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Abstract

We describe a family of quantum spin models which are generators
of a discrete Markovian process. We show that that there exists an
explicit expression for the ground state of such models and give a
simple argument for the existence of two types of long-range order in
such systems. Two special examples of these systems are analysed in
detail.
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1 Introduction

The existence of long-range order for order parameters in quantum many-
body systems is an important problem which is the first step towards a
complete description of the phase diagram.

This problem has been solved for a large class of quantum spin sys-
tems of the mean-field type. These models include the Vonsovsky-Zener
type fermion-spin systems [1] explaining the occurrence of superconductivity
and of ferromagnetism at non-zero temperatures. The first rigorous analy-
sis [1-3] of such systems made use of the so-called approximating Hamiltonian
method. Other methods include large-deviation theory combined with group
representations [4-7] and C*-algebra analysis [8-10]. Note also that the ap-
proximating Hamiltonian method has been extended to boson systems in [11]
and [12].

Tian [21] formulated a sufficient condition for the coexistence of two inde-
pendent order parameters with long-range order in the ground state of some
boson and fermion systems. For the Hubbard model this condition coincides
with the RVB (resonating valence bond) long-range order and on-site-pairing
long-range order. Macris and Piguet [20] proved the existence of two or-
der parameters for lattice boson-fermion systems at a non-zero temperature
by generalizing [19] the Tian technique in and the Lieb-Simon reflection-
positivity technique.

In this paper we formulate a special class of quantum spin X Z models on
the hypercubic lattice Z¢ with a Gibbsian ground state in which long-range
order occurs for the spin operators S' and S? in dimensions greater than one.
(In one-dimensional systems ferromagnetic long-range order for S! is easy to
prove.)

Our systems differ from the XZ spin % systems which admit Gibbsian
ground states considered in [15]. There, the classical Gibbsian system which
generates the ground state is in fact quite complicated. Kirkwood and
Thomas proved that there is ferromagnetic long-range order for S? in the
ground state in some of their ferromagnetic systems. Our proof of the S-
long-range order is analogous to theirs. In [16] the Kirkwood-Thomas anal-
ysis is formulated as a fixed-point problem and applied to find quasi-particle
states. The method has been further generalised by Yarotsky [17]. Our
analysis is less general but has the advantage of simplicity.

In [18], Matsui showed that in one dimension, classical Gibbsian systems
are associated with quantum Potts systems. The structure of the Matsui
Hamiltonians are a special case of the Hamiltonians of XZ spin systems con-
sidered here, which can be represented as a sum of a diagonal part of a
specific form and an Ising-type non-diagonal part.



Our Hamiltonians are expressed in terms of the Pauli matrices

Slz((l) (1)), 52:<? _OZ),andS?’:((l) _01) (1.1)

Given a finite subset A C Z¢ with cardinality |A| let S! etc. be the corre-
sponding operators on Ey = (C?)* acting on the factor for the point z € A.
If we denote for sy, € {—1,1}4,

1 0
BR(s1) = Srentolon), where vo(1) = () w1 = (7).
then this can be written as
S;\IJS)\<SA) = \IJ?\(S;{XHE}>7 Si\Ij?\(SA) = S:E\IJE)\(SA)a (1'2)

where, for any subset A C A, s4 is the configuration s, with the spins in A
flipped. (Note that the states W9 (s,) form an orthonormal basis for (C?)A.
In particular,

(WR(s2) | WR(sa)) = 6(sa5sh) = [ [ 0ot

TEA
where d,, o is the Kronecker symbol.)
We now define the operators
Py =84 — e 3Walsi), Sh=1[3s (1.3)
z€EA

where

WA(SA) = UO(SZ‘) — UQ(SA), U()(Sﬁ) = UQ(SA\A, —SA). (14)
Our main results concern Hamiltonians of the form

Hy=Y JaPs, Ja<0 (1.5)
ACA

In Theorem 2.1 below, we show that their ground state is given by
Uy =) e 306V (sy),  aeRT (1.6)
SA

In the proof we establish that the Hamiltonian (1.5) is the generator of a
discrete Markovian process. The spectral structure for such generators in
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the simplest case (JA| = 1) was established in [22]. In Theorem 2.2, we
formulate conditions on J, for which this ground state is unique. As a
simple consequence, we show in Theorem 2.3 that in dimensions d > 1, there
are two types of long-range order in these systems.

