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Abstract: We introduce two probabilistic models for N interacting Brownian motions
moving in a trap in R? under mutually repellent forces. The two models are defined in
terms of transformed path measures on finite time intervals under a trap Hamiltonian
and two respective pair-interaction Hamiltonians. The first pair interaction exhibits a
particle repellency, while the second one imposes a path repellency.

We analyse both models in the limit of diverging time with fixed number N of Brow-
nian motions. In particular, we prove large deviations principles for the normalised
occupation measures. The minimisers of the rate functions are related to a certain
associated operator, the Hamilton operator for a system of N interacting trapped par-
ticles. More precisely, in the particle-repellency model, the minimiser is its ground
state, and in the path-repellency model, the minimisers are its ground product-states.
In the case of path-repellency, we also discuss the case of a Dirac-type interaction,
which is rigorously defined in terms of Brownian intersection local times. We prove a
large-deviation result for a discrete variant of the model.

This study is a contribution to the search for a mathematical formulation of the
quantum system of N trapped interacting bosons as a model for Bose-FEinstein con-
densation, motivated by the success of the famous 1995 experiments. Recently, Lieb
et al. described the large-IN behaviour of the ground state in terms of the well-known
Gross-Pitaevskii formula, involving the scattering length of the pair potential. We
prove that the large-N behaviour of the ground product-states is also described by
the Gross-Pitaevskii formula, however with the scattering length of the pair potential
replaced by its integral.
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1. INTRODUCTION AND RESULTS

1.1 Introduction and motivation

Consider a large number of identical particles in a trap under the influence of a mutually repellent pair
interaction. We assume that their wave function is invariant under permutations of the single-particle
variables. Particle ensembles whose many-body wave functions have this invariance property are
called boson systems in physics. A specific property of bosons is that, for large number of particles, at
extremely low temperature, they undergo a phase transition, the so called Bose-FEinstein condensation.
This formally means that a macroscopic portion, the condensate, is described by one single-particle
wave function. Bose-Einstein condensation was theoretically predicted S.N. Bose and A. Einstein in
the 1920ies, and a huge theoretical literature has been accumulated since. After appropriate cooling
methods had been developed, the first experimental realization of this condensation succeeded in 1995
[A95], [B95], [D95]. For this remarkable achievement, the Nobel prize in physics 2001 was awarded to
E.A. Cornell, W. Ketterle and C.E. Wieman. A comprehensive account on Bose-Einstein condensation
is the recent monograph [PS03].

Motivated by the experimental success, in a series of papers Lieb, Seiringer and Yngvason [LSY00a],
[LSYO00Db], [LSYO01], [LS02] obtained a mathematical foundation of Bose-Einstein condensation at zero
temperature. The mathematical formulation of the N-particle boson system is in terms of an IN-
particle Hamilton operator, Hpy, whose ground states describe the bosons under the influence of a
trap potential and a pair potential, see (1.7). Lieb et al rigorously proved that the ground state
energy per particle of H (after proper rescaling of the pair potential) converges towards the energy
of the well-known Gross-Pitaevskii functional, and the ground state is approximated by the N-fold
product of the Gross-Pitaevskii minimiser. Moreover, they also showed the convergence of the reduced
density matrix, which implies the Bose-Einstein condensation. As had been generally predicted, the
scattering length of the pair interaction potential plays a key role in this description.

Much thermodynamic information about the Boson system is contained in the traces of e /M~
for B > 0, like the free energy, or the pressure. Since the 1960ies, interacting Brownian motions are
generally used for probabilistic representations for these traces. The parameter 8, which is interpreted
as the inverse temperature of the system, is then the length of the time interval of the Brownian
motions. However, the traces do not contain much information about the ground state. Since the
pioneering work of Donsker and Varadhan in the early 1970ies it is basically known that the ground
states are intimately linked with the Brownian occupation measures. This link is established via the
theory of large deviations for diverging time, which corresponds to vanishing temperature.

Since the present paper’s research is focussed on the Brownian model, we prefer to write 1" instead
of 5. In the present article, we study models of a fixed number N of trapped interacting Brownian
motions given in terms of transformed measures for paths of length T'. A trap Hamiltonian, putting
‘hard‘ or ‘soft* walls, keeps the motions in a bounded region. We consider basically two different types
of pair-interaction Hamiltonians, both imposing mutually repellent interaction: the first one, which we
call the G-model, imposes particle-repellency, while the second, which we call the K-model, imposes
path-repellency. More precisely, in the G-model the N motions interact with each other at common
time units, and in the K-model, the particles interact with the means over the whole paths of the
other motions. The G-model comprises the above mentioned standard representation of the traces,
while the K-model is apparently introduced here for the first time. It is the main aim of this paper to
study the large-T" behaviour of the G- and the K-model in terms of large deviations principles for the
Brownian occupation measures.

One of our main results is a large deviations principle for the joint occupation measure of the V-
tuple of the motions in the G-model. The rate function is given by the energy of the operator H y.
In particular we prove a law of large numbers for the occupation measure towards the ground state.
The large-T behaviour of the K-model is different and is described in terms of the ground product
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states of Hp, i.e., the minimisers of the energy of H among all product states. Our main result here
is a large deviations principle for the N-tuple of the occupation measures of the motions. The rate
function is the Hy-energy of the product of the components of the tuple. In particular, we have a
law of large numbers for the occupation measure tuple towards the set of the ground product states.
We also discuss a mathematical idealisation of the K-model, where the pair-interaction potential is
replaced by the Dirac-measure at zero. This model (which is trivial for the G-model) is defined in
terms of Brownian intersection local times, an object whose large deviations properties are currently
much studied from a probabilistic point of view. We prove analogous large-deviation results for a
discrete variant of the model. Finally, we also study the ground product states of Hy in the limit
N — oo. In dimension d = 3, the rescaling of the pair potential is the same as was considered by
Lieb et al. It turns out that the energy converges towards the Gross-Pitaevskii formula, and the mean
converges towards the minimiser. However, the scattering length must be replaced by the integral of
the pair-interaction potential, which is a strictly larger number. In dimension d = 2, we prove the
same result, however, the scaling is here different from the one considered by Lieb et al.

The replacement of the ground state energy by the product ground state energy is known as the
Hartree-Fock approach. One of the main novelties of the present article is a probabilistic version of
the Hartree-Fock idea for interacting Brownian motions; indeed, the product states are interpreted
in terms of the occupation measures in the K-model. Another main novelty is a rigorous proof of
the asymptotic relation, for diverging particle number, between the ground product states and the
Gross-Pitaevskii minimiser with parameter equal to the integral of the pair-interaction potential. This
relation and the one between (unrestricted) ground states and the scattering length is a general issue
and has been phenomenologically discussed elsewhere. However, the former has previously not been
rigorously proved for the N-body problem.

Future work will be devoted to the asymptotic analysis of the G- and the K-model at fixed finite
time for diverging particle number. This hopefully leads to a probabilistic model for Bose-Einstein
condensation at fized positive temperature. The present paper serves as a mathematical foundation
of this task.

The remainder of this section is structured as follows. We first define the two basic variational
problems in Section 1.2. In Section 1.3 we define the G- and the K-model, respectively. Our results on
the large deviations behaviours of these two models are also presented in Section 1.3. In Section 1.4 we
discuss the Dirac-type interaction. The large-IN behaviour of our key variational formulas is treated
in Section 1.5. The notion of a large-deviations principle and of the scattering length are recalled in
Section 1.6.

The subsequent sections are devoted to the proofs: in Sections 2, 3 and 5 we prove our results on
the K-model, its Dirac-type variant and the G-model, respectively, and in Section 4 we analyse the
ground product-states and its large- N behaviour. Throughout the paper we consider only dimensions
d > 2; in Section 1.5 we restrict to the case d € {2, 3}.

1.2 The variational problems

We introduce two fundamental variational problems for the energy of N particles in R¢ under the
influence of two potentials.

1.2.1 The potentials.

Our two fundamental ingredients are a trap potential, W, and a pair-interaction potential, v. Our
assumptions on W are the following.

W: R? — [0, 0] is measurable and locally integrable on {W < oo} with I%im ‘i‘nfRW(x) = 00.
—00 |x|>
(1.1)

In order to avoid trivialities, we assume that {W < oo} is either equal to R? or is a bounded connected
open set containing the origin.
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Our assumptions on v are the following. By B,(z) we denote the open ball with radius r around
xr € R4

v: [0,00) — RU {400} is measurable and bounded from below, L
a :=sup{r > 0: v(r) = oo} € [0, 00), V|(y,00) is bounded V1 > a. (12)

Note that we also admit v(a) = +00. We are mainly interested in the case where v has a singularity
to oo, i.e., either a > 0, or a = 0 and lim, o v(r) = co. Examples include also superstable potentials
and potentials of Lennard-Jones type ([Rue69]). According to integrability properties near the origin,
we distinguish two different classes as follows.

Definition 1.1. We call the interaction potential v a soft-core potential if a = 0 and fBl(o) v(|z|) de <
+o0o. Otherwise (i.e., ifa > 0, orifa =0 and fBl(O) v(|z|) de = 4+00), we call the interaction potential
a hard-core potential.

We shall need the following d/N-dimensional versions of the trap and the interaction potential:

N
W)=Y W(z) and  ox)= > vz — 1), (1.3)
i=1

1<i<j<N
where z = (z1,...,zy5) € R, Our potential 20 + v is locally integrable precisely on the set
Q= (W < 0o}V 1 RNV %f v %s soft-core, (1.4)
U, if v is hard-core,
where
Uy, = ﬂ {x e RN |z — x| > 1}, n > 0. (1.5)
1<i<j<N
Note that U, is a connected set in d > 2.
1.2.2 The ground state energy.
Our first fundamental object is the ground-state energy per particle
1
- inf h,Hxh) = — inf [Vh2+ 2, h?) + n,hz], 1.6
WNEN heHY(Q): ||h\|2:1< wh) N heH (Q): ||h]l2=1 VAl +1 s ) (1.6)

of the N-particle Hamilton operator
Hy=—-A+W+v on L?(Q). (1.7)

Here HY(Q) = {f € L*(Q): Vf € L?(Q)} is the usual Sobolev space, and V is the distributional
gradient. We summarise some facts about the ground states of H y.

Lemma 1.2 (Ground states of Hy). Fiz N € N.

(i) There is a unique minimiser h, € H'(Q) on the right hand side of (1.6).
(ii) The minimiser h, satisfies the variational equation

Ahy, = Why + 0hye — NxNhy. (1.8)
(iii) The minimiser hy is positive everywhere on Q and continuously differentiable, and its first

partial derivatives are a-Holder continuous for any a < 1.

Proof. The proof is standard and is therefore omitted. See the proof of Lemma 1.3 below or
Appendix A of [LSY00a] for the treatment of similar problems. O
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1.2.3 The ground product-state energy.
Introduce the ground product-state energy of H n, that is,

1

@ _ - inf M@ @hy,HNh1 @+ Q@ hy). 1.9
XN Nhl,...,hNEHlé[ngd):||h¢||2=1Vi< ! o T N> (19)

We can also write

N

1
@ _ L inf [ |:th‘2+ Wh?]+ hZVhQ»} 1.10
XN Nhl,...,hNEHliﬁd): hilla=1Vi Z H HQ ( ’ z> Z < 79 j> ) ( )

i=1 1<i<j<N

where V' denotes the integral operator with kernel v o | - |, either defined for functions by V f(x) =
Jgav(Jz — y|) f(y) dy or for measures by Vu(z) = [pa pp(dy) v(Jz — y[). The main assertions on the
formula (1.9) and its minimisers are summarised as follows.

Lemma 1.3 (Analysis of (1.10)). Fiz N € N.
(i) There exists at least one minimiser (hy,...,hy) of the right hand side of (1.10). The set of

minimisers is compact and invariant under permutation of the functions hy,...,hy.
(ii) Any minimiser (hy,...,hy) satisfies the system of differential equations
Ah; = =Nihi + Whi+ hi » V3, i=1,...,N, (1.11)
J#i

with A\; = ||Vhi||3 + (W, h?) + Zj;éi(h?, Vh3). Furthermore, |[hilloo < Cq(Xi — (N —1)inf v)#4
forany i€ {1,...,N}, where Cy > 0 depends on the dimension d only.

(iii) Let v be soft-core, assume that d € {2,3}, and let (hi,...,hy) be any minimiser. Assume that
v|(0777) >0 for some n > 0. In d= 3, furthermore assume that

/ |v(\yl)‘1+5dy < 00, for some § > 0. (1.12)
B1(0)

Then every h; is positive everywhere in R and continuously differentiable, and all first partial
derivatives are a-Holder continuous for any a < 1.

(iv) Let v be hard-core, assume that d € {2,3}, and let (hy,...,hn) be any minimiser. Then every
h; is continuously differentiable in the interior of its support, and all first partial derivatives
are a-Hélder continuous for any a < 1.

