TrdeGraph(])

2 2

IePy TredeGraph(l)

=

=

- 2T

I'eGraphy,

l_[ P(x)] Z w[
I'eGraph(1)

I'eGraph(/)

] I'eGraph(/)

xel

> w[r,

xeess(I')
W [rred l_l

e [ o

xeess(Ired)

and application of ( ), yields the claimed formula.

xeess(Ired)

r]] T(x)px]
[T rowe [] T(x)px]
xels()

T(x)px] [x!;[r) T(x)px]
> [[_[ T(x)px][ [ P(x)]

IePy \xel\T xely\I
oI

e [ topd [ ] @p.+ P
xeess(Ired) xely\I
rred, 1_[ T(x)px l_[ .
xeess(Ired) xely\I
¢ \floops of T4 1
5 — f(xi, x;) Iy Uy
4
(x;,xj)elred k€Apred NEpred©  xely\l
1
(xi,x;)el keEr*

B Sketch of the proof of Lemma 9

By induction. Sketch of the argument: From eq. (23) follows

’\2

p

d ’
d9) = p {d<T> - (;) d<1>} )7 - %aw(%) ,
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where by eq. (42) for N =0, 1,

7\ 2 n
P{d<T>—3%(%) d<1>} =2pzlff {<0XST>— 31(—) ( X>}+ w{(T)‘ i(—) 1 >}
=1 X,

5

22 & 95, 0) + = w(ﬂ)

s=1 X.y

For N =2,

2 7 172
c [plpz]dl}

d(¥2) = p1p2 { AT T2) - (32)2 (p1p2)*

dpip2) , (P ¢ , P\ ¢ [P ¢ [p)1?
o 9 dl—=|- =@ d|— |- =——d{9
+ () ——— 17 6( 1)P1D> (p2 16( 2)D1P2 P T (h 32

On the other hand, in eq. (42) for N = 0,2

n 2 71 \2
pip2 Y S TiTo) - = (’“”2) )

< P, (32 \pip2
o & c PP & & < [p] g

= D St + 5= 3 S + 5 S 0y
s=1 px.r 32 P s=1 X, P2 s=1 px.r

The last two terms drop out as — 55 [pp%r d{D) - 35 [pp'] d{9,) are added.

C Proof of Lemma 10
Application of { ) to eq. (38) of ¥, ® Jx, yields an identity of states
W) + W2) = 2102) — 2{ fia-terms} + O((x1 — x2)%) . (121)
where
@92) = OTOLT) + y1ya @790y + yi o) + ya ey
and
(fiz-terms) = == fiy(1) + flz fty + @) + flz @y + 3@}
In the (2, 5) minimal model,

W) = lim [<ﬁ1ﬁ2>]nopole
11m [(191192)— {f12-terms}]

hm (),

X1 ™ X2

= (thdh),
= @194, + pa@S0Y"), + 232 (9319,
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is known. () has a Galois splitting
W) = @ +ywhhy,
so !y and (yP1y are known, where

Wy = @510)), + pa0 9,
Wy =290, .

It follows that also

DUy = D, 01N, + phO IO, + pa B, (9595,
Wby = 20,,(819LY),

are known, and thus () ) and (Y} ). To be specific, we go back to eq. (121).
Thus ’ '

a1ty + iy = (9, +6x2)(<ﬂ[11]19£1]> + yiya(@9by
- {3—62f122<1) + %le {(19%”) + (19[2”)}}) + 0 - 1),

and

D)

L ’ , 1 p/

p, ) y 'IN7 qly V 1y
o p—j}ylyzw&”ﬂ% @95 + iy @93

1
— (B, +0s) {3%f,22<1> + g f@lh+ <z95”>}}]
1 ‘ ‘ 1
=5 lim [2(&11”(051)3 + ph @9y + 2p VWD) — (8, + ) {312 2 + 2 fio [y + (19[2”)}}] .

‘We conclude that

1 1Ty
By, W) = O, M )+ S i O .

