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Abstract

We study classical twists of Lie bialgebra structures on the polynomial current
algebra glu|, where g is a simple complex finite-dimensional Lie algebra. We focus
on the structures induced by the so-called quasi-trigonometric solutions of the
classical Yang-Baxter equation. It turns out that quasi-trigonometric r-matrices
fall into classes labelled by the vertices of the extended Dynkin diagram of g.
We give complete classification of quasi-trigonometric r-matrices belonging to
multiplicity free simple roots (which have coefficient 1 in the decomposition of
the maximal root). We quantize solutions corresponding to the first root of sl(n).

1 Introduction

Recall that, given a Lie algebra g, the classical Yang-Baxter equation (CYBE) with one
spectral parameter is the equation
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(X (), X P (u+0)] + [X 2 (u), XP(0)] + [X P (u+0), XP(0)] =0, (L1)

where X (u) is a meromorphic function of one complex variable u, defined in a neigh-
bourhood of 0, taking values in g®g. In their outstanding paper [2], A. Belavin and V.
Drinfeld investigated solutions of the CYBE for a simple complex Lie algebra g. They
considered so-called nondegenerate solutions (i.e. X (u) has maximal rank for generic
u). It was proved in [2] that nondegenerate solutions are of three types: rational,
trigonometric and elliptic. Moreover the authors completely classified trigonometric
and elliptic solutions, the last ones for the case g = sl(n).

One can see that any rational solution of CYBE provides the Lie bialgebra structure
on polynomial Lie algebra g[u] for a simple Lie algebra g. On the contrary, there are
no clear Lie bialgebra structures related to elliptic solutions of CYBE.
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For trigonometric solutions of CYBE, the situation is as follows. Any trigonometric
solution has the form Y (e*=")), where Y is a g ® g-valued rational function and ¥ is
some constant. After setting e** = z this solution provides a Lie bialgebra structure
either on Lie algebra gz, 27!] or on its twisted version but does not induce, generally
speaking, a Lie bialgebra structure on the polynomial Lie algebra g[z].

Therefore we are motivated to introduce a class of solutions of 'trigonometric’ type
that will induce Lie bialgebra structures on glu]. Let © denote the quadratic Casimir
element of g. We say that a solution X of the CYBE is quasi-trigonometric if it is of

the form:
v

X (u,v) = + p(u,v), (1.2)
where p(u,v) is a polynomial with coefficients in g®g. We will prove that by applying a
certain holomorphic transformation and a change of variables, any quasi-trigonometric
solution becomes trigonometric, in the sense of Belavin-Drinfeld classification.

In the works [8, 9] to any Lie bialgebra V. Drinfeld assigned another Lie bialgebra,
the so-called classical double. F. Montaner and E. Zelmanov [27] proved that for any
Lie bialgebra structure on gfu] its classical double is isomorphic as a Lie algebra to one
of four Lie algebras. We will consider two of them: g((u~!)) and g((u™!)) @ g.

The study of the Lie bialgebra structures given by quasi-trigonometric solutions will
be based on the description of the classical double. We show that all quasi-trigonometric
solutions induce the same classical double g((u~!)) @ g. Moreover we construct a one-
to-one correspondence between this type of solutions and a special class of Lagrangian
subalgebras of the g((u™!)) @ g. It turns out that such Lagrangian subalgebras can
be embedded into some maximal orders of g((u™')) @ g, which correspond to vertices
of the extended Dynkin diagram of g. This embedding enables us to classify quasi-
trigonometric solutions of CYBE which correspond to multiplicity free roots. We also
use the classification of Manin triples for reductive Lie algebras in terms of generalized
Belavin-Drinfeld data obtained by P. Delorme [6]. In particular, we get a complete com-
binatorial description of quasi-trigonometric solutions of CYBE;, related to Lie algebra
sl(n).

The goal of the second part of the paper is to propose a quantization scheme for
some of the Lie bialgebra structures on glu| for g = sl(n) described in the first part of
the paper. In all these cases the quantization is given by an explicit construction of the
corresponding twist. More precisely, the corresponding Hopf algebra is isomorphic to
U,(g[u]) with twisted comultiplication, where U,(g[u]) is defined as certain subalgebra
of quantum affine algebra U,(g). This result confirms the natural conjecture made in
[21] and recently proved in [17]: any classical twist can be quantized.

For the construction of twist quantizations of quasi-trigonometric solutions of CYBE;,
we use nontrivial embedings of certain Hopf subalgebras of the quantized universal en-
veloping algebra U, (sl,,11), called seaweed algebras [7] into U,(sl,,). This enables us to
"affinize’ the finite - dimensional twists constructed in [15] and [19].

u—v



2 Lie bialgebra structures and classical twists

Let g denote an arbitrary complex Lie algebra. We recall that a Lie bialgebra structure
on g is a 1-cocycle § : g — A%g which satisfies the co-Jacobi identity. In other words,
0 provides a Lie algebra structure for g* compatible with the structure of g.

To any Lie bialgebra (g, d) one associates the so-called classical double D(g,d). It
is defined as the unique Lie algebra structure on the vector space g ® g* such that:

a) it induces the given Lie algebra structures on g and g*

b) the bilinear form ) defined by

Q([L’l + ll,l’g + lg) = ll(llfg) + lg(l’l) (2.1)

is invariant with respect to the adjoint representation of g & g*.
Let §; be a Lie bialgebra structure on g. Suppose s € A?g satisfies

(s 53] + [s'2, %] + [s"3, s%] = Alt(6, ®id)(s), (2.2)
where Alt(x) := 2123 + 221 4 2312 for any x € g®3. Then
da(a) :=01(a) +[a®1+1®a,s] (2.3)

defines a Lie bialgebra structure on g. We call s a classical twist and say that the
bialgebra structures (g, d;) and (g, d2) are related by a classical twist.

The construction of the double suggests another notion of equivalence between bial-
gebras. Namely, we say that Lie bialgebra structures ; and d, on g are in the same
twisting class if there is a Lie algebra isomorphism f : D(g, ;) — D(g, d2) satisfying
the properties:

1) Qi(z,y) = Q2(f(x), f(y)) for any x,y € D(g, 1), where @; denotes the canonical
form on D(g,0;), i =1, 2.

2) f o j1 = ja, where j; is the canonical embedding of g in D(g, ;).

For a finite-dimensional g, it was shown in [20] that two Lie bialgebra structures are
in the same twisting class if and only if they are related by a classical twist.

Example 2.1. Let g be finite-dimensional. All Lie bialgebra structures induced by
triangular r-matrices are related by classical twists. The classical double corresponding
to any triangular r-matrix is isomorphic to the semidirect sum g+ g* such that g* is a
commutative ideal and [a, ] = ad*(a)(l) for any a € g and [ € g*.

Another example of twisting is the following:

Example 2.2. Suppose g is simple and let §; be the Lie bialgebra structure induced
by the standard Drinfeld-Jimbo r-matrix. Then the entire Belavin-Drinfeld list [1] is
obtained by twisting the standard structure dy. The classical double corresponding to
any r-matrix from this list is isomorphic to g & g.

Now, if we pass to the case of infinite-dimensional Lie bialgebra structures, we
encounter more examples of twisting.



Let us recall several facts from the theory of rational solutions as it was developed in
[33]. We let again g denote a simple Lie algebra. Denote by K the Killing form and let
Q be the corresponding Casimir element of g. We look for functions X : C> — g® g
which satisfy

(X2 (ug, ug), X2 (ug, us)] 4+ [X 2 (uy, ug), X2 (ug, us)]+ (2.4)
+[X13(U1, U3), X23(UQ, Ug)] = 0,
X2 (u,v) = —X*(v,u). (2.5)

Remark 2.3. We will call these two equations the classical Yang-Bazter equation (CYBE).
In the case of rational and quasi-trigonometric solutions, the unitarity condition (2.5])
can actually be dropped. We will prove in Appendix that (2.5) is a consequence of
&4,
Definition 2.4. Let X (u,v) = -= + p(u,v) be a function from C* to g ® g, where
p(u,v) is a polynomial with coefficients in g ® g. If X satisfies the CYBE, we say that
X is a rational solution.

Two rational solutions X; and X, are called gauge equivalent if there exists o(u) €
Aut(g[u]) such that Xs(u,v) = (o(u) ® o(v))X;(u,v), where Aut(g[u]) denotes the
group of automorphisms of glu] considered as an algebra over C|u].

Remark 2.5. Tt was proved in [33] that any rational solution can be brought by means
of a gauge transformation to the form:

)
X(u,v) = P + Poo + P1ot + Po1v + pr1uv,

where poo, p1o, Po1, P11€ § @ g.

We recall that any rational solution induces a Lie bialgebra structure on the poly-
nomial current algebra g[u]. Let us consider a rational solution X and define the map
dx : glu] — glu] A glu] by

ox(a(u)) = [X(u,v),a(u) ® 1+ 1® a(v)], (2.6)

for any a(u) € glu]. Obviously dx is a 1-cocycle and therefore induces a Lie bialgebra
structure on glu].

The following result, proved in [33], shows that all Lie bialgebra structures corre-
sponding to rational solutions have the same classical double.

Let C[[u~!]] be the ring of formal power series in v~ and C((u™!)) its field of
quotients. Consider the Lie algebras glu] = g ® Clu, g[[u™!]] = g ® C[[u™']] and
g(u™)) =g @ C((u™)).

Let Dx(g[u]) be the classical double corresponding to a rational solution X of the
CYBE. Then Dx(g[u]) and g((u™")) are isomorphic as Lie algebras, with inner product
which has the following form on g((u™1)):

Q(f(u), g(u)) = Resu=o K (f(u), g(u)), (2.7)
where f(u),g(u) € g((u™)).



Remark 2.6. This result means in fact that g((u=')) can be represented as a Manin
triple g((u™")) = g[u] ® W, where W is a Lagrangian subalgebra with respect to the
invariant form Q.

In the case g = sl(n) all rational solutions were described in the following way:

Let d, = diag(1,...,1,u,...,u) (k many 1's), 0 < k < [§]. Then it was proved
in [33] that every rational solution of the CYBE defines some Lagrangian subalgebra
W contained in d; 'sl(n)[[u~!]]dy for some k. These subalgebras are in one-to-one
correspondence with pairs (L, B) verifying:

(1) L is a subalgebra of sl(n) such that L + P, = sl(n), where Py denotes the
maximal parabolic subalgebra of sl(n) not containing the root vector e,, of the simple
root ay;

(2) B is a 2-cocycle on L which is nondegenerate on L N Py.

In case g = sl[(2) one has just two non-standard rational r-matrices, up to gauge

equivalence:

Q
Xi(u,v) = + ho N e_g (2.8)

u—v
and Q
Xo(u,v) = —— 4 ue_o ® hy — vhy ® €_,, (2.9)
u—v

where e, = €12, €e_, = €9 and h, = ej; — ey is the usual basis of s[(2).

3 Quasi-trigonometric solutions of the CYBE

Another interesting case of infinite-dimensional Lie bialgebra structures on g[u] is pro-
vided by a class of trigonometric type solutions of the CYBE, called quasi-trigonometric
solutions. These solutions were first introduced in [21].

