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Abstract

Following the program suggested in [1], we get a new microscopic theory of superfluidity for
all temperatures and densities. In particular, the corresponding phase diagram of this theory
exhibits:

(i) a thermodynamic behavior corresponding to the Mean-Field Gas for small densities or
high temperatures,

(ii) the ”Landau-type” excitation spectrum in the presence of non-conventional Bose conden-
sation for high densities or small temperatures,

(iii) a coexistence of particles inside and outside the condensate with the formation of “Cooper
pairs”, even at zero-temperature (experimentally, an estimate of the fraction of condensate in
liquid “He at T=0 K is 9 %, see [2,3]).

In contrast to Bogoliubov’s last approach and with the caveat that the full interacting Ha-
miltonian is truncated, the analysis performed here is rigorous by involving for the first time a
complete thermodynamic analysis of a non-trivial continuous gas in the canonical ensemble.
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1. Introduction

The first microscopic theory of superfluidity was originally proposed in 1947 by Bogoliubov
in [4-8]. A recent analysis of the Bogoliubov theory has already been performed in the review [9],
itself containing a summary of [10-15]. The critical analysis performed in [1] leads us to use the
Bogoliubov truncation of the full Hamiltonian within the framework of the canonical ensemble.
In the grandcanonical ensemble, it corresponds to a weaker truncation than the Bogoliubov
one by implying the superstable Bogoliubov Hamiltonian [16] defined in Section 2. This non-
diagonal Bose gas is rigorously solved at the thermodynamic level: in the grandcanonical en-
semble (Section 3) and in the canonical ensemble (Section 4).

In the case of homogeneous systems, these analyses provide a new (canonical) theory of su-
perfluidity with a gapless spectrum at all particle densities and temperatures, leading us to
a deeper understanding of the Bose condensation phenomenon in liquid helium explained in
Section 5.

Actually, at any temperatures T > 0 below a critical temperature T, the corresponding Bose
gas is a mixture of particles inside and outside the Bose condensate. Even at zero-temperature,
two Bose systems coexist: the Bose condensate and a second one, which is denoted here as the
Bogoliubov condensate. This comes from a non-diagonal interaction, which implies an effective
attraction between bosons in the zero kinetic energy state, i.e. in the Bose condensate [9,12].
In contrast with the (conventional) Bose-Einstein condensation, these bosons pair up via the
Bogoliubov condensate to form “Cooper pairs” as in the case of a superconductor. This Bose
condensation constituted by Cooper pairs is non-conventional [9,11,12,14,17, 18], i.e. turned
on by the Bose statistics but completely transformed by interaction phenomena.

The coherency due to the presence of the Bose condensation is not enough to make the Per-
fect Bose Gas superfluid, see discussions in [4-6]. The spectrum of elementary excitations has
to be collective. In this theory, the particles outside the Bose condensate (the Bogoliubov con-
densate) follow a new statistics, different from the Bose statistics, which we call the Bogoliubov
statistics. The Bogoliubov condensate is a system of “quasi-particles” with the Landau-type
excitation spectrum. Therefore, following Landau’s criterion of superfluidity [19,20] it is a su-
perfluid gas. The corresponding “quasi-particles” are created from two particles respectively of
momenta p and —p (p # 0) through the Bose condensate (p = 0) combined with phenomena of
interaction.

The theoretical critical temperature where the Landau-type excitation spectrum holds
equals T, ~ 3.14 K. For the liquid *He, the superfluid liquid already disappears at Ty = 2.17 K,
but the Henshaw-Woods spectrum does not change drastically when the temperature crosses
T: it is still a Landau-type excitation spectrum for T) < T < T,. For a complete description
of this theory in relation with liquid *He, see Sections 5.3 to 5.4.

The phenomenon of Cooper pairs between two fermions corresponds to the phenomenologi-
cal explanation given for the existence of superfluidity and Bose condensation in *He [21-23].
Therefore, at the end (Section 5.5), we explain how this theory may also be a starting point
for a microscopic theory of superfluidity for 3He within the framework of Fermi systems.

Before finishing this short introduction, we recall again that this analysis is based on the
Bogoliubov truncation in the canonical ensemble [1]. This unique truncation hypothesis is still
not proven in this paper, but we will show that the theory is, at least, self-consistent. Note that
it implies the exact solution of a non-diagonal continuous model far from the Perfect Bose Gas



in the canonical ensemble at all temperatures and densities. This is the first time for such a
rigorous thermodynamic analysis to be performed on a non-trivial continuous gas.

Remark 1.1. This analysis is technically based on three papers. First we use the proof of the
exactness of the Bogoliubov approximation in the grandcanonical ensemble for a superstable
gas [24], as done by Ginibre [25]. Then, we use the “superstabilization” method [26, 27].

2. Setup of the problem

Let an interacting homogeneous gas of n spinless bosons with mass m be enclosed in a cubic
3
box A = x L C R3. We denote by ¢ (z) = ¢ (||z]|) a (real) two-body interaction potential and

a=1
we assume that:

(A) ¢ (z) € L' (R%).

(B) Its (real) Fourier transformation

Ak :/ dBrp () e ke R3,
R3

satisfies: A\g > 0 and 0 < \, = A_;, S”kl”im+ A\, for k € R3.
—0

(C) The interaction potential ¢ () satisfies:
A A
(C1) : ?O—l-goo >0, or (C2) : ?O—i—goo <0,

where the (effective coupling) constant ggo equals

:—#/d3kA—i<0 (2.1)
Joo = 4(27T>3 3 ~ ) .
R

with the one-particle energy spectrum defined by ¢, = h%k?/2m.

The last conditions (C1)-(C2) will be important only at the end of this paper and first appeared
in the study of the Weakly Imperfect Bose Gas [9,11,12,16]. In particular, we explain later in
Section 5.2 the quantum interpretation given by [12] of the constant ggo.

Following [1], the full interacting Bose gas should be truncated within the framework of
the canonical ensemble. Formally, the Mean-Field interaction does not change the “physical
properties” of a Bose system (cf. [26,27]). The “physical” effect of the interaction potential
should express itself by the other terms of interaction. Actually, considering the existence of
a Bose condensation in the zero-kinetic energy state, one should partially truncate the full
interaction by keeping complete the Mean-Field interaction since it is a constant in the canonical
ensemble. Within the framework of the grandcanonical ensemble, this procedure [1] implies the
(non-diagonal) superstable Bogoliubov Hamiltonian [16]:

HS = HY o+ UM, (2.2)
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where

Ao - Ao
UvE = v Z Uy Oy Uy Oy = 7 (Nf\ — NA) , (2.3)
k1,ko€A*
HY,\, = Ta+ UL +URP + UM, (2.4)

and

5=
I
= s
S
S
=

keA*
1 * * *
Ul = e Z Aeagao (ajar + a* pa_y) (2.5)
keAx\{0}
1
UyP = G Z Ak <a2a*_ka%+a82aka_k>, (2.6)
keA*\{0}
UBMF _ )\0 %2 2 )\0 * * 27
it = 5% a0+va0a0 Z ayay. (2.7)

keAx\{0}

In the canonical ensemble, the important Hamiltonian to analyze is H /50- However, because
of the instability of this model in the grandcanonical ensemble [1], we need first the grand-
canonical thermodynamic properties of the superstable Bogoliubov Hamiltonian H fﬁo for any
Ao > 0 (Section 3), in order to get the canonical thermodynamics of HZ (Section 4). In parti-
cular, H i o does not depend on A\ > 0, originally defined as the Fourier transformation of ¢ (x)
for K = 0. Then, we explain in Section 4 that \g can be chosen freely as an arbitrary parameter
and has to be taken sufficiently large to satisfy (C1).

Remark 2.1. For Ay > 0, the Hamiltonian H f \>0 Tepresents in fact the original Bogoliubov
Hamiltonian [4-8]. Since the truncation does not involve here the Mean-Field interaction UMY
we get the superstabilized [26, 27] version of the Bogoliubov Hamiltonian for \g = 0 (the
Bogoliubov Hamiltonian without the term UPMT coming from UMY by using the Bogoliubov

truncation).

The Hamiltonian H fﬁo acts on the boson Fock space

+o0 n
FR=0 My,

with Hg) defined as the symmetrized n-particle Hilbert spaces

Hy = (L2 (A™)) HY =,

symm ’
see [24,28]. Using periodic boundary conditions, let

2mn,
A*E{k‘GR?’ k:a: a 7nOé:O7:t17:t2a"'7a:172’3}

L
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be the set of wave vectors. Also, note that ak# = {aj or ai} are the usual boson creati-
on/annihilation operators in the one-particle state 1, (z) = V"2e** k € A*, z € A, acting
on the boson Fock space F2. Under assumptions (A) and (B) on the interaction potential ¢ (z)
the Hamiltonian H% is superstable [24].

Remark 2.2. Here 3 > 0 is the inverse temperature, . the chemical potential, p > 0 the fixed
full particle density, whereas n = [pV'] defined as the integer of pV', is the number of particles in
the canonical ensemble. Also T = (kBﬁ)_1 > 0 is the temperature where kg is the Boltzmann
constant.

3. Thermodynamics in the grandcanonical ensemble

In this section we analyze the thermodynamic behavior of the superstable Bogoliubov Hamil-
tonian Hy SB in the grandcanonical ensemble Note that in the canonical ensemble for a given

density p, i.e. on the Hilbert space H VD , the Hamiltonians H Sg and HP o differ only by a
constant. Therefore one may be tempted to first analyze the easier Hamiltonian HP Ao- Indeed
HRB represents the superstabilized version of HY (remark 2.1) and from [26 27] we could
have found all the thermodynamic behavior of the superstable Bose system H{5 o> as 1t is done
for the Mean-Field Bose Gas using the Perfect Bose Gas, cf. [29-35]. The thermodynamic be-
havior of H fo is known [1], but, unfortunately, this Bose system is drastically instable at high
densities in the grandcanonical ensemble. The terms of repulsion in the Hamiltonian H f,o are
not strong enough to prevent the system from collapse. So the Bose gas H }30 gives only very
partial results on its superstabilized version HY% o> and in fact only at sufficiently low chemical
potentials. Consequently, the thermodynamic behavior of H fﬁo has to be found directly.

Before entering this study recall the definitions of the grandcanonical pressure p3Z (3, )
and particle density p3” (3, 1) associated with HZ% :

_ 1 o~ B(HRE —uNa
P = ﬁvlnTTfB( ( g )>,

PBp) = <%> (8, 1) = 8,pR” (B, 1) -
Hfﬁo

Here (=) ;x (8, 1) represents the (finite volume) grandcanonical Gibbs state for some Hamilto-
nian H:

TT']:E ((_) 6_5<H1)\(_MNA)>
TT]:B (eiﬁ(Hi(*“NA)) .

From the superstability of the Hamiltonian H{% it follows that pR” (6, y1) is defined for every
pair

() (B, 1)

(B,1) € Q° = {B >0} x {u € R},

even in the thermodynamic limit [24].