In the third section we calculate explicit expressions for the Hamiltonians
in the case J4 = 0,|A| > 2 and with the simplest choice of a ferromagnetic
Up. The Hamiltonian corresponding to the case d = 1, J4 = 0,]|A| > 1
already appeared in [Ma]. The case J4 = 0,]|A| # 2 is interesting since
our Hamiltonian is expressed as a perturbation of the simple ferromagnetic
Hamiltonian

Hy=1J Y (SiS,+7Sish), J<o,
<z, y>€A

where v = 4d(cosh a)*~3 sinh . Our condition of uniqueness of the ground

state does not apply to this case since it does not hold if J4 = 0 for all A
with |A| # 2. However, see Remark 2.2.

Remark. The class of Hamiltonians for which (1.6) is a ground state can
be generalised to

Hy= > Jay(PajPa+Pa..Pa), A= (A1,...4), (L7
A1,...,A;CA

where the summation is over families of disjoint non-empty subsets of A.
This follows from the following equality for an arbitrary A

PyU, =0. (1.8)

2 Main results

We first prove that (1.6) is a ground state with eigenvalue zero for the Hamil-
tonian (1.5):

Theorem 2.1 The Hamiltonian (1.5) is a positive self-adjoint operator on
(C*HA and the state Wy, given by (1.6), is a ground state with eigenvalue
zero.

We begin by proving (1.8). This shows that W, is an eigenfunction of the
Hamiltonian (1.5) with eigenvalue zero. The identity (1.8) follows easily by



changing signs of the spin variables s4 in the first term:

PaV, = Z (‘P%(Sﬁ) — efgwA(sA)\Ij?\(sA» e*%UO(SA)

SA

= 3T (W (s)eBUO0N) — WG (5y) e BV

SA

-3 (e—%wsm - e—%Uo<sﬁ>) 10 (s4) = 0.

SA

Next we prove that the Hamiltonian is a positive operator. For this
purpose, we define two further operators

Hi = eV 1, e~ 2U0(53) Hy = e~ 2Uo(SR) 1, o 3U0(SR) (2.9)
It is clear that
(H{) = Hy, Hy =e Ul pfeatolsh), (2.10)

where the star denotes the adjoint in the Hilbert space E = (C?)A.
A straightforward calculation on the basis U9 shows that

HY =" Jae 3760854 — 1), (2.11)
ACA

where [ is the unit operator. This operator is symmetric with respect to the
new scalar product

(F'| F\y, = (F'| eV Ry, (2.12)
Indeed,
(F'|H{F)y, = (F'|e*"SVHIF)

= Y Ja(F| e ERERHOEE(S) - 1))
ACA

— Z JA SA F/ | e—f[UO Si)+UO(S3A)}F>
ACA

= (H{F'|F)y,
Here we used the equalities
e 3R g) = Shem3ERD, e 3R S) = gle IO (2.13)
From these inequalities we derive, also,

(F'| H Fu, = (e 30O F | Hye 30D ), (2.14)
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This shows that it suffices to prove that H) is a positive operator for the
new scalar product (2.12). Let

F= 3" F(sn) W3 (sa):

SA

then
(H{F)(sp) = = > Jae WA (F(sy) — F(s})). (2.15)

In deriving this equality one has to once again change the signs of the spins
s4 in the expansion of H; F on the basis UY.
This means that

(FIHYFyy, = = Jay e W0 tDl(p(sy) — F(sy))F(sy)
ACA SA
= L S Y e R (R(sy) — F(s3)? > 0.
ACA SA
(2.16)

Here we used the fact that the exponential weight in the sum is invariant
under changing signs of spin variables s4. It now follows that H, is positive
definite.

Remark 2.1 The operator H, is an analog of the operator generated by
the Dirichlet form for continuous spins [23]. Its exponent e~tHX generates a
discrete Markov process which can be called a generalized spin-flip process.

For its adjoint the following relations are valid

(HyF)(s0) = Y Jaled A0 p(si)—e 8WatO p(sy)], S (Hy F)(sa) = 0.
ACA SA

The last equality implies the validity of the law of conservation of probability
and is derived after changing signs of spins s4 in the first term of the first
equality (Wa(s3) = —Wa(sa))-

Uniqueness of the ground state will be derived from the Perron-Frobenius
Theorem [13,14]:
Theorem Let the square matriz B be non-negative and irreducible. Then the
spectral radius p(B) is a simple eigenvalue of B and p(B) > 0. Moreover,
the components of the associated eigenvector are all strictly positive.



We recall that a matrix is non-negative if all its matrix elements are non-
negative, and an n X n-matrix B is irreducible if there does not exist a subset
I C {1,...,n} such that for all (¢,7) € I x I°, the matrix elements B; ; = 0.

We use this theorem to derive two alternative conditions for uniqueness
of the ground state:

Theorem 2.2 The ground state Wy of Hy is unique if one of the following
conditions is satisfied:

1. Jggy <0 forallz € A; or

2. For every pair of points x,y € A there exists a chainxg = x,21,...,T, =Yy
of points in A such that Ji, »,..y < 0 and there is set A C A with J4 <0
and |A| odd.