Proof. See Sections 4.1-4.4. O

Remark 1.4. (i) From (1.6) and (1.9) it is obvious that
XN = xw- (1.13)

(ii) Unlike for the ground states of Hy in (1.6), there is no convexity argument available for the
formula in (1.9). This is due to the fact that a convex combination of tensor-products of
functions is not tensor-product in general, and hence the domain of the infimum in (1.9) is not

a convex subset of H'(R¥). However, for hs,...,hy fixed, the minimisation over ki enjoys
the analogous convexity properties on H'(R?) as the minimisation in (1.6).
(iii) If v is hard-core, it is easy to see that the distances between the supports of A1, ...,y have to

be no smaller than a (see (1.2)) in order to make the value of (h1 ® -+ - @ hy, Hyh1 ® - Q@ hy)
finite. The potential Zj £i Vh? is equal to oo in the a-neighbourhood of the union of the
supports of h; with j # i, and h; is equal to zero there (we regard 0 - oo as 0). In particular,
minimisers of (1.9) are not of the form (h,...,h). This shows that the inequality in (1.13) is
even strict. In the soft-core case, this statement is not obvious at all. A partial result on this
question in d = 3 will be a by-product of Section 1.5 below.

O
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1.3 The Brownian models

We introduce two different models of interacting Brownian motions. These models are given in terms
of transformed measures for paths of length 7' in terms of certain Hamiltonians. Let a family of
N independent Brownian motions, (Bél))tzo, ce (BEN))QO, in R¢ with generator —A be given. The
Hamiltonians of both models possess a trap part and a pair-interaction part. The trap part is for both
models the same, namely

N .7
Hyr = Z/ W (B{")ds, (1.14)
=170

We assume that the joint starting distribution of the motions, i.e., the distribution of the vector
(Bél), .. ,BéN))7 is concentrated on a compact subset of Q.

1.3.1 The G-model.

The Hamiltonian of our first model consists of two parts: the trap part given in (1.14), and a pair-
interaction part,

GNT = Z/ (1B — BY)|) ds (1.15)

1<i<j<N
We look at the distribution of the N Brownian motions under the transformed path measure
d]/I\DE\C;:)T = exp(—HN,T — GN,T) d]P), where Z](\?,)T = E(exp(—HN,T — GN,T))- (116)

7@

N, T
We call the model ]P’( NT introduced above the G-model. It is a model for N Brownian motions in a
trap W with the presence of a repellent pair interaction. We can conceive the N-tuple of the motions,
B, = (Bél), By ‘")) as one Brownian motion in R, Introduce the normalised occupation measure
of the dN-dimensional motion,

1 (T
= —/ dp,(dzx)ds, (1.17)
T Jo

which is a random element of the set M1 (R%) of probability measures on RV, It measures the time

spent by the tuple of N Brownian motions in a given region. Note that there is only one time scale
involved for all the motions, i.e., the Brownian particles interact with each other at common time
units. We can write the Hamiltonians in terms of the occupation measure as

Hy 7 =T(20, pur) and Gy =T(v, pur), (1.18)
where the functions 20, v: R — R are introduced in (1.3).

It turns out that the large-T" behaviour of the G-model is described by the ground state of the
operator Hy in (1.7). In Section 1.6.2 below we recall the notion of a principle of large deviations.
The rate function Iy appearing in Theorem 1.5 is the well-known Donsker-Varadhan rate function on

RN defined by

dp 2 . dp 1 AN .
In(p) = HV\/ dm”g if /4 € H'(R™Y) exists , (1.19)
00 otherwise.

Note that the energy functional (h, Hyh) may be rewritten (h, Hxh) = In(p) + (20, u) + (o, u) for
the probability measure p(dz) = h%(z) dx.

Theorem 1.5 (G-model at late times). Fiz N € N.
(i)
Tlgréo ﬁ logE(exp( Hynr— GN,T)): —XN, (1.20)

where x N is the ground-state energy per particle of the N-particle operator Hy given in (1.6).
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ii) As T — oo, the distribution of pur on My (R™) under P satisfies a principle of large
N,T

deviations with speed T and rate function I](\?) given by
I (1) = In (1) + (20, 1) + (o, ) — Nxwy for p € My(R™). (1.21)

(iii) The distribution of pr under @ﬁ)T converges weakly towards the measure hy(z)? dz, where h,
is the unique minimiser in (1.6).

Proof. See Section 5. |

Remark 1.6. It is well-known [Gin70] that the bottom of the spectrum of H y is related to the large-7'
behaviour of the trace of e 7"~ more precisely,

YN = —TlgréoN—logTr( —THNY, (1.22)

Using the Feynman-Kac formula for traces, we have
Tr (e777V) = / de E <e*T<w+UvHT>)7 (1.23)
Q

where EY” is the expectation with respect to a Brownian bridge of length T' that starts and ends at
x € RN Note the close relation to Theorem 1.5. O

1.3.2 The K-model.

Our second Brownian model is defined in terms of another Hamiltonian. We keep the trap Hamiltonian
Hy 7 asin (1.14), but the interaction Hamiltonian is now

Knr= Y. // (IBY — BY|) dsdt. (1.24)

1<z<]<N

Note that the i-th Brownian motion interacts with the mean of the whole path of the j-th motion, taken
over all times before T. Hence, the interaction is not a particle interaction, but a path interaction.
We consider the corresponding transformed path measure,

dI/P\)E\I,()T = exp(—Hyr — Kn7)dP, where Z%()T = E(exp(—HMT - KN,T))- (1.25)

(&)
N,T

We call this model the K-model. We introduce the normalised occupation measure of the i-th motion,

; 1T
() = /0 5 0 () ds € My (R, (1.26)
The tuple of the N occupation measures, (,u(jf), cee u&fv )), plays a particular role in this model. We
can write the Hamiltonians as
Hyr = TZ (Wou§) =T(@0,43)  and  Kyp=T Y (uf,Vud)=T(o,uf), (1.27)
i=1 1<i<j<N

where we recall (1.3) and the operator V with kernel vo|-|, and u$ = p¥ @ --- @ pf” is the product
measure. Now we formulate the main result on the large-time behaviour of the K-model.

Theorem 1.7 (K-model at late times). Assume that W and v are continuous in {W < oo} resp. in
{v < o0}. Furthermore, assume in the soft-core case that there exists an € > 0 and a decreasing
function v: (0,e) — R with v < v on (0,¢), which satisfies fBE(O) G(0,y)v(Jy|)dy < oo, where G

denotes the Green’s function of the free Brownian motion on R®. Fiz N € N.
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(i) For X% as defined in (1.10),

1
. _ (®)
Th_I,I;O NT logE(exp(—HN,T — KN,T))— XN - (1.28)
(ii) As T — oo, the distribution of the tuple (,u%), . ,,LL(TN)) of Brownian occupation measures on

Mi(RHN under I/P\)E\I;)T on satisfies a large deviation principle with speed T and rate function

N
I (s o) = D D) + (0, 1%) + (0, 4%) = N, s un € Mu(RY),  (1.29)
=1
where Iy is defined in (1.19), and u® = py @ -+ ® uy is the product measure.
(iii) The distribution of (,uﬁfl), . ,Méiv)) under PK,{)T converges weakly towards the set of minimisers
in (1.10).
Proof. See Section 2. U
Remark 1.8. (1) The additional assumption of continuity of W and v is necessary only in the

proof of the upper bound, where we rely on large-deviation arguments and need continuity
of the map p +— (u, W AM + (vo|-|) A M) in the weak topology on the set of probability
measures. In the proof of the lower bound, we use an eigenvalue expansion, which needs only
local integrability.

(2) The additional assumption that there is a function ¥ with v < ¥ and [ 0 G0, y)o(ly])dy < oo
in the soft-core case is necessary only in our proof of the lower bound. This means that we
can handle the case where v(r) < O(r~—¢) as r | 0 with € < 2, but not the case v(r) > Cr—¢
with e € [2,d], as the sole requirement |’ B1(0) 9(|ly|) dy would include.

O
Let us draw a corollary about the mean of the N Brownian occupation measures,
| N
m _ (1) d
ANT =737 leuT € My(R?). (1.30)
1=

Corollary 1.9. Fiz N € N. As T — oo, the distribution of the mean [y under I/P\)E\I;)T satisfies a
large deviation principle in the weak topology on M1(R?) with speed TN and rate function

mean N
I () = (W, ) + =, Vi)

2
L 1 (1.31)
+ inf [— L) = 57 D (kas Vi ] — XN -
Py pN EM (RE): i=p N; (k) 2N ;< ' o N
In particular, Ji o converges under I/P\)X;)T, as T — oo, weakly towards the minimiser(s) of I](f’mea") on

M (RY).

Remark 1.10. If one would change the K-model by adding all the terms for ¢ = j in the pair-
interaction term, then all statements would remain valid after obvious changes in the notation. This
model has an additional self-interaction of each path.

For this model, stronger statements are possible. Assume that v is such that the map p — (1, V)
is convex on M;(R?). Then the rate function in Corollary 1.9 (without the term 5% Ziil(,ui, Vi)
may be identified as I(u) + (W, p) + (i, V) (minus the normalisation) and therefore turns out to be
strictly convex. O
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1.4 Dirac interaction

In this subsection we discuss a further interesting choice of the interaction potential. We restrict now
to dimensions d € {2,3}. We do not choose the interaction as a function, but as a measure, still
keeping the singularity at zero. In other words, we replace v by the Dirac measure at zero, dy.

Let us first remark that the G-model does not feel this interaction, since P(3s : B’ = B{) = 0
and hence 3 1, ;y fOT So(| B — BY|)ds = 0 almost surely. Hence, the G-model with v replaced
by &p is the same as if v would be replaced by 0

However, in d = {2, 3}, the K-model is non-trivial and highly interesting. In order to see this, recall
the intersection local time of the i-th and the j-th motion for ¢ < j, which is formally defined by

ol () T2/ ds/ dt 6,(|B — BY)|). (1.32)

It is known [GHRS84] that there is a continuous stochastic process (a$”’(z)),cge which justifies this
formal definition, i.e., for any continuous bounded function f: R? — R, we have the formula

[ @ @ = 5 [ ds/ at £(|BY — BY).

Furthermore, a(T’ ) is even continuous in 0, which makes it possible to define the normalised amount of

intersection of B and B as the random variable o'’ (0). Hence, we can replace the Hamiltonian
Ky in (1.25) by
[?N,T = AT Z ati?(0), for some A € (0, 00]. (1.33)
1<i<j<N

In the case A = oo, we replace the part e_)‘f(N’T, together with the normalisation, by conditioning on
{al”(0) = 0Vi < j}. The relevant variational problem should be

N N
inf { VAl + S (W02) + 4 2 (3] i A€ (0,00),
Ll 1<i<j<N (1.34)
- |

2 s _
hlglfSJ{ZHVthJrZ(Wh )} if A = oo,

XN () =

where ‘inf,” is taken over hy,...,hy € H'(R?) satisfying ||h;||s = 1 for all i = 1,..., N, and ‘inf}, disj’
is taken over such hq,...,hyx with the additional constraint that the interiors of their supports are
disjoint. Using the means of the proof of Lemma 1.3 in Sections 4.1-4.3 below, one can also show the
following.

Lemma 1.11 (Minimisers in (1.34)). (i) For any X € (0,00], the infimum in (1.34) is attained.
(i1) Any minimiser (hy,...,hy) of (1.34) satisfies the following system of Fuler-Lagrange equa-
tions:
{Ahi = —Aihi + Whi+ A Y, h2 if A < o0,
Ah; = —X\;h; + Wh; if A = o0,

where \; = ||[Vhi||3 + (W, h2) + )\Z#Z(hf,h% for X < oo respectively \; = ||[Vh;|3 + (W, h?)
in the case A = oo.

(iii) Let (hi,...,hN) be a minimiser of (1.34). In d = 2, every function h; is, in the interior of
its support, continuously differentiable, and the first derivatives are a-Hélder continuous for
any o < 1. Furthermore, in the case A\ < oo, h; is positive everywhere. In d = 3, every h¥
is locally integrable for any p € (0,3). For A = oo, every h; is, in the interior of its support,
continuously differentiable, and the first derivatives are a-Holder continuous for any o < 1.

(iv) limyjeo X(éo)()\) = XES,O)(OO).
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It is natural to conjecture that, for any N € N and any A € (0, 0],
im —— logIE —Hyr—Kn7) _ (%0) 1.
Jim N ogE(e ) ==Xy (V) (1.35)

and that the tuple of normalised occupation measures of the motions stands in the analogous relation
to the minimisers as in Theorem 1.7. However, we do not know how to prove this conjecture, since
the treatment of Brownian intersection local times is technically notoriously difficult. Instead, we
offer an analogous result for simple random walks in place of Brownian motions, which we can handle
rigorously.

For this purpose, let (S )te[o ) be independent continuous-time simple random walks on Z¢ for
i=1,..., N with generator —A given by Af(z) = >_, __(f(y)—f(2)), starting at zero. The normalised
intersection local time of the i-th and the j—th walk is given as

7119) T2 Z g

2€Z4

where E( (2 fo 1{S{” = 2} dt denotes the local times of the i-th walk up to time 7 > 0. In order
to have a perfect scaling property, we restrict to the trap potential W (z) = |z|P for some p > d — 2.
We consider the following model:

N .7
~ 1 1 i dtp
dBY = - exp ( - = Z/ W(S)ydt = AT=5 Y oz(T”> dP. (1.36)
N,T i=1 70 1<i<j<N
As usual, Z](\?)T > 0 denotes the constant that makes @%)T a probability measure. Again, in the case
A = 00, we interpret the second term as conditioning on the event {aé’%’j ) =0Vi < j }. Note the factor
d+
of 1/T in front of the trap term and the factor of T2 in front of the interaction term. The first
ensures that the properly rescaled random walks approach some Brownian motions, which makes the
model asymptotically equal to the above Brownian model. In order to formulate our result on the
large-T' asymptotics of IP’NT, we need to introduce the following normalised and rescaled version of

@
d
L) = L6 ((wprl), € R, where fr =T, (1.37)

Note that L} is a (random) probability density on RY. Let 3’ (dz) = L} (x) dz be the corresponding
measure.