Definition 3.1. We say that a solution X of the CYBE is quasi-trigonometric if it is
of the form:
{2

u—v

X(u,v) = + p(u, v), (3.1)

where p(u,v) is a polynomial with coefficients in g ® g.

The term quasi-trigonometric is motivated by the relationship between this type of
solutions of CYBE and trigonometric solutions in the Belavin-Drinfeld meaning. The
following result, whose proof we give in the Appendix, illustrates this fact.

Theorem 3.2. Let X (u,v) be a quasi-trigonometric solution of the CYBE. There exists
a holomorphic transformation and a change of variables such that X (u,v) becomes a
trigonometric solution, in the sense of Belavin-Drinfeld classification.

Ezample 3.3. A function X (u,v) = 2L 4+, where r € g® g, satisfies the CYBE if and
only if r is a solution of the modified classical Yang-Baxter equation, i.e.

r+rit =0 (3.2)



[7’12,7’13] + [le’ 7023] + [7,13’ 7023] —0. (3.3)

Let r¢ denote the standard Drinfeld-Jimbo r-matrix. We fix a Cartan subalgebra b and
the associated root system. We choose a system of generators e, e_, and h,, where «
is a positive root, such that K(e,,e_,) = 1. Then

ro = %(Z ea N €e_g+Q), (3.4)

a>0

Correspondingly we have a quasi-trigonometric solution

V2
Xo(u,v) = P + 7. (3.5)

Definition 3.4. A quasi-trigonometric solution X (u,v) =
constant if p(u,v) is a constant polynomial.

UQU +p(u,v) is called quasi-

u—

Proposition 3.5. Let Aut(g[u]) denote the group of automorphisms of glu] considered
as an algebra over Clu]. Let X; be a quasi-trigonometric solution and o(u) € Aut(glu)).
Then

Xo(u,v) = (0(u) ® a(v))X;(u,v)

15 also a quasi-trigonometric solution.

Proof. Let X;(u,v) = 2L +p(u,v). Since X, obviously satisfies the CYBE, it is enough

uU—v

to check that X5 is quasi-trigonometric. We have the following;:

Xo(u,v) = (”("<u) —ol) U(v)) QO+ —" (o(v) ® o(v) 0+

u—v u—v

+(o(u) @ a(v))p(u, v).
Let py(u,v) = (L2W=20) @ 5())Q and ps(u,v) := (0(u) @ o(v))p(u,v). These are

uU—v

polynomial functions in u, v. Since (o(v) ® o(v))Q = 2, we obtain

()
Xo(u,v) = p— + p1(u,v) + pa(u,v)

and this ends the proof. O

Definition 3.6. Two quasi-trigonometric solutions X; and X, are called gauge equiv-
alent if there exists o(u) € Aut(g[u]) such that

Xo(u,v) = (o(u) ® o(v)) X (u,v). (3.6)

Any quasi-trigonometric solution X of the CYBE induces a Lie bialgebra structure
on glu|. Let dx be the 1-cocycle defined by

Sx(a(w)) = [X(u,0), alu) ® 1 +1® a(v)], (3.7)

6



for any a(u) € glu].

It is expected that all Lie bialgebra structures corresponding to quasi-trigonometric
solutions induce the same classical double.

Let us consider the direct sum of Lie algebras g((u™!)) @ g, together with the fol-
lowing invariant bilinear form:

Q((f(u),a), (g(u), b)) = K(f(u),g(u))o — K(a,b). (3-8)

Here the index zero means that we have taken the free term in the series expansion.

Remark 3.7. The Lie algebra g[u] is embedded into g((u™!))®g via a(u) — (a(u), a(0))
and is naturally identified with

Vo = {(a(u),a(0)); a(u) € glul}. (3.9)
Consider the following Lie subalgebra of g((u™')) @ g:
Wo={(a+ f(2),b): f€z"g[[z7"]],a € b,bEb_ ay+ by, =0}. (3.10)

Here b is the fixed Cartan subalgebra of g, by are the positive (negative) Borel
subalgebras and ay denotes the Cartan part of a. We make the remark that V, & Wy =
g((u™')) @ g and both V; and W, are isotropic with respect to the form Q.

In order to show that all quasi-trigonometric solutions induce the same classical
double, we will first prove the following result:

Theorem 3.8. There exists a natural one-to-one correspondence between quasi - trigono-
metric solutions of the CYBE and linear subspaces W of g((u™')) @ g such that
1) W is a Lie subalgebra in g((u™'))®g such that W 2 u=Ng[[u~!]] for some N > 0;
2)WaVy=g((u™) dg;
3) W is a Lagrangian subspace with respect to the inner product of g((u™')) @ g.

Proof. Let Vi and Wy be the Lie algebras given in Remark [3.71 We choose dual bases in
Vo and W respectively. Let {k;} be an orthonormal basis in h. The canonical basis of
Vo is formed by e uf, e_,uf, kju® for any a > 0, k > 0 and all j; (e_a,e_4), (€a,€q) for
any « > 0, and (k;, k;), for all j. The dual basis of W, is the following: e_,u™", equ™",
kju=* for any a > 0, k > 0 and all j; (e,, 0) and (0, —e_,) for all @ > 0, and %(kj, —k;),
for all j. Let us simply denote these dual bases by {v;} and {w{} respectively. We
notice that the quasi-trigonometric solution X, can be written as

Xo(u,v) = (T®T)(Zwé®vi), (3.11)

where 7 denotes the projection of g((u™1)) ® g onto g((u™')).
We denote by Hom.(Wy, Vy) the space of those linear maps F : Wy — Vj such
that KerF 2 u Ng[[u™']] for some N > 0. It is the space of linear maps F' which are

continuous with respect to the “u~! - adic” topology.

7



Let us contruct a linear isomorphism & : Vo ® Vo — Hom.(Wy, Vp) in the following
way:

for any x, y € Vy and any wy € Wy. It is easy to check that ® is indeed an isomorphism.
The inverse mapping is W : Homeon:(Wo, Vo) — Vo @ V defined by

V(F) =) F(w)) @, (3.13)

We make the remark that this sum is finite since F'(w() # 0 only for a finite number of
indices 1.

The next step is to construct a bijection between Hom,.(Wy, V) and the set L of
linear subspaces W of g((u™!))@®g such that W Vy = g((u™!))dgand W 2 uVg[[u™]]
for some N > 0. This can be done in a very natural way. For any F' € Homeon:(Wo, Vo)
we take

W(F) = {w() + F(wo); Wy € Wo} (314)
The inverse mapping associates to any W the linear function Fy, such that for any
wo € Wy, Fw(wy) = —v, uniquely defined by the decomposition wg = w + vy with

w € W and vy € V.

Therefore we have a bijection between Vy ® V) and L. By a straightforward com-
putation, one can show that a tensor r(u,v) € Vj ® V; satisfies the condition r(u,v) =
—r?Y(v,u) if and only if the linear subspace W (®(r)) is Lagrangian with respect to Q.

Let us suppose now that X (u,v) = Xo(u,v)+r(u,v) and r(u,v) = —r**(v,u). Then
X (u, v) satisfies (2.4)) if and only if W(®(r)) is a Lie subalgebra of g((u™'))®g. Indeed,
since r is unitary, we have that W (®(r)) is a Lagrangian subspace with respect to Q.
It is enough to check that X (u,v) satisfies (24]) if and only if

Q([w1 + ®(r)(wy), wy + @(r)(we)], w3 + ®(r)(w3)) =0 (3.15)

for any elements wq, wy and ws of Wy. This follows by direct computations.

In conclusion, we see that a function X (u,v) = u”flv +p(u,v) is a quasi-trigonometric
solution if and only if W(®(p — r¢)) is a Lagrangian subalgebra of g((u™')) & g. This
ends the proof. O

Remark 3.9. If W is a Lagrangian subalgebra of g((u™")) & g satisfying the conditions
of Theorem [3.8] then the corresponding solution X (u,v) is constructed in the following
way: take a basis {w'} in W which is dual to the canonical basis {v;} of Vj; and construct

the tensor .
Fu,v) = w' @ (3.16)

Let 7 denote the projection of g((u™')) @ g onto glu] which is induced by the
decomposition g((u™')) & g = Vo & W,. Explicitly,

m(an2" + ..+ ag+a_u”t + .. b) = a,u” + ...+ ajut (3.17)

8



1
+§(Cloh + bh) + ap— + b.,..

Here ag = agy + ag+ + ap— and b = by + b + b_ are the decompositions with respect to
g=hdn,. &n_. Then

X (u,v) = Xo(u,v) + (7 @ m)(7(u, v)). (3.18)
At this point we note the following fact that we will prove in Appendix:

Proposition 3.10. Let W be a Lie subalgebra satisfying conditions 2) and 3) of Theo-
rem[3.8. Let 7 be constructed as in (310). Assume 7 induces a Lie bialgebra structure
on glu] by d=(a(u)) = [F(u,v),a(u) ® 1 +1®@ a(v)]. Then W 2 uNg[[u™"]] for some
positive N.

For any quasi-trigonometric solution X of the CYBE denote by Dx(g[u]) the clas-
sical double of glu| corresponding to X.

Theorem 3.11. For any quasi-trigonometric solution X of the CYBE there exists an
isomorphism of Lie algebra Dx(g[u]) and g((u™")) & g identical on glu], which trans-
forms the canonical bilinear form on Dx(glu]) to the form Q.

Proof. One can easily check that if W is a Lagrangian subalgebra of g((u™')) @ g,
corresponding to a quasi-trigonometric solution X (u,v) = 2L + p(u,v), then W is
isomorphic to (glu])* with the Lie algebra structure induced by X.

Indeed, with the notation introduced in Theorem 3.8 let F' := Fy,. It is enough to
check that for any vy € Vo and wy, we € W, the following equality is satisfied:

Q(’Uo, [w1 + F(wl), Wy + F(wg)]) =< 5)((’00), Wy @ wo >,

where <, > denotes the pairing between V;** and W induced by Q. This equality is
implied by the following identities:

Q(vo, (w1, wa]) =< dx,(vp), w1 @ wa >,

Q(vo, [F(wy), ws]) =< [p — ro, 1 ® vp], w1 ® wg >,
Q(vo, [w1, F(wy)]) =< [p — 70,00 ® 1], w1 @ wy > .
O

Remark 3.12. Theorem [3.17]states in particular that all quasi-trigonometric solutions of
CYBE are in the same twisting class. This can be seen directly, since by the definition
of quasi-trigonometric solutions they are related to the solution (B.5]) by classical twists.

Theorem 3.13. Let X, and X5 be quasi-trigonometric solutions of the CYBE. Suppose
that Wy and W, are the corresponding Lagrangian subalgebras of g((u™')) @ g. Let
o(u) € Aut(glu]) and 5(u) be the automorphism of g((u™')) ® g induced by o(u). The
following conditions are equivalent:

1) Xq(u,v) = (o(u) ® o(v)) Xa(u,v);



Proof. 1) = 2). Let us begin by proving this for the particular case X; = X and
Xy = (0(u) ® 0(v))Xo(u,v). The Lagrangian subalgebra corresponding to Xy is W)y
given by (BI0). On the other hand, one can check the Lagrangian subalgebra W,
corresponding to the solution X5, consists of elements

f=Y (fa(w) -a(w) =Y (37(f)v) - a(uwp),

for any f € Wy. Here {v;} and {w{} are the dual bases of Vj and W, introduced in the
proof of Theorem B.8 We show that Wy = o(W)).