3.1. The grandcanonical pressure

The first step is to use the Bogoliubov approximation, i.e.
ap/VV = ceC, a/VV -t eC,

for the Hamiltonian Hfgo (1) = HYE —puNy. Since the model HF% is superstable [24], Ginibre
[25] proves the exactness of the Bogoliubov approximation in the sense that

P (5 = limpd® (Bp) = supp®® (5, p.c) = hnl{suppi3<ﬁ,u¢ﬂ}, (3.1)
A ceC A ceC
with
B(ﬁvuv )_ﬁ—vlnTT]:'e o AXO(#C (ﬁ K, )_h/{npiB (ﬁvﬂvc)' (32)
Here
1T ()
=9 Hp ero

is the boson Fock space of the symmetrized n-particle Hilbert spaces HglL 4o for non-zero
momentum bosons.
Note that

Ao :
HS o (1, €) = H/)\B,,\O (1, c) + bYYa (Ni,k;éo - NA,k#O) with Ao > 0, (3.3)

where HY, (1, ) is defined by (A.1) in Appendix A and Ny xo is the operator of the number
of particles outside the zero-mode. Then, the second step to find the thermodynamic limit
p B (8, 1) of the pressure uses [26] and gives the following result:

Theorem 3.1. Let pf (3, a,z) (A.9) be the thermodynamic limit of the pressure of the non-
superstable Hamiltonian Hf,o (a,c), then for any (3, 1) € Q°, one has

2
% (8, 1) =sup p5% (8, 1, c) =sup { inf o (Ba,z) + L= UL (3.4)
ceC x>0 | a0 2)\0

Proof. By (3.1) the proof consists of getting the thermodynamic limit p>% (3, i, ) of the pressure

B (8, 1, ¢) associated with the Hamiltonian H35 (1, ¢). We calculate the pressure pi” (6, 1, )
via the weak-equivalence of another related Hamlltonlan defined in part (i). In (ii) we consider
the specific free energy densities in the canonical ensemble, whereas in (iii) we show convexity,
such that weak-equivalence of ensembles implies the theorem in (iv).

(1) Let
- A
HE,, (v.0) = HE, (v.0) + 7|V - 70 (' vV —e]), (3.5)

see (A.1). The Hamiltonians H x (1,¢) and HYB (u,¢) are well-defined on the boson Fock
space Fp for any fixed ¢ € C. Here we use two chemical potentials 7 and p respectively
for the models HY, (v,¢) and HYS (u,¢). From Appendix A, the Hamiltonian HZ, (7,c)
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is diagonalizable by the Bogoliubov canonical u-v transformation, see (A.7), and one gets a
perfect Bose gas with a spectrum Elf x (A.5). We then have

Phre (B:7:0) =R, (B, 0) — vl +— (I * —u> (3.6)

for
<" A
VSl ot i e
see (A.6) and (A.8) in Appendix A. The thermodynamic limit follows as

_ o A
Py (B2 = [el*) =lim Py, (B.,0) = p%, (B.v,2) = o + 50332, (3.7)

cf. (A.9) for

<xhg= i A d X\ > 0.
v < Ao im <|c| 0—1—%1;{11\%} k) and g

(77) Note that
HY,, (v.¢) 7NA,k¢o] 0, [HYS (1,¢), Najgo] #0.

However, for a fixed particle density p; > 0, let EJ\B,AO (B,p1,¢) and fYB(B,p;,c) be the free-
energy densities:

Y

£ 1 (n,k£0)
¥ = (0,¢)
fA,)\Q (57 p17 C) = — BV ln TTHgL¢O ({ A Y }

B(B,p1c) =——-1n T'ry m

1 { HJE (0, )}("”“7’50) (3:8)
BV B, k0 ’

where
A — A [,

is the restriction of any operator A acting on the boson Fock space Fj (n = [p,V]). Note that
1 &= n__ 1B n
P2 (B, 0) = v 'y SVE-TE L (8.0)} (3.9)
n=0

The free-energy density f?& o (B, p1,c) is in fact well-defined for any p; > 0 and # > 0 in the
thermodynamic limit, i.e.

I (Bopra = el*) = lim f25, (B.p1.0) < +oo.

From (3.3) and (3.5) we then have

~ Ao p 2 Ao 4 |C|2
W@m@zﬁM%m@+gQﬂ7ﬂ—Md+7<M—77,



which gives
Ao

. ~ A
52 (Bopra = 1ef) = lim {7 (8,01.0) = £ (B, pr.0) + Tt — e+ T,

(7i1) Notice that we do not know if the specific free energy ﬁi (08, py, ) is convex as a function
of py, which is crucial in order to use [26] for our proof. It is the next step of the proof.
By (3.6), there is a unique solution of v, (p,) with

aﬂ/ﬁf,)\o (67 YA (pl) 70) = P1 (31())

at all densities p; > 0. By direct computations of (3.10) done via (3.7), the corresponding
thermodynamic limit

o [ < ax) for p; < 0,p% (B, Aoz, x),
7 (en) =l o1) = { 2o for py = 0,58 (8, Mo, )

is an increasing continuous function of p; > 0. By (3.9) we also have
P (B.7(p1) ) = Tm Py, (8,74 (p1) . €) = 7 (1) (p1) = £3; (B, 1. )
= sup {5 (o)t = J (B.t.2) (3.11)
>

Therefore for any p; > 0,
aplf)\B; (ﬁvp17$) =7 (pl)

is an increasing function of p; > 0, i.e. fﬁ (B, py, ) is a convex function of p; > 0.

(iv) The weak equivalence of ensembles is then verified by the model H X, (7, €) for each fixed
z = |¢|* > 0, and using [26] combined with (3.3) and (3.5) we directly find

pSB(ﬁ7M7C):{ {’ﬁfo (ﬁ,’y,l‘)+u}+pl‘—&x2}

Mo 9
Therefore the theorem follows by (3.1) and (3.7) and the last equality, if we take & = y—2Xy <0
in the expression for the infimum and finally switch from p¥ (3,7, ) to p§ (8,,z). R

nf (3.12)

1
<z Ao

=|cf?

Let us consider the Mean-Field Hamiltonian

A
HMF =T, + UMF ETA+ﬁ (N? = N,), (3.13)
or the Imperfect Bose Gas
A
HPC =T, + 22N} 14
A A+ 5 VA (3.14)

see [29-35]. Then, by theorem 3.1 and (A.9), we get the following lower bound for the pressure:

o 2
PP (B = inf {pé?(ﬁ,a,OH%}

a<0

_ {pPBG (6,0) + M} — DM (B =P (B), (315)



where pPB¢ (8, a), pM¥ (3, ) and p'P% (B, ) are the (infinite volume) pressures respectively
for the Perfect Bose Gas, the Mean-Field Bose Gas and the Imperfect Bose Gas, see [26,29-35].
Let o (z) = a (B, p, ) be the solution of

2 2
inf 4 pB (1 —a) _J.B (1 —a) 1
éI%O {pO (ﬁ,O{,ZC) + 2)\0 Po (ﬁuav'x> + 2)\0 ama(a) (3 6)
for any fixed x > 0. Thus we have
2
Ou { P (6,04,:1:)—1—M = {p{f (ﬁ,a,x)—u} =0 (3.17)
2)\0 a=a(z)<0 )\0 a=a(z)<0
for chemical potentials
< e (B,x) = dopg (8,0, 2), (3.18)
whereas for > p, (8, ) and o < 0 the corresponding derivative is negative:
e (B, a,x) — (,u;ioz) < 0 which implies a (x) = 0. (3.19)
0
Here,
o Graa) = O (o) =at L [Ty
(2) EB [BBEIEO — 1}
R3 k,0
1 / 27 5
+ d’k. 3.20
(27)3 - 2Eljcg,o [fk,o + E/?,o} ( )

Note that pf (8, a,0) = pFBY (8, < 0) is the critical density of the Perfect Bose Gas.
Since all functions depend only on =z = |c|2, in the following we denote by ¥ = Z (3, 1) the
solution of the variational problem of theorem 3.1:

P (G) = inf {pf (ﬁ,aﬁHM}, 321

and we solve it via the following theorem.

Theorem 3.2. For any 3 > 0, there exists a unique p, () such that

pE (3, (0),0) + L= uir gy = 186 (8 1) for < i (8).

2\
PP (B, 1) = _Oa .
{pé? (8,a(z),z) + M}

, for pp> i, (B) -

z=2>0

2o
The function pu, () is bijective from [a,+00) to R, and we denote by (3, (u) > 0 the inverse

function of p, (3), see figure 3.1. Here a = 0 if (C1) holds whereas if (C2) is satisfied a = pi, < 0.
The pressure p°P (3, 1) is continuous for u = p, (3).
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)\0:0 - )\0\
=l T
Be () R

(C2) holds

(C2) holds -
(C1) holds Ao\

(C1) holds

oo
-05¢0) - MWy - 0 m

Abbildung 3.1: Illustration of the critical temperature 6. = 1/, (i) from Ao = +00 to 01 (model
HY,, see [1]).

Proof. From theorem 3.1 we get

p°? (B, 1) =sup {Fs (a (2) ,2)} = {Fs (o (@), 2)} |

x>0 =T
where the function Fj (o, x) is given by
2 2

-« -«
Fy (o,0) = pff (Ba) + 00— g 8.0,0) (o ) + L0

2)\0 9 2)\0 (322)
Fo(o,2) = lim F(a,z) =n (o, x) + M.

[f—o0 2)\0

We recall that pf (3, o, z) = &, (8, a, x) + ny (o, ) is defined by (A.9) in Appendix A. So, we
have to evaluate the sign of

Oy {F (a (), 2)} = {0:F (a, )} + {0z () 0aFp (o, ) } : (3.23)

a=a(z) a=a(z)

to obtain x = ¥ maximizing the function Fj (a (z) , x).

The proof is then divided in four parts. First we get in 1. an easier expression of the derivative
of the functional Fj(o(z),z): the second term of (3.23) is in fact zero. In the second step 2. we
study the solution a(z) and the corresponding critical chemical potential p, (3, z) (3.18). In 3.
and 4. we get the first results for § — oo and then for arbitrary finite (.
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1. Through (3.22) one has

0aFs (a, ) = pb (8,0, 2) — (,u; a). (3.24)
0
Then, by (3.17)-(3.19), one has
(
(0uFs (0,2} — 0 for < 1o (B,).
a=a(z)<0
{OaFp (a,2)} =0 for p=p, (B, 7). (3.25)
a=a(z)=0
[0 Fs (0,2)} <0 for i > 1, (8,).
\ a=a(z)=0
Therefore
{0z (2) 0nFp (a, )} =0
a=a(z)
for any fixed p and so (3.23) can be written as
Oy {Fp (a(2),2)} = {0: Fs (o, )} (3.26)
a=a(x)
Notice that a(z) = a (0, u,x) is also a function of the inverse temperature and chemical
potential and, in the same way, we get
{0pcx () 0u F (v, ) } =0.
a=a(@) (3.27)
{0, (x) OnFp (o, ) } = 0.
a=a(z)

2. By (3.18) and (3.20) note that

lim p, (8, 7) = +ooc.