Likewise,

: , , , 1 : ,
1y + 0r(s") = 8, V193 + 0, 7MY - (B, +4s,) {Zflz ft + <ﬁ[;’>}} +0(x1 - x2),

SO
1 S 1 :
ooy = 5 Jim |23 103"Y)) = @y, +0s,) {Zflz {oy + <ﬁ§”>}}} :

whence

aulx, Wiy = (9x, (9D ),

as required.
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D Proof of Claim 6

We compute the expressions given by eqs (40) and (41), at x = X;, up to order (x — X;)?

terms.

1. We first address eq. (40),

(@] = [3% A+ % feoe{@x) + @)

We have
2 ¢ ) C p;{j P;y [ ]2 ] @3)
7 _foY =7z D) +7 2 Px,
Py, 32 16 | (x — X5) x—X, 4 pX 3 s
C 1 (4) 1 p” (3)
il X —X.
16\ 127% T 65 (r=Xo)
” 3)12
& 1 pX (4) 1 ) 1 [pX ] 3
+ —=|=— — X - X+ 0((x - X,)%) .
Thus to leading order,
2 C 2 C [p;y]z C pr (3)
’ |:_fo&.?| s = ’ ( _X)
pxlx_ 32 reg. 64 px 96
(3)12
C 1pX 4) 1 [p)( ] 2
- X, X
192[ K+ 3 |6 X0t OG- X).
(122)
Now we address pi % fix, {9 + 9x,}. To simplify notations, set
Xs
R
Now
2 1
fo {19 +’£9X }
px
(3) (4)
) 1 P} 15% 1
=— - (x X2 Oy,
X = 2 px XS Xy
| 1 // 1 (3)
’ X5 qr X
+ 0+ 0 ) ﬂ - 2
1 ’n” pg;j rn”
+ 700 = X005 + g(x - X,)? .
1
- X)) + O((x - X,)) . (123)

80

+ @y, 0,

reg.




or

21 O,
fo {19 +’£9x} -
pX x =X
1 p//
+—( f(“’ﬂxy+ﬂ;(]
2 Py,
(3)
1{p 3Py 3
| T 5 4 S0 | (- X
6| py 2px
1 p(4) p(3) Pl
Xy, + 22 + 329y + 209 | (x - X,)?
24| py, Py, Py, '

+O0((x — X)) .

Remark 38. Suppose [%frxﬁx]mg with 9 = 91, 901 is known up to terms in
O((x — X,)?). This defines a system

(P'Dx, = px.Ox, + px I, =*
3
3 1" qr
ngj)ﬁx.; + 5 (de.ﬁxd. + Pg(’%é) =

which is solvable for 9x, and 9% as functions of 9y iff S (p)lx, # 0. (This follows
from eq. (123), using that px £ 0.) For instance, forg =1, (9") is constant in
position.

It follows that

2 [1 1P
’ [foX; {ﬂx + 19X5 }} 2 X s
pXX reg. pX
17y 1 Py
+ =y + 229 (- X
6 pxx 4 px ’
) 3) ”
1P 1p 1P
b | =y 2 9y (- X))
416 Py, 3 pXS pry ‘
+O0((x - Xy (124)

Moreover, for the (2, 5) minimal model, (ﬂx ﬁx )r is given by eq. (25). Applying
() to the previous formulae, multiplying by * and summing up yields the claim
with ¢ = 9!,

. It remains to consider eq. (41),

+ (95,9, ,

reg.

[, 08] = [}foxxﬂ&”b

Here [i fX;x(ﬁ.Ecy])]reg equals 1 P, times the regular part in eq. (123) for 9" in
place of #, und (ﬂxyﬂgf‘]), = 2(1//[”) is known for the (2, 5) minimal model.
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E Proof of the fourth differential equation when n = 5

We follow the arguments given by eqs (104), (107) and (40). From eq. (109) follows

2 62
Py, ax3
1 p¥, 1y 1
~ _< )[ (4) + = 3
PXS
4= 1 (4) <'19X> + lp(3) <ﬂ3{v> - 1 / <ﬂ// )
12 Px, p;(\ 6% p;(& 4 3(\
+ O0(xr — Xy).

[32f(Xb,Xz) 1+ f(Xb,xz)Kﬁx )+ (@0}

reg.