Theorem 1.12 (Discrete Dirac-interaction model at late times). Fiz d > 2 and p > d — 2. Further-
more, let N € N and X\ € (0,00]. Then

(i)

Jim T 77 log ZQ0r = —Nxy” (\). (1.38)
(ii) AsT — oo, the distribution of the tuple (“T . ,Méiv)) of normalised rescaled local times under

]/I\”E\A,)T on My (RHN satisfies a large deviation principle with speed TT% and rate function

I](\?)(:ula7,LLN):ZII(:U‘Z)+<QU7/‘L®>+ Z <%};1’%> NX(éo)()‘)v /‘Ll,"'queMl(Rd)a
j 1<i<j<N
(1.39)
where I is defined in (1.19), p® = p1 ® -+ @ uy is the product measure, and we define
I(A) (11, ..., puN) = +00 if any of the measures 1, ..., un fails to have a Lebesgue density.
(iii) The distribution of (,u(%), . ,M%V)) under I/P\)E\A,?T converges weakly towards the set of minimisers

n (1.34).
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Proof. See Section 3. (I

Note that Theorem 1.12 is true in any dimension d > 2 while the Brownian version is well-defined
only in d € {2,3}.

1.5 Large-N behaviour of the product-ground states

In this section we study our main variational formulas, y 5 and XE?), and their minimisers in the limit

for diverging number NN of particles. In particular, we point out some significant differences between
xn~ and its product-state version Xﬁ) in the soft-core and the hard-core case, respectively.

First we report on recent results by Lieb, Seiringer and Yngvason on the large-N behaviour of y y.
Let the pair functional v be as in (1.2) and assume additionally that v > 0 and v(0) > 0.

We shall replace v by the rescaling vy (-) = ﬂ]fv( . ,6’&1), for some appropriate Oy tending to zero
sufficiently fast. Hence, the reach of the repulsion is of order [y, and its strength of order 5&2.
Furthermore, the scattering length of v, a(v), is rescaled such that a(vy) = a(v)Bn (see Section 1.6.1
below for the definition of the scattering length and some of its properties). If By | 0 sufficiently
fast, this rescaling makes the system dilute, in the sense that a(vy) < N —1/d " This means that
the interparticle distance is much bigger than the range of the interaction potential strength. More
precisely, the decay of Sy will be chosen in such a way that the pair-interaction has the same order
as the kinetic term. In d = 3, this choice of this rescaling is motivated by famous experiments for the
derivation of Bose-Einstein condensation of a large, but finite, dilute trapped system of IV real particles
(87Rb [A95], "Li [B95], 23Na [D95], but also more recently ®*Rb, 'K, 133Cs, hydrogen, metastable
triplet “He, 17Yb, 8°Rby, and %Liy). Here the scattering length is of the order 1073, whereas N varies
from 103 to 107.

The mathematical description of the large-IN behaviour of x  in this scaling, and hence the theo-
retical foundation of the above mentioned physical experiments, has been successfully accomplished
in a recent series of papers [LSY00a], [LY01], [LSYO01], [LS02]. It turned out that the well-known
Gross-Pitaevskii formula adequately describes the limit of the ground states and its energy. This
variational formula was first introduced in [Gro61] and [Gro63] and independently in [Pi61] for the
study of superfluid Helium. After its importance for the description of Bose-Einstein condensation
of dilute gases in magnetic traps was realised, the interest in this formula considerably increased; see
[DGPS99] for a summary and the monograph [PS03] for a comprehensive account on Bose-Einstein
condensation.

The Gross-Pitaevskii formula has a parameter a > 0 and is defined as follows.
§U = if (I3 + (W, ¢%) + dma ]3] (1.40)
PEH (RY): ||¢ll2=1

It is known [LSY00a] that Y5 possesses a unique minimiser ¢4, which is positive and continuously

differentiable with Holder continuous derivatives of order one.

Since v(0) > 0, its scattering length «(v) is positive (see Section 1.6.1 below). The condi-
tion f;’ilv(r)rd_l dr < oo implies that a(v) < co. Furthermore, note that the rescaled potential

B~ 2v(-B71) has scattering length Ba(v) for any 3 > 0.

Theorem 1.13 (Large-N asymptotics of xn in d € {2,3}, [LSY00a], [LYO01], [LSYO01]). Assume that
d € {2,3}, that v > 0 with v(0) > 0, and [, v(r)ri=tdr < co. Replace v by vn(-) = By v(- By")
with By = 1/N in d = 3 and B3 = a(v)_Qe_N/o‘(”)N||¢(aG(z))||Z4 ind=2. Let hy € H'(R™) be the
unique minimiser on the right hand side of (1.6), and define cb?v € HY(R?) as the normalised first
marginal of h%, i.e.,

(b?v(x):/ RA(x,x9,. .., xn) dzy - - - day, z € R
RA(N-1)
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Then we have

]\}EIIOO XN = X(QG(B and  ¢x ((ﬁ(GP)) in weak L'(RY)-sense.

a(v)

(GP))®N
a(v)

if N gets large. In order to obtain the Gross-Pitaevskii formula as the limit of xy also in d = 2,
the rescaling of v in Theorem 1.13 has to be chosen in such a way that the repulsion strength is the
inverse square of the repulsion reach and such that this reach decays exponentially, which is rather
unphysical.

In particular, the proofs show that the ground state, hy, approaches the product-state (¢

In the present paper, we prove the analogue of Theorem 1.13 for the K-model in the soft-core case.
It turns out that XES/?) in (1.10) also converges towards the Gross-Pitaevskii formula. However, in
d = 2, it turns out that the potential v has to be rescaled differently. Furthermore, in d € {2, 3}, the
scattering length a(v) is replaced by the number

a(0) = g- [ ooy (1.41)
™

Theorem 1.14 (Large-N asymptotics of x;’, soft-core case). Let d € {2,3}. Assume that v is a

soft-core pair potential with v > 0 and v(0) > 0 and a(v) < co. In dimension d = 3, additionally

assume that (1.12) holds. Replace v by vn(-) = N¥o(- N) and let (h"",...,hY’) be any minimiser

on the right hand side of (1.10). Define ¢%, = = Zﬁ\il(th))Q. Then we have

: ® _ ,(GP) 2 (GP))2
]\;EnooXN =Xz a(v) and N — (¢a(v)) s

where the convergence of gb%\, is in the weak LY(RY)-sense and weakly for the probability measures

#2(z) dx towards the measure (gb;z;)Q(a@) dz.

Proof. See Section 4.5. O

Note that, in d = 3, the interaction potential is rescaled in the same way in Theorems 1.13 and
1.14. However, the two relevant parameters depend on different properties of the potential (the
scattering length, respectively the integral) and have different values, since a(v) < a(v) (see [LYO01]
and Section 1.6.1 below). In particular, for N large enough, the ground state of x x is not a product
state. This implies the strictness of the inequality in (1.13), for v replaced by vy(-) = N2v(-N).
The phenomenon that (unrestricted) ground states are linked with the scattering length has been
theoretically predicted for more general N-body problems [FW71, Ch. 14], [Po83]. Indeed, Landau
combined a diagrammatic method (a Born approximation of the scattering length) with Bogoliubov’s
approximations to almost reconstruct the scattering length from the L'-norm of v o |- | in the (non-
dilute) ground state. However, the relation between the L'-norm and the product-ground states was
not rigorously known before.

In d = 2, a more substantial difference between the large-N behaviours of x 5y and XES/?) is apparent.
Not only the asymptotic relation between the reach and the strength of the repulsion is different, but
also the order of this rescaling in dependence on N. We can offer no intuitive explanation for this.

Interestingly, in the hard-core case, X(@) shows a rather different large-N behaviour, which we want
to roughly indicate in a special case. Assume that W and v are purely hard-core potentials, for
definiteness we take W = oollg, (g)c and v = ocollg,. We replace v by vy(-) = v(-/Bn) for some
BN | 0 (a pre-factor plays no role). Then XE?) is equal to % times the minimum over the sum of the
principal Dirichlet eigenvalues of —A in NV subsets of the unit ball having distance > afy to each
other, where the minimum is taken over the N sets. It is clear that the volumes of these IV sets should
be of order %, independently of the choice of By. Then their eigenvalues are at least of order N2/¢.

Hence, one arrives at the statement lim inf y_, N*2/dxﬁ$” > 0, i.e., Xﬁ?) tends to oo at least like N2/4,
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1.6 Preliminaries

1.6.1 The scattering length.

Let us briefly introduce the scattering length of the pair potential, v, and its most important properties.
For a detailed overview, see [LYO1]. First we turn to d > 3. Let u: [0,00) — [0,00) be a solution of
the scattering equation,

1
o' = Juv on (0, 00), u(0) = 0. (1.42)
Then the scattering length a(v) € [0, 00|, of v is defined as
o u(r)
a(v) = rlin;o [r - u’(r)}' (1.43)

If v(0) > 0, then a(v) > 0, and if [, v(r)ré=ldr < oo, then a(v) < oo. In the pure hard-core case,
Le.,, v =00l ,), we have a(v) = a. It is easily seen from the definition that the scattering length of
the rescaled potential 3~2v(- 371) is equal to Ba(v), for any 38 > 0.

There is some ambiguity of the choice of w in (1.42); positive multiples of u are also solutions, but
the factor drops out in (1.43). We like to normalise u by requiring that lim g v/(R) = 1. It is easily
seen that (where wy denotes the area of the unit sphere in R?),

/]Rd v(|x]) ’2;(“;_2 dz = wy /OOO v(r)u(r)rdr = 2wy /OO o’ (r)rdr = 2wy lim (ul(T)T‘R - /OR u'(r) dr)

0 R—oo 0
= 2wy lim (' (R)R — u(R)) = 2wga(v).

R—o0

(1.44)

As a consequence, in dimension d = 3, we have a(v) < a(v). Indeed, u is a nonnegative convex

function whose slope is always below one because of limp_,o, v/(R) = 1. By u(0) = 0, we have that

u(r) < r = r42 for any r > 0. With the help of (1.44) we therefore get 8ta(v) = 2wqa(v) <
Jga v(|z]) dz = 8ra(v).

In d = 2, the definition of the scattering length is slightly different. We treat first the case that

supp(v) C [0, Ry] for some R, > 0 and consider, for some R > R,, the solution u: [0, R] — [0,00) of
the scattering equation

1
U’ = Juv on [0, R], u(R) = 1,u(0) = 0.
Then u(r) = log ﬁ/log % for R, < r < R for some a(v) > 0, which is by definition the scattering

length of v in the case that supp(v) C [0, R.]. Note that «(v) does not depend on R. Hence,

logr — u(r)log R
1—u(R) ’

log a(v) = R.<r<R.

For general v (i.e., not necessarily having finite support), v is approximated by compactly supported
potentials, and the scattering length of v is put equal to the limit of the scattering lengths of the
approximations.

1.6.2 Large deviations principles.

For the convenience of our reader, we repeat the notion of a large deviations principle. A family
(X7)7r>0 of random variables X, taking values in a topological vector space X, satisfies the large
deviations upper bound with speed ap, where ap — oo for T' — oo, and rate function 7: X — [0, o0
if, for any closed subset F' of X,

1
limsup — log P(X7 € F) < — inf I(z),
T—oo AT zEF
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and it satisfies the large deviations lower bound if, for any open subset G of X,

1
liminf —logP(Xr € G) > — inf I(x).
i A
If both, upper and lower bound, are satisfied and, in addition, the level sets {I < ¢} are compact for
any ¢ € R, then one says that (X7)r satisfies a large deviations principle. This notion easily extends
to the situation where the distribution of X7 is not normalised, but a sub-probability distribution
only.

In the proofs of Theorem 1.7 we shall rely on the following principles for the normalised Brownian
occupation measures. One of these principles is for the motion in a given bounded set, and the other one

for a periodised version of the motion, which we introduce now. Let R > 0 and Ay = [~ R, R]¢ C RY,
For any probability measure y on R¢ we denote by pur € M1(Ag) the periodised version of y, i.e.,
ur(A) = M( U (A+ QkR)), A C Agr measurable. (1.45)
kezd

Note that the shifted cubes Ar + 2kR with k € Z% are disjoint up to their boundaries, and that their
union covers R?. Recall the Donsker-Varadhan rate function from (1.19). The periodised version of
the rate function I; on M;(Ag) is denoted I\, i.e.,

17 (p) = inf{I1(v): p = vp is the periodised version of v }. (1.46)

The topology used on My (AR) is the weak one, i.e., the one which is induced by test integrals against
all the continuous bounded functions.

Lemma 1.15 (Large deviations principle for occupation measures, [Ga77]). Fiz d € N. Let (B)t>0

be a Brownian motion on R¢ with generator —A, and let pr(dx) = %fOT 0B, (dz)ds be the normalised
occupation measure up to time T > 0. Fiz R > 0.

(i) The family (w1 r)T>0 of Ar-periodisations of pr satisfies the large deviations upper bound with
speed T on M1 (AR) with rate function I\™.