T—-+00

Moreover we have

1 A2
aﬂﬂ o ﬁaaal‘ - 1+ / k (1+——) d3k5
: ( ) 2 (27T)3 23 VEE — & (€k —a+ 2$>\k)3/2 eﬁEljcB,O -1

1 € — .+ T 16} 3
B 3 )\k . D) B d’k.
4 (2m) \ er — a+ 2w ) sinh® (BEZ, /2)
R b

(3.28)

Since the last in term in (3.28) vanishes when 3 — oo for allz > 0 and all « < 0, 9,pF (8, o, 7) >
0 for sufficiently large (3. Thus

;gg He (ﬁ,.’lﬂ') = >\0 igngB<ﬁuo7x) = K (57 0) = AOpPBG<670) >0 (329)
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for sufficiently large 3 > 0 and the critical chemical potential u (3, z) is an increasing function
of x > 0. Consequently there is for u > p.(5,0) a solution x, > 0 of

fe (B, ) = p, (3.30)
such that .
_ 0,for0 <z <z,
oz(x)_{ <0,forz >z, >0, (3.31)
and for all zy > 21 >z,
a(xe) < a(z1) and 1i1+n a(x) = —o0. (3.32)
To summarize the behavior of « (z) = a (3, u, ) :
lirf a(f,p,x) = —oo for g, p fixed,
lim o (B, pu,z) = —oo for 3,z fixed, (3.33)
J——00
li = —oof fixed.
Jim, (8, 1, ) oo for p, z fixe

3. We consider now the limit § — oo. To analyze the derivative of the functional Fi.(a(z),z)
we only have to consider the partial derivative with respect to x, because we get the same
results for Fi(a(x), z) asin (3.25) and (3.26) for the functional Fjs(c(z), z). Thus by (3.22) we
have for any o > 0

Oy 5hlf Fs(a,2) = 0,Fx (o,2) = a+ Q (o, 2), (3.34)

where

1 -
Qv z) = ——3 / Ak {1 — - }d?’k: > 0. (3.35)
2 (2m) , Veg — a4 2z
R

By direct computations of the partial derivatives with respect to o and x, we find that Q (o, z)
is a strictly increasing concave function of z > 0 for any fixed o < 0 with

Q(,0)=0and lim O (a,x) = @, (3.36)

whereas for any fixed = > 0, 2 (o, x) is a strictly increasing convex function of a < 0 with

. VEE } 3
Iim Q(a,z)=0<Q(0,2) = M 1 — ———=/ d°k. 3.37
a——00 ( ) - ( ) 2 (27T)3 /3 g { VEK + 21’)\k ( )
R

Via (3.29) one has
lim {inf i, (ﬁ,x)} =0,

B—+oo | 220

i.e. we have to consider the cases u > 0 and p < 0.
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3.1. Let us first discuss the case p > 0. By (3.30)-(3.32), there is z,, > 0 such that

_ 0,for0 <z <z,
a(x)—{ <0 ,forz >z, >0. (3.38)
Combining (3.36)-(3.37) with the previous relation, we get

Q0,z,) >Q(0,2) >0

for 0 < x <z, and > 0 and the lower bound

sup {Foo (v (), )} = {Foo (r (2) , )}

x>0

> sup {Fy(a(z),2)} = Fu(0,2,)  (3.39)

r=7 O0<z<zy

which implies ¥ > z, > 0 and « (Z) < 0 for x> 0. This first result proves the theorem for
@ >0and [ — oo.

3.2. If u < 0 the condition (3.17) is always satisfied and gives an expression for a = « (z),
ie. a(z) = p— opl(B3,a(x),z). Hence, since the second term in (3.20) vanishes in the limit
B — oo we can rewrite (3.34):

Op {Foo ( (1), 7))} = {0pFoc (v, )} = 1t = dopy (B, a(2), 2) + Qa(z), z)

a=a(z)
Ao A2 5
= S pu+Q(a,x) — Nz — / d°k (3.40)
2(2m)" ) Bito [fro + B a=a(z)
Moreover, notice that
1 A (ex — o — zA
B2E (a,2) = — Ao + . (& = @ = 2ho) 5@k < PFy (a,x)| . (3.41)
2 (2m) J, Ver —a(ey — a+2x)\) 2=0

for any o < 0 and x > 0, see (3.28) with 3 — +o0 for the derivative of the density pZ (3, o, x).
We also have
Ao
=2 (— + 900) ;
r=0,a=0 2

the assumptions (C1)-(C2) imply
z=0,=0
two different behaviors for the solution = of the variational problem.

1 A2
OPFy (o, x =X+ / F Pk < 0PFy (a,x
(a, ) » Ty ) Gt S (a, )

R3

see (2.1). Therefore, by fixing the sign of 92 F,, («, x)

(C1) If condition (C1) is satisfied, we find via the two previous expressions that
O2Fy (o, ) <0

for all & < 0 and = > 0, which via (3.40) implies

+O(a(@),n) - A A05’9/ AL e
1 a(x),z) — Nox —
" 2 (27T)3 - E/?,o [fk,o + E/fo}
< p+Q(a(z),0) =p+Q2((0),0) =p <0, (3.42)
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for x > 0, ie., O, {Fw (a (), 2)} < 0 for all 4 < 0. Therefore we get T = 0. Actually, by

>0
combining the results for 4 > 0 and p < 0, notice that

z >0 for p >0,

lim z=1im =0
Jim 7= lim z =0, (3.43)
=0 for p <0,

at infinite inverse temperature (3 — o).

(C2) Assuming now condition (C2), there is a critical value ap < 0 such that the upper bound
of (3.41) becomes positive:

O’ Fy (o, ) >0, (3.44)

=0

for any oy < @ < 0. Since for 4 = 0 one has a (0) = 0 from (3.17), by (3.41) and (3.44) we have
Op {F (a(z),2)} =0,

p=0=0 (3.45)

0; {Foo ( () , )} >0,

n=0,x<8

for sufficiently small § > 0, because of continuity. Therefore from the definition of p®Z(3,11) and
(3.22) we have T > 0 for = 0. Actually, there is a p, < 0 such that

(7> 0 for u>0.

lim Z=1lim 7.

M—>O+ M—)O*

T >0 for puy < pu <0. (3.46)
lim 7> lim 7 =0.

g By

T =0 for u < py.

\

4. Now we consider the case of finite inverse temperatures 3 < +oo. By (3.22), (3.26) and
(3.27) one has

Ou {Fp (a (), 2)} = {0:8) (8, . 7) + OuFos (v, ) }
lim & (6, a(z),z) =0,

T—400

g {Fs (a (), 2)} = {9p& (B, v, )}

li =0
ﬁ—1>I—|r—loo 50 (ﬁ) O[, l’) )

< {0.Fx (o, )} ,

a=a(z) a=ao(z)

< 0,

a=a(z)

for fixed p € R. By (i) for fixed p, if = 0 for § — oo, then = 0 for any 3 > 0.
Let p > 0. By definition of Fj (o, x) one has

Fs(a,z) > Fy (a,2)

14



for p > 0 and any fixed @ < 0. Since by (ii) the function Fj(a (z),z) is monotonically
decreasing for § " oo, we find that

F3(a(0),0) < Fo (a(Z), 2> 0) < sup {Fs(a(x),z)},

x>0

for sufficiently large 3 and p > 0, i.e. T > 0. Since one has (3.33), 9,&, (6, a,z) <0 (i) and

1 Ef ePECo
030, (B.000) = — 5 [ Ak 0Bl >0
e’ ), ()

for po > 0, there is an inverse temperature [, () > 0 such that ¥ > 0 for g > 3, (¢ > 0) and
T =0 for f < B.(u>0). The function 5, (u > 0) is bijective so we define by p.(8) > 0 the
inverse function of 3, (u). Note that if u > p.(3,0) (3.18) then the arguments done in 2. (cf.
(3.28)-(3.32)) and 3.1. still work. So, z > 0 for u > pu, (5,0). Consequently

pe (8) < 1. (8,0) = Xopy (5,0,0), (3.47)

and (3, (u) is a strictly increasing function from [0, +00) to [0, +00) .

If the condition (C2) is verified, the arguments done here in 4. for p > 0 work also for pu >
and the function [, (u > ) is bijective. In particular the inverse function u,(3) of 5. (u)
verifies:

li =y <0
S pe (B) = o <0,

and (3.46) holds for # > 0. An illustration of the critical temperature 6. (u) = 1/5,. (1) as a
function of p is given by figure 3.1. B

Remark 3.3. The solution T = Z (3, 1) of (3.21) always satisfies

{aMQPSB (57 H, C)} = {amp(? (ﬁu «, .T)} = 07 for 2 > He (ﬁ) )
|c[* =% e=%,a=a(7)

T=7(B,p) =0 for p<p,(0),

see (3.22) and (3.26). Moreover, from the proof of the previous theorem we can see that the
solution o (T) = a (B, p, T) of (3.16) is always strictly negative for any u # p. (8) or 8 # B, ().
In particular, one always has (3.17) for a = a (%), x =& (3.21), and p # p. (B) or B # B.(1).

(3.48)

Remark 3.4. Actually, as an extension for finite 3 of (3.43) and (3.46) we get two behaviors
for ¥ depending on conditions (C1) and (C2):

=0 for up < . (0).
: lim = lim Z=0. :
(C1) p—ns (B)  p—nd (B) or (C2):

T >0 for p > p,.(5)

T=0forpu<p.(5).
0= lim Z< lim Z.
p—pz (B) p—ud (B)

>0 for up> p.(B).

Remark 3.5. If condition (C1) holds, using arguments from the proof of theorem 3.2 (3.2.
and 4.) we have

pe (8) = inf . (8,7).

x>0
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Therefore, for sufficiently large (3, i.e., for small temperatures (compare (3.29) and (3.47)), we
have

pe (B) = 1 (8,0) = Xop"™"¢ (8, 0).

We recall that yu, (3, ) = Xop¥ (8,0, z) is defined by (3.18) and pP% (3,0) is the critical density
of the Perfect Bose Gas.

Remark 3.6. Notice that the proof of theorem 3.2 does not depend on the fact that A, is the
Fourier transformation of the interaction potential for k = 0. Actually, one could have taken
as an arbitrary (strictly positive) parameter satisfying either (C1) or (C2). In Section 4, we
explain that \g has no physical relevance for a fixed particle density and is then taken arbitrary
large enough such that only (C1) holds with a strict inequality.