Let g denote the projection of o~1(f) onto Wy induced by the decomposition Vj @
Wo=g((u™')) & g. Then

9= (371 (f),v) - w

which implies that f = 5(g). Therefore Wy C 5(Wp). The other inclusion is similar.

Let us pass to the general case. If X;(u,v) = Xo(u, v)+r(u, v) is a quasi-trigonometric
solution with 7(u,v) = Y apuf®@b;07, then the corresponding W; consists of elements of
the form f+>_(f, bju?)axu®, for any fin Wy. Now let Xs(u,v) = (o(u)®@0(v)) X (u,v).
The corresponding subalgebra W5 is formed by elements of the form

ﬁ = Z(f . wo + Z a (b, u’)) akuk)

It is easy to see that f, =a(h), where h = g + 3 (g, bju?)aru® and g is the projection
of 771(f) onto Wy. These considerations prove that o (W) = Ws.

2) = 1). Suppose that Wy = &(W;). Let Xs := (o(u) @ o(v))X1(u, v). It is a quasi-
trigonometric solution which has a corresponding Lagrangian subalgebra W2 Because
1) = 2) we obtain that W2 = o(W1) and thus Wy = W,. Since the correspondence
between solutions and subalgebras is one-to-one, we get that Xy = Xo. O

Definition 3.14. We will say that W, and W, are gauge equivalent (with respect to
Aut(g[u])) if condition 2) of Theorem B.13]is satisfied.

Theorem 3.15. Let X (u,v) = u”—fzv + p(u,v) be a quasi-trigonometric solution of the
CYBE and W the corresponding Lagrangian subalgebra of g((u™')) & g. Then the fol-
lowing are equivalent:

1) p(u,v) is a constant polynomial.

2) W is contained in g[[u™']] & g.

Proof. We keep the notations from the proof of Theorem [3.8/and also those from Remark
B9 Let r(u,v) = p(u,v) —rg and F = &(r(u,v)). If p(u,v) is constant, then F(wg) €
g ® g for any wy € Wy. Therefore W(F) C g[[u™']] © g. Conversely, let us suppose
that W is included in g[[u™']] @ g. The orthogonal of g[[u™']] & g with respect to Q is
obviously u~tg[[u=!]]. Since W is a Lagrangian subalgebra, it follows that W contains
u'g[[u™']]. According to the previous remark, r(u,v) = (7 ® 7)(7(u,v)), where 7 is
the projection onto g[u] induced by the decomposition g((u™')) & g = Vy & W, and
T(u,v) =, w" ®v;. Now it is clear that r is a constant. This ends the proof. O
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4 Classification of quasi-trigonometric solutions

We have seen that gauge equivalent solutions correspond to gauge equivalent subalge-
bras W. Thus, the classification of quasi-trigonometric solutions is equivalent to the
classification of W satisfying the conditions of Theorem [3.8 In order to classify such W
we will use a method from [35] which allows us to embed W in a suitable C-subalgebra
of g((u™)) @ g.

Having fixed a Cartan subalgebra § of g, let R be the correspondig set of roots and
I' the set of simple roots. Denote by g, the root space corresponding to a root a. Let
h(R) be the set of all h € h such that a(h) € R for all @ € R. Consider the valuation
on C((u™')) defined by v(>,~, axu™*) = n. For any root « and any h € h(R), set
My (h):={f € C((u™1)) : v(f) > a(h)}. Consider

On = b[u™"] & (BacrMa(h) @ ga). (4.1)
As a direct corollary of Theorem 4 from [35], the following result can be deduced:

Theorem 4.1. Up to a gauge equivalence, any subalgebra W which corresponds to a
quasi-trigonometric solution can be embedded into QO x g, where h is a vertex of the
following standard simplex {h € h(R) : a(h) > 0 for all @« € T and apyay < 1}.

Vertices of the above simplex correspond to vertices of the extended Dynkin diagram
of g, the correspondence being given by the following rule:

0 < omax

h’i Oy,

where «;(h;) = d;;/k; and k; are given by the relation ) kjo; = amax. We will write
0, instead of O, if « is the root which corresponds to the vertex h.

Remark 4.2. We have Q,,,.. = g[[u™"]]. We have already seen that a quasi-trigonometric
solution is quasi-constant if and only if its corresponding W is embedded into Q.. X g.

Remark 4.3. It might happen that two Lagrangian subalgebras W; and W, are gauge
equivalent even though they are embedded into different OQ,, x g and Q,, x g. If there
exists an automorphism of the Dynkin diagram of g taking «; into as, then Wy and W
are gauge equivalent and the corresponding quasi-trigonometric solutions as well.

Let us suppose now that « is a simple root which can be sent to —a,.x by means
of an automorphism. Such a root has coefficient one in the decomposition of .y
and will be called a multiplicity free root. Let us denote by p, the standard parabolic
subalgebra of g generated by all root vectors corresponding to simple roots and their
opposite except —a. Let [, denote the set of all pairs in p, X p, with equal Levi
components. This is a Lagrangian subalgebra of g x g, where g x g has been endowed
with the following invariant bilinear form

Q' ((a,b), (¢,d)) :== K(a,c) — K(b,d). (4.2)
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Theorem 4.4. The set of subalgebras W C Q, xg, corresponding to quasi-trigonometric
solutions, is in a one-to-one correspondence with the set of Lagrangian subalgebras [ of
g X g, with respect to the bilinear form @', which satisfy the condition | ® [, = g X g.

Proof. The proof is based on the following result from [34]: Let G be the simply con-
nected Lie group with Lie algebra g. Denote by G,q the Lie group G/Z(G). Let H be
the Cartan subgroup with Lie algebra fh and H,q its image in G,q. If o is a multiplicity
free root, then Q, and Q,,,, are conjugate by an element of H,;(C((u™1))).
Suppose now that W C Q, x g, then (Q, x g)* C W+ = W. It follows that
W« Oaxg o Qo xg

p— g . 4-
@ax 9 = ©axg)’ O xgt 2*9 (4:3)

Denote by [ the image of the quotient W in g X g. One can check that [ is a
Lagrangian subalgebra of g x g with respect to @’.

Moreover the image of glu] in gx g, after passing to the quotient as above, is precisely
[o. Since W is transversal to g[ul, it follows that [ should be transversal to [,.

Conversely, if [ is a Lagrangian subalgebra transversal to [, in g X g, then its corre-

sponding lift, W, is transversal to g[u]. O

We see that in the case of multiplicity free roots, the classification of quasi-trigonometric
solutions reduces to the following

Problem. Given a multiplicity free root «, find all subalgebras [ of g x g which
build a Manin triple (@', [, [), with respect to the invariant bilinear form @)’ on g x g.

This problem was solved in [30] by using the classification of Manin triples for
complex reductive Lie algebras which had been obtained by P. Delorme in [6]. The
classification of Manin triples was expressed in terms of so-called generalized Belavin-
Drinfeld data. Let us recall Delorme’s construction.

Let v be a finite-dimensional complex, reductive, Lie algebra and B a symmetric,
invariant, nondegenerate bilinear form on tv. The goal in [6] is to classify all Manin
triples of v up to conjugacy under the action on t of the simply connected Lie group R
whose Lie algebra is t.

One denotes by t, and v_ respectively the sum of the simple ideals of t for which
the restriction of B is equal to a positive (negative) multiple of the Killing form. Then
the derived ideal of t is the sum of v; and v_.

Let jo be a Cartan subalgebra of t, by a Borel subalgebra containing j, and by be its
opposite. Choose by Nt as Borel subalgebra of v, and b N t_ as Borel subalgebra of
t_. Denote by ¥, (resp., ¥_) the set of simple roots of v, (resp., v_) with respect to
the above Borel subalgebras. Let ¥ = ¥, UX_ and denote by W = (H,, X, Ya)aes a
Weyl system of generators of [t, t].

Definition 4.5 (Delorme, [6]). One calls (A, A',i4,iy) generalized Belavin-Drinfeld data
with respect to B when the following five conditions are satisfied:
(1) A is a bijection from a subset I'y of ¥, on a subset I'_ of ¥_ such that

B(Haa, Hap) = —B(Hs, Hg), o, € T (4.4)
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(2) A’ is a bijection from a subset I, of X on a subset I'"_ of ¥_ such that
B(Huo, Hag) = —B(Ha, Hp), o, B € T, (4.5)

(3) If C = A™'A’ is the map defined on dom(C) = {a € T', : Ala € I'_} by
Ca = A7'A'a, then C satisfies:

For all « € dom(C), there exists a positive integer n such that «,..., C" ' € dom(C)
and C"a ¢ dom(C).

(4) i4 (resp., iy) is a complex vector subspace of jg, included and Lagrangian in the
orthogonal a (resp., a’) to the subspace generated by H,, a € 'y UI'_ (resp., I, UT'"_).

(5) If f is the subspace of j, generated by the family H, + Ha,, o € 'y, and § is
defined similarly, then

(f D ia) N (f/ D ict’) =0. (46)

Let R, be the set of roots of jy in v which are linear combinations of elements of ', .
One defines similarly R_, R/, and R_. The bijections A and A’ can then be extended
by linearity to bijections from R, to R_ (resp., R/, to R). If A satisfies condition (1),
then there exists a unique isomorphism 7 between the subalgebra m, of v spanned by
X, Hy and Y,, a € I'y, and the subalgebra m_ spanned by X,, H, and Y,,, a € I'_,
such that 7(H,) = Haq, T(Xa) = Xaa, 7(Ys) = Ya, for all a € T, If A’ satisfies (2),
then one defines similarly an isomorphism 7’ between m’, and m’_.

Theorem 4.6 (Delorme, [6]). (i) Let BD = (A, A, i4iv) be generalized Belavin-
Drinfeld data, with respect to B. Let n be the sum of the root spaces relative to roots a of
jo in by, which are notin Ry UR_. Leti:=t®i,&n, where & := {X+7(X): X € m}.

Let w' be the sum of the root spaces relative to roots a of jo in bf,, which are not in
RLUR.. Leti =¥ @iy ®n', where ¢’ :={X +7(X): X em’}.

Then (B,i,1') is a Manin triple.

(i1) Every Manin triple is conjugate by an element of R to a unique Manin triple
of this type.

Remark 4.7. One says that the Manin triple constructed in (i) is associated to the
generalized Belavin-Drinfeld data BD and the system of Weyl generators WW. Such a
Manin triple will be denoted by Zsp .

Recall that I denotes the set of simple roots relative to a Cartan subalgebra b of
g. For a subset S of I, let [S] be the set of roots in the linear span of S. Let mg :=
b+ Zae[s] go, Ng = Za>0,a¢[$} Oa, Ps := mg + ng. We also consider gg := [mg, mg],
hs :=hNgs and (s := {z € h: a(x) = 0,Va € S}. Consider the Lagrangian subalgebra
[ of g X g which consists of all pairs from pg X pg with equal components in mg.

In [30], the general result of Delorme was used in order to determine Manin triples
of the form (@', lg,[). This enables one to give the classification of all Lagrangian
subalgebras [ of g x g which are transversal to a given [g. We devote the rest of this
section to presenting the main results of [30]. We refer to [30] for the proofs.