(ii) For any open bounded set A C R?, the family (ur)r>0 satisfies, under the sub-probability
measures P(- N {supp(ur) C A}), the large deviations lower bound with speed T on Mi(A);
the corresponding rate function is the restriction of I to the set of probability measures whose
support lies in A.

In the proof of Theorem 1.12 in Section 3 we shall rely on related principles for the normalised and
rescaled local times L(ji) defined in (1.37), more precisely, for the corresponding measures ,ugi) (dz) =
LY () de.

T

Lemma 1.16 (Large deviations principle for rescaled local times of random walks). Fiz d € N.
Let (St)te[o,oo) be simple random walk on Z with generator —A (the discrete version of the Laplace
operator) and local times {7 (z) = fOT 1{S; = 2} dt, and let 1 < fr < T as T — oo be some scale

function. Ind =1 assume that By < VT, ind = 2 assume that ﬁ% < T/logT. Define the normalised
and rescaled occupation measure by

_ G
pr(de) = T ((lzBr]) da.

(i) The family (ur,r)T>0 of Ar-periodisations of pr satisfies the large deviations upper bound with
speed T332 on My (AR) with rate function T\ .

(i) For any open bounded set A C R?, the family (ur)r>0 satisfies, under the sub-probability
measures P(- N{supp(ur) C A}), the large deviations lower bound with speed TB7% on My (A);
the corresponding rate function is the restriction of I to the set of probability measures whose
support lies in A.
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Proof. See [GKS04, Lemma 3.2] for the case of a discrete-time random walk. The proof for the
continuous-time setting is very similar and is therefore omitted. ([

2. LARGE DEVIATIONS FOR THE K-MODEL: PROOF OF THEOREM 1.7

In this section we prove Theorem 1.7. We shall proceed according to the well-known Gartner-Ellis

theorem. Therefore, we have to establish the existence of the logarithmic moment generating function

of (,uﬁfl), . ,,uﬁfN)) i.e., the existence of

A (@) = hm — log IENT [exp(TO(uy, ..., 15" )], (2.1)

for any element ® of the dual of the vector space M(R®)N, where M(R?) denotes the set of signed
Borel measures on R?. Note that every linear continuous functional on M;(R%)" is of the form
(11, s i) = SN (fiy ) with f1, ..., fx € Ch(RY), the set of bounded continuous functions on R<.

The main step in the proof of Theorem 1.7 is the following.

Proposition 2.1 (Asymptotics for the cumulant generating function). For any f1,..., fx € Cp(R%)

— —Hyr—Kn 7 T p2) @
Th_r)réoTlogE[e e T} —Nxy' (f), (2.2)
where
1
V() = inf I(j) + (2 + 0 — 2.3
Xy (f) = N ool [Z 1 () + ( fou >} (2.3)

and we wrote 4® — iy ® -+ @ i and f = Fr ® -~ fix.

The next three subsections are devoted to the proof of the upper and lower bound in (2.2), respec-
tively. In Section 2.4 we finish the proof of Theorem 1.7.

An outline of our proof is the following. Recall (1.26) and (1.27) to see that

B[t —Kr T | = fexp { - TZ W) =T 3 () Vi) + im,u%}]

1<i<j<N i=1

= E{exp{ —T<QU—|—U — f,M%>H.

(2.4)
We intend to apply the large deviations principle in Lemma 1.15 and Varadhan’s lemma, which would
immediately yield the result in (2.2). However, there are some technical obstacles to be removed.
Because W explodes at infinity and v has a singularity at the origin, both functionals Hxyr and
Ky, are not continuous and not bounded in the weak topology. Furthermore, there is a priori no
compact domain on which we can apply the large deviations principle of Lemma 1.15. As it concerns
the proof of the upper bound, these technical obstacles will be removed in Section (2.1) via a well
known cutting and periodisation procedure using the large deviations principle in Lemma 1.15(i). An
analogous technique works for the proof of the lower bound in the hard-core case, using Lemma 1.15(ii).
However, for proving the lower bound in the soft-core case, we did not succeed in making the principle
in Lemma 1.15(ii) applicable. The main reason is the singularity of v at zero, which seems to destroy
all necessary semicontinuity properties. Instead, we employ an eigenvalue expansion technique for
the N iterated expectations w.r.t. the N motions. Here the additional integrability property of v is
necessary.

2.1 Proof of the upper bound in (2.2)

We consider the large closed box Ar = [-R, R]%. We divide the probability space into the part on
which each motion spends more than (1 — n)7" time units in Ar up to time 7' (the main part) and
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the remaining part, where this is not satisfied (this part will turn out to be negligible). On the first
part, we shall replace each pi: @ by its Ag-periodised version uT r and control the error. Then Hy 1
turns out to be a continuous and bounded functional of the perlodlsed versions. Also we replace the
functions W and v by their cut-off versions Wy = W AM and vy = vA M, respectively, where M > 0
is large. This will enable us to apply Varadhan’s lemma. Finally, we let the auxiliary parameters R,
n and M tend to infinity resp. to 0.

We turn to the details. Let auxiliary parameters n > 0 be small and R, M > 0 be large. The
expectation on the left hand side of (2.2) is split into two parts and get the estimation

N
E(e_HN,T_KN,T‘FT(va%)) < E(e_HN,T_KN,T+T(va?> H ]]{MEP (AR) >1-— 77})
=1

—Hn 7 (1) _ —T[N—Qinfv—C ]
+ NE(e . ]l{,uT (AR) <1-—n})e 2 1

where C'y = Zi\il |l filloo- The second term is easily estimated, using that W > 0. Indeed, we have,
on the event {u% (Ag) < 1 —n},

Hyp =T [ W(xn) py(de1) > Tyinf W,
AG R

— infjc N—Qin -
and therefore the second term on the right of (2.5) is not bigger than Ne T(ninfag, W5~ info=Cr),

In the first term, we first estimate Ky = T(o,u%) > T(onr, u%), where var(y) = v(y) A M is
the cut-off pair potential, and v, is defined as v with v replaced by vas. Analogously, we estimate
Hyr = T8, u%) > T(Wyy, u5) with analogous notation. This leads to

E(e—HN,T—KN,T-i-T(f,M?))
~T(ninfre W+ info—C}) ® ® 8y T , (2.6)
< Ne Tinfag, 3 ¥ +]E<e*T<Qn]MuU'T>*T<UM“U«T>+T<f7/JT> HH{M%)(AR) >1— 77}>
=1

Now we replace u% by its periodised version u? R= M%)R R ® M(TN }%. In order to estimate the error,

we point out that, for any ¢ € {1,..., N},

LW ) = [ W gt
= / (War(2; + 2RE) pf (d(z; + 2Rk)) — War () i (d(z; + 2RkE)))
kezd (2.7)
S / d(x; + 2RK)) (War(zi + 2RE) — War ()
kEZd\{O}

v
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Analogously, we derive the error estimate (f, ,u% < {f, ,u? r) +nCy. The replacement error for the
second term is estimated in a similar way: for any pair i,j € {1,..., N} with i # j, we have

Lo [ ot = i and? ey = [ [ ons(lns = ) gzl
Rd JRd Ap JAR
_ //UM i — 2 + 2R(k — D)) — oar (i — 2])]
Ar JAR

kleZd: kAl

0 0 (2:8)
py (d(w; + 2RE))pp’ (d(x; + 2RI))
> (infv—M) > pf(Ag+2RE)u$) (Ag + 2RI)
kl€Zd: k#l
> —2n(M — inf v),
since —oo < infv < vy < M and pf (A%) < 7. Summarising, we obtain from (2.6) that
E (e~ Hnr—EnrtT(fur))
T(ninf N%fu_ O o o (2.9)
< Ne~ (nin AS, W+ infv—Cy) +eTn[NM+N (M—lnfv)—&—Cf}E(eT(fﬂﬁanMJrf,,uT’}Q).
We now argue that we have
lim sup — T logE( <_QBM_UJV’+f’M%R>> < NX(®)(R, M, f), (2.10)
T—oo

where

1 Noq
(®) : - 112 _ 2\ .
N(R,M, f)= Nlnf{;l 5[ VRhillg + (W +on = f)lay, (h%)%) : o)

hi,... hy € C¥(AR), ||hillpe = 1 Vi = 1,...,N},

where ||-|| g2 is the norm on L?(Ag), Vg is the gradient on the torus A (i.e., having periodic boundary
condition), and h® = h; ® --- ® hy. To prove (2.10), we apply the upper bound part of Varadhan’s
integral lemma,; see [DZ98, Lemma 4.3.6]. Indeed, according to Lemma 1.15(i), every family (,u(ji) R)T>0
satisfies the large deviations upper bound as T" — oo, and the map

(1, ey o) = (=W —opr + fLu1 @ -+ @ un)
is upper semicontinuous (even continuous) on the set of vectors of probability measures on A g in the
weak topology. Also using [DZ98, Ex. 4.2.7], (2.10) is a direct consequence, noting that

N

1
Xy (R, M, f) = Ninf{z IR (i) +(War+opr — fpn @ - @ UN): pa, -+ N € Ml(AR)}- (2.12)
i=1

From (2.9) and (2.10) we obtain that, for any n, R, M > 0,

N2
Lh.s. of (2.2) < —min{nij{}:fW + 7infv — Cy, —n[NM + N?*(M —infv) + O] + Nx$ (R, M, f)},
R

(2.13)

On the right hand side of (2.13), we let first R — oo, then 1 | 0 and finally M — oco. Recall that
limp_oo infag, W = oo, according to our assumption in (1.1). It is easily seen that the proof of the
upper bound in (2.2) is finished as soon as we have shown that, for some C' > 0 which does not depend
on M,

hm mf X(R, M, f) > —]\04 XN (M, f) and hm mf XM, ) > D), (2.14)

where X(®)(M f) is defined as x% (f) in (2.3) with W and v replaced by W, and vy, respectively.
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Certainly, we may assume that limsup,,_,., limsupp_, X(®)(R M, f) < co. Introduce

XV (R, M, f) + Cf
infpre W ’

ERM = N (2.15)
and note that limsupgp_ ., erm < % for some C > 0, not depending on M. To prove the first
assertion in (2.14), fix R > 0 and let hy,...,hxy € C%(AR) be a vector of approximately minimising
functions for the right hand side of (2.11) be given. We shall construct L2-normalised functions
hi,...,hy € HY(R?) such that, for some C' > 0, not depending on M nor on R,

N Yo~ -

> 5/ Vhillk o+ ((@ar+oar = lay, (h9)%) = ~Cepm+) S| IVAll3+ (W +or — £, (h9)%). (2.16)

i=1 i=1
Passing to the infimum over all vectors of L?-normalised functions El, e ,?LN € HY(R%), and letting
R — o0, we then arrive at the first assertion in (2.14).

In order to show (2.16), pick some ¢ € C*(R%,[0,1]) with supp(¢) C Ag and @|r,_, = La,_,-

Consider the functions h; = hi¢/||hid||r2, trivially extended to RY. Hence, h; € H'(R?) for any
i=1,...,N. Note that

Ar\AR_1 1anc WM 1anc - WM

In particular, ||h;®||3 > 1 — e

(2.17)

We derive now (2.16). Certainly, we may assume that there is a C' > 0, not depending on R nor
on M, such that |[V¢|? < C and ||Vhi\|%72 < C forany i € {1,...,N} and any large R > 0 and any
sufficiently large M > 0. Then we estimate

~ 1— ||hio]]3)
Vh; 2 Vh; 2:—(72 Vh; 2
IVhillRe — VR[5 ol IV hil %2
1
+ / (1= ¢*)|Vhi|* = B[V ¢|* — 20h;Vh; -V
||Rigl]3 AR\AR_l{ ]

enn . (2.18)

 C — / h?mdx+/ hi(2)| |[Vh;(2)|dx
1 —epm 1—eR,M( AR\AR: () AR\AR—1| (@)] [Vhi(z)| )

- C 1/2
- ( / pR(@)de + ( / pR@)da) VA )
l—erm L —erm \JAp\Ap_, AR\AR-1

Now use (2.17) to estimate the right hand side from below against —e g, 1 C for some 5, not depending
on M nor on R.

v

In order to derive a suitable estimate for the other parts of the functionals, note that

(1-¢%) (1-[lgl3)
h®)? hy hy 22|, 2.19
- Z(H >(H ) e~ e 21
For the two terms between square brackets in (2.19) use the bounds

1—¢? 1—||hol|f? ERM
<1 and 0< < d )
[hgl[3 = "Ar\ha = hellp ~ 1—erm

and recall that limsup,,_, . limsupg_, X(®)(R, M, f) < oo in order to easily arrive at the estimate
n (2.16).

We now prove the second assertion in (2.14). Let (hi s, ..., hn ) be minimisers in the definition
of X(®)(M, f). Along suitable subsequences we have, for any i € {1,..., N},

0

IN

hi,M—>hi asM—>oo,
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for some h; € H'(R?) satisfying ||h;||2 = 1. The convergence is weakly in L?(R9), weakly for the
gradients in L?(R?), weakly in the sense of probability measures and strongly in L?(R?) on compacts.
In particular,

o 1 1

timinf (1[Vhiarl3 = (. h200)) = IVl = (FB2).
For any fixed M’ > 0 we have

1}\?1Jnf<hl A UM o) > lim j?of<h§,M,vM/h§7M> = (h7, v h3),

Letting M’ 1 oo, the monotonous convergence theorem implies that

e 2 e ern2 2 _ 32 72
1]1\211;?0f<hi7M,Uth7M> > 1%F£f<hi,UM/hj> = (h;,vh3).