3.2. Non-conventional Bose condensation and Bogoliubov statistics

By lemma B.1 (Appendix B) or by remark 3.3 for u # p,(8) or 5 # (. (u) the full particle
density equals:

P (B.p) = lim <%>Hf]i (B,) = E—2 _;z )
_ { pPPE(B,a(0)) for p < p.(B) or B < B, (1), (3.49)
{pf (B,0(2),2)} for p > p. () or B> 5, (1), '

where pf (8,a (z),x) is defined by (3.20) and with 7 = Z (3, ) and «(z) = o (8, u,x) the
solutions of the variational problems. Now our main results concern the particle densities inside
and outside the zero-mode.

Theorem 3.7. Under the assumptions of the previous theorems it follows:
(i) A non-conventional Bose condensation induced by the non-diagonal interaction UYP [9,12]
for high chemical potentials (high particles densities), or low temperatures:

./ 4o IS _ [ =0forp<p,(B) or B<pB,(n).
11[I\n<07>H§§ (ﬁ,,u)—x(ﬁ,u)—{ >0 for p > p.(B) or B> 0B, (u).

(i1) No Bose condensation (of any type I, II or III [38-40]) outside the zero-mode for any
chemical potentials, particles densities or temperatures:

Vkefv\ﬂn,1?n<9§ﬁ> (6,1) =0
HFR

o * for any (8, p) € Q°.
lim lim v Z <akak)H§30 (57 ,U) =0

§—0t A
{keA=,0<]k||<6}
(1ii) A particle density outside the zero-mode equal to:

.1 1 fro0 3
lim — (@Gan) s (B11) = / UR—
AV ke;\{o} Ao (27T)3 - Elfo [eBEIEO — 1]

=%, a=a(T)
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1 22\
" t/ .
(27T) 2Ek0[fk0+Ek0 r=Z,a=a(Z)

Note that the last limit equals the full particle density pFB¢ ( < 0) of the Perfect Bose
Ganorlu <:uc<ﬁ) Orﬁ <ﬁc< )

(1v) There is no discontinuity of the particle densities (full density (3.49), density in the zero-
mode (i) or outside the zero-mode (iii)) only if condition (C1) is satisfied. Assuming condition
(C2), a discontinuity of the three densities appears with a strictly positive jump.

(v) For p < p,(B) or B < B.(p) one has the Bose statistics for a corresponding chemical
potential a (0) < 0:

1

vk € A0}, i dakon) g, (90 = Cemsmy =1

But for p > p.(8) or > [(.(u), ie. in the presence of a Bose condensation, we get another
one, which we call the Bogoliubov statistics, for a corresponding chemical potential a () < 0:

Jr0 n T° A
Ef, (65 B — 1) 2B (fro+ ER) | locsaca@

lim (a5ax) gy (8,11) =

for any k € A*\ {0}.
Before going to the proof let us point out the following remark:

Remark 3.8. (a) Assuming condition (C2), a discontinuity of the densities appears because
the direct term of repulsion

2y %0 107 5y
in (2.2) becomes too weak to beat the attraction induced by UYP (2.6). UYP express itself via
the effective coupling constant goo (2.1) [9,12] (see also discussions in Section 5.2 and figure 5.3).

(NG — No), with Ny = ajao, (3.50)

(b) As expected the Bogoliubov statistics corresponds for \g = 0 also to the one found [9, 14]
at a chemical potential o = 0 (high density regimes) in the thermodynamic behavior of the
Bogoliubov Hamiltonian Hf,,\po (2.4). Actually this results for o = 0 in [9,14] could have easily
been extended to o < 0 as soon as the non-conventional Bose condensation exists.

Proof. (i) Using lemma B.1 for £y = {0} combined with remark 3.4 for u # p. (3), one gets (i).

(77) The first limit comes directly from lemma B.2 of Appendix B. Also lemma B.1 with £y =
{k e A*,0 < [|k|| < d} implies:

1 1
iy Y e (0= o JCRCLE (3.51)

{keA,0<|[k[|<6} lIklI<é
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where {5 , (k) is a continuous function on k € R?® defined by

1

for 1 < . (B) or B < S, (u) whereas for yu > p, (8) or 3 > 3, (1)
2
Eg, (k) = L + N - (3.53)

E,fo (eﬁElgo — 1) 2E£0 (fk,O + EI?,O)

*=Z,0(T)

Therefore by taking the limit § — 01 in (3.51) we get the second limit of (ii).

(1i) Since
Np = ajap+ Z agay,
keA*\{0}
the limit is deduced from (3.49) and (i).

(1v) is a direct consequence of remark 3.4 combined with (i) and (iii).

(v) Notice that the mean particle values (ajay) ngn  are defined on the discrete set A* C R3.
A0

Below we denote by
s (k) = {pan) g (6, 1) (3.54)

a continuous interpolation of these values from the set A* to R?® and we define by gg , (k) the
corresponding thermodynamic limit:

gp (k) = 1111\11 gpun (k) for k € R\ {0}. (3.55)

By lemma B.2 note that the thermodynamic limit (3.55) exists and it is uniformly bounded for
all k € R3\ {0}. Moreover for any interval (a,b) with 0 < a < b, we have the convergence of the
Riemann sums to the integral:

.1 x 1

g > (g (B = o [ 98200 xc0 (1D 8,
keAx,||k[€(a>0,b) R3

where X, (||k]]) is the characteristic function of (a,b),0 < @ < b. Then the lemma B.1 with

Er = (a,b) N A* implies

1
5 [ 990 0 X (D 0% = s / 6o B X (KD K (350)
R3

with the continuous function &g , (k) defined by (3.52) and (3.53). Since the relation (3.56) is
valid for any interval (a,b) C R with 0 < a < b one gets

9. (k) = &5, (k). k € R\ {0}.

By this and (3.54)-(3.56) combined with (3.52)-(3.53) we finally get the statements in (v) for
ke A"\ {0}. &
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3.3. The particle density as parameter in the grandcanonical ensemble

Let us consider the fixed particle density p in the grandcanonical ensemble which defines a
unique chemical potential pg , satisfying

PP (B, 15,) = p- (3.57)

Actually, at a fixed inverse temperature 3 the function pg , is the inverse function of the mean
particle density pZ (3, i) of the superstable Bogoliubov Hamiltonian.

(1) Let
Peint () = lim pE (B, 1)
K= e
Pe,sup (ﬁ) = lim pSB (ﬁ’ ,u) . (358)
p—n ()

Recall that p, () and . (i) are defined in theorem 3.2 (figure 3.1). Through (iv) of theorem 3.7
combined with (3.47) and (3.49), we deduce that p, (8) = p,int (8) = Pesup (3) < p7PC(8,0) if
condition (C1) is satisfied.

(77) By remark 3.3 and (3.49) we have

Mﬁ,p - )‘Op =o (f) < 0 for P ¢ [pc,inf (ﬁ) » Pe,sup (ﬁ)} or ﬁ 7& ﬁc (Mﬁ,p) : (359)
(77i) Combining theorem 3.2 with (3.49) and (3.59) we get

A
7 (Boig,) = {pg (Boa(0).0)} | + T4 (3.60)
for any p > 0 where « (Z) < 0 is the unique solution of the Bogoliubov density equation:
p = pgf (ﬁv Q, /ZL'\) for P % [pc,inf (ﬁ) 7pc,sup (ﬁ)} or ﬁ 7& ﬁc (Mﬁ,p) . (361)

() For p < post (8), one has ps, < pi. (B) whereas iy, > p,(3) for p > poy (), and
theorem 3.7 is still valid for any p & [peins (3) , Pesup (3)], i-€. for s, 7 e (B) or B # B, (Mg,p)-
In particular, for any p > p.,, (3) there is only one Bose condensation in the zero mode,
whereas for p < p.i.¢ (3) < pPP% (8,0) the system behaves as the Mean-Field Bose Gas (3.13)
with no Bose condensations. Actually, for any p > 0, there are no Bose condensations outside
the zero-mode ((ii) of theorem 3.7), but for p & [peins (B),Pesup (3)] the question of Bose
condensation in the zero-mode is still open in the grandcanonical ensemble. We explain below
in Section 4 that this question is not relevant in the canonical ensemble.

4. Thermodynamics in the canonical ensemble

The aim of this section is to examine the superstable Bogoliubov Hamiltonian H fﬁo in the
canonical ensemble specified by (3, p). Actually, this gives the complete thermodynamic beha-

vior of the model HY, since for any Ao > 0 the Hamiltonians Hy% and Hg differ only by a

constant on the symmetrized n-particle Hilbert spaces Hg:[p YD The model H /]x3,0 turns out to

be not sufficient for a microscopic theory of superfluidity in the grandcanonical ensemble [1].
However, we explain here that the Bose gas H f’ o can be solved in the canonical ensemble by ta-
king Ay as a large enough parameter in order to use the analysis of H fﬁo in the grandcanonical
one combined with the strong equivalence of ensembles. This is the basis of a new microscopic
theory of superfluidity obtained from H }i o and explained in the next Section 5.
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4.1. The weak equivalence of ensembles: free-energy density

Remark that H fﬁo commutes with the particle number operator
5
[HYE  NA| =0.

Let f{2 (83, p) be the free-energy density for a fixed particle density p > 0:

(n=[pV])
A (B,p) = —ﬁ—vlnTTHm) ({6 ’ “0} ) :

Since the particle density (3.49) as the derivative of the pressure p°? (3, u # p, (3)) is conti-
nuous (as a function of p # p.(B)), using a Tauberien theorem proven in [41], the existence
of p°B (B3, 1) already implies the convexity of the thermodynamic limit %% (3, p) for p > 0 of

5B (3, p) and the weak equivalence of the canonical and grandcanonical ensemble:

p B (B, p) = sup {up— [52(B,p)} = wp®B (B, 1) — 55 (B,0°% (B, 1)) , n € R,

f58(B,p) = sup {po =08 (B, 1)} = pg 0 — 0% (B, 115,) , p>0, (41)
ue

for p ¢ [peint (B) , Pesup (8)]. With (ii) and (iii) of Section 3.3 the Legendre transformation (4.1)
implies an explicit expression of the corresponding free-energy density:

Ao o

fSB ﬁa {a T)p — po ﬁv ( ),l’)} A+?p7 (42)

T=X

with pf (3, a, x) defined by (A.9). Now we give an interpretation of this last equality to show
that  and « () are also solutions of variational problems in the canonical ensemble.