First of all, let us choose a suitable system of Weyl generators for g x g. Let b be
a Borel subalgebra of g containing the Cartan subalgebra . Then by := b x b is a
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Borel subalgebra of g x g containing the Cartan subalgebra jo := h x h. One denotes
by ¥, the set of pairs («,0), and by X_ the set of pairs (0, —«), where a € T". Let
Y=Y, UX_.

Let (Xa,Ya, Ho)aer be an arbitrary Weyl system of generators for g. A system of
Weyl generators of g x g with respect to this choice of simple roots can be chosen as
follows: X(a,O) = (Xa,()), H(a,O) = (Ha,O), YV(,LO) = (Ya,O), X(()’_a) = (O,Ya), H(07_a) =
(0,—H,), Y,—a) = (0,X4). A Manin triple associated to some generalized Belavin-
Drinfeld data BD for g x g with respect to this Weyl system will simply be noted by
Tsp.

Let fg be the automorphism of gg uniquely defined by the properties 0g(X,) = Ya,
05(Y,) = X, and 05(H,) = —H, for all a € S. Recall that there is a short exact
sequence

1 — Gg — Aut(gs) — Autg — 1 (4.7)

where Autg denotes the group of automorphisms of the Dynkin diagram of gs. Let g
be the image of A5 in Autg. Therefore g can be written uniquely as

Os = sAd,,, (4.8)

where gy € G and g is the unique automorphism of gg satisfying the properties:
'QbS(Xa) = ng(a), @DS(YQ) = Y:gs(a), Q/JS(HQ) = Hgs(a) for all « € S.

Theorem 4.8. For any Manin triple (Q)', s, 1), there exists a unique generalized Belavin-
Drinfeld data BD = (A, A igiy) where A : S x {0} — {0} x (=9), A(,0) =
(0, —0s(0)) and iy, = diag((s), such that (Q)',1s,1) is conjugate to the Manin triple
Ipp = (Q/7 i 1/>
Moreover, up to a conjugation which preserves lg, the Lagrangian subalgebra [ is of
the form
[=(id x Ad,,)(i),

where gy € Gg is the unique element from the decomposition (4.8).

Lemma 4.9. Let A: Sx{0} — {0} x(=5), A(a,0) = (0, —0s()) and i, = diag({s).
A quadruple (A, A iq,iy) is generalized Belavin-Drinfeld data if and only if the pair
(A’ iy) satisfies the following conditions:

(1) A" : Ty x {0} — {0} x (=Ty) is given by an isometry A’ between two subsets
Iy and Ty of T' : A'(a,0) = (0, —A'(a)).

(2) Let dom(A’,S) := {a € Iy : A’(a) € SNTy}. Then for any o € dom(A’,S)
there exists a positive integer n such that o, (05A")(a),..., (AsA)" H(a) € dom(A/,S)
but (AgA))"(a) ¢ dom(A’,S).

(8) Consider Ag :={(h+ I, —s(h)+h'):h € bs,h € (s}. Let § be the subspace
of b x b spanned by pairs (Ha, —H ) for all o € T'1. Let iy be Lagrangian subspace
Of a = {(hl,hg) S f) X f) : Oé(hl) = 0,6(}1,2) = O,VOK € Fl,VB € FQ} Then

(f @iw) NAg =0. (4.9)
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Definition 4.10. A triple (I'y, 'y, A’) is called S-admissible if condition (2) of Lemma
is satisfied.

Let Qg denote the Cartan component of the Casimir element Q2. Let m; (resp., m2)
be the projection of h onto hg (resp., (s). Let Ky be the restriction of the Killing form
K of g to b, which permits an identification between h and h*. If R is an endomorphism
of b, denote by R* the adjoint of R regarded as an endomorphism of §.

Lemma 4.11. (i) Suppose that (f @ iy) N Ag = 0. Then there exists a unique linear
endomorphism R of b such that

i @iw = {(Rh,R'h) : h € b}, (4.10)
where R'h := mi(h) — ma(h) — g1 (Rh) + mo(RA), and
(1/1577'1 +7T2)R+R*(¢S7T1 —|—7T2) = idh. (4.11)

(ii) There exists a bijection between the Lagrangian subspaces iy of a' satisfying the
condition (f' ®iy) N Ag = 0, and the endomorphisms R of b verifying (4.11) and the
additional condition:

R((¢smi + ma)(H,y) + (72 — m)(H g () = Hy, ¥y € T4 (4.12)

(i1i) There exists a bijection between endomorphisms R of b verifying ({-11) and ({.13)
and tensors r € h ® b satisfying the following conditions:

(id ® (Ygmy + 7)) (1) + (Vg1 + m2) @ id)(r?h) = €, (4.13)

(A'(7) (s —m) @id)(r) = (Ysm +m2) @ 7)(r), ¥y € . (4.14)

Corollary 4.12. Let A : S x {0} — {0} x (=5), A(a,0) = (0,—0s(a)) and iy =
diag((s). There exists a one-to-one correspondence between generalized Belavin-Drinfeld
data (A, A iq,ie) and pairs formed by an S-admissible triple (I'y, T, A’) and a tensor
r € h® b satisfying conditions {{.13), (4.14)).

Theorem 4.13. Suppose that | is a Lagrangian subalgebra of g X g transversal to lg.
Then, up to a conjugation which preserves ls, one has [ = (id x Ady,)(i'), where i" is

constructed from an S-admissible triple (I'y, 'y, A’) and a tensor r € h ® b satisfying

conditions ({{.13), (4-14).

Let a be a multiplicity free root of g. Set S = I'\ {a}. We write 6, instead of fg
and 1, instead of 1. We make the remark that a triple (I'y, 'y, A’) is S-admissible if
and only if it is in one of the two situations:

L If o ¢ Ty, then (I'y,04(I3), 8 A7) is an admissible triple in the sense of [I].

IL If o € Ty and A’(8) = a, for some 3 € I'y, then (I'y \ {8}, 0a(F2 \ {a}), 0, A") is
an admissible triple in the sense of [1].

By applying Theorem in the particular case S = I'\ {a} and working with the
tensor 7 := ((om + m2) ® id)(r) instead of r, one obtains
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Theorem 4.14. Let o be a multiplicity free root. Suppose that | is a Lagrangian
subalgebra of g x g transversal to l,. Then, up to a conjugation which preserves l,, one
has | = (id x Ady,)(i"), where i’ is constructed from a pair formed by (U1, Ty, A7) and a
tensor 1 € h ® b satisfying the following conditions:
(1) (T, Ty, A" is of type I or II from above.
(2) T satisfies
7+ 72 = Q, (4.15)

(3) If (T'1,Ty, A") is of type I, then 7 satisfies
(0 A'(7) ®id)(F) + (id ® 7)(7) = 0,V € T (4.16)

(4) If (T'1, Ty, A7) is of type II and A/(B) = «, then 7 satisfies ([{.16) for all v €
'\ {8} and
(a(ms = Yam) @id)(7) = (id © F)(F). (4.17)

The construction of the quasi-trigonometric solutions can be summed up as follows.
Suppose that (I'y, 'y, A’) is of type I or II from above. Then one finds the tensor 7 and
consequently r. This induces a unique endomorphism R of b, which in turn enables
one to construct the subspace iy, according to (£I0). This is enough to reconstruct
. Then [ := (id x Ad,,)(i') is a Lagrangian subalgebra of g x g which is transversal
to [,. Moreover, [ can be lifted to a Lagrangian subalgebra W of g((u™!)) & g which
is transversal to g[u]. By choosing two appropriate dual bases in g[u] and W respec-
tively, we reconstruct the quasi-trigonometric solution X (u,v). We will illustrate this
procedure by several examples.

Ezample 4.15. Quasi-trigonometric solutions for sl(2). Let e, f, h be the canonical
basis of s[(2) and « be the simple root with root vector e. Then I' = {a}. We have
two cases:

LT, =Ty=0and 7 = ih ® h. Correspondingly we get one quasi-trigonometric

solution:
v

u—v

Xo(u,v) = + 79, (4.18)
where Q =e® f+ f®e+ %h@h andrg =e® f+ ih@h is the Drinfeld-Jimbo r-matrix
for sl(2).
ILT, =Ty ={a}, A =id and 7 = ih ® h. The corresponding quasi-trigonometric
solution is
Xi(u,v) = Xo(u,v) + (u —v)e®e. (4.19)

Ezample 4.16. Quasi-trigonometric solutions for s[(3). Denote by « the simple
root with root vector e;2 and by (3 the one with root vector ej;3. Then I' = {«a, #} and
both roots are singular. We will present the quasi-trigonometric solutions corresponding
to the root a.

1. Fl = Pg = @ Then 7 = a(ell —633) &® (622 —633) +b(622 —633) Y (611 —633) + %(611 —
e33) ® (e — es3) + %(622 — e33) ® (€22 — e33), where a +b = —%. The corresponding
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quasi-trigonometric solution is quasi-constant:

Q
Xo(u,v) = ——— + 1, (4.20)

u—v

where 7 is the Drinfeld-Jimbo non-skewsymmetric r-matrix in sl(3).

II. Fl = {Oé}, FQ = {Oé}, A/(Oé) = . Then 7 = —%(611 — 633) (029 (622 - 633) + %(611 —
es33) ® (e11 —es3) + %(622 — e33) ® (e22 — e33). It follows that the corresponding solution
of the CYBE is again quasi-constant:

Xi(u,v) = + 71, (4.21)

u—v

where r; is another non-skewsymmetric r-matrix in s((3).

II1. Fl = {Oé}, F2 = {ﬁ}, A/(Oé) = /6 Then 7 = —%(622 — 633) X (611 — 633) + %(611 -
e33) @ (€11 — es3) + %(622 — e33) ® (€99 — e33). This data allows one to construct the
following Lagrangian subalgebra which is transversal to [,:

a b 0 —a—d 0 0
[={ c d 0 : * a b ta,b,c,d € C}. (4.22)
x x —a—d c d

Correspondingly, one obtains the following solution:
1
Xg(u, U) = Xo(u, U) — u(612 &® 632) + U(€32 &® 612) — 6(611 — 622) X (622 — 633). (423)

III. Ty = {6}, Iy = {a}, A(3) = a and the same 7 as in IIIl. We have a quasi-
trigonometric solution which is gauge equivalent to (£23).

IV. Fl = FQ = {Oz,ﬁ}, A’(Oz) = ﬁ, A'(ﬁ) = «. Then 7 = —%(622 —633) ® (611 —633) +
%(611 —e33) ® (€11 — es3) + %(622 — e33) ® (€99 — e33). This data induces the following
Lagrangian subalgebra:

[={(X, TXT™ 1) : X €sl(3)},

where T = e13 + €21 + e32. This is a subalgebra transversal to [,.
The corresponding quasi-trigonometric solution is

Xg(u, U) = Xo(u, U) — u(elz R ez + e3P e +e12® 613)"‘ (424)

1
v(egy @ e1g + €12 @ €13 + €13 @ e12) + (e13 + €a3) A egg + 6(611 —e33) A (e11 — €a2).