Proof. We apply the Perron-Frobenius Theorem to the operator —Hy + al,
where [ is the identity operator (matrix) and a is a constant given by

a= Z Jpe~2Walen), (2.17)

ACA

Consider first the case Ji,;) < 0 for all z € A. Suppose that I C {—1,1}" is
such that

(UR(sh) [ (—Ha +al)WR(s2)) = — > Ja(WR(sh) | S4PR(s)) =0
ACA
Vsy € 1,8y € I° (2.18)

Since I # {—1,1}", there exists sy € [ and z € A such that s} :=
SI09 (s4) = WO(s\™) ¢ I. This contradicts (2.18) since all J4 < 0 and
J{x} < 0.

Next consider case 2, and assume again that (2.18) holds. Similar to the
previous case, if sy € I and x,y € A such that Jg, ,, < 0 then s;{\x’y} e I
By flipping pairs of spins in a chain as in the hypothesis, it then follows that
we can flip any pair of spins in s,. We conclude that I must contain all
configurations with an even number of spins s, = —1 or all configurations
with an odd number of minus-spins. However, it is also assumed that there
is a set A C A with |A| odd and J4 < 0. Flipping the spins in A converts
a configuration with an odd number of spins s, = —1 to one with and even
number and vice versa. It follows that [ must contain all configurations.

Remark 2.2 The second condition in case 2 is not superfluous: it follows
from the proof that even if J4 < 0 for all A with |A| = 2, there does exist



a nontrivial set [ satisfying (2.18). Indeed, in this case the spaces spanned
by U (sp) where #{z : s, = —1} is odd resp. even are invariant, and the
ground state is two-fold degenerate.

One of the most interesting features of the models considered is that they
have two order parameters with long-range order. This is now surprisingly
easy to prove:

Define, for finite subsets A C Z4, and operators F4 depending on S}, S?
and S with z € A,

(Fa) = lim (Fa)p,  (Fa) (Wp | FaWy)

=" 2.1
Az A <\I/A, \I/A> ’ ( 9)

where W, is the ground state. The Gibbsian nature of the ground state then
immediately yields the following theorem.

Theorem 2.3 Suppose that the Hamiltonian Hy of a quantum spin system
on finite subsets of the lattice Z¢ is given by (1.5) and that limy_za Wa(sa)
exists for all finite A C Z%. Suppose moreover that the limit is bounded
if |A| = 2. Then, for d > 1, there is ferromagnetic long-range order for
S, Moreover, if there is long-range order in the corresponding classical spin
system with the potential energy Uy then such long-range order occurs also
for S3 in the ground state of the quantum system.

Proof. We have to prove that

1q1
(8;5,) > a, for a > 0. (2.20)
Writing
Zyn = (Un|Wy) = Ze 2Uolen),
we have
(S, 51 A= Ze 2U0n) =3 Won(sn) > inf e~ 2Wen(a) < 400,

SATY

This proves (2.20).

Since S? is a diagonal matrix, the ground state expectation value of a
function of S? equals the classical Gibbsian expectation value of the function
depending on classical spins. This proves the last statement of the theorem.



Remark 2.3 For short range interactions the condition for W, , of the the-
orem is always satisfied. It is well-known that for a ferromagnetic nearest-
neighbour pair interaction

Up(sa) = —g Z szsy (g >0), (2.21)

<z,y>CA

there is ferromagnetic long-range order in the classical system at sufficiently
low temperatures.

3 Examples

In this section we show that some of the the Hamiltonians considered in the
previous section have the following form

HA = ]:-IA + H&A + |A|Oé()7 (322)

where H, is a polynomial in Sl and S2, Hyy is a boundary term, and ayq is
a constant.
We consider two specific examples.

3.1 Example 1
Put J, = —1; Jy .2, =0,k>1and

Up(sp) = — Z Sy Sy- (3.23)

<z, y>€A

Then
Wa(sa) =25, Y s, (3.24)

yeA,\y—x|:1

Let n, be the number of nearest neighbours of x. Then from the simple
equality

e~ =cosha — Ssinha, S*=1, (3.25)
it follows that (Yx = (y1,-.., Yx))
6_%WT(S/3\) — H 6—&5352
yeA,ly—$|:1
= H (cosha — 5357 sinh )
yGA,ly—z|:1