In the same way, we see that liminfa—eo(War, h?,,) > (W, h2) for any i. If we now pass to the
infimum over all (hy,...,hx) we arrive at the second assertion of (2.14). This finishes the proof of
the upper bound in (2.2).

2.2 Proof of the lower bound in (2.2), hard-core case

We handle first the case when v is a hard-core interaction potential. Recall the parameter a = inf{r >
0: v(r) < oo} € [0,00) from (1.2). Fix a family of open bounded sets Ay,..., Ay C R? whose mutual
pairwise distance is bigger than 7, where n > a is close to a. We shall use the lower bound

E(G—HN,T—KN,Teﬂf,M%) > E(G*T@ﬁv;ﬂ%)*T(UvﬂT T(f uf) Hﬂ{supp W) C A }) (2.20)

Note that, on the event N, {supp(u}) C A;}, the map
(:U‘l"-'?/‘bN) = <Qn—|—t] - fa#®>
(N)

is bounded since the sets A1, ..., Ay are bounded, and since the supports of the measures uﬁfl), ey fop
are bounded away from each other by at least 7 (recall from (1.2) that v is bounded on (1, 00)). This
map is also bounded and continuous on the set of (u1,...,un) € ./\/ll(Rd)N such that supp(u;) C A;
for all 4. Hence, Varadhan’s lemma may be applied and yields, also using [DZ98, Ex. 4.2.7],

hmlnf—log (Lhus. of (2.20)) —1nf{ZI i) F (W 40— f,u®): ..., uy € Mi(RY), 2.21)
2.21

Vi: supp(ui) C Ai}.

Now we substitute h?(z) dz = p;(dz). According to [CZ95, Prop. 3.29], we can restrict to the infimum
on h; in C°(4;), the set of infinitely often differentiable functions R? — R having compact support
in A;. Also passing to the infimum over all admissible sets A1, ..., Ay, we see that the left hand side
of (2.21) is not smaller than

N
1. .
X ) = = mf{STIVAIE + @+ 0 — £, ()®): b, by € CE(RY,
N i=1 (2.22)
IPalla = -+ = havlls = 1,3 # j: dist(supp(hy), supp(h;)) > n},

where we adapted the notation (h?)® = (h1)?®---® (hy)2. Now we consider the limit as n | a. It is
clear that

hmx(®)( ]17 1nf{ZHVh 13+ Z <W + Z Vh2 fish >: hi,...,hy € C(RY),
J#i (223)

|hilla =+ = ||hn]|l2 = 1,Vi # j: dlst(supp(h ), supp(h; )) > a}.
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Now it is easy to see that the right hand side of (2.23) is equal to X(®)(f) Indeed, let (7L1, e ,EN) €
H'(R?) be a minimiser of the variational formula in (2.3). According to Remark 1.4(iii) (which is only
for f; = 0, but nevertheless applies also here), the supports of hl, .. hN, which we denote €4, ...,Qy,
have distance > a to each other. Furthermore, in the case a = 0, the interiors of Q4,..., QN are disjoint.
Then it is clear that

N N

1, . .

W =5 1nf{z IVR3+ > <W +Y Va1, h3>; hi € C°(Q) with [|hills = 1 Vz}.
i=1 i=1 i

Now one sees that this is equal to the right hand side of (2.23). This ends the proof of the lower

bound in (2.2) in the case of a hard-core potential v.

2.3 Proof of the lower bound in (2.2), soft-core case

Now we turn to the proof of the lower bound in (2.2) in the case of a soft-core potential v. The
proof goes via an iteration of N eigenvalue expansions for the N expectations with respect to the
N Brownian motions. Let us first handle the expectation with respect to the N-th motion, which
we denote by E?). We only consider those terms that depend on the N-th motion and work almost
surely with respect to the first N — 1 motions.

First we estimate the expectation under interest in terms of the same expectation with respect to
some Brownian bridge in the time interval [0,7 + 1] instead of the Brownian motion on [0,7]. Let
p1(z,y) denote the standard transition density of Brownian motion at time 1 from z € R? to y € R%.
Note that 1 > py(x,y) for any =,y € R% Denote by vy the initial distribution of the N-th motion (i.e.,
the distribution of B(N)) and by EYY the expectation with respect to the motion started at z € R
We abbreviate qy = W — fn + Z] <N V,u(’) Note that ¢y is a random potential which is locally

integrable in RY, almost surely. Fix some R > 0. Then we can estimate

E(N)[ (QN,#(T )>]
>/,,N(dx) <N)[ ~T{an il 'pr(BYY, x)]

> o Iinlloot(N-1)into / VN(d$)E§CN)[ @+ av i) 5 B;fﬁl)]

(2.24)

> o Ul binte [y ) B0 oD Usupp(l ) © Ar)n(BE)

The right hand side of (2.24) can be represented in terms of an eigenvalue expansion. Recall that the
potential gy is integrable on Agr. Let (Ag)ren be the sequence of eigenvalues of the operator A — g
in Ar with zero boundary condition, and let (eg)ren be an orthonormal sequence of corresponding
eigenfunctions. We assume that A is the principal eigenvalue and that e; is positive in Ag. Then we
have from (2.24) that

(N) . .
E® [e—T(QN,MT q > e~ N lloo+(N=1) infv Z o(T+H1D)X (v, ei> > o Ifnllootinf v (T+1)As (v, e%>. (2.25)
keN

Fix some bounded L?-normalised function hy € H'(R?) satisfying supp(hy) C Ag, then we may
estimate

M > =Vl = lan, hiy) > =[IVhx |3 = (W = f, ) = A3 Z/ Vg (dz) > —Ch, (2.26)
J<N
where Cp is non-random and depends only on supy, W, [|fn|loo, hx, and fAR v(|z|) dz. Hence, we

obtain from (2.25) that

EM) [e—T<qN,u<TN)>] > oIl t(N=1) inf 0 o =Cr o ~TIVAN3+an 230] (1 2) (2.27)
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The technical difficulty is now to find a positive lower bound for (vy,e?) that does not depend on
the first N — 1 Brownian motions. Assume that R > 0 is so large that vnx(Ar—1) > 0. We now use
Harnack’s inequality to obtain a pointwise lower bound for ey in Ag_1. We first check that the random
potential gx lies in the Kato class (see [CZ95, Ch. 3] for more on the Kato class). It is clear that we
only have to check this for the random potential V,uéz) for j < N. We now verify that lim, o4 (r) =0,
where

Y(r)= sup sup / G(z,y)Vu(y) dy. (2.28)
peEM; (Re) z€AR Jy—z|<r

This is seen as follows. First note that it suffices to show that lim, o sup,,cgd f‘y| < G0, y)v(ly —
w|)dy = 0. Recall that we are under the assumption fBE(o) G(0,y)v(ly])dy < oo, where G is the
Green’s function of the free Brownian motion, and v < v on (0, ¢), and v is decreasing. After possible
alteration of €, we can extend v to a decreasing function (0,00) — (0,00) such that v < v on (0, c0).
We choose r € (0,e/3). We distinguish the cases |w| > 2r and |w| < 2r. In the first case, we have, for
ly| < r, that |y — w| > r > |y| and therefore v(|y — w|) < ¥(Jly — w|) < (|y|). Hence,

sup G0,y)v(ly —w|)dy < G(0,y)o(lyl) dy,
|w|>2r J|y|<r ly|<r

and this vanishes as r | 0.

In the case |w| < 2r, we split the integration over |y| < r into the part where |y| < |w|/2 and
the part where |y| > |w|/2. On the first part, we have |y — w| > |w| — |y| > |y| and therefore
v(ly —w|) < o(ly —w|) <v(|y|). Therefore the first part can be estimated by

swp [ Gplly —wdy < [ G000 d.
w]<2r Jy|<|w|/2 lyl<r

which vanishes as 7 | 0. On the area where |y| < r and |y| > |w|/2, we can estimate |y — w| <
ly| + |w| < 3|y| and therefore find a constant C' > 0 such that G(0,y) < CG(0,y — w), and this means
that we can estimate

sw [ GOy —uhdy<C s [ G0y - )il - uly
lwl/2<]y|<r [wl/2<]yl<r

|w|<2r |w|<2r
<c / G(0, )5 (Jy]) dy,
ly|<3r

and the proof of lim, g4 (r) = 0 is finished. In particular, this means that ¢ is in the Kato class.
According to [CZ95, Th. 5.18], there is a constant A > 0, only depending on R and ¢y, such that

inf e; > A sup e;. (2.29)
Ar—1 Ar—1
A closer inspection of the proofs of [CZ95, Prop. 5.16, Th. 5.17, Th. 5.18] shows that the constant
A does not really depend on the function gy, but only on the numbers sup, . W, || fx || and on the
small-r behaviour of the function ¢ defined in (2.28). Hence, A is non-random and does not depend
on the first N — 1 motions.

So we have (vy,ef) > A?wn(Ag_1)supy,  ei. It is clear that sup,, e > (2[Ap_1])~" since

otherwise we would have [, e? > % and therefore
R—-1

1
A1 > —[|fnlloo + (N — 1) inf v + (W, e?) > —HfNHoo—l—(N—l)infv—}—§ inf W — oo as R — oo,
R—1
(2.30)
according to the assumption on W in (1.1). But, as we shall see at the end of the proof, this is

impossible if hy is chosen appropriately. Summarising, there is a constant C' > 0, only depending on
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N, W, v, fn, vy and R, such that, almost surely with respect to the first N — 1 motions,

E™ [e—T<qN7u<TN>>] > Cexp{ [HVhNHQ + <W fn + Z Vi, h2 >]} (2.31)

We iterate now this argument for the ¢-th motion for ¢ = N — 1, N — 2,...,1. For doing this, we
have to replace the random potential gy by ¢; = W — f; + Z]Q V,u(’) + Zj>i Vh? and obtain, for any

bounded L?normalised function h; € H'(RY) satisfying supp(h;) C Ag, almost surely with respect to
the first 7 — 1 motions,

EO [ "0 > Coxp { ~T[IVRIZ+ (W~ 1 + ; Vil + ; viz,n2)| . (2.32)

where C' does not depend on 7' nor on the motions. This gives, recalling (1.27),

1 -H Kn.1+(f, 2 2
l%l&leogE[ NITTENT “T} [ZHVh ||2‘|’ZW fis b gh , Vh3) }
i<j
Now maximise the right hand side over all choices of bounded L?-normalised functions hi,...,hy €

HY(R?) satisfying supp(h;) C Ag. It is easy to see that, in the limit R — oo, we obtain that the
maximum of the right hand side tends to —N X(®)( f). Furthermore, one can see that it is possible
to choose approximate maximisers hy,...,hy (depending on R) such that limsupp_,[[|Vhil3 +
(W, h%)] < oo and imsupp_, ||hillc < 00. In particular, the eigenvalue A; introduced below (2.24)
satisfies limsupp_, .. (—A1) < 00, and this explains why (2.30) is not possible (see (2.26)).

This finishes the lower bound in (2.2) in the case of a soft-core potential v.

2.4 Finish of the proof of Theorem 1.7

Proposition 2.1 implies the existence of the logarithmic moment generating function A%{) in (2.1)
and identifies it with the Legendre transform of the function I](\ff) defined in (1.29). In particular,
Theorem 1.7(i) is implied.

Now we prove the large deviations principle in Theorem 1.7(ii). We use the Gértner-Ellis theorem
(see [DZ98, Cor. 4.5.27]). For doing this, it suffices to show that the family of tuples (u%, ..., u%") is
exponentially tight under IP’%(Z[ as T — oo, and that A%() is Gateau-differentiable. The first condition
is verified as follows. We follow the technique of the proof of [DZ98, Lemma 6.2.6]. Pick sequences
Ry — oo and g | 0 and put K = (,cnfp € Mi1(RY): (A%, ) < ex}. The Portmanteau theorem
implies that K is closed, and Prohorov’s theorem implies that K is relatively compact, hence K is
compact. Now fix ¢ € {1,..., N} and note that

Pap(u ¢ K) < 3 PW () (Ag,) > &) < SOPRL((Won) > ey jnf W)
) ) AR
keN keN k
Now let a large R > 0 be given. We additionally require that ey inf A, W > Rk for all k € N (here
we use our assumption in (1.1)). We denote K now by Kpg. Using the fact that W > 0 and that v is
bounded from below, it is easy to derive the existence of some constant C € R, not depending on R,
such that lim supp_, o, % log ]P’E\I,QT(/L%) ¢ Kr) < —R+C for all R > 0, and this implies the exponential
tightness.