Since the Hamiltonian H g (0, ¢) (A.1) does not commute with the particle number operator,
we have to use the new set of operators {C;}yca 10y

Co=ai(No+ D2 a, ¢ =ai(No+1)"?aq, ke A, (4.3)

instead of {ax}ycp- o) - S0, we consider the Hamiltonian

Boe) = Y atGty 3 AdelGc+ ¢l

keA*\{0} keA*\{0}

1 . ox _

5 D MGG (4.4)
keA*\{0}

instead, i.e. HY (0, c¢) with {artiean oy = {Cetrea\op- From (A.7) and without taking into

account the constant terms, it follows that the Hamiltonian H Lo (¢ # 0) corresponds to a per-
fect Bose gas of quasi-particles with a spectrum of excitation given by E,fo (A.5). Then the
thermodynamic limit of the pressure is

N . 1 —B(HEB (¢c)-a
p(]i3 (B,o,x) = 11/1\11 ﬁ—vlnTrffe B(HR () =N z0)
= 5 (B,a,2) —a(z)w.
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The free-energy density

1 7B (n=[p1V])

B = - c

fA,O (67p170) = _/B—VIHTTH(BM <{€ BHA,O()} )

for finite A and its thermodynamic limit are well-defined for any p, > 0 and 3 > 0. Moreover,
for each fixed x > 0

13 (B, =1ef) = lim fo (8. 1) (4.5)

is a convex function for p; > 0, i.e. for p; = p—2 > 0,
}BB (ﬁuphx) = Sli% {&pl _Z/)\OB (57047'77)} = Oé(plwr) (pl +.T> _pég <ﬁ7a(p17x) 7'T)7 (46>

with a (p;, ) defined as a solution of the Bogoliubov density equation p = pf (3, a (py, ), )
(3.20) for p, =p—x > 0.

To simplify we consider in the following p & [p,ine (8) , Pesup (B)]: i-e- ts, 7 He(B) or B #
B, (Mg,p)- For z = 7 (3.21) the solution « (Z) < 0 is also the unique solution of the Bogoliubov
density equation (3.61). Therefore

(@(p-ma)=a@}| . (@)

which by (4.2) and (4.6) implies
A

1230 =R Bp—ma)} | 220 (4.8)

The last equality is natural since
A
152B.0) = 17 (B, 0) + 507, (4.9)
with 1 (n=[pV])
B o —puB "7
fo (Byp) = hlr\n 3V In TTHSB") ({e A’O} ) . (4.10)

The two models Hf, and H fﬁo are equivalent in the canonical ensemble, in the sense that their
(infinite volume) free-energy densities at fixed densities differ only by a constant. Actually their
Gibbs states are equal to each other for all (53, p).

The free-energy density f;B (B,p—7,%) in (4.8) can be understood as the result of the Bogoliu-
bov approximation done in the canonical ensemble and applied to the model H fi o- The equality
(4.8) finally means that the non-diagonal models H }30 and H fﬁo are thermodynamically equi-
valent to the model {ﬁf,o (c)} , _ as stated in [1].

lel”=
From (4.8)-(4.10) combined with lemma B.3 we obtain

G0 = {R Go-a0}| =it {7 0.0-s0}. (a.11)
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The solution T = 7 (3, ,u@p) = Z(f3, p) of the variational problem (3.21) is also solution of
(4.11) for a fixed density p > 0. Via (4.7), remark also that the solution « (Z) of the variational
problem (3.16) is solution in the canonical ensemble of (4.6) with p;, = p — = > 0. Now we add
some remarks to highlight the important points in order to prepare the discussions of the next
subsection.

Remark 4.1. By (4.1) and (4.8)-(4.9) we obtain

Hgp = pfoB (5;0)"‘)\0/):8;){%3(5,/)—1:,@}

+ )\Op

Tr=

Remark 4.2. Direct computations (lemma B.3) imply

=0,

Or S8 (B.9) = 007 {0 (B.p1,2) = 0, FF (8.1, 0)}

pP1=p—T,x=T

which can alternatively be found directly from (4.11) and the fact that H}\B’O does not depend
on Ag.

Remark 4.3. Via (3.59) combined with remark 4.1 it immediately follows that
a(z) = 0,f5 (B.p)
and 8)\0 {& (/f)} =0 for any p ¢ [pc,inf (ﬁ) 7pc,sup (ﬁ)] :

Remark 4.4. For a fixed density p & [peins (8) , Pesup (3)] we have via (4.11) 85,7 = 0. We can
see this results using remark 3.3. Indeed for densities p < p.;,¢ (3) one has O\,© = 0 whereas
for p > p.qup (B), T > 0 is solution of

{8xp0B (ﬁ,a,x}} =0

x:i?va:apfOB (va)

which implies 0),@ = 0. Other proofs may be to consider the full particle density (3.49) or to
use direct computations, see lemma B.3. An illustration of the behavior of T for a fixed density
is performed in figure 4.1.

4.2. The strong equivalence of ensembles: particles densities

The two models Hf, and H fﬁo are equivalent in the canonical ensemble, see (4.9), i.e. their
Gibbs states are equal for all (3, p). Since H fo does not depend on A, one has to check if the
grandcanonical densities for H fﬁo depends on A for any fixed particle density.

Actually, the solutions « (Z) = a (¥, \g) and T (\g) of the variational problems (3.16) and
(3.21) are the key points of this first study. This is done via remarks 4.3 and 4.4 (figure 4.1):
the solutions « (7, Ag) and T (\g) are also solutions in the canonical ensemble of the variational
problems (4.6) with p; = p —Z > 0, and (4.11) respectively and they do not depend on \q for
a fixed particle density p & [p,int (3) , Pesup (8)]. Consequently, as expected all densities in the
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Ao=0, - Ao

oBu)P
o

(C2) holds
(C2) holds A

(C1) holds Ag\

(C1) holds
c(Bp)|

-050(0) - Hpp- 0 - Hpp  ~— H

Abbildung 4.1: Illustration of T (3, 1) and T (5, ,uﬁ,p) =2 (B, p) for a fized particle density p > 0
in the grandcanonical ensemble with Ao going from A\g = 400 to 01 (model H}io, see [1]).

grandcanonical ensemble do not depend on Ay at fixed particle densities p outside the phase
transition.

The parameter Ay has no influence on the “physical” thermodynamic behavior of the system
for a fixed particle density. Thus in the canonical ensemble the value of \y can be chosen freely
as an arbitrary parameter (see also remark 3.6).

If we choose A\ such that (C1) is verified, the weak equivalence (4.1) exists for any p > 0
since

Pe(B) = Peint (B) = Pesup (B) (4.12)

cf. (3.58). The Hamiltonian H3% is the “superstabilization” [26] of the model H f?\o for a Ao
such that ) 7

HRS, = HYS + v (N3 = Na) with A= X=X >0
and

A \
50 + goo > 70 + goo > 0. (4.13)

Because of (4.13) the model H f?o satisfies the weak equivalence of ensembles for any density

p > 0 and therefore the Hamiltonian H fﬁo satisfies the strong equivalence of ensembles [27] for
any p # p.(0) and \g > 0 sufficiently large (see [42—44] for the notion of strong equivalence).
We mean here the following:

Let us consider by A, a (positive) quasi-local operator acting on

symm

FECFL= (1 (R™)
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such that
lim <AA>HSB (ﬁ, p) < 400 and lim <AA>HSB (ﬁ, ,u) < +00, (414)
A Axo A Ao

for any 8> 0 and p > 0. For 8> 0, p >0 (p # p.(3)) and p, 5, defined by

N,
<7A> (67 MA,B,p) =p,
Hff\o

it follows from [27] that
lim (A)yp, (5.0) =l (An) g (8.9) <lim (Aa)gss (Buins,). (419

i.e. the strong equivalence of ensemble is verified by the model H fﬁo. Therefore the thermody-
namic properties in the canonical ensemble of H fﬁo and H fo correspond for a fixed particle
density p to the one described in the last Section 3 when (C1) holds and with a chemical

potential given by p = pg , :li/I\n HA,pe

Remark 4.5. For p > p, (), there is a non-conventional Bose condensation whereas no Bose
condensation (of any type I, II, or III [38-40]) appears outside the zero-mode at all densities
p > 0 (theorem 3.7). The theory is self-consistent with the corresponding truncation of the full
Hamiltonian in the canonical ensemble.

At this point, the reader may be confused about the problem of the non-continuity of the
grandcanonical particle density in the phase transition regime if (C2) holds (see (iv) of theorem
3.7). This in fact appears because a (direct) coupling constant \g/2 satisfying (C2) is too small
to restore the problem of strict convexity of f& (3, p), see (4.9). This comes from the effective
attraction ggg on the zero-mode arising from the non-diagonal interaction UY? (2.6) (cf. [9,12],
figures 5.2, 5.3 and 5.4). On the other hand, for A\q large enough, i.e. (4.13) is satisfied, the free-
energy density f°F (3, p) (4.9) becomes strictly convex. Thus, in this case the grandcanonical
density is continuous and the two ensembles are in fact strong equivalent, cf. (4.15).

Remark 4.6. For low dimensions d = 1,2, the effective coupling constant equals goy = —00
and the hypothesis (C2) is verified for any interaction potential ¢ (x) satisfying (A) and (B).
Therefore we should have the existence of a non-conventional Bose condensation for d = 1, 2.
However the method used here to find the canonical thermodynamic properties fails since \g is
never large enough to satisfy the condition (C1).

5. A new microscopic theory of superfluidity

The aim of this section is to explain why the models H }\B’ o can imply a new microscopic theory
of superfluidity for Bose systems. It is essential here to note that in the canonical ensemble the
conditions relating to the interaction potential ¢ () may be relaxed as follows. The Fourier
transformation of ¢ (z) for & = 0 may be infinite since it has no physical impact in the canonical
ensemble (see remark 3.6 and Section 4). However, the (effective coupling) constant g (2.1)
and ¢ (0) have to exist.

From Section 4, we recall that the canonical thermodynamic behavior of H /]i;,o corresponds to
the grandcanonical one of H fﬁo (Section 3) at fixed density p > 0 and inverse temperature
> 0, when (C1) holds with a strict inequality (cf. (4.13)).
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5.1. Landau-type excitation spectrum in the presence of Bose condensation

In order to obtain a microscopic theory of superfluidity we have to get a Landau-type exci-
tation spectrum [19,20] as Bogoliubov did [4-8] for a suitable choice of c—numbers. So, we
have to find the excitation spectrum of the non-diagonal model Hf, in order to check if we
formally get a microscopic theory of *He. This analysis has to be done in the canonical ensemble.

1. Following the discussions of Section 4 and, as Landau’s predictions [19,20], the Bose gas H /]i 0

is thermodynamically equivalent to {f[ fo (c)}| s in the canonical ensemble. This means that
Cc| =x

it is equivalent to a “gas of collective elementary excitations” or “quasi-particles” with a Bose

condensate density

I M> ) =F(B.0).
lm<v Hfo(ﬁp) z(53,p)

A

~

cf. (i) of theorem 3.7. We recall that T =7 (ﬁ, ,u@p) =7 (3, p) is the solution of the variational
problems, (3.21) in the grandcanonical ensemble, or (4.11) in the canonical ensemble, and the
critical density p.(() is given by (4.12).

Consequently, the spectrum of excitations, which is macroscopically relevant, equals the Bogo-
liubov spectrum at inverse temperatures 0 > 0 and particle densities p > 0:

EP (8. p) = { er = h*k?*/2m  for B < 3. (u@p) or p<p.(0), (5.1)
CVEPTT Ve (e 20N for 8> B, (1) or p > pe (), |

see B, in (A.5) [4-8] with z = Z (3, p) and @ = 0. The collective excitation spectrum E[ (8, p)
has no gap for any densities or temperatures.