Remark 4.17. Solutions corresponding to the simple root [ are gauge equivalent to the
solutions corresponding to a. The solutions with non-constant polynomial part are the
following:

1
Yo(u,v) = Xo(u,v) + v(ex ® eg3) — (uess @ ea1) — 6(611 —e22) ® (€22 —e33), (4.25)
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which is equivalent to Xo(u,v), and

Ya(u,v) = Xo(u,v) — u(e13 ® ez + €23 ® €13 + €23 ® €1)+ (4.26)

1
v(e13 @ eg3 + €33 @ €13 + €91 @ ea3) + (€13 + €21) A erg + 6(611 — e92) A (e22 — e33),

which is equivalent to X3(u,v).

Ezample 4.18. Two examples of quasi-trigonometric solutions for s((N) of
Cremmer-Gervais type. We reconstruct two Lagrangian subalgebras which pro-
vide two quasi-trigonometric solutions for g = s[(N). These Lagrangian subalgebras
are transversal to l,, and are related to the Cremmer-Gervais Lie bialgebra structure
on g.

Let us consider the set of simple roots I' = {aq,...,any_1} and take S =T"\ {ay}.
Let us denote by (X, Ya, Hy)aer the standard Weyl system. In order to construct an
S-admissible triple (I'y, Ty, fl’), let us first determine the map fs : S — S. One can
easily check that g is the following involution: 0s(a;) = ayyq_;, foralli =2, ..., N —1,
and that go = Ty_1 is the (N — 1) x (N — 1) matrix with 1 on the second diagonal and
0 elsewhere.

I. Consider 'y = {aq,...,any_2}, 'y = {ag,...,an_1} and A’(ai) = ay_;. This is
an S-admissible triple. Indeed, fgA’ (o) = ayy1 and (I'1, 05(T2), O A’ ) is an admissible
triple in the sense of [I], which is known to be related to the Cremmer-Gervais Lie
bialgebra structure on g (see [5]). The tensor 7 satisfying (£15), (£10]) is the Cartan
part of the Cremmer-Gervais non-skewsymmetric constant r-matrix.

Let n,  denote the sum of all eigenspaces of negative roots which contain ay_;
in their decomposition. Let n; be the sum of all eigenspaces of negative roots which
contain a4 in their decomposition. One can easily check that the Lagrangian subalgebra
i’ constructed from this data is the following: ' = n' @iy ® ¥, where n’ =n_  xnZ |
iy = span((diag(1,1,...,1, =N +1), (diag(—N +1,1,...,1)) and ¥ is spanned by the set
of pairs (Xo,, Yay_.), Yo, Xay_,)s (Hays —Hay_,), t =1,..., N — 2. Let us consider g
as an element of SL(N) and take

[ = (id x Adg,) (i) =n,, , xng, @ {(z,7(x)) : v € may_, }, (4.27)

-1

where 7(e;;) = €;11,;+1 and m,,_, denotes the reductive part of p,,_,. This Lagrangian
subalgebra is transversal to [,, and therefore induces a quasi-trigonometric solution
corresponding to a;. Denote this solution by X;(u,v).

II. We consider I'y =T’y = I' and fl’(ai) = an_;. This is indeed an S-admissible
triple since (I'y\{an_1},05(T2\{a1}), 85 A") is an admissible triple in the sense of [1]. We
have Fl \ {ozN_l} = {Oél, ey aN_g}, eg(rg \ {Oél}) = {Oég, ey ozN_l} and 9514/(042‘) = iy
The tensor 7, which satisfies the system (£I3]), (£I6]) for v = oy, = 1,..., N — 2 and
(#17), is as in case L.

We obtain i’ = {(X,Ady (X)) : X € sl(N)}, where U € SL(N) is the matrix with
1 on the second diagonal and zero elsewhere. Finally take

[ = (id x Ady)({) = {(X, Adr(X)) : X € s((N)}, (4.28)
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where T' = goU = ejn+e21+e32+...+en y—1. This Lagrangian subalgebra is transversal
to [, and consequently provides a quasi-trigonometric solution Xs(u,v), corresponding
again to the root «;.

Solutions X (u,v) and Xy (u, v) will be called quasi-trigonometric solutions of Cremmer-
Gervais type. Regarding their quantization, we will quantize instead the following so-
lutions:

Xi(u,v) = (0 ® 0) X1 (u,v), (4.29)

Xo(u,v) = (0 @ o) Xa(u, v), (4.30)
where o(A) = —A".

5 Quantum twists and their affinization

The aim of the second part of our paper is to quantize certain quasi-trigonometric
solutions of the CYBE and the corresponding Lie bialgebra stuctures on glu] in case
g = sl(N). We already know that all of them are in the same twisting class and there-
fore the corresponding quantum groups are isomorphic as algebras but with different
comultiplications. However, these comultiplications can be obtained from each other
via quantum twisting (see [17], [21]).

So, we would like to outline some basic elements of quantum twisting of Hopf al-
gebras (see [14], p. 84-85). Suppose given a Hopf algebra A := A(m, A, ¢, S) with a
multiplication m : A® A — A, a coproduct A : A - A® A, a counit € : A — C, and
an antipode S: A — A.

An invertible element F' € A® A, F =3, fi(l) ® fi(z) is called a quantum twist if it
satisfies the cocycle equation

F2(A®id)(F) = F?(id® A)(F), (5.1)
and the "unital” normalization condition
(e®id)(F)=(d®e)(F)=1. (5.2)

Now we can define a twisted Hopf algebra AT := AT (m, AF) ¢ SUE)) which has
the same multiplication m and the counit mapping € but the twisted coproduct and
antipode

7

A a) = FA@F™,  S9a)=uS@u™, u=>Y fIS(P) (acA4).

(5.3)

The Hopf algebra A is called quasitriangular if it has an additional invertible element

(universal R-matrix) R, which relates the coproduct A with its opposite coproduct A
by the transformation

A(a) = RA(a)R™! (ae A), (5.4)
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with R satisfying the quasitriangularity conditions
(A®id)(R) = R®R* | (id® A)(R) = R¥R"™ . (5.5)

The twisted (”quantized”) Hopf algebra AU is also quasitriangular with the universal
R-matrix R¥) defined as follows

R = pARF~L (5.6)

where F?! = Y fi(z) ® fi(l). So, the first step is to find a quantization of the Lie
bialgebra structure on g[u] defined by Xo(u, v), which was described in Section 3. It is
well-known that the corresponding quantum group is the so-called U,(g[u]) which is a
parabolic subalgebra of the quantum affine algebra U,(g). In case sI(N) this algebra
will be defined below. However, it turns out that it is more convenient to work with its
extended version U, (gly[u]).

The second step is to find explicit formulas for the quantum twists. We use two
methods.

A). Affinization by Hopf isomorphism. Let F' be a quantum twist and let Sup(F')
be a minimal Hopf subalgebra, whose tensor square contains F', which we call the
support of F'. Similarly we define the support of a classical twist as the minimal Lie
subbialgebra, whose tensor square contains the given classical twist.

It turns out that for certain quasi-trigonometric solutions for s[(N), the correspond-
ing support (in sl(N)[u]!) is isomorphic to the support of a certain classical twist in
s[(N+1), which is however constant! This observation enables us to apply results of [15],
[19], where constant twists from the Belavin-Drinfeld list were quantized. Of course,
the corresponding quantum twists, one in U, (s[(N)[u]) and the second in U, (s[(N +1)),
have isomorphic quantum supports. We will call this method affinization by Hopf iso-
morphism.

B). Affinization by automorphism. Let F' be some constant twist of U,(g) and w
be some automorphism of U,(g[u]) such that w(U,(g)) € U,(g). Then, under some
conditions the element Fr(,) = (w'm(w) ® id)F will be also a quantum twist, i.e.
it satisfies the cocycle equation (5.I). Here 7 : U,(glu]) — U,(g) is the canonical
projection (the images of the affine roots are zero). The method is interesting on its
own but what is more important is that it leads to quantization of rational solutions of
the CYBE.

We consider these two methods on examples for the quantum algebra U, (gly[u]).

6 A quantum seaweed algebra and its affine realiza-
tion

As we already mentioned it is more convenient to use instead of the simple Lie algebra
sl its central extension gly. The polynomial affine Lie algebra gly[u] is generated by
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Cartan—Weyl basis ez(.?) = e u” (i,j = 1,2,...N, n =0,1,2,...) with the defining
relations

e, ei”] = el T — daepn ™ (6.1)
The total root system X of the Lie algebra gly[u] with respect to an extended Cartan
subalgebra generated by the Cartan elements e; (i = 1,2,...,N) and d = u(9/0u) is

given by
Y(glylu)) = {ei—€,nd+€6—€,né |i#yj;4,j=12,...,N; n=12,...}, (6.2)

where €, (1 =1,2,...,N) is the orthonormal basis of a N-dimensional Euclidean space
RY dual to the Cartan subalgebra of gly.
We have the following correspondence: egl) = €noye—c; foriF# j,m=0,1,2,.... We
choose the following system of positive simple roots:
M(glylu]) = {as =€ — €1, a0 =0+ey—€e |1 =1,2,...N — 1} . (6.3)

Now we would like to introduce seaweed algebra, which is important for our purposes.
Let stoy,, be a subalgebra of gly,; generated by the root vectors: eqg, €;;.1, €11,
for i = 2,3,...,N and ey y,;, and also by the Cartan elements: e;; + ey 1ny1, €54
forv=2,3,...,N. It is easy to check that stoy,; has the structure of a seaweed Lie

algebra (see [7]). © (0 (0

Let stoy be a subalgebra of gly[u] generated by the root vectors: ey, €; 41, € ) . for

i+1,0
1=2,3,...,Nand eg\l,?l, and also by the Cartan elements: eg)) fori =1,2,3,...,N. Itis
easy to check that the Lie algebras stoy and sw . ; are isomorphic. This isomorphism

is described by the following correspondence: e, ,; < egi)l’i fore =1,2,...,N — 1,
€iiy1 < ez(.g)Jrl fori =2,3,...,N =1, exyyyy < eg\l,?l fors = 2,3,...,N — 1, and
(€11 + enyingl) < egol), e; < eg)) for i = 2,3,..., N. We shall call stoy an affine

realization of stoy .

Now let us consider the g-analogs of the previous Lie algebras. The quantum algebra
U,(gly) is generated by the Chevalley elementd] €iirt> €iprg (0=1,2,..., N —1), g*c
(1=1,2,...,N) with the defining relations:

g = gt =1,
qrq = qIgT
¢iepg = ¢ ke, (I -kl =1),
[€iit1s €015l = i qeii7ei+1)i;1—_(1€81i+17i+17% ’ (6.4)
[Ciiis €gaa) = O for [i—j] =2, |
[€iv1i €41y = 0 for [i—j|>2,
[[6i,i+l’ ej,j+1]q> ej,j—i—l]q = 0 for [i—j|=1,
[[6i+1,ia ej-i—l,j]q? ej-i—l,j]q = 0 for [i—j|=1.