(3)]

From eqs (110) and (112) follows

2

SO 00 = W05 ) = 5 W" — Oy s (125)
where
” c 3) @1 G
<a/fx>—240[px]<1>+480 PPy - 480 pLpd(1)
<‘”<ﬂ >+ <3><z9’> gp;’<ﬂ;’>— px<ﬂ<”> px<z9<4>> (126)

respectively. (Note that for g = 2, (99 (x)) = 0.) Thus according to eq. (40),
(3)]

Te PX, @ llc [Py
060 1 pX * 0 ’
960 py X+ 1440 pi

+ 17 (4) <’l9)(d_> 4 7 (3) <03(\> i 1 ” <ﬂ;\>
607 Tp T 15T Ty T 20PN T

s

1

IR

2 1
/ [(19)(& ﬂxs >]reg.

158

2 ’ ’
- <’9x,\ ﬂx,\ )

X

Multiplication by &, and using eqs (104) yields the claim.

F Alternative proof of the fourth differential equation
whenn =5
If X; = Xy, then f(Xj, x2) = p» is regular, and
62
02

1
= % ([13/2]2 + 13213/2/) (1) *+7 Py {(Ox,) + (00} + ﬁz(ﬂj) + Zﬁz(ﬂ’z’>,

1
[312,32@) iz {(Ox,) + <ﬂx>}}

reg.

In addition,

2
Ix Ox, D) = Ox, 0% )r = ‘P” — (%, 9% )r
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where

3c[

‘/’xx = 2_0

]2~II 9 ’ 2~ 4
PR D) + P () = SPr(0%)

Pl 11 +3 PX Py (1)

So

pi/ [ @001, = pi{ = (1751 + P ) <D

] ’ 1 ’ ] ’’
ﬁx<l9x>+ % (0% ) + 17x<19 D
3c
40

6 ~/ 9 ~/ ’ 1 ~ ’’
SPOx) + P (05 = SPx.9%)
- <ﬁgyﬁgy>r}

2 11c Tc .
= —{ (—[ﬁxf pxﬁx)ﬂ)
Dy,

— [Py ]<1>+ Pxpx<1)

80 80

17 7. 1
+ 1oPx0x) + 5P Ty ) + 55 Px (O

— (% D5 )r)

Translate back into untwiddled:

2 2 11c Tc
v O -~ (3)12 (C)) 1
3 [@x9%)] P&S{ (36.80[;7&] * Ty 1egP Py (D

17 4) 3)/qr 1 7 ’”
+op X<ﬂx>+— (05, + 257K 0%

— (O % )r)
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G Proof for the second derivative of the 3-point func-
tion
By the OPE for ¢ and the fact that { ) is compatible with it,
1
Wad3) + O(x1 — x2) = (ththds) - 3%f122<193> - Zf12 {9193) + (Pi3)}
= 55 B0 + fiyon)
1
+ Zf12 (1 03), — (P1hs) + (D203), — (Phi3)}
1
+ Zf23 (), + ()}
1
+ Zf13 {(D192)r + (D283),}
1
+ 1—6fl2f23 { (P + (D3}
1
+ Ef23f31 { (P + (D)}
1
+ 1—6fl2fal { () + (D3)}
+ 4—C3f12fz3f31<1)

+ (G 9203), (127)
On the other hand,
7 (3) 3 1 "
Wad3) = — m PPy — 5[172] (¥3) + pz (93) - p2<19 ¥3) — p2(02ﬂ3)

We consider and X; = X, (s = 1) and

pr=(x—X2) Py, fox, =D

We denote by p, = an |xz—X P3, etc. Solving eq. (127), evaluated at x; = x, = X, (=
= X»), for (ﬂx U, 193>r,

c _
(Ox,0x,03)r = — 4—3pxxp3(1)

1
05) 4 55 P30x) — 3P [ () + (9)

sopx 20”*

9 1
10Px (Ox,03) - —Px (Ox,33)r — p3 {(Ox,9x,)r + (F30x,)r} .