Considering that the Bogoliubov approximation works also in the canonical ensemble, the ex-
citation spectrum (5.1) was intuitively clear from the beginning [1]. The main difficulties are
to find thermodynamic properties of the Hamiltonian H f’ o in the canonical ensemble.

2. Now, to find the exact Landau-type excitation spectrum from (5.1), i.e. to get the “phonons”
part and the “rotons” one, we can reason along the standard lines of Bogoliubov microscopic
theory of superfluidity, see [4-9].

For this approach, we have to assume some specific conditions relating to the two-body interac-
tion potential ¢ (x). In particular, the two-body potential ¢ (z) should verify (A)-(B), and we
take again \g as the Fourier transformation of ¢ (z) for k£ = 0. Here A, is spherically-symmetric,
ie. Ay = Ay, and additionally, as Bogoliubov did, we assume the absolute integrability of
22p (r) € L' (R?). Actually, we need here the last assumption and the Fourier transformation
of ¢ (z) for k =0 in order to have a Taylor expansion

1
M= Do+ 5 P X + o (6]%) (5.2

of Ay allowing us to analyze EP (3, p) for small ||k|| (phonon part). Here \j < 0 is the second
derivative for k = 0 and |\;| < const. || k|| "
Let p > p,(8) or 8 > B.(1g,), ie. T(B,p) > 0 (cf. (i) of theorem 3.7). Then the collective
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spectrum of excitations Ef (3, p) in this domain of (3, p) verifies:
h2 1/2
— Ao = +
EB(B.p)=1{ T Ikl =nw k], for [k — 0% 53
ex = h*k?/2m , for ||k|| = +oo.

The gapless spectrum EPZ (3, p) is phonon-like for small ||k| (p > p.(8)), whereas for large
wave-vectors it behaves like the single-particle excitations ey.
Since A attains its maximum at k& = 0, one can choose the potential ¢ (x) in such a way that

(r (ex + 28\ pwy)) =0 at ||kl = || kvt # 0, (5.4)

i.e. the spectrum EP (3, p) has a local (“roton”) minimum at ||k,||. On the other hand, one
gets:

h2
2m

1/2 12
B2 )2 M () {mm ot 20) ) = o (0.0) (5.5

The Bogoliubov spectrum EP (3, p) is a Landau-type excitation spectrum for p > p.(3) or
B> 0. (u@p) and an illustration is given by figure 5.1.

Remark 5.1. The famous Landau’s criterion of superfluidity of 1941 [19,20] gives the following
critical velocity:

iﬂf{w}:%(ﬁ,p):{ 0, for 3< B, (ng,) orp<p.(B). }

S WA >0, for 3> B, (115,,) or p > p.(B).
Ex (B.p)
ﬁka/
LR
2m
‘ \ Ak vy (B,p)
0 T K| 1Kl

Abbildung 5.1: The Bogoliubov spectrum EP (3, p) for 3> B, (ps,) or p > p. ().
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5.2. Two complementary Bose systems: Cooper pairs and gas of quasi-particles

We give here the quantum interpretation of the canonical thermodynamic properties of the
model Hy . First note that, in terms of particle densities, we obtain (see theorem 3.7):

e A non-conventional Bose condensation appears with the density Z (3,p) > 0 for p >
p. (B), whereas at all densities p > 0 there is no Bose condensation (of any type I, II, or
[T [38-40]) outside the zero-mode.

e Even for zero-temperature, we have a non-zero particle density outside the zero-mode for

any p > 0:
( 912
1 1 D)
lim lim — (apar) g (B, p) = / k d3k s >0,
e AV keg{o} . (2m)° ), 2By [fro + B a=a(2)
22N}
Vk € A"\ {0}, lim lim (ajax)ys (B,p) = . >0
\ B—+oco A HY 2E£0 [fk,O + EIEO] aia%'i)
(5.6)

In the regime p > p, (), the system follows the Bogoliubov statistics (v) of theorem 3.7,
whereas in the absence of the Bose condensation, i.e. for p < p. (), the (standard) Bose
statistics holds.

1. The origin of the Bogoliubov statistics and also of (5.6) is a phenomenon of interaction.
Actually, it has been known since [12] that the collection of particles outside the zero-mode
imposes, through the non-diagonal interaction UYP, a glue-like attraction between particles in
the zero-mode.

Abbildung 5.2: Non-diagonal-interaction vertices corresponding to UYP.

A natural way to see this phenomenon is to remark that the non-diagonal interaction U}
(see figure 5.2) implies an effective interaction term gu oo for bosons with k = 0, see figure 5.3.
Evaluated via a Frohlich transformation in the second order [12] (see also the review [9]), ga.o0
is strictly negative. The corresponding thermodynamic limit

h[{ﬂ 9a,00 = goo <0

remarkably gives (2.1). In particular, this effective attraction term goo amazingly plays a crucial
role in the rigorous thermodynamic analysis of H f’ o (see for example the proof of theorem 3.2
and Section 4). It is also essential in the rigorous study of the Weakly Imperfect Bose Gas, i.e.
the Bogoliubov Hamiltonian Hf, ., see [9-11,13].
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A,00

Abbildung 5.3: Effective interaction for the zero-mode induced by the non-diagonal interaction
Uyp

The Bose condensate with the density Z ((,p) and the remaining system with the density
{p— 7 > 0}, called here the Bogoliubov condensate, only exist via this glue-like attraction gog
(figure 5.3). In fact, the particles inside the condensate pair up via the Bogoliubov condensate
to form “Cooper pairs”. This Bose condensation constituted by Cooper pairs is then non-
conventional [9,11,12,14,17,18], i.e. completely transformed by the non-diagonal interaction
UND.

2. As it was claimed by Bogoliubov [4-6], the coherency due to the presence of the Bose
condensation is mot enough to make the Perfect Bose Gas superfluid. The spectrum of ele-
mentary excitations is not collective in this case: it corresponds to individual movements of
particles. In the Bose gas H }\9’0, following Landau’s criterion of superfluidity [19,20] (remark
5.1), the Bogoliubov condensate is here superfluid due to phenomena of interactions which
change, in the presence of the Bose condensate, the behavior of individual particles into a
ideal Bose gas of “quasi-particles” with the given spectrum EP (3, p). Indeed, through the Bo-
se condensate, the non-diagonal interaction UY? combined with the diagonal interaction UP
creates quasi-particles from two particles respectively of modes k and —k (k # 0). This can

be seen via the Bogoliubov u-v transformation applied to {ﬁfo (c)}l : , cf. (A.4) with
’ c|*=2>0
{artrea-goy = {Crtrenn op- This gas of quasi-particles, i.e. the Bogoliubov condensate, exists

if and only if the non-conventional Bose condensate exists too.
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3. Also for high densities p > 0 we have

lim {p—7z(5,p)} =0, (5.7)

p—-too

cf. theorem 3.7 when (C1) holds. Actually, the non-diagonal interaction U{” implies an effective
repulsion term

. ApAg 1 1
9pqg = h}\n 9A.pqg = %$ (B, p) (g + 5) >0, (5.8)
inside each quasi-particle [9,12], i.e. inside each couple of particles respectively with modes ¢
and —q (q # 0) (figure 5.4). The larger the Bose condensate density Z (3, p), the stronger the

Abbildung 5.4: Effective interaction outside the zero-mode induced by the non-diagonal inter-
action UY'P

effective repulsion term g,,. The raise of the non-conventional Bose condensate progressively
destroys the Bogoliubov one, see (5.7). The Bose and Bogoliubov condensates still remain in
competition with each other.

5.3. Microscopic theory of superfluidity of *He?

1. A microscopic interpretation at all temperatures T = (kBﬁ)_1 > 0 of Landau’s theory of
superfluidity follows from the Landau-type excitation spectrum EP (3, p) (5.1)-(5.5) (cf. figure
5.1). Note that Landau’s theory of superfluidity of quantum liquids [4,6,7,45-48] is based on
the following principles:
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e quantum liquid is still fluid even for zero-temperature;

e at low temperatures, apart translations (flow), the state of this liquid is entirely described
by the spectrum of collective (elementary) excitations;

e through thermodynamic data [48,49] (e.g. specific heat capacity) this spectrum for “He

should be a phonon-like for the long-wave length collective excitations and should be above
01
a straight line with positive slope with (“roton”) minimum in the vicinity of ||k, ~ 2 A

(figure 5.1).

2. The thermodynamic behavior of the Bose gas H f o is also close to the liquid *He. This helium
liquid is a Bose system with strong interactions. The interaction potential Uy, (r) is of Lennard-
Jones type [24] and was found by Slater et Kirkwood [51] using the electronic structure of ‘He
(see figure 5.5 with Uy, (r) in Kelvin and also [29)]).

U,(K)
2.6
(o]
»/3 4.4 r(A)
0 : |
|
|
|
|
|
|
K| - -

Abbildung 5.5: The theoretical interaction potential of * He

The exact formula for the interaction potential Uy, () given in [29] is valid only for strictly
positive r, whereas close to zero it is given by a polynomial interaction like in figure 5.5. A
caricature of this interaction is the hard sphere interaction potential [52,53]. This approximation
gives surprisingly good estimates of the experimental condensate fraction: 9% at T = 0 K [2,3].
In our model H; we have to mimic an interaction potential ¢ () close to Uy, (r). In particular,
in contrast with the hard sphere potential the value of ¢ (x) for x = 0 has to be given and has
not to be infinite (see for example figure 3.1). A standard way to do it is to cut Uy, (1) when
r — 07 as follows:

Ui (1) for r > ryin.
e (0) = e (r = ol = { Jnr) forr = o

This implies a Fourier transformation Ag(7min) of ¢y, () for the mode k = 0 which drastically
depends on ry;, (specially when r;, — 07), i.e., lim N Ao(Tmin) = 400, but it has no influence

Tmin—
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on the canonical thermodynamic behavior of H f,o- Moreover, for k& # 0 the influence of ry;,
corresponds only to a small (specially when 7, — 01) perturbation of the Fourier transfor-
mation of Uy, (7). In fact one should choose Ty << Tmean Where rpean ~ pfl/ 3 is the average
length of the inter-particle distance at density p > 0.

Then, the thermodynamics of the theoretical Bose gas H fo is qualitatively quite similar to the
one of the liquid *He:

e for small densities p < p. () or high temperatures T > T, = (kBﬁc (uﬁ’p))fl the ther-
modynamic behavior corresponds to the Mean-Field gas (3.13),

e a non-conventional Bose condensation constituted of Cooper pairs appears via a second
order transition (no discontinuity of the Bose condensate density) and the spectrum of ex-
citations becomes a Landau-type excitation spectrum in this regime, i.e. for high densities
p > p.(0) or small temperatures T < T,

e a coexistence of particles inside and outside the Bose condensate, even at zero-temperature
as it is experimentally found in [2,3].