'We denote the generators in the classical and quantum cases by the same letter ”e”. It should not
cause any misunderstanding.
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where [eg, e, ], denotes the g-commutator:
leg, €], = ege, — q(ﬁﬁ)eveﬁ . (6.5)

The Hopf structure on U, (gly) is given by the following formulas for a comultiplication
A,, an antipode S, and a co-unit ¢;:

Ay(g™e) = g @ gt

Ageiipr = € @1+ g% e, 0, (6.6)
Ag(eiyrs) = €41 @@ i+ 1®e,

Sylg™c) = ¢,

Sql€iiy1) = —qoimettitie, (6.7)
Sql€ip1i) = —€ipq; @t

g lgFe) = 1, gqle;) = 0 for |[i—j|=1. (6.8)

In order to construct composite root vectors e;; for |i — j| > 2 we fix the following
normal ordering of the positive root system A, (see [36, 24], [25])

€]— € R € — €3 R€y— €3 <€ —€ <€ —€ <R€3—€ <...x

(6.9)
According to this ordering we set
€ = [€ir» ekj]q*h €ji = [ejka eki]q7 (6.10)

where 1 <17 < k < 7 < N. It should be stressed that the structure of the composite root
vectors does not dependent on the choice of the index & in the r.h.s. of the definition
(610). In particular, we have

ey = [ei7i+176i+17j]q*1 = [em‘—l’ 6]‘_1,]-](]717 (6.11)

€ = [ej,i—‘rlv ei—i—l,i]q = [ej,j—p ej—l,i]q?

where 2 <i+1<j < N.
Using these explicit constructions and the defining relations (6.4)) for the Cheval-
ley basis it is not hard to calculate the following relations between the Cartan—Weyl
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generators e;; (4,5 =1,2,...,

e —e .
q kkeZ]q kk =

[eij’ eji]
[eijv el =
[€iks ejl]q*1 =

[ejka ez’l]q*1 =

N):

qéki_ékjeij (1 S i,j, kf S N) )

e..—e.. e..—e

q i —qi it
q—q!

ki (1<i<j<k<I<N),

(1<i<j<N),

(q_q_1>ejkeil
0 (1<i<j<k<I<N),
0 (1<i<j<k<I<N),
0 (1<i<j<k<I<N),
e ¢ i (1<i<j<I<N),
(1<i<k<I<N),

€Lk —€
eki q i

(q_l —q) €k1€5i qeIm Rk

(1<i<j<k<I<N),

(1<i<j<k<I<N).

These formulas can also be obtained from the relations between the elements of the

Cartan—Weyl basis for the quantum superalgebra U, (gl(N|M) (see [3

the Cartan involution (e}

bra) by the algebra U,(gly) and the additional element ey} with the relations:

0
[6&2)

0
[eg\/) 1,N» [

e, e

9)). If we apply

= e;,;) to the formulas above, we will get all relations between
elements of the Cartaaneyl ba81s
The quantum algebra U,(gly[u]) (N > 3) is generated (as a unital associative alge-

(1)

© (1 L) (1 )
qieii 65\7)1 = q:F(5z1 67,N)€§V)1q:|:e“-

)

€%, el = 0 fori=23,... N
[2(3—)12’ 65\1[)1] =0 fori:172a"'aN_

[ Nty = 0,

65\?) 1L,N> €N1] g = 0,

, Nl]q? eNl]q = 0,
EN—1,N> 61\1/1]q7 eNl]q = 0.

[

(6.22)

The Hopf structure of U,(gly[u]) is defined by the formulas (6.6)- (6.8) for Uq(glgs)) and

the following formulas for the comultiplication and the antipode of 65\1,)1:

(0) __(0)
Aglely) = e ®@1+¢n N ey,

Sq(el) = —gNvelel)

23

(6.23)

(6.24)



Quantum analogs of the seaweed algebra sto,,, and its affine realization st are
inherited from the quantum algebras U,(gly, ) and U,(gly[u]). Namely, the quantum
algebra U, (sto ) is generated by the root vectors: ey, €;;,4, €, fori =2,3,..., N
and ey 1, and also by the ¢g-Cartan elements: genteNtiN+ g% fori = 2,3, ..., N with
the relations satisfying (6.4]). Similarly, the quantum algebra U,(stv ) is generated by

the root vectors: egi), ez(-g-)Jrl, ez(-?r)lvi fori=2,3,...,N and eg\?l, and also by the ¢g-Cartan

elements: qez('?) fori =1,2,3,..., N with the relations satisfying (6.4]) and (6.22]). It is
clear that the algebras U,(gly,,) and U,(stvy) are isomorphic as associative algebras

but they are not isomorphic as Hopf algebras. However if we introduce a new coproduct
in the Hopf algebra U, (gly., ;)

65 ) _
Ay (z) = 31,N+1Aq(5€)3’1,}v+1 (Vo € UQ(g[N—i—l)) ) (6.25)
where
%'l,N—l—l e q_611®6N+1,N+1 , (6.26)
we obtain isomorphism of Hopf algebras
Here U5V (st 1) denotes the quantum seaweed algebra U, (sto ;) with the twisted

coproduct (6.29)).

7 Cartan part of Cremmer-Gervais r-matrix

First of all we recall classification of quasi-triangular r-matrices for a simple Lie algebra
g. The quasi-triangular r-matrices are solutions of the system

r2g? = Q)
[7’12, 7”13] + [7”12,7’23] + [Tli%7 7”23] = 0 ,

where (2 is the quadratic the Casimir two-tensor in g ® g. Belavin and Drinfeld proved
that any solution of this system is defined by a triple (I'y, 'y, 7), where I'y, I'y are subdia-
grams of the Dynkin diagram of g and 7 is an isometry between these two subdiagrams.
Further, each I'; defines a reductive subalgebra of g, and 7 is extended to an isometry
(with respect to the corresponding restrictions of the Killing form) between the corre-
sponding reductive subalgebras of g. The following property of 7 should be satisfied:
() € Ty for any a € Ty and some k. Let { be the Cartan part of 2. Then one can
construct a quasi-triangular r-matrix according to the following

Theorem 7.1 (Belavin—Drinfeld [I]). Let ro € h @ b satisfies the systems

(7.1)

ros +rgt = Qo (7.2)
(a®1+1®a)(rg) = h, (7.3)
(T(a)®@1+1®a)(rg) = 0 (7.4)
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for any o € I'y. Then the tensor

r=r1ry+ Z e_, ®e,+ Z €_o N\ Cri(q) (7.5)

a>0 a>0;k>1

satisfies (7-1]). Moreover, any solution of the system (7.1) is of the above form, for a
suitable triangular decomposition of g and suitable choice of a basis {e,}.

In what follows, aiming the quantization of algebra structures on the polynomial Lie
algebra gl [u]) we shall use the twisted two-tensor ¢"o™ where 7,(/N) is the Cartan part
of the Cremmer—Gervais r-matrix for the Lie algebra gl when I'y = {ag, aa, ..., ay_o}
Iy ={as,a3,...,ay_1} and 7(a;) = a;41. An explicit form of 7,(N) is defined by the
following proposition (see [16]).

Proposition 7.2. The Cartan part of the Cremmer—Gervais r-matrixz for gly is given
by the following expression

N . .
1 N +2(i — j)
1=1

1<i<j<N

It is easy to check that the Cartan part ([T6l), 7,(N) := r,(gly), satisfies the condi-
tions

(6, @id+id®¢€,)(ro(N)) = e for k=1,2,...,N, (7.7)
k—1
(6 @id+id@ey) (rg(N)) = (k—K)Ci(N) =D e, for 1<K <k < N7T8)
i=k'+1

where C, (V) is the normalized central element (the Casimir element of first order):

N

C,(N) = %Ze (7.9)

i=1
In particular (C.7) and (Z.8)) imply the Belavin—Drinfeld conditions (Z.3)) and (Z.4)), i.e.

(o @id+id @ ay) (rg(N)) = hg, = € — €pyrpsr - (7.10)
(T(op) @id +id @ o) (rg(N)) = (g ®id+id @ oy ) (rg(N)) = 0 (7.11)

fork=1,2...,N—-1,kK=1,2...,N—2, where oy, = €, — €, and o, = €}, — €,4
are the simple roots of system TI(gly) (see (6.3)).

Now we consider some properties of the two-tensor ¢ . First of all it is obvious
that this two-tensor satisfies cocycle equation. Further, for construction of a quantum

7"0(1\7)
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twist corresponding to the Cremmer—Gervais r-matrix (7.6) we introduce new Cartan—
Weyl basis elements e;; (i # j) for the quantum algebra U, (gly) as follows

j—1
N\ > epr—(F—9)C(N)
62'/]' = €4 ((62_51)®1d> (TO(N)) = eijqk:i whY ! , (712)
J
. > ep—(—9)Cy(N)
6]{1' _ q(ld®(€j_€i)) (T’o(N)) e;; = q k=it kk ! €ji (7_13)

for 1 < i < 7 < N. Permutation relations for these elements can be easily obtained
from the relations (6.12))-(6.2I)). For example, we have

[62-]-, 6ji] q ((6i—€j)®id+id®(€j—€i)) (TO(N))

[6§j> 6’;‘@'] =
il o J . (7.14)
q2k§i epr—2(—1)Cy (N) _ qigil e —2(3—1)Cy (N)
a q—q!

It is not hard to check that the Chevalley elements ¢;,,, and e}, ; have the following

coproducts after twisting by the two-tensor ¢"o(V):
qro(N)Aq(e;’iH)q_T’o(N) _ 6;7“_1 ® q2((ei—ei+1)®id) (ro(IV)) +1® 6;’2-4_1 (715)
— ¢ ® 2¢,;=2C,(N) 41 ® €
= G194 Ciitl >
qTO(N)Aq(6;+17i>q_TO(N) _ 6;4_1,@' 214+ q—2(id®(€i+1—5i))(7’0(N)) ® 6;~+172~ (7.16)

_ / 2e; ., 1..1—2C;(N) /
= €1, ® 14 ¢*Citritri— ® €1 -

for 1 < i < N. Since the quantum algebra U,(gly) is a subalgebra of the quantum

affine algebra U,(gly[u]) let us introduce the new affine root vector e;(vll) in accordance

with (C12):

) _

en; = endq (tex—en®ia) (ro(v) ey gV AW (7.17)

The coproduct of this element after twisting by the two-tensor ¢"o¥) has the form

g OIA (D™ = d @ g lamnPia) ) 4 g ) (7.18)

= 6;&;11) X q2eNN_2cl(N) +1® 6;&;11) .

Consider the quantum seaweed algebra U, (st ) after twisting by the two-tensor
g o+ Tts new Cartan-Weyl basis and the coproduct for the Chevalley generators

are given by formulas (Z.12), (Z13)) and (7Z.15]), (Z16]), where N should be replaced by
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N + 1 and where i # 1 in (I12) and (ZI5), and j # N in (CI3), and i # N in (7.16]).

In particular, for the element e}y ; we have

NNt = ENNi1 g =GN (7.19)

qTO(NH)Aq(elN,Nﬂ)q_ro(NH) = elN,N+1 ® g2 v Al 41 @ 6lN,N+1 - (7.20)

Comparing the Hopf structures of the quantum seaweed algebra U, (stoy, ) after twist-

N+1

ing by the two-tensor ¢"o™*Dand its affine realization U,(stoy) after twisting by the

two-tensor ¢"0") we see that these algebras are isomorphic as Hopf algebras:

qTO(N—H)Aq(Uq(5mN+1))q_ro(N+1) = qTO(N)Aq(Uq(stN»q_TO(N)' (7.21)

2,99

In terms of new Cartan—Weyl bases this isomorphism, 72", is arranged as follows

ey;) = e;§°> for 2<i<j<N, (7.22)
el) = € for 1<i<j<N-1, (7.23)
ey —CIN+1) = &9 —¢C/(N), for 2<i<N, (7.24)

N
. > e, —(N+1=i)C, (N)
elvyy) = e = g lEmamia) (nm) — (o, =% " (7.25)

for 2 < i < N, where the affine root vectors egi) (2 <i < N) are defined by the formula
(cf. B10):

8 Affine realization of Cremmer-Gervais twist

In order to construct a twist corresponding to the Cremmer-Gervais r-matrix (7.6]) we
will follow the papers [15],[19)].