d
T (Ox,9x,03), = px p3p5(1)
x3

32

3
P, (0% +

1 1
0P3p3<19x ) = Px Pyl Ox,) + (93} - gﬁx.ﬁa(%)

80

1
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OPX (Ix,93) - pXS<19X5193>r ~ 5P {(Ox,Ix)r + (930, )/} — §P3<19319x3>r ,



and

2
ﬁ(ﬂxﬁxﬂ%)r
32px ARV 32px ,pap5 (1)
c . 5 3 1., 1 |
+ 30P FRUA >+—[p3] (Ox,) + 0P%P3<ﬁx) g Px. B3 {0x) + (03)) = 7 x, Px(03) - 3 Px.p3(05)
9 7’ 1 ~ 7’ 1 ~I ~/ ’ 1 ~ 7’
* ToPx9x05) = 5 Px Ox05)r = 2 P5 {(Ox Ox e + (D300} = P3(O30x.)r = 5 Pa(P50x)r
Thus
d2
— y=x, (Fx,0x,93),
dx;
= - 33P0 - 5% B (D
9 3 __, 1 ,
~ 5o PR %) + 151k ]2< X)+20PXPx< ) = 3 Px. Py, (0%,
9
10Px (Ox, 9y ) = Px,(Fx, 9y )r — Py, ¥x, — Py (I% Ox,)r -
Now

1 1 1
(Ox,9%) = 6<1>([p,(] +Px.Px) + 5P, Ox) + 5Py Oy ) + 7 Px (%) + Ox, T,

and
Ux, = 80px 1)+ PX (Ux,) ,
SO
d? 2
gl = g5 (%55, + 25 [Py ) (D)
9 ~ ~17 1 !
+ 5P ) + ]O(PXPX 3053 1) ) + 5w, P (95
1 .
10pX <ﬁX ﬂx >r ﬁxly<ﬁxlyﬂx\v>r .
H Proof of Claim 12
Let

Xo

f() (] + a184 (5(2) - 25{1) + (azfg - 5&1&2&) - 36!2512) 86 + 0(88))71

(—Cl184 (fg - 251]) - (Clzfg - 5&1612&) - 3&12512) 86 + 0(88))k s

Ms

o

k

1l
(=)

and so fork =0,1,2,

Xe =& (1-ae* (& —2a) - axe® (& - Sanéi - 33) + O(Y)) .
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We have

X1 - Xy = (& - &) - a& (f? -& =2 - 62)) - (tlz(ﬁ1 — &) - St - &) = 3aaé - 52)) &%+ 0(e")
Xy = Xo = (& — &) - me* (£ - & - 2a(& - &) - (ax(&} - &) - Stax&} - £) - 3mn(é - £))° + 0D .
So

% @ -&)(1 - s’ (i % 2&1]—(1256(?:2—saliig—3a2]+0(gg))x
X aZ foki [é—‘]—z 2a1)+azs (i:i—saliii—3a2]+0(58))k
- 2 :Z(l -aE (g 2 —2&1)—61266(? _2 —Salj :Z —3&2)+O(88))X
R R RS R
Rl G SR e ol o s a) o)
Here

§-& &6-6
&-& &H-&

=& +Eb +E - (E+HEE+E)

&b+ b6 -8
= (G- &) +& +E)=0

by eq. (87) (nicely, this vanishing also works for the other combinations of f:iﬁ ) We
also note that &y — & = %ﬂj. Moreover,

: :’;(2) = (= Xo)(x = &1 — 1" (& = 2a1) — axe® (& = 512 - 332) + O(H)))
=(1- %0 (1-are* (& —2a1) + O(7)) )x
(1 ;(%)"(1 ~kars* (& - 21) + 0(9)
1% 2 (1 - are* (¢ - 2a) + 0() + kz; (é)k (1 - kare* (& - 2a1) + 0(%))
D (1wt (& - 2m) + 06) ) (52) (1 - kae (& - 2) + 0(&")
So _
I i (1 - e (6 - 200) O + 2 (6 ) (1 - maret (6 - 2) + 06")