The Gateau-differentiability of A(K) is proven as follows. The proof of Lemma 1.3 shows that the
infimum in the formula on the rlght hand side of (2.2) is attained. We abbreviate A = A(K). Fix
d=f=(f, -, fn) € CL(RYHN and some g € C,(RH)N. We want to show the existence of the limit
limy_o 2[A(f +tg) — A(f)]. With (u{”,..., %)) a minimiser for the formula on the right of (2.2) for
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f replaced by f + tg, we obtain, by replacing the minimiser in the formula for f by (u!”,... ,,uxf))
1 N
SIAG +tg) = AL 2 Y g ) (233)
=1
Since the family (u(f),...,ux,))bo is easily seen to be convergent weakly towards the minimiser

(11, ..,un) for the formula for A(f), it is clear that the right hand side of (2.33) converges to-
wards Z@]\L 1(9i, pti). Analogously, one shows the complementary bound. This implies the Gateau-
differentiability of AX;) with

9 N
a_gA(K)(f) ;<927,U'2> (2‘34)

Now [DZ98, Cor.4.5.27] implies Theorem 1.7(ii). The statement in Theorem 1.7(iii) is a standard
corollary. This ends the proof of Theorem 1.7.

3. LARGE DEVIATIONS FOR THE DIRAC-INTERACTION MODEL: PROOF OF THEOREM 1.12

We follow the same strategy as in the proof of Theorem 1.7 in Section 2. Hence, the main step is the
proof of the following.

Proposition 3.1 (Asymptotics for the cumulant generating function). For any f1,..., fn € Ch(R?)

Thm T34 logE[e LN Tw(s?)ar e AT 257 21<Z<J<Na(”) T2+ (f,uT)} _ (50)0\ £, (3.1
—00
where
o - L o[ SN 1 () + (20— £,12) A ey, 3] i A € (0,00), .
inf, qis; {Z I (p) + <QU o >] if A = oo,
and we wrote p® = 1 @ - @ puy and f = f1 ® - ® fn. Here inf, is on p1,...,uy € Mi(RY), and
inf,, qisj 28 on such py,. .., puN having disjoint supports.

Theorem 1.12 follows from Proposition 3.1 in the same way as Theorem 1.7 follows from Proposi-
tion 2.1 in Section 2.4; we omit the details. Hence, it remains to prove Proposition 3.1, which we do
in the next two sections. Let us first remark that

z 7 dx

L ' 4 i @ 4,0
TA W(Sé'))dt:TQip<VV"u,(;)> and T2+pa(1j) _T2+ <dfj,c du >,

as is derived by an elementary calculation. According to Lemma 1.16, (,ugi))T>o satisfies large devi-

_p_
ations principle bounds with scale T'2+». Hence, the problem left to be solved is to circumvent the

missing boundedness and continuity of the functionals p+— (W, ) and (p1, p2) — <%’ %>.

3.1 Proof of the upper bound in (3.1)

Since the left hand side of (3.1) is monotonous in A, and since limyjoo X% (A, f) = X% (00, f) (this
is proved in the same way as Lemma 1.11(iv)), it suffices to prove the upper bound in (3.1) for any
A € (0,00) only.

We proceed as in Section 2.1. However, an additional smoothing argument will be necessary.

Let auxiliary parameters 7 > 0, M > 0 and R > 0 be given, recall Ax = [-R, R]? and consider
the Ag-periodisations LE})R of the densities LE}) defined in (1.37). As in Section 2.1, we distinguish
whether or not uy!(Ag) > 1 — 7. Furthermore, we estimate

()

i) ) .
(W) = (W) and (%2 %5 > (19, 19 A M),
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where we recall that Wy, = W A M is the cut-off version of the trap potential. We intend to replace Lgi)
by L“) The replacement errors for the terms involving W and f have been estimated in Section 2.1.
The one for the interaction term is estimated as follows.

(LY, LY NMY = (L) o, LY A M) /Rd LY(LY A M)(z)dz — /A L§) () (L) A M)(z)da
R

- ¥ L“) (z + 2RK)(LY A M)(x + 2Rk) — LY p(2) (LY A M)(a:)) d(z + 2Rk)
kvzd\{0} * MR
> —Mpg)(A%) > —nM.

Hence, as in Section 2.1, we obtain the bound

. p
E[e_% Zi\il foT W(St(Z)) AT2+p Zl<1<]<N ( ])eTm<f7u%>i|

D j2 p
T (n w— Ea (
< Ne T?FP(ninfrq W=Cp) | T +Pn[NM+N2M+C’f]E{e*T2+P [@ﬁM P3N (L L) AM)]

(3.3)

The last functional in the exponent on the right side is bounded, but not continuous. Hence, we need a
smoothing argument. For this purpose, let x5 denote the Gaussian density in R? with variance § > 0,
and denote convolution by *. Fix some small € > 0. According to [GKS04, Lemma 3.7], specialised
to our situation,

limlimsup 7~ gz log sup P((LY,g— gxrs)| >¢) = —c0. (3.4)

o0 T—o0 lglloo <M
Actually, in [GKS04] only the discrete-time case is handled, but the continuous-time case is similar.
This means that we can estimate the last expectation on the right side of (3.3) from above against

p p P ; ,
e—T?TP)\C(M,a,(S) + e—T?TP)\eE [efT 2+p [(QHM*va%PJ*)\ Zi<j<Lg“,)R7(L¥,)R/\M)*”6>] } , (3.5)

where C'(M, ¢, ) is a constant that satisfies limsjo C(M,¢,d) = oo for any M,e > 0. The functional

dpr dpe du dps
(o) = (G g MM ) = (g = o S A M )
is bounded and continuous in the weak topology on the set of probability densities on Agr. Hence,
we can apply Varadhan’s integral lemma and the large deviation principle in Lemma 1.16(i) to the

expectation in (3.5). This gives that the limit superior on the left side of (3.1) is not bigger than

— min {77 inf W — Oy, = n[NM + N?M + Cg] + \C(M. &),
i (3.6)
— pNINM + N2M + Cf] — Ae — NXCO(R, M, 6, \ f)}

where

XS (R, M, 5, A, f) mf{ZIp“)m Wy — fon @ @ ) +Z<d“l (d'u]/\M>>k/-€5>

1<J
Hi,--- 5 BN € Ml(AR)}

Now we let § | 0, ¢ | 0, R — oo, n | 0 and finally M — oo. It is elementary to derive that
lim infs|o X% 0)(R M, 0, )\ f) > X(‘S“)(R, M,0, A, f), where we interpret u*rg as p. Furthermore, similar
to the proof of (2.14), one shows that

hmlnfhmmfX(‘SO)(R7 M, 0.\, f) > X%O)(A,f).

M—oo R—o00

This ends the proof of the upper bound in (3.1) for A € (0, c0).
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3.2 Proof of the lower bound in (3.1)

First we consider the case A = oo, which is similar to the hard-core case in Section 2.2. Fix a family
of bounded open sets Ai,...,Ay C R% whose mutual pairwise distance is bigger than n > 0. We
obtain a lower bound for the expectation on the left side of (3.1) by inserting the indicator on the
event NI, {supp(uy’) C A;}. On this event, the map

(1, ) = (0 — f, 1®)

is bounded and continuous, and a(qi’j ) = 0 for any i < j. Hence, the limit inferior on the left hand

side of (3.1) is not bigger than Nx\*’ (oo, f,7), where Nx (oo, f,n) is defined as in (3.2) with the
additional constraint that the supports of p1, ..., uxy have mutual distance > 7. In the same way as in
Section 2.2, one sees that lim,|o XES,O)(OO, fin) = XES,O)(OO, f), which ends the proof in the case A = cc.

Now we turn to the case A € (0,00). We follow a discrete variant of the strategy used in Section 2.3,
i.e., we use N eigenvalue expansions for the IV expectations over the N random walks separately. First
we consider the expectation with respect to the N-th walk, almost surely with respect to the other
N — 1 walks. We only treat the terms depending on the N-th motion and introduce the potential

() = B2 [W () + 0 5 19) Tl

1 —
where Br = T2+, and f y(z) = 8% fm+[0 1) fn(y) dy. Denote by E® the expectation with respect to
P

the i-th random walk S and by v; its initial distribution. Choose R > 0 so large that v;(B(g_1)g,) >
0. Then we have

d+p . p
E) [e—% Jo WS dt-2TF ¥,y N+ (i, L)

> Z VN(Z)E(ZN) e_fOTqN(St(N))dtIl{supp(LﬁfN)) - BRﬁT}]l{Sé«N) _ z}]
ZEBRBT

> Z VN(Z)GN(Z)26T)\N,

ZGBR@T

(3.7)

where Ay is the principal eigenvalue of A — gy in Bpg, with zero boundary condition, and ey is the
corresponding positive £2-normalised eigenfunction. Pick some L2-normalised function hy € C?(R9)
satisfying supp(hn) C Ar and pick vy (z) = (1 + o(l))ﬁ;dﬂh]\;(zﬁfl) where o(1) is chosen such that
vy is £?-normalised. Then we have, using the Rayleigh-Ritz principle for the principal eigenvalue, and
noting that fy — fn as T — oo uniformly,

v = [ = IVen = B72(W(B2Y) = Ty 878 + A 30 L (870, vk ()| (1 + 0(1))
J<N

= =B |IVANIB + (W = T By + A D (L§ B3| +o(872).
J<N

We estimate the term Y. vy (2)en(2)? on the right of (3.7). Note that ey is also an eigenfunction for
the transition densities of the random walk in Bprg, with potential —qy — A, i.e.,

en(z) = E, [e* Jo @S0+t G, € Bry vt € 0, 1}}eN(sl)}, 2 € Bpa,, (3.8)

where [E, is the expectation with respect to an independent copy (S;)ic[0,00) Of; say, (St(l))te[o,oo)' We
can estimate Ay < 72| fn|leo and, since LY (z) < B4 for any z € R? and any j € {1,...,N},

—2[pp (9) D 2 d—2 d—2
an(80) < BTA[RP+ X Y0 LP(S) + [ Fllee] < [B” + [l T2 + AN = )T < CT,
j<N
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for some C' > 0, depending only on R, A\, N, p and ||fn|lco. Using this in (3.8), we find, for all large
T (changing the value of C' if necessary),

d—2
eN(z) > e—C’T2+P Z Pz(St S BRIQTVZL/ S [0, 1],51 = 'zv)eN(E), A BR,BT'
gEBRﬁT

d—2
Recall tQhat p > d — 2, hence T2 = o(TQPTP). It is clear that P,(S; € Bprg,Vt € [0,1],51 = 2) >
e—o(T?/( “’)), uniformly in z,Z € Bgg,.. Since ey is ¢>-normalised, we can estimate Z%Bm en(z) >
T
Z%Bm en(2)? = 1. Pick some 2y € Bprg, such that vx(zy) > 0, then we have from the preceding,
T

for any large T' > 0,

B [677f° w(si™) di— AT Yjen BN +T TP <fN7L(N)>:|

i j p_ (3.9)
> exp { T2 [|Vhn |3+ (W — . 03 + 30 (L 1) +o(T3)},
J<N
and the term o(Tﬁ) docs not depend on the N — 1 other random walks.

In the same way, we treat the expectations with respect to the other N — 1 random walks. For
doing this, introduce recursively, for t = N — 1, N — 2,...,1, the potentials

) = 02 [W () + A S 18 () ~ S G Tl

where f;(z) = % fx-{—[Oﬁ 1yd fi(y) dy, and pick L2-normalised functions hx_1, hy_2,...,h1 € C?(R?)

with supports in Ar. In the same way as (3.9), one derives
. d+p i L
E [e*% SN o WS dt -ATTF Y o af ])e 2+p <f,u?>]

p

zeo(Tm)eXp{—TQiP[i“’Vh”z"‘W fishi ]_)‘ Z hf,hf]}

i=1 1<i<j<N

Picking the L?-normalised functions hq, ..., hy with support in Ag optimally and letting R — oo, we
arrive the lower bound in (3.1), noting the substitution h?(x) dz = p;(dz) in (3.2).

4. ANALYSIS OF THE GROUND PRODUCT-STATES

We prove Lemma 1.3 in Sections 4.1-4.4 and Theorem 1.14 in Section 4.5. The proofs combine methods
from variational analysis and from probabilistic potential theory.

4.1 Existence of minimisers in (1.10)

Let (h1k,-..,hnk)ken be a sequence of approximate minimisers for the right hand side of (1.10), i.e
hiy € HY(RY) with ||h;x|la =1foralli=1,...,N and k € N, and Nxy' = 1imk—>oo[2£\i1 VR k|3 +
(00 + U,h%ﬂ, where we abbreviated h; = hl,k ®---®hnyg. Fixie{l,...,N}. Our first goal is to
establish the convergence of (h; i )ren along suitable subsequences.

For any R > 0 and any k € N, we have

[ i < Joa WEx(@W (@) dz @0, h3) S, [ Vhigl3+ (20 +0, ) - ZEG infu
c - ian% w - ian% W — ian(}:2 w '

(4.1)
By our assumption in (1.1), supey [ye hZ)(x)dz vanishes as R — co. Hence, the family of prob-
R k)

ability measures (h?, () dz)gey is tight, and from Prohorov’s theorem we conclude the existence of
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a probability measure p; € M;(R?) such that (h?,(z)dz)gen converges weakly towards p; along a
subsequence, which we again denote (k)ren. Hence, for any bounded continuous function f: R? — R,
we have limy_ o (f, hfk> = (f, 1i)-

Furthermore, because ||h; |2 = 1 for any k € N, according to Banach-Alaoglu’s theorem, there is a
h; € L*(R?) such that (h;x)gen converges weakly in L2 along a subsequence (which we again denote
(k)ren) towards h;. Since, by approximative minimality and because W and v are bounded from
below, also the sequence of energies (||Vh;||2)ken is bounded, the Banach-Alaoglu theorem implies
that also the sequence of gradients converge weakly in L? along a subsequence (which we again denote
(k)ren) towards some g;. In particular h; € H'(RY) and Vh; = g;, which follows via [LLO01, Th. 8.6]
from the completeness of the Sobolov space. By [LLO01, Th. 8.7], we may assume that the convergence
h; . — h; is pointwise almost everywhere.