Let R be a universal R-matrix of the quantum algebra U, (gly, ). According to [24]
it has the following form

R=R-K (8.1)

where the factor K is a g-power of Cartan elements (see [24]) and we do not need its
explicit form. The factor R depends on the root vectors and it is given by the following
formula

R = R12(R13R23)(R14R24R34) T (RI,N+1R2,N+1 o 'RN,N—H)
N1 ] (8.2)

= TEOHRZ]) )

where
Ry = expy2((g—q ey ®ey) (8.3)
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xpyfa) = D s (o= (gl (g, ()= (1 =)/ (1=0) . (84)

n>0

It should be noted that the product of factors R;; in (82) corresponds to the normal
ordering ([6.9]) where N is replaced by N + 1.
Let R’ = ¢"oWN*tD R ¢ 7o (N+1) Tt is evident that

N+1 j—1

R =11 (1T1 %) - (8.5)

where
R/ = equ,2(<q — q_l)e./. ® e/) . (86)

Here e/; and ej; are the root vectors (LI2) and (ZI3) where N should be replaced by
N + 1.

Let 7 be a homomorphism which acts on the elements ej; (1 <i < j < N +1)
by formulas 7 (e;;) = e/ = €114 for 1 < i < j < N, and T(e; ) = 0 for all
1=1,2,...,N. We set

N+

R'™ .= (T* @id)(R’ H (THR’““) (8.7)

=2

Ri/](k) = exp,-z ((q —q )T’f( ) ®e; ) = equ,Q((q _ q—l)ezf+k7j+k ® e](i) (8.8)

for k< N — .
According to [15], [19], the Cremmer-Gervais twist Fp in Uy(gly,,) is given as
follows
Foa = F g0t (8.9)

where

F = RRN-DR/(N=2)  Rp) (8.10)

It is easy to see that the support of the twist (8I0) is the quantum seaweed algebra
U, (st ;) with the coproducts (Z.15) and (Z16) where N should be replaced by N+ 1.
From the results of the previous section it follows that we can immediately obtain an
affine realization F, which twists the quantum affine algebra U, (gly|u]):

Feg = F-qo", (8.11)
F = (®)(F) = ROVRW-2. . W (8.12)

R® = 11] (THRi’](’f’). (8.13)



where

éi'j(k) = exp,-: <(q - q_l)ei/f,ij% ® e;§0)> for 1<i<j<N-—Fk,(814)

~

Ri/’(]@lrl_k = exp,-: <(q - q_l)e]/\(,,li)% ® e]’é?ﬁl_M) for 1<i<N+1-Fk.(815)

Finally, using the isomorphism (6.27) from Section 6 we obtain the following two results:

Theorem 8.1. Let F'cq be the twist Fog reduced to Uq(sA[N), and let R be the uni-

A L2l sl
versal R-matriz for U,(sly). Then the R-matriv F'oRF'cq quantizes the quasi-
trigonometric solution (4.30).

Now we turn to quantization of the quasi-trigonometric solution given by (4.29).
The isomorphism (6.27) shows that classical limits stoyy; and sty are isomorphic as
Lie bialgebras. Computations show that the support of solution ([@29]) is contained in
the support of the solution ([@30). So, we can push the twist related to the solution
(#29) to sI(N +1). It is not difficult to see that such an obtained twist will be defined
by the following Belavin-Drinfeld triple for s{(N + 1): {ag,...,any_1} — {as,....,an}.
In fact, this is exactly the Cremmer-Gervais twist for s[(/N), embedded into sl(N + 1)
as the NV x N block in the right low corner.

The corresponding constant twist for the above Belavin-Drinfeld triple can be quan-
tized by means of [15]. Using once again (6.27), we get a quantum twist which we denote
by Fég.

Theorem 8.2. Let R’ be the universal R-matriz for Uy(sly). Then the R-matriz
SERI(Fég)™! quantizes the quasi-trigonometric solution (4.29).

Remark 8.3. In fact, using the isomorphism (6.27) we can quantize all the quasi-
trigonometric solutions of the CYBE corresponding to the first simple root «a; of sI(V).

Let W be the Lagrangian subalgebra of sl[(N)((u™")) @ sl(N) contained in Q,, &
s[(N). Then it is not difficult to show that the support of the corresponding classical
twist is contained in Q,, Nsl(N)[u], which is isomorphic to sto. Therefore, it provides
a classical twist in stoy; since stoy and sty are isomorphic as Lie bialgebras.

Now we can again use results of [15], [19] to get the corresponding quantum affine
twist.

9 Affinization by automorphism and quantization
of rational r-matrices

The aim of this section is to quantize certain rational r-matrices. We begin with the
following result:
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Theorem 9.1. Let 7 : U,(g[u]) — U,(g) be the canonical projection sending all the
affine generators to zero. Let F' € Uy(g)®@U,(g) be a twist. Let us consider the following
element

Fro = (wn(w) @ 1)F(r ®@id)(A(w ™) A(w)
and represent it as a product F'F. Then Fy,, is a twist iff
for some invertible w € U,(g[u]).

Proof. We will check the cocycle equation for an equivalent element

/

F=wowF,Aw") =r7eid) {weow)FAw™)}.
Note that F. € U,(g) ® U,(g[u]). It follows that
Assoc(FL,) = (F1 (A @ id)(FL,)(id @ A) (FL) ") (FL)5 € Uyla) @ US(glul).
On the other hand
Assoc(Fl,) = (7 ®id ® id) {w®*Assoc(Fr,) (w™")®*} .
If we take into account (7 ® id)(F’) =1 ® 1 and the property (@.1I), then we get

Assoc(F! ) =
= Ad(1(w) ® W) (FiaFys(A @ id)(F)(id @ A)(F ) (Faa) ' (F33) ") (9.2)
= Ad(7(w) ® w®2) (F23ASSOC(F)(F2,3)_1) .

Since F is a twist we deduce that Assoc(F.,)=1®1® 1.

Conversely, let F' € U,(g[u]) ® U,(g) and (7 ®id)(F) is a twist, then there exist at least
one w € U,(g[u]) with the required property ([@.I). Indeed, note that (S ® S)(Fy') is a
twist quantizing the same rational /quasi-trigonometric r—matrix and thus there exists
an invertible element w such that

(S © S)(Fy!) = (0 @ w)FAW™) € Uy(g) ® Uy (alu]).
By taking projection (7 ® id) we obtain
F=(w'rw) ®l)(r®id)(F)(r ®id)(A(w™))A(w).
The property (0.0]) is necessary for the cocycle equation to hold. O

If an element w satisfies the conditions of Theorem [0. 1] we will call it affinizator as it
allows to construct an affine extension for a non-affine twist F. Such element of course
is not unique but some affinizators allow to construct £}, which are compatible with
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the Yangian degeneration.
Consider as an example the affinization of the coboundary twist

F = (expg(X e o) ®expe(A e_q))Alexp,2(—A e_q))
with w = exp2(p q " es_). In this case we obtain

— 1 ®ha
Fro= (1014 (@ = DA g e a @ + (¢ = Dpea @ 1))

Let us form the equation for which the different w are the solutions. In order to find
such w, we consider the following equation

1(id ® S)(F, Zw m(w) F V(i) S(w?)S(F2),

where F =3, FV @ F? and A(w) = ¥, w0 @ w®.

Now we would like to explain how w-affinization can be used to find a Yangian
degeneration of the affine Cremmer—Gervais twists. Let us consider the case sl3. We
set

— ~(0 ~(0) S
F = Fa, =ewp(-(g— g7 ) o) @) Ky, (9:3)
where
]@3 — q%h12®h12+%h12®h23+%h23®h12+%h23®h23 (94)

with h;; := e; — ej;. The twist ([@.3) belongs to U,(sl3) ® U,(sl3)[[C]]-
The following affinizator wéong was constructed in [31]. It is given by the following
formula

lon C 1 q<2 L (1
Ws . = equ2(1 q2 q Fa egl)) equ ( (1 . q2)2 q2hﬁ 62(31)) ( )
9.5
2 2
0 ~(0 C ~(0
X expy-a(72 5 ) expys (725 ) expy (12 )
where hi‘ = %(611 + 622) — %633 and hi‘ = %611 — %(622 + 633).

For convenience sake we remind the reader that

0 L_pt (0 0
€§2) = 612‘1% ~ha egl) =q ﬁegl)
~(0 —ht ~ 0 _ 0
6:(’,2) =q ° ez(),z)a € = 6g2€§1) —q 1‘3;1)6’:(’,2) (9.6)
~(1 ht—nt (1 A(1 1 0
6:(31) =q* 562(31)> 6§,2) = 6§2)e§1) q€§1)6§2)

Theorem 9.2. The elements wy™®, F = ng)g satisfy the conditions of Theorem [3.1]
and consequently F,, is a twist.

Proof. Straigtforward. O
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It turns out that F/  has a rational degeneration. To define this rational degenera-
tion we have to introduce the so-called f-generators:
—1y 40 . 50
fo=1(a—q 1) 6&1)7 fi _q2hﬁ€31)_'_q '¢ 65(31)7
. ) (9.7)
fo=(=g?) ey, fa=dey — ey

Let us consider the Hopf subalgebra of U 53 (5:[3) generated by

{h'12a h23a an fl> .f2a f3> é&?? égi)}

When ¢ — 1 we obtain the following Yangian twist (see [31]):

/

qu = (1@1_g1®f3 C2 hj‘®f )( h% ®1)(1®1+C 1® g(i))( hg®1)
X eXP(C2 egg)hls ®70) exp(—(¢ 612 ®71) -exp(—( ‘312 ®72) (9'8)
X (1®1— (1@ fy— (2 ht @ f,) s —ha)en

where the overlined generators are the generators of Y (sl3). In the evaluation represen-
tation we have:

70’—”331 ) 71HU631
?2 — €32 , fs = u esn (9-9)
E21 = €21, Elz = €12 .

Therefore we have obtained the following result:

Theorem 9.3. The Yangian twist F;w quantizes the following classical rational r—matriz

Q
T(U,U) = u_v+hi®v€32—u€32®hi‘+hé‘/\621 (9 10)

‘|‘621 (%9 vezr — uesy (%9 €921 + €12 A €32 .