As explained above, note that the Bose condensation becomes non-conventional with the for-
mation of Cooper pairs via the term of attraction ggg, i.e. because of quantum fluctuations,
see figures 5.3 and 5.4. The importance of quantum fluctuations in helium systems corresponds
also to the qualitative explanation for a liquid state at such extreme temperatures [29].

Quantitatively, the critical density p,(3) is approximately given by p, (3) ~ pP%(3,0),
cf. remark 3.5. The theoretical temperature of the phase transition T, always verifies T, >
TPBG = 3.14 K (critical temperature evaluated for a Perfect Gas of helium particles) but is
quite close to TEBC:

T.~ 3.14 K.

(In fact we are not able to prove an exact equality at very high densities). The experimental
transition of the normal liquid *He (called “He 1) to superfluid phase *He II (discovered by
Kapitza [54] and Allen, Misener [55] in 1938) takes place at a lower temperature Ty = 2.17 K
(along the vapor pressure curve), which is not so far from the one of the model H []i o- However,
note that the Henshaw-Woods spectrum (experimental Landau-type excitation spectrum) does
not change drastically when the temperature crosses T, whereas there is no superfluidity for
these temperatures.

Remark 5.2. This means that there is a_temperature ;Iv‘,\ > T\ such that the experimental
“quasi-particle” system still exists for T < T even if Landau’s criterion of superfluidity (remark
5.1) experimentally fails at these temperatures Ty < T < T),.

3. To resume, this analysis is not a complete theory of “real superfluidity”. In particular, the
Bogoliubov phonon-maxon-roton dispersion branch is only a part of the spectrum of the full
quantum-mechanical Hamiltonian of the helium system. Therefore, this theory fails in being
a complete description of all thermodynamics of liquid helium. For example, at temperatures
Ty < T < T,., a Bose condensation still exists in H /]i;,o but not for liquid helium even if the

system of “quasi-particles” resists in liquid helium for Ty < T < T,\ (remark 5.2). However,
this theory is an interesting mathematical approach to a microscopic theory of many-body
interacting boson systems leading to a better understanding of such superfluid systems.

31



5.4. Additionnal interpretations of this microscopic theory of superfluidity

Let us examine other interpretations of the Bose system H /]i o in relation with the liquid *He. In
fact, we give here two interpretations of the Bose gas H f o obtained by following or not Landau’s
criterion of superfluidity [19,20] (remark 5.1). As explained above, note that the model Hg, is
a caricature and may contain only a small part of the physical properties of real liquid helium.
The sole purpose of these discussions is to give some new directions in light of the Bose gas H f’ 0-

1. It is known [54,55] that below the critical temperature T, of the A-transition, two fluids
(*He II phase) coexist: the normal fluid and the superfluid liquid. Later justified within the
framework of phenomenological Landau’s theory [19,20,48], the picture suggested by Tisza and
London was to interpret the condensate of frozen in momentum space bosons with p = 0 as a
“superfluid component”, and the rest of particles as a “normal component” which is the carrier
of the total entropy of the system. Experimentally, a Bose condensate was discovered in *He
I1. The apparition of this Bose condensate transition and the one of the superfluid liquid are
strongly correlated to each other. Indeed, from [56-58] if v, is the fraction of superfluid liquid
and v, the one of the condensate, one has

7, (T) ~ (Ty = T)" ~ 5y (T), for T — T3, (5.9)

see figure 5.6. However, even for zero-temperature the superfluid liquid is not in a full Bose
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Abbildung 5.6: The fractions, v, of superfluid liquid and v, of the Bose condensate, as a function
of the temperature T for *He

condensate phase which is in contradiction with the assumption of Tisza and London.

2. Following Landau’s criterion of superfluidity [19,20], the theory based on H }30 might be
understood as a microscopic theory of the superfluid liquid. Within this framework, it allows
us to understand the close connection between the Bose condensate with density T (3, p) and
the Bogoliubov one with density {p —Z > 0}. These two systems may compose together the
superfluid liquid, which coexists with the normal liquid for non-zero temperature at any positive
velocity.
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Note that Landau’s criterion of superfluidity [19,20] confronts an initial problem expressed
by remark 5.2 and also a second one: the application of this criterion to the Henshaw-Woods
spectrum gives for the critical velocity vy ~ 60 m/s (remark 5.1), whereas superfluidity in
capillaries disappears when velocity is of the order of few ¢m/s. Moreover, it depends sensitively
on the diameter of the channel.

The attempts to explain these “misfittings” are concentrated around the idea that the Landau-
type spectrum experimentally discovered by Henshaw and Woods is only a part of a plethora
of other types of “elementary” excitations not covered by the Bogoliubov theory, see [3,58].
Within the framework of the model H f o> We have seen in Section 5.2 that the Bose condensate
has to exist in order to have the superfluidity property via the Bogoliubov condensate. Indeed, as
soon as the non-conventional Bose condensate disappears, the collective phenomenon involved
in the formation of the superfluid gas (Bogoliubov condensate) also vanishes. The introduction
of a velocity in an inhomogeneous gas (in capillaries) may change the individual spectrum e
by increasing it. Then, the effective attraction ggo ((2.1), figure 5.3) becomes smaller, i.e. the
non-conventional Bose condensate and the (superfluid) Bogoliubov one may be destroyed for
velocities sufficiently large but smaller than vy (remark 5.1). Note that the non-conventional
Bose condensate constituted of Cooper pairs may be changed into a conventional Bose-Einstein
condensation as it exists for the Mean-Field Bose gas. An experimental study of the spectrum
of excitations and also of the Bose condensation phenomenon should be interesting at different
velocities.

Actually, the collective behavior of this system should be quite delicate to save. A velocity

may destroy the Cooper pairs and the quasi-particles. The important point is the following: the
bigger the density of non-conventional Bose condensate, the stronger the robustness of Cooper
pairs and quasi-particles to any perturbations.
At temperatures T < T, even if the Bose condensate exists, its density may be not sufficient-
ly important to keep the collective behavior for any positive velocities: some quasi-particles
and Cooper pairs may be destroyed and a fraction of normal fluid appears. At temperatures
Ty < T < T, (remark 5.2) the thermic fluctuations become sufficiently strong to destroy the
non-conventional Bose condensate. Consequently, even if the quasi-particle gas resists in liquid
helium for Ty < T < T, (remark 5.2), it is quite unstable and any perturbation of the quasi-
particles (like any positive velocity) may quickly destroy the collective system and switch it to
a standard liquid where no superfluidity exists.

3. Note that this last conjecture may seem a little naive since the value T is very speci-
fic. Actually, the previous discussions are just phenomenological interpretations. Therefore, to
conclude we examine another interpretation of the Bose gas H /]x3,0 without taking into account
Landau’s criterion of superfluidity [19,20], which is a phenomenological explanation of super-
fluidity.

If 2 (T) ~ (T, — T)"B at temperatures T = (kg3)~" — T is the fraction of Bose condensate
for a fixed density p > 0, then via theorem 3.7, the fraction v (T) = 1 — p,,/p satisfies:

VB(T) ~ (T. = T)" ~~8(T), for T — T, (5.10)
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where

p. (T) = ! / Jio APk (5.11)

@ J, g, [t 1]

R3 r=Z,a=a(T)

The relation (5.10) is strangely similar to (5.9), see figure 5.6. The fraction vZ (T) may be
considered as the superfluid fraction of the Bose gas H f,o- Therefore, at a fixed density p > 0,
the superfluid density p, equals

)
=%, a=a(Z)

1 2\
ps (T) =Rz + / d*k
(271-)3 J, QEE,O [fk,O + EIEO]

whereas p,, (5.11) is the density of normal fluid which is the carrier of the total entropy of the

system. Note that Thm+ p, = 0 and within this framework there is 100% of superfluid liquid
—0

at zero-temperature with a density p, > = = Z (T). See (i) of theorem 3.7 to see the Bose
condensate density at a fixed density p > 0, i.e., for u = pg , (3.57).

In fact, this conjecture has to be analyzed via the corresponding Hamiltonian with an exter-
nal velocity field as it has been recently performed with dilute trapped Bose gases at zero-
temperature [59].

5.5. Concluding remarks: superfluidity of Fermi systems

The superfluidity of a Fermi system, i.e. the 3He liquid, was discovered in 1972 for sufficiently low
temperatures [60,61]. All the previous theories concern Bose systems. However, it is remarkable
to see that, via the effective coupling constant goy < 0 (figure 5.3), the non-diagonal interaction
UL'P of the model HY implies an attraction between particles in the zero-mode.
By analogy, it is well-known that the phenomenon of superconductivity comes from the effective
electron-electron interaction in the BCS theory which results from the electron-phonon (non-
diagonal) interaction in the second order of perturbation theory, see e.g. [62,63]. Thus, in a
superconductor, electrons can pair up in the metal crystal via phonons to form Cooper pairs
which can then condense into a superconducting state. This phenomenon corresponds also to
the explanation given for the existence of superfluidity in *He [21,22]. Indeed, by cooling the
liquid to a low enough temperature, 3He atoms can pair up, making it a boson, and therefore
superfluidity can be achieved.
In the Bose gas H }\B’O, the effective attraction characterized by ggg < 0 plays exactly the same
role on bosons by creating Cooper pairs and may also work for Fermi systems. Therefore, it
should be interesting to study a similar Hamiltonian within the framework of Fermi systems.
Of course, the main difference comes from the Fermi statistics. In particular, the critical
density pPB% (3,0) for the Perfect Bose Gas does not exist for the Perfect Fermi Gas. For the
Bose system H }\97 o, the corresponding kinetic part only turns on the Bose condensation pheno-
menon via the Bose statistics, see for example remark 3.5. Indeed, the corresponding “chemical
potential” « (Z) of the variational problem (3.16) for a Bose condensate density Z (3, p) becomes
zero when we reach the critical density as for the Perfect Bose Gas, but switches again to strictly
negative values for ¥ > 0. As soon as the Bose condensate appears, the non-diagonal interac-
tion UYP becomes sufficiently important to drastically change all thermodynamic properties
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of the system by instantly switching the usual Perfect Bose gas to a gas of quasi-particles: the
Bose-FEinstein condensation becomes non-conventional in correlation with the creation of the
Bogoliubov condensate and the formation of Cooper pairs (Section 5.2).

Whereas the non-diagonal interaction UYP is not strong enough to imply alone the Bose-
condensation at the critical temperature or density of the Perfect Bose Gas, for very small
temperatures it strongly dominates all thermodynamics of the system. The non-diagonal in-
teraction UYP obviously has a strong impact on the system (see for example the divergence
of the grandcanonical pressure of H /]iO [1]). It would have implied the non-conventional Bose
condensation without the Bose statistics at sufficiently low temperatures or high densities.