— &% (1 - e (8 - 2a1) + 0(")) Z (&%) (1 - maye* (£ - 2a1) + O(="))

m=1

=1+ X (& - &) + ' X6 (& — &) + O(E°) .
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So the linear fractional transformation
X1 —Xo x— X
x = f(x) = ! 2 X 0
X] - XO X — X2

maps Xy, X1, X» to 0, 1, oo, respectively, and X;+3 (k =0, 1,2) to

f( ! ) = EZ8 (14 o)1 + X&) + B2 + £ X2l - ) + OE)

82X & -&
19‘3‘ ﬂj N N
= 0_3(1 +0(9)(1 - Zssz + ' GX7 + 0(").
On the other hand, the linear fractional transformation
x f(x) = §1=&x—6
L-bx—&

maps &, &1, 10 0, 1, 0o, respectively, and maps &3 (k =0, 1,2) to

f(i) S8Rz Y ead”

gzé\k é‘:l - é‘:O m=0
= i(l - &by — &) — ' 8&a60 — £2) + O(°) .
& -6
Here % = Z—% and & — & = 195,

I Proof of Claim 16

‘We have

04
3,73, 3,/°.3,0 _ 73,01 ( p3.j.3.0 3,j’,3,€’)
X2,j,2,€ X2,j’,2,€’ - 94 (R2,j,2,€ R2,j’,2,€’ >
2.0

where either j = j/ = 3 (the case X3 — Xs)or{ = j’ =2 (thecase X3—Xg)or{ = =4
(the case X4 — X5). The case X3 — X4: Here £ = j/ = 2, and

3,3,3,2 3234 _ 4.2 p() (1) (1) (1)
R2,3,2,2 - R2,2,2,4 =4v (R3,3 - R2,3 - R3,4 + R2,4)

4 (4 pM p(h) (1) (1) M3 K 4 (41 p() () ) (1) K )72
# vt (4RRY + 4RORS + [RO[ + 3 [R]) - vt (4RIRY, + 4RRL, + [R] + 3 [RY)]

4 (p() (p) | p) I0) 4 (M pM , p (M, p
— 16v (R&3 (R2y3 + Rm) + R3,2R2,3) +16v (133’21?2,4 +RY) (Rz,2 + RZA))
4 4 (0@ _ p@ @ , p®
3 (R3,3 — Ry =Ryt R2,4)
+00°).

The case X3 — Xs: Here j = j' = 3, and

3,3,3,2 3,334 _ 4.2 p() (1) (1) (1)
R2,3,2,2 - R2,3,2,4 =4v (R3,2 - R3,4 + R2,4 - R2,2)

4( 4 p) p(h) (1) (1) M2 K 4 (4 p) () M) (1) K 172
# vt (4RRY + 4RORS + [RA[ 4 3 [RU]) - v* (4RRY + 4RORL, + [R] + 3 [RY)]

4 (p(1) p(1) (1) p(1) 4 (p(1) p(1) (1) p(1)
—16v (133’3132’2 + R3y2R2’3) +16v (R3’3R2y L +R 4132’3)

4 400 @\ _ 4 4(n@®  p@
+ §V (R3,2 - Rz,z) - gv (R3,4 - R2,4)
+00°).

87



Now we have

3332 p3234 (1) (1) (1) () 5
X3 —-Xy Ry~ Ry5%, _ Ry3—R3— Ry, + Ry, + 007) (] .\ 0(v2))
_ Y. p3332 _ p3334 0] ) D )
X3 = Xs Ry355 = Ry35, Ry, —R,, —Ry,+R;,
(M _ Hray, )( P30, _ ﬂgﬂzz)
_ REYOY tha,, I\ P30, Y4.0,, (1 + O(Vz))
('93.9,, _ '95.9,, )( 19/2,922 _ '921.922
LAY oy N\day, P10y,
Yoy Piay
1937927 194.(272 2
=———0+0(
192,922 _ 04.922 ( ( ))
.0 Da0y
4
2,00
=21 +007)
03,922
Addendum: We have
4
X;-X, Ui, ) 12 5
S = 21+ 007) = (16p)% + 0(p2))(1 + 007,
Xs=Xs 03,

so when p; is small, so is the distance between X3 and Xj.
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