We argue now that h? is a density of y;. According to [LLO1, Th. 8.6], the convergence of (h; )k
towards h; is also strongly in L? on every compact set. In particular, the integrals of hik against
any continuous function with compact support converges to that of h?. By weak convergence of
h?k(x) dx towards pu;, they converge also towards the integrals against u;. Hence, the integrals of
any bounded, compactly supported function against h? and against u; coincide, which implies that

pi(dz) = h?(z) dz.

Now we prove that the vector (pi,...,un) is a minimiser on the right hand side of (1.10). To
do this, we verify suitable lower-semicontinuities of the functional on the right of (1.10). It is well
known that the energy functional, h +— ||Vh|2, is weakly lower semicontinuous in L2. Furthermore,
the map p — (W, u) is obviously lower semicontinuous in the weak topology of probability measures,
since W is nonnegative and continuous. By v and v_ we denote the positive and the negative part
of v, respectively. Fatou’s lemma implies that liminfy_oo(04,h2) > (o4, h?), where we recall that
hi = h1 ® -+ ® hy . Furthermore, note that

(o4, h}) — (n+,h2>‘ < —inva/Rd /Rd |hi e (@)B3 ) (x + Z) — hi(z)hi(z + 7)| dzdi.
1<j

Using (4.1) and the strong L? convergence on compacts, one easily derives that the right hand side
vanishes as k — oo. Summarising,

N N
ST IVA + (20 +0,52) <timint [3 [Vhislf + (20 +0,5)] = Nx,
i=1 =1

where we wrote h = hy ® --- ® hy and (in an abuse of notation) hy = hy, ® --- ® hy . Hence, the
tuple (hq,...,hy) is a minimiser of the right hand side of (1.10).

4.2 Positivity and regularity of minimisers, soft-core case

First we consider the case of a soft-core potential v. Let (hi,...,hy) € HY(R?)YN be a minimiser of
the variational formula in (1.9). Fix i € {1,..., N}. We prove that h; is strictly positive everywhere
in R?. We certainly may assume that h; > 0. Note that h; is a minimiser in the problem

1 ~ ~ ~
A= inf —||Vhi||§+<W,h§>+<h?,ZVh§>]. (4.2)
RieH!(®RY),|[hill2=1 -2 por



28 STEFAN ADAMS, JEAN-BERNARD BRU AND WOLFGANG KONIG

First we show that Vh? is locally integrable for any j € {1,...,N} with j # i. Indeed, for any
measurable set B C R? of finite measure, we have (denoting the e-ball around = by B.(z))

/Vh?(m)dx:/ dyv(\y[)/dxh?(y—i—x)
B Rd B
<[ agellyhlingl+ swp v [ do [ ayiiay)
B:(0) B <(0)

[e,00)
< / dyw(ly]) + B sup v
B:(0) [e,00)

< 00.

Since Vh? is also bounded from below, the interaction potential of the problem in (4.2) is locally
integrable. The same holds for the trap part, thus the potential W + Zﬁéi Vh? — \; in (4.2) is locally
integrable. By [LLO1, Th. 11.8] h; satisfies the Euler-Lagrange equation

Ahi=Uh;  inD'(RY),  where Uy =W +» VA -\ (4.4)
J#

(Note here that the potential U; is a priori not locally bounded, but the first part of the proof of
[LLO1, Th. 11.8] does not use this.) So, we get by [LLO1, Th. 11.7] that

oo ind =2,

4.5
3 ind=3. (45)

hi € LL (RY) for all ¢ < {
Now proceed for d = 2 and d = 3 separately. In d = 2 we deduce that Vh2 cLP

Toc (R2) for any

€ [1,00). Indeed, fix any bounded measurable set B C R?, pick > 0 so small that v(|y|) > 0 for
all y € B,(0) and abbreviate K, = an(o) dyv(ly|). Then, using Jensen’s inequality and (4.5), we see

that
fy v 'pd“Kp/dfﬂ\/ Ty“w) +1B] sup fop
By(@) n (n,00)
/dm/ yD hj(y ) +|B| sup |v]?
B () Ky (1,00) (4.6)
ZK%’I/ dyv(ly!)/ dah2P(y + ) + | B| sup |vf?
Bn(0) (.00
< 0.

Hence the potential Uj; is locally p-integrable for any p < co. Using again [LL01, Th. 11.7], we obtain
that h; is continuously differentiable, and all first partial derivatives of h; are a-Holder continuous
for any o < 1. In particular, U; is also locally bounded, and from [LLO1, Th. 9.10] we have h; > 0
everywhere in R2. For this we apply [LLO1, Th. 9.10] to any open, bounded and connected A C R?
that satisfies [, hi(x)da > 0.

Now we turn to the case d = 3. Recall that we assume that fB |v(|y])\1+‘S dy < oo, for some

d > 0. We show that ]Vh2 [P is locally integrable for some p > Recall that h2 € L{;C(R?’) for any

p < % Pick a bounded open ball B C R3 such that fB i )dx < oo. Pick some open ball B
whose closure is contained in B. We shall show that I3 |th2 x)[Pdx < oo for some p > % Let now

n > 0 be so small that B, (z) C B for any x € B and that v(|y|) > 0 for all y € B,(0). We estimate
|th2(x)| < SUp (00 V] + an(O) dy U(|y|)hj2(m +y) for x € B. Hence we have to show that

/ dz ‘/ dyv(\y[)h?(x + y)‘p < oo for some p > § (4.7)
B 1By 2
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We shall do that for any p > 3/2 and p’ < 3/2 satisfying p/p’ < 1+ §. Recall the abbreviation
K, = [g (0 4Y v(|y|). Jensen’s inequality gives

/dx‘/Bn( ayv(ly)hd(z + )| <Kp/dw\/Bn(0 Qﬁ” W (z+ )|

hp(x ) v p’ P
_ Kroly / | / " ‘;ﬁ( ))v<|y|> ( /B e ) 43

P
< K1~ p/p/dx/ dy h?" (z + ) (y[)’i(/ dz b (z))"
By

()

< 00,

where we used that p < p’(1 + 6) in the last step. Hence, U; € L (R?) for some p > % Now

[LLO1, Th. 11.7] implies that h; is continuous and that th2 is locally bounded. Therefore U; is locally
bounded. Finally we get from [LLO1, Th. 11.7] that h; is continuously differentiable and that the
partial derivatives are a-Holder continuous for any « < 1; whereas [LLO1, Th. 9.10] gives that h; is
positive everywhere in R3.

4.3 Positivity and regularity of minimisers, hard-core case

Now let v be a hard-core potential, and recall the parameter a € [0,00) from (1.2). Let (hq,...,hy)
be a minimiser of the formula in (1.10). Fix i € {1,..., N} and put

C
= Ba< U supp(hj)> :
J#i
where B, (A) is the a-neighbourhood of a set A if @ > 0, and Bo(A) = A. Then it is easy to see that, for
any j # i, the potential Vh? is bounded on any compact subset of ;. It is clear that supp(h;) C €;.
Hence, h; is a minimiser in the problem

inf [||vﬁi||§ + (W, R2) + <E§,2Vh§>]. (4.9)

1(Rd
hi€H(R%) supp (h:) C, ||l |2=1 i

Again by [LLO1, Th. 11.8], h; satisfies the Euler-Lagrange equation in (4.4) in D’(€;). By [LLO1,
Theorem 11.7], h; is continously differentiable in 2;, and its first partial derivatives are a-Holder
continuous for any o < 1. By [LLO1, Theorem 9.10], h; is strictly positive throughout any open
component of €2; in which it is not identically equal to zero.

4.4 Boundedness of minimisers

Now we prove that ||h;]lec < Cq(Ni — (N —1)infv)%%. We do this by carefully examining the proof of
[AS82, Cor. 2.5]. Recall the potential U; = W + 3., Vh? — \; from (4.4), which is locally bounded
and globally bounded from below, more precisely —infU; < A\; — (N — 1)infv =: u; € [0,00). Fix
z9 € R  and 0 < r < (4Cu;)~ Y2, where C' = sup|z|<1 Ez(71(0)), and T:(y) denotes the ﬁrst exit
time of a Brownian motion from the ball B,(y). Then we have E,,(2u; T, (20)) = 2u;Cr? < 1, and
Khas'minskii’s lemma ([AS82, Th. 1.2]) implies that

E,, (eXp{ - /O e 2U;(Bs) ds}> < By (24T (0)) < 2. (4.10)

Note that h;(z) = E,fe” Sy Us(B) dsp,(B(T,(x0)))] for « € B,(xg) by [AS82, Th. A.4.1]. We apply
Cauchy-Schwarz’ inequality and (4.10) to get that

hi(20)? < 2B, [h3(B(T(20)))] = 2/ o(dz) hi(z)?, (4.11)

|x—z0|="
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where o denotes the normalized surface measure on 9B, (z¢). Averaging the left and the right side of
(4.11) on 7 € [0, (4Cu;)~/?], we obtain

hi(z0)? < 2(4Cui)d/2/ hi(2)? dz < 2(4C[\; — (N — 1) inf o]) ¥,
3(401%)—1/2 (zo0)

and this implies the assertion.

This finishes the proof of Lemma 1.3.

4.5 Proof of Theorem 1.14

Recall that we are in d € {2,3} and assume that v > 0 and v(0) > 0 and a(v) < oo, where a(v) is
given in (1.41). Furthermore, recall that we replace v in (1.9) by vx(-) = N9 1y(- N).

First we show the upper bound, limsupy_, ., X(®) < X~ CEP; Let ¢ denote the minimiser in the

Gross-Pitaevskii formula (1.40) with o = a(v). Picking (h1,...,hn) = (&,...,¢) in (1.10), we obtain
that

X < IVOIB+ (W6 + 5 [ NUo(Vlal)(6°76) (@) do

1 (4.12)
— V0l + (W62 + 5 [ ollel)(6*576) (/) da
where hxg(x fRd g(z + y)dy. Since ¢? is bounded, integrable and continuous, we can use

Lebesgue’s theorem to see that the last term converges towards 3 [ v(|z|) dz(¢?%¢?)(0) = 4ra(v)||é|].
Therefore, we have

hj{fnsupx@) <||Voll5 + (W, ¢?) + dra(v)||o||; = (GP)

Now we show the reversed inequality, liminf y_, .o X(®) > X(CEP; Let, for any N € N, (h(lN), . ,hva))
be any minimiser in (1.10), and define ¢% = % ZZ L(R)2. Since, for every R > 0,

2 (®)
Ay dr < IOV, N
A<, inf AS, W — inf As, w

(4.13)

the sequence of probability measures (¢3;(z) dz)nen is tight (recall (1.1)). Hence, there is a limiting
probability measure p of ¢4 (x) dz in the weak sense, along some subsequence. Since (¢ )y is bounded
in L2(R%), there is an L?(R%)-weakly converging subsequence towards some ¢ € H*(R?). Since also
(IVén|l2)n is bounded (which is derived similarly as in (4.13) with the help of the convexity of the
map ¢? — ||V¢||2), we may assume that Vo — V¢ weakly in L2(R?). Furthermore, we may assume
that the convergence ¢y — ¢ is even strongly on every compact subset of R% and pointwise almost
everywhere. In particular, all integrals of ¢y against continuous, compactly supported functions
converge to their integral against ¢. Hence, u(dz) = ¢(z)2dz, and we have that ||¢||s = 1. By
L?-weak lower semicontinuity and convexity of the energy, we have

N
o e 1 ..
IVell3 < liminf [ Vo3 < liminf 'E_l VRS and  (W,%) < liminf(W, ¢%;).

Hence, we have

liminf (A @ b Hh{ @ @ hY) > 5hmmf / o(2)(GF6)(5) da
—00 d

N—oo

+ [Vl + (W,6%) - 5 limsup 05 Z [ LM ) oy



TRAPPED INTERACTING BROWNIAN MOTIONS 31

Hence, for proving that liminfy s X(®) > ngz;, it remains to show that

ipinf [ oD@k F)de = [ oladdsloll (419

N—oo

N
: 1 (N) () N2, (N) z 2 _
hmsupm ;1 /]Rd /]Rd RV (y)°h (v + &) v(jz])dzdy = 0. (4.15)

N—oo

For the proof of (4.15), recall from Lemma 1.3 that [|h" ||l < Cy(AYV)¥/4, where Cy > 0 depends
only on d, and )\EN) is the \; of Lemma 1.3(ii) with v replaced by vy. Hence,

N
%Z/}Rd /Rd B ()R (y + £)2o(|z]) dady < C2 22 d/z/dv(|x|)d$

Recall that - ZN AV =+ 4 Zi<j((h§m) ,VN(h;»N)) ) < 2x%, which is bounded from above
in N, as we have seen in the first part of the proof. Hence, (4.15) directly follows in d = 2, and in
d = 3 we estimate (\{"))}/2 < CN'/2 for some C' > 0 and all N € N, and (4.15) also follows.