= (sinh a)*(cosh o)~ % Z S[?ifzk]

k=1 ngCA,|yjfx|:1
[nz—l
2
3 : 2k-+1 g —2k—1
=S g (sinh a)**™ (cosh ) g S[Y%H]
k=0 Yop+1CA ly;j—z|=1
+(cosh o)™

where [n] is the integer part of the number n. The Hamiltonian can therefore
be written as

HA = —Z Sl Zak nx Z S[?g/%] +

zEA Yo, CA,lyj—z|=1
[Pzt
D0 Blm) D SISh p + (cosha) Al = con,

k=0 Yor+1CA,ly;—z|=1

where
ag(n) = (sinh Oz)Qk(COSh o)k,
and
Br(n) = (sinh a)***!(cosh o))" 21,

and

con < (cosh a)?(cosh® o — 1)|OA],
is a boundary term.
It is now evident that (3.22) holds with ag = (cosh a)?® and

= =) _Si—2dBy(2d) > SIS}

zeA <z,y>€A

RUETD DED DN

€A YoCA, |yj —z|=1

+Z a2y Y S

IEAYQkCA |y] :El 1

— B2y >SSy |- (3.26)

TEA Yo 1 CAJy;—x|=1

In the case d = 1 one has in particular, for A = [-L, L],
Hy = — Z S! — (sinh 2a) Z S2Sy + (sinh a)? Z S2Sy. (3.27)
zEA <z,y>€EA z,yEN, |z —y|=2
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with boundary term
Hpp = sinha(1l — cosh ) (5%, 5%, 1 +57_15}) + 2cosha(l — cosh ).

H)y is essentially the Hamiltonian introduced by Matsui in [18]. Notice
that Uy is of the form (2.21) so that in dimensions d > 2 there is long-range
order of two different kinds by Theorem 2.3

3.2 Example 2

Put J, =0, J,y =1, |z —y|=1;J,, = 0,|z —y| > 1 and let Uy be given
by (3.23).

We first consider the one-dimensional case d = 1.

Since J4 = 0 unless A is a pair of nearest neighbour sites, we only need
to compute Wi, 541y It is given by the formula (A = [-L, L])

Waar1(sa) =2((1 = 0-1.2)Se—182 + (1 — 0.2 )Sut1Sz42) - (3.28)
If —-L+1<ax <L —2then an application of (3.25) yields
e~ 3Weeni(S) = (cosha — 53,83 sinha)(cosha — S, 152, sinha)

—(cosh ) (sinh ) (S;_,S; + S§+1 S§+2)
+(sinha)?S2_ 5252 52,5 + (cosha)?.

We also have,

_e 3 :
2Wor01(80) — coshar — 53,182, osinha

(&
and
SWr_1,1(

_a 3 .
e 2 %) = cosha — S ,S9% | sinha

We thus obtain the following expression for the Hamiltonian:

Hy = - Z S2Sz11 — (cosha)(sinha) Z (S3-152 + S7115512)
~L<z<L-1 ~L+1<z<L-2
+(sinh ) Z S[?Ex—l ..... vt2)] — Sinh (8214182 1o+ 51257 1)
—L+1<x<L-2
+(2L — 2)(cosh a)? 4 2 cosh a. (3.29)

This is obviously of the form (3.22) with ag = (cosh «)?, and bulk Hamil-
tonian given by

oy = — Z [SiS;H—i—(Sinthz)Si’SiH]
—L<z<L-1
+(sinha)® Y SE ) (3.30)
—L+1<z<L-2
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Next we analyse the case of arbitrary d. We have, for a bond < z,y >€ A,

Way(sa) =2 Z Sp, sp = 8,8, if <z, 2 >=0b, (3.31)
beBe,
and hence N
AU ] B (3.32)
<z,2'>€BY ,

where By is the set of bonds stemming from the points z,y excluding the
bond < x,y > itself. Another application of (3.25) yields

Z SiSy+

<z, y>€A
+ Y > wl2)S,, > w(Z))SE,
<zy>€EA ZCNA\{y} Z'CNy\{z}

(3.33)

where N, = {z € Al |z — 2| =1} and Ny{z € Al |y — 2| =1}, [Z], = Z if | Z|
is even and [Z], = Z U {z} if |Z] is odd, and similarly for [Z’], and

Y2(n) = (cosh a)™ " (sinh )" (3.34)

and similarly for v,. This is clearly of the form (3.22) with ag = d(cosh )24~
and bulk Hamiltonian given by

2(2d—1)
Bome Y SSsse YY1 Y sty
<z,y>€A <z,y>€EN j=2 {b1 ..... bj}CB2,
(3.35)
where
= 2(2d — 1)(cosh a)**~3(sinh a) (3.36)
and
v; = (cosh a)*~%7 (sinh a )/ (3.37)

and Ub; includes x or y if they occur an odd number of times.
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