In particular, if the Fermi statistics now holds, a similar non-diagonal interaction characterizing
by an effective attraction ggo (2.1) (figure 5.3) drastically opposes the repulsion from the Pauli
exclusion principle and would finally become strong enough at sufficiently low temperatures
to imply alone the mon-conventional Bose condensation (Cooper pairs) and the superfluid
gas of quasi-particles explained above. This means of course that the critical temperature for
the corresponding Fermi system should be quite lower than that of the Bose model H /]{E;,o-
Experimentally, the critical temperature of 3He is very low in comparison with that of *He
(2.17 K) : it is only two milli Kelvin for 3He [60, 61].

We reserve this analysis on Fermi systems for another paper. To conclude, notice also that
the *He liquid forms, at sufficiently low temperatures, several superfluid phases (A&B), which
are much richer properties than those of the superfluid *He. For a complete review of properties
of *He at low temperatures, see [64, 65].

Appendix A. : the Bogoliubov u-v transformation

In this subsection we recall the Bogoliubov canonical u-v transformation by applying it on the
Bogoliubov approximation [25]

* 1 * *
Hfm (o,0) = Z [ka — a4+ Ay |c|2] apay + 5 Z AL |c|2 [akak + a_ka_k}
keA\{0} keA \{0}
1 A
+§ Z A [Pajal, + Pagay] — o eV + ?0 (|c|4 V- |c|2) (A.1)
keA*\{0}

of HY, (a) = HY, —aNy (2.4) for any Ao > 0. Then, we compute the corresponding pressure

P (B, 0) = BLV In T'rfgefﬁHiAo(a’c). (A.2)

After the canonical gauge transformation to boson operators
are 8¢ k€ A*\ {0}, (A.3)
note that HY, (a,c) depends only on = = l¢|*. Since HR,, (a,c) is a bilinear form in boson

operators {ax, a;} . A0} the Bogoliubov canonical u-v transformation diagonalizes it by using
a new set of boson operators {bx, b} };cp\ o) defined by

Q. — ukbk - kaik, a}z = ukb}; — ka,k, <A4>
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with real coefficients {uy = u_r}; .\ 1oy and {vi = v_i}; 0 (o Satisfying:

€k

2 2

llk + Vk: = ET
k, o

Here
Jeno =€k —a+z (Ao + M),

El?)\o \/fk,\ —5752)\2 \/k—a+9€/\o)(k—a+x(/\0+2)\k))

where we recall that = = |¢|>. Thus

L[ fexo o L frxo
Sl QELSUIE ) R LS
2 (EE,AO 2 \ EZ,,

Notice that fi ., > 2\ and, |c|* and « satisfy the inequality:

2
uy

a <|c* Ao+ min &,
keA*\{0}

The Hamiltonian (A.1) becomes:

. Ao |

keA=\{0} keA*\{0}

Therefore, the pressure pg, (3, a,¢) (A.2) equals

pE,Ao (B,a,c) = fA,AO (570471’ = ‘C|2) T M (04737 = |C|2) )

Ean (ﬁ,a,x):ﬁiv Z In (1_6—/31‘5&0)1’

keA*\{0}

1 )\0 T
TIAo (, 1) = — Z (kao k,\o) +or — — <$2__
2V keA*\{0} 2 4

and has the following thermodynamic limit:
s (B,0.0 =e[’) = lim pf,A (8, o C) Exo (B, ) + 1y, (o, x)
5)\0 (6 Q .T) = hm éA A0 (ﬁ «,

My (@, 2) = h}\n N, (@, T) = m / (fk Xo — k)\o) &k + ax —
R3

with EP, ~o, frae>o defined by (A.5) and a <z (cf. (A.6)).
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Appendix B. : Technical proofs

Lemma B.1. For any sequence {Ex}, gs of subsets £y C A* we have

hm - Z akak HSB , {aypo ﬁ, a,v,T )} ,
kGEACA* a(T),y=0,2=%
with
1 —1
g (B,a,v,2) = 3 / In <1 — e_ﬁEljcB,O) Pk + - / (flaO _ E/?o) Bk
(2m)" B 2 (2m) ’
R3\E R3\&
/m e ho) I /(fko—EB)dgk:
27T ﬁ 2 (27T)3 € 7 i a—a+y

+ (Oz +7 lim xe, (0)) z,

for any o < 0 and v < 0. Here x¢, denotes the characteristic function of £y and the set £ is
given by £ Eli{{n Exn CR3.

Proof. Let

SB
InTrppe Haxe ()
A

B _
(B, p,7) = %

be the pressure associated with the perturbed (superstable) Hamiltonian H3% _ () defined by:

SB _ SB *
HA,)\O,A/ (1) = HA,,\0 — Ny — 7 E A ag-
keENCA*

Since H fﬁoﬁ () is superstable, its pressure is well-defined and convex for any real p and 7.
Consequently the theorem 3.2 is still valid for v € R:

P(B.p) = limpR” (8, )

B (b —a)
= s {gif {po (B, v, )+27A0}}

o B (M_O‘)z
= {po (B, a7, z) + 27)\0}

with the corresponding pressure pf’ (3,a,~,z). Here ., (Z,) and Z, are the corresponding
solutions of the variational problems. We also have

, (B.1)

=0ty (T ), w=T

1 *
0,pR" (8, 1,7) = v Y. (Gan)yse LB,
kEEACA* oo
and, via the Griffiths lemma [36,37], we get:
1 . :
lim o D (aiadygy (B0 = {0 imp® B} = {00 B} . (B2)
keEpCAx =0 y=0
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From remark 3.3 for u # . (8) or 5 # (3, (1) combined with (B.1) we get

_ ~ \\2
00" (B,11,7) = 0y {pf(ﬁ,av(@),%@HW}

= {08 (B, 2,7, 2)}

=0y (Z4),2=2

for || sufficiently small and pu # p, (8) or B # 3, (1) . Consequently the limit (B.2) combined
with the last equation for v = 0 gives the lemma. Bl

Lemma B.2. Let k € A*\ {0}. Since A is isotropic, then for A sufficiently large we have:

. 1 B apao
(aran)pgn (Bop) < =7 + 2 (1 — e Br() < v >HSB (6,4

Ao

with
Ak N
B = —p——+ X { —
e (1) 6[€k AT O<V>HSB (5aﬂ)] >0
cf. remark 3.3 (a(Z) < 0) and (3.49).

Proof. By the correlation inequalities [28, 66, 67] for the quantum Gibbs state w?? (=) =
(“huss, (3.1) we have

wiB (X*X)

52 (0 [H35, ) X]) 2 w3 (XX In 220

where X is an observable from domain of the commutator [H fﬁo (1), .], thus we obtain

wi? (Ny)

SB (% [17SB SB
H > Np)In ———— B.3
Bui” (ai [HAR, (1) ax]) = wi” (N) Y OSE () + 1 (B:3)
for X = a;, with k € A*\ {0}. Since
(I*CLQ )\0 % )\0 % )\k %
(235 (W) ar] = — [er—p+ )\kOT + 3 Z agaq + Traka; | ax = Vaga_k,
geA\{k}
one gets
% CUSB (N Nk)
wi” (af [HRR, (1), ar]) = —len — @] wi® (Ny) = )\k%

with N, = a’a,. Notice that because wi? (aj [HY5 (1), ax]) € R we get from the remaining

term of (B.4) that wi? (adaja’,) € R. Therefore

2w (agaja’y) = wiB (agaja* ;) +wi? (ara_ray’) .
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Moreover, since the functions €5 and A\; are even for (k — —k), we have
WiB (NoNy) = wiP (NgN_y) .
Thus it follows

Ak SB

o8 (0L [R5, 0 ) =~ on — ek ofon) — 25e? (shatas + ava )
Y A
— 2R O3B (No (Ng + N_p)) — 22058 (NpNy) . (B.5)
2V V
Since
agara* , + aylapa_y + ajaoaiay + agapa’ pa_ = (aéak + aikao)* (aaak + aikao)
—agar — ayao,
and

Wi (NiNa) = wi” (Ne) wi” (Na)

we deduce from (B.5) the following estimate:

N A N A
P (0[5, ) u]) < = e = = o o ()] w82 (000 + 2™ (0).

Therefore, (B.3) and the last inequality implies:

B ﬁ)\k SB <N0) SB wi (Nk)+1
By, (1) wiB (N,,) — == w — | S w7 (Ng) In ——5—7"F—.

Combining (3.49) with remark 3.3 we have

: Ny .
Ao {hj{n wi B (7)} —p=—-a(x)>0

, 1 (2(xh)® X
inf By (1) = B2z (1) 2 Iz ( | >0

i.e.

keA=\{0} m 2L

for an isotropic A sufficiently large. Hence, to estimate z = w3® (V) > 0, we have to solve the
inequality

2 V x
Notice that the solution of (B.6) is the set {0 < x < 21}, where x; is a solution of the equation

A N, 1
By (p) zp — &wiB <—0) =z In il :

A N, 1
By (1) x — &wiB (—0) <zln v (B.6)

2 |4 T
Let .
T2 = eBrw) — 1’ (B.7)
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be a nontrivial solution of the equation

1
Bk(u)x:xlnx+ :
x
Then the inequality x < x7 can be rewritten as
r <o+ (11 — x9) . (B.8)

z+1

xT

defined for x > 0 (we put f (z = 0) = 0) is concave, we have

f(r1) = f(22)
[ (w2)

and using (B.7) and (B.8) the lemma follows when k£ € A*\ {0}. B

Since the function f (z) = zln

S X1 — T2,

Lemma B.3. Under the assumptions using in section 4 the following holds:

(i) On@ =0 for any p & [peins (B) s Pesup (8)]-

(4i) For p; = p—x >0 with p > p, ., (3) the free-energy density fAOB (08, py, ) satisfies

{0.J0 (3.0} = {0, 7 (3.1, |

p1=p—T,7=T

p1=p—T,2=T

Proof. (i) For p < p,iu (8), i-e. g, < . (3) or B < B, (1,) , the first statement (i) is a direct
consequence of remark 3.3 ( = 0). Moreover, again from remark 3.3, (3.22), (3.34)-(3.36) we

find for p > Pesup (ﬁ)

{0060 (8,0, 2) + Q(, 2) = —a(2)}

)
=T, a=a(T)

which through remark 4.3 implies

{8$§0 (ﬁ,a,x)JrQ(oz,x)} = _8PfOB (ﬁ,p)
z=%,a=0, ff (8.p)
The derivative of the last expression as a function of \g gives:
T {026, (B, a, ) + 0,Q (v, ) } = 0. (B.9)
a=2,a=0, [ (B,p)

Via direct computations we have for any a« < 0 and x > 0
02¢, (B, a, ) > 0 and 0,9 (o, z) > 0,

and therefore the equation (B.9) implies (i) for p > p_ .., (5) -
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(17) By (4.6)-(4.7), one directly gets

{ale/{)B<57/)17x>}

and

{078 B.p12) ) = a (@) — {0 (3, 0,0)}

pP1=p—Z,x=T a=a(T),r=T

Using remark 3.3 combined with remark 4.3 the last two equations imply the second statement
(ii) of this lemma for p > p, ., (5). B
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