We turn to the proof of (4.14). Fatou’s lemma gives that

imint [ o(la)(@376R)(F)do > [ doollel) [ dytipint oo+ £)ok )

N—o00 Rd
Recall that limy .o én(2) = ¢(x) for almost every = € R?. Therefore, it suffices to show that
lim sup |¢?V( — % (y + 5 ‘ =0, for every z,y € RY. (4.16)
N—o0

Fix z,y € R% For a while, we write z instead of + . Estimate

N
62(0) — Gkl + 2] < 3 SRV W)~ W+ 2)| 2l
N (4.17)
Q—C,d N

< ~ (}\EN))d/4|h;N)( ) h(N)(y—i-Z)‘

i=1
In the following we denote by C' a generic positive constant, which may change its value from appear-
ance to appearance and does not depend on i nor on N. Fix i € {1,...,N}. By Ui(N) we denote the
potential in (4.4) with v replaced by vy, i.e.,

UM (w) = W(w) + Y Vivh3(w) — AP,
J#i
where Vi is the operator V with v replaced by vy. Note that

C? N d—2
[ >wand|| < Z sup / dy N (Ve — i) < SO0 [ (el dz < ON'F
i#i 1oeR j=1 Rd
(4.18)
Recall (4.2) and estimate
AN < inf [||V7Li||g + (W, h2) + CN%] < ON'Z. (4.19)

hi€HY(RY),||h]|2=1

We write T' := T3 (y) for the exit time of a Brownian motion (B;):>o from the ball B := B;(y). By
[AS82, Th. A.4.1, Lemma A.4.5], we have

)

AN (w) = K, [h;m(BT)] —E, {/T UMN(Bs)hi™ (Bs) ds], w € B. (4.20)
0
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The first term is harmonic. By the mean-value property we see that, denoting by S, . the symmetric
difference By /4(y)AB1 /4y + 2),

1

|B1ya()l Js,..
< COAM) 4.

h™
H 7 ||00 |Sy7z|

(N) _ (N)
B, [ (Br)] = By [0V (Br)] | < [By/4(y)| (4.21)

B 1 (Br)] o <

The second term on the right side of (4.20) may be written as A" (w) + ﬁ;N)(w), where

WM (w) = / G(w, 0)UN (@)h{ (@) dw, (4.22)
B
A (w) = / (Gp — G)(w, DTN (@)H(F) dd, (4.23)
B
and G and Gp are the Green’s function in R¢ and in the ball B, respectively. (For explicit formulas
for Gp, see [CZ95, Sect. 2.3], e.g.) By [LLO1, Th. 10.2(ii)], for p = d and any « € (0,1), we have
B ) — ROy — 2)] < CLp [U2 B 1] B/ 1,
By (4.18) and (4.19), sup,cp [U™Y (w)| < ON@=2/2, Hence we can further estimate
B () = B (y = )| < Claf NP, (4:24)
Now we turn to /EEN), which is harmonic in B, since (G — G)(-,w) is for any w € B. By [CZ95,
Th. 2.5], (G — GB)(w,w) = Ey|G(Br,w)] for any w,w € B. Like in (4.21), we use the mean-value
property, recall that sup,cp |Ui(N)(w)| < CNU=2)/2 yse Harnack’s inequality and obtain, for any

ac (0,1),
1

R () — AV (y — 2)| < CN"T (AW #4—— dw / d@ (G - Gp)(w,d)|
’B1/4(y)’ Sy, = B
- 1
<ONT M)A __— dw / dw Eo|G(Br, )]
[B1ya(W)l Js,.. B (4.25)
< CN¥(A;N>W4M G(0, @) di

|B1/4(¥)| JB4(0)
< ON'T () e,

Substituting the estimates (4.21), (4.24) and (4.25) in (4.17), we obtain
N
1 a—2 a—2
2 2 - (N)\d/2 2 |« e
W)~y + 2] <O SO (1o N af + N ).

Recall that z = z/N, and furthermore that - SV A < Cand AV < CNF. Picking « sufficiently

close to 1, (4.14) easily follows. This finishes the proof of lim y_, Xﬁ) = ngi;

The proof of the convergence of ¢y towards the Gross-Pitaevskii minimiser ¢ (not only along
subsequences) is done in a standard way as follows. Let f: R? — R be a measurable bounded
function, and fix some ¢ € R with |¢| small. Consider the trap potential W, = W 4 ef. It satisfies
all the required assumptions that we posed on W, with the possible exception of the non-negativity.
However, an examination of our above proofs shows that it works also for W, in place of W. Let
gn(e) denote the variational formula in (1.10) with W replaced by W,, then we know from the
preceding that limy_,oo gn(€) is equal to the Gross-Pitaevskii formula in (1.40) with W replaced
by W.. Furthermore, it is easily seen that gy is concave in a neighbourhood of zero for any N.
Hence, we know that also the derivatives g’y converge towards the e-derivative of the Gross-Pitaevskii
formula with W replaced by W.. Clearly, ¢)y(0) = (f, %), where ¢y is as in the above proof of
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(®)

Hminfy oo X > X'

a(v)’ Furthermore, the analogous derivative for the Gross-Pitaevskii formula is

equal to (f,¢?), where ¢ = gb%czz; is the minimiser in (1.40) for a = a(v). By convergence of the
derivatives, we have limy_,o(f, #3) = (f, ¢*). Indeed, for € > 0, we have

limsup(f, %) < limsup = (9 () — g(0)) = = (9(6) — (0)),

N—oo N—oo

and the right hand side converges to (f, ¢?) as ¢ | 0. In order to see the reversed inequality, replace f
by —f and € by —e. This shows the convergence of ¢3;(z) towards ¢(z)? both in the weak L!-sense
and in the sense of probability measures.

5. LARGE DEVIATIONS FOR THE G-MODEL: PROOF OF THEOREM 1.5

In this section we prove large deviations statement on the G-model in Theorem 1.5. We follow the
same strategy as in the proof of Theorem 1.7 in Section 2. Hence, the main step is the proof of the
following.

Proposition 5.1 (Convergence of the logarithmic moment generating function). For any f € Cy,(2),

N —T(@o—fur)| _
Jim —logE|e | = =Vxw (), (5.1)
where
1
== inf Vh|2+ (20 +v— f,h%)]. 5.2
W=t [IVRIE + (2040 - £ 82) (5:2)

Proof. See Sections 5.1 and 5.2 for the upper and lower bound, respectively.
O

From Proposition 5.1, one derives Theorem 1.5 in the same way as Theorem 1.7 is derived from
Proposition 2.1 in Section 2.4; we omit the details.

The assertion of Proposition 5.1 is classical and well-known if the potential 20+ v — f were bounded
and continuous. But 20 and v are unbounded to oo, and this is the additional technicality we are
facing. Nevertheless, we feel that this problem and its solution are well-known, but we could not find
a precise reference. Hence, we provide a proof.

We shall employ eigenvalue expansions on large compact subboxes to derive (5.1). For the upper
bound, we use periodic boundary condition in the box, and for the lower bound we use zero boundary
condition. Let us remark here that, if W and v would have been assumed continuous in {W < oo}
resp. in {v < oo}, these arguments for the upper bound could have been also replaced by applications of
Varadhan’s lemma and the large deviations principles in Lemma 1.15. However, due to the degeneracy
of v at zero, we did not find any way to derive the lower bound in (5.1) via large deviations arguments
in the soft-core case.

5.1 Proof of the upper bound in (5.1)

Recall that A = [—R, R]d. We shall divide the path space into the part on which the Brownian
motion spends more than (1 — )7 time units in Ag up to time 7" and the remaining part where this
is not satisfied. We will replace pr by its Ag -periodised version pr r and control the error. We also
replace the two potentials W and v by their cut-off versions Wy = W A M and vy = v A M, where
M > 0 is large. Finally we let R — oo, | 0 and M — oc.

In the following we sketch only the proof because all the details can be found in the corresponding
proof for the K-model. For the G-model it turns out the error estimates are simpler, in particular
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the interaction part, because here only one Brownian motion is involved, and hence, there is only one
time scale. We begin with

E<6*T(%+U*f,w>> < E(efﬂw’“ﬂﬂ{uT(A%) <1-— 77}) e~ Tinfv T flloc 5
5.3
4 E(e*T@HMJrUM*fMﬂﬂ{ﬂT(Ag) > 71— 77})7

where 20, and v, are defined as 20 and v in (1.3) with W and v replaced by W A M and v A M,
respectively. The first term on the right of (5.3) is easily further estimated, using that W > 0. Indeed,
it is not bigger than exp{—T(ninfre W +infv — || f[|so)}. For estimating the second term, we replace

pr by its periodised version p7 g as in (1.45) with the box A replaced by Ag . Now we can estimate
the replacement error for the trap part as follows

N
(War, pr) = (War, prr) = Y / > (W (i + 2Rk;) = W () pr(d(z + 2RE))
AN = (5.4)
kezZdN\{0} " "R i=1
> —Mpr((AR)) = —nM.
The replacement errors of the other parts of the potential are estimated in the same way:

(oar = four) = {onr = foumR) 2 (=M +info = 2||flloo)pr ((AR)°) = —n(M — inf v + 2] f]loc)-

Summarising, we obtain

lhs Of (51) S e_,‘r(nian(}:2 W"’_lnfv_llfHOO) + eQTn(M_inva’_Ilf”OO)E<e_T<QHJW+U]W_f=H/T,R>). (55)
Now we use an eigenvalue expansion to derive that
1
lim sup — logE<e7T<%M+°M*f’“T’R>) < —Nxn(R, M, f), (5.6)
T—o00 T
where
1 1
XN(R, M, f) = —inf{—/ |V rh(2)[* dz+(War+op—f,h%): h € C®(ARNQ), [|h]]2 = 1}- (5.7)
N 2 JaNno

Here VR denotes the periodised gradient on Ag , 1.e., the one with periodic boundary condition. To
derive (5.6), we let (Ag)ken and (ex)ren be the sequence of eigenvalues and an orthonormal basis of
corresponding eigenfunctions of the operator A — QW — v + f in Ag N Q with periodic boundary
condition. We may assume that \; = —Nxny(R, M, f) is the principal eigenvalue. Let p{”(z,y)
denote the transition probability function of the Brownian motion on the torus A% N and note that
p{?(x,y) < Cg for any z,y € Ag, for some Cr < oo. For simplicity, we assume that V(Ag) = 1.
Then we can estimate

E<e—T(QHM+UM—f,MT,R>)
< e—infv—i—||f||o<> /I/(d&?) Ex<e—flT[QﬂM+UM—f](Bs)ds)

_ e—infv+||f||oo/ dy /u(dx)p(lR)(m,y)Ey <e—(T—l)(wAI+UM—f=NT71,R>>
AR

< O3 elT e (o, 12,
keN

where C' > 0 does not depend on 7, and (-, ) is the inner product on L2(AY¥). Now use Parseval’s
identity to continue

E<67T<%M+UM*JC7HT,R>) < oT-Dh Z<e’f’ 1)2 = oD 7|2,
keN
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where || - || denotes the L? norm in AY. From this, (5.6) directly follows. From (5.5) and (5.6), we
obtain

Lh.s. of (5.1) < — min {niAanW Finfo — ||f]lcos —20[M — infv + || f|o] + Nxn (R, M, f)}, (5.8)
R

Now we let R — oo, then 7 | 0 and finally M — oo on the right side of (5.8). Note that

lim inf lim inf xv (R, M, f) = v (f). (5.9)

The proof of (5.9) is standard, we do not carry it out here; note that the proof of (2.14) is similar and
even technically more difficult.

Because of our assumption on W in (1.1), limpg o inf Ag, W = oo. Hence, we obtain that the left
hand side of (5.1) is not bigger than Nxn(f). This finishes the proof of the upper bound in (5.1).

5.2 Proof of the lower bound in (5.1)

Now we prove the lower bound in (5.1). Like in the proof of the upper bound, we rely on an eigenvalue
expansion. We recall Ag = [—R, R]? and the set U, from (1.5). Fix some n > a (recall (1.2)). We
estimate the expectation on the left hand side of (5.1) by imposing zero boundary condition in a
certain compact set:

E[e_T<w+°_f’“T>] > E[e_T<w+°_f’“T>]1{supp(uT) c AR NT,Y,

where we put 5}7 = U, in the hard-core case and (7,7 = R in the soft-core case. Hence, in the hard-
core case, we may replace 20 and v by 20, and vy, (for this notation, see below (5.3)), respectively,
where M > 0 depends only on 1 and R. In the soft-core case, the potential 20 + v — f is locally
integrable in the box Ar and bounded from below.

Consider the linear operator A — 20 — v on the space Lz(Ag N (7,7) with zero boundary condition.
Standard results imply that this operator possesses a compact resolvent. Hence, a Fourier expansion
in terms of the eigenvalues of this operator yields that

1 ~
Jim = 1ogE[e*m*"*f’”ﬂﬂ{supp(uﬂ CARN Un}} = —Nxn(R,n, f), (5.10)
where 1
(B, f) = ~ inf o (SIVAB+ @ 4o—fhY)  (51D)
he HL (RN ) supp(h)CAN MUy, ||hl|2=1 2

is the principal eigenvalue of the above operator. The proof of (5.10) is similar to the one of (2.31)
and technically much easier; we omit the details.

Now we let R — oo and 1 | @ and see easily that
Aim Limxy (R, f) = xn(f)-
This finishes the proof of the lower bound in (5.1).
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