To obtain a quantization of the second non-constant rational r-matrix for sly we

take the following affinizator wih™* and apply it to F' = ¢®) where the Cartan part

of the Cremmer-Gervais constant r-matrix for sl3 has the form:

2 1 1
ro(3) = g(hal ® hay + hay ® hm)jug(ha1 ®@ Ny + oy @ ha1)+6ha1 Ahgy - (9.11)

We have
short __ 5(0) B SRRy SN () 9.12
Ws = €XPy—2 (C 621) CXPg2 1— f q €31 | €XPg-2 1— €32 | 5 (9.12)
where
~ 1 ~ ~ _pl
P O X ISR N e
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We have to calculate
Affwgshort(qro(g)) = (r®id)o (( short & wShort)qTO(?’)A(wgshort)_l) : (9.13)

Using standard commutation relations between g-exponents, F! can be brought to
the following form:

(—ha, ®1)
(1014 ¢ 1@ewel) + ¢ g (Adexpa () (@)
q
2 L) 3h—ha)El) 5-14)
x (1o1+¢1-¢) 10d)) 7o
-
The g-Hadamard formula allows us to calculate the Ad-term explicitly:
NORYRC A(0) —ht (0
(Adexp,»(C &) (es) = &0 +¢ g ey (9.15)
where egﬁ) = egi)eé%) q eé%)egl) To define a rational degeneration we introduce g-
generators, which satisfy the Yangian relations as ¢ — 1:
_ L (0 A(1 0 A(0
Go=(g-g ", q=q" ) a5, g=(¢ 1))
Using g-generators we can calculate the rational degeneration of the twist £ :
7 (1®1+g1®( +e - ht ey )(_hé@)
= el
Tw 91 32 9o (9.16)

X (1 R1—-(1® 52)(_§(h12—h23)®1).

Theorem 9.4. This Yangian twist F;w quantizes the following rational r-matriz:

1
T(U,’U) = — U €31 &® hi_ +v hi_ &® €31 + hi_ N €39 — g(hlg — hgg) A €21 . (917)

u—v
Therefore we have quantized all non-trivial rational r-matrices for sl3 classified in
[33].

10 Solutions for s[(2) and deformed Hamiltonians

We consider the case s[(2). Let ot = e, 07 = €9 and 0 = e1; — eg9. Recall that in
s[(2) we have two quasi-trigonometric solutions, modulo gauge equivalence. The non-
trivial solution is Xi(21, 22) = Xo(21,22) + (21 — 22)(0" ® o). This solution is gauge
equivalent to the following:

Q 1
2 o @t +ot @ (10.1)

Xop(21,20) =
21 — 29 4

+a(z10” ®0° — 20" R0 )+ bloc” R —0c°®ac7).
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The above quasi-trigonometric solution was quantized in [23]. Let m/2(2) be the

two-dimensional vector representation of Uq(gl\g). In this representation, the generator
€_, acts as a matrix unit esy, es5_, as zeég; and h, as e;; — eg9. The quantum R-matrix
of Uy(slz) in the tensor product my/(21) ® 71 /2(22) is the following:

21 — R2

Ro(21, 22) = €11 @ e11 + €20 @ €0 + Y (€11 ® €92 + €20 ® e11) (10.2)
q "z — (=
' —q
F————— (22612 ® €21 + 21621 ® €12).
q 21— (=
Proposition 10.1. The R-matrixz given by
R = Ry(z1,2) + —————((b+az)o” ® o (10.3)
= Ry(21, 2 _— azy)0* ® o .
T g — gz ’

+(grazy + qb)o” @ 07 + (b+ az)(q¢ taz +gb)o @07)

is a quantization of the quasi-trigonometric solution X, .

Corollary 10.2. The rational degeneration

P
(1—n—2— — fupo* @0~ (10.4)
U — U2 — T U — U2

— U
RF(Ul,Ug) _ Uy 2

+&(ur —n)o” @ 07 + Eus(uy —n)o” @ o7).

where Pjy denotes the permutation of factors in C* @ C2?, is a quantization of the fol-
lowing rational solution of the CYBE:

r(uy, ug) = + (w0 ®o° —uxo” ®0o7). (10.5)

U — Uz

The Hamiltonians of the periodic chains related to the twisted R-matrix were com-
puted in [23]. We recall this result: We consider

t(z) = TroRon (2, 22) Ron—1(2, 22)...Ro1(2, 22) (10.6)

a family of commuting transfer matrices for the corresponding homogeneous periodic
chain, [t(Z’), t(2")] = 0, where we treat 2o as a parameter of the theory and z = z; as
a spectral parameter. Then the Hamiltonian

_ d _
Haopzo = (07 = Q)2 t(2) |s=2, 17 (22) (10.7)

can be computed by a standard procedure:

Hupoo = Hxxz + Z(C(O’ZO’];_,’_l + 0, 071) + Do oy (10.8)
k

34



Here C' = ((¢ — 1)/2)(b — azq™'), D = (azy + b)(q razy + qb), 07 = €12, 07 = ea1,
% = €11 — €22 and
g+q!

HXXZ:Z(O’;_UI;—FI_I_O’]@_O’I:_—FI_‘_ 9

k

Oi0hs1) (10.9)

We see that, by a suitable choice of parameters a, b and 25, we can add to the
XXZ Hamiltonian an arbitrary linear combination of the terms ), ofo,,, + 0, 07,
and ), 0, 0, ; and the model will remain integrable.

Moreover, it was proved in [23] that the Hamiltonian

d
Hygu, = (g7 — q)u — q‘ln)@t(U) lumus £ (u2) (10.10)
for
t(u) = TroRon (u, u2) Ron—1(w, u2)...Ro1 (u, us), (10.11)

is given by the same formula (I0.7), where C' = £((¢7' — 1)/2)ua — (¢7¢n)/2 and
D = £2uy(q uy — qn). Now it also makes sense in the XXX limit ¢ = 1:

Hyeu, = Hxxx + Z(C’(U,ﬁa,;rl + 0, 04p1) + Dog o), (10.12)
k
where C' = —£n/2 and D = uy(uy — ).

11 Appendix

In this appendix we give the proofs of the following results mentioned in the text:

Proposition 11.1. Let X be a rational or quasi-trigonometric solution of (2.4]). Then
X satisfies the unitarity condition (2.3).

Proof. The proof is almost a word to word transcription of the proof of [3], Prop. 4.1.
Interchanging u; and uy and also the first and second factors in g®® in equation (2.4,
we obtain

(X (ug, ur), X (ug, ug)] + [X* (g, wr), X (uy, ug)]+ (11.1)
+[X23(UQ, Ug), X13(U1, U3)] = 0
Adding (ITT)) and (24)), we get
[Xlz(ul, UQ> + X21(UQ, Ul), X13(U1, U3) + X23(UQ, Ug)] =0. (112)

a) Suppose X is rational, i.e. X (u,v) = % + p(u,v), where p is a polynomial. For
uy and uy fixed, let us multiply (IL2) by us — uz and let us — uo. It follows that

(X2 (uy, ug) + X2 (ug,ur), Q%] = 0. (11.3)
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It is known that if a tensor r € g ® g satisfies [r ® 1,Q%] = 0, then r = 0. It follows
that X'2(u1, us) + X2 (ug, ug) = 0.

b) Suppose X is quasi-trigonometric, i.e. X(u,v) =
polynomial function. By the same procedure we get

v§2

uU—v

+ q(u,v) where ¢ is a

[X12(U1,UQ> +X21(U2,U1),UQQ23] =0 (114)
which also implies the unitarity condition. O

Proposition 11.2. Let W be a Lie subalgebra satisfying conditions 2) and 3) of Theo-
rem[38. Let T be constructed as in (310). Assume T induces a Lie bialgebra structure
on glu] by d7(a(u)) = [F(u,v),a(u) @ 1+ 1® a(v)]. Then W 2 uNg[[u™"]] for some
positive N.

Proof. Since W is Lagrangian subalgebra, it is enough to prove that W is bounded.
Let us write

Fu,v) = Xo(u,v) + Y Ty, (11.5)
where I',, is the homogeneous polynomial of degree m with coefficients in g ® g:
r, = Z PRRTLILE (11.6)
n+k=m

It is enough to prove that there exists a positive integer N such that I',, = 0 form > N.

We know that 67(a) should belong to glu] ® g[v] for any element a of g. On the other
hand, one can see that [I',,,a ® 1+ 1® a] is either 0 or has degree m. This implies that
[,a®1+1®al =0 for m large enough. Therefore

[y = Pp(u,v)Q (11.7)

with P, (u,v) € Cl[u,v]]. Let us compute the following:
Ch,au®1+1®av] = Pp(u,v)(u—0)[Q,a ® 1] + Pp(u,v)v[Qa® 1+ 1® al

= Pp(u,v)(u—0)[Q,a® 1].

We choose an element a such that [Q2,a ® 1] # 0. We obtain that if P, (u,v) is not
identically zero then P, (u,v)(u — v)[2,a ® 1] is a homogeneous polynomial of degree
m + 1. Consequently,

Or(au) =Y Po(u,0)(u—0)[Q,a® 1] (11.8)

cannot belong to glu] ® g[v] unless P, (u,v) = 0 for m large enough. O
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Theorem 11.3. Let X (z1,29) be a quasi-trigonometric solution of the CYBE.
1. Then there is a transformation V(z), holomorphic around z = 1, such that

z
(W(21) T @ U(22)7") X(21,22) = Y(z_;)’
where Y (z) = =5 + s(z), with s(z) holomorphic around z = 1.
2. Y(e*) is a trigonometric solution of the CYBE in the sense of Belavin—Drinfeld.

Proof. Let us consider X (z1, z) = Zfzf;

{I;} be an orthonormal basis in g with respect to the Killing form and {c};} denote the
structure constants of g with respect to {I;}. Let us write

+p(21, 22), where p(z1, z5) is a polynomial. Let

p(z1, 22) = Zpij(zh 2); ®1; .
,J

We set - N
hz)=> pP(z2)L L) =Y pU(z2)c I .
2%

i7j7k

Repeating the arguments of [3], one can prove that h(z) and X (21, z2) satisfy

OX(zl, 22) i (9X(zl, 22)

021 29 022 = [h(Zl) RI+IR h(ZQ), X(Zl, 22)]

21

Suppose ¥(z) is a function with values in Aut(g), which satisfies the differential equation

d¥(z)
dz

2 = (adh(2))¥(2), (11.9)

and the initial condition ¥(1) = Id. Then the function Y (21, z2) defined as
Y(Zl, 22) = (\D(Zl)_l ® \D(Zg)_l) X(Zl, 2’2) s

satisfies the CYBE and depends on z;/z3 only.

By construction, ¥(z) is holomorphic in a neighborhood of z = 1 and clearly Y (z) =
% + s(z), where s(z) is a holomorphic function in the same neighborhood.

Now we turn to the proof of the second statement. Apply the change of variables
21 = e, zo = €'. Then let us prove that W(e") is holomorphic in the entire complex
plane and Y (u,v) is a trigonometric solution of the CYBE.

Let Wy (u) := W(e"). Clearly this operator satisfies the equation

d\Ifl(u)
du

= (adhy (u)) Wy (u), (11.10)

where hy(u) = h(e").
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Let U(u) be the matrix of the operator ¥;(u) in the basis {I;}. Let a¥(u,v) :=
p(e*, e’) (the decomposition of hy(u) in the basis {I;}). Equation (ITI0) is equivalent
to

dUdiu) = H(u)U(u), (11.11)
where H(u) is the matrix with elements
hij(u) = cliesa™ (u,u). (11.12)
s,r,t

Since the matrix function H(u) is holomorphic in C, the matrix equation (II.ITI)
admits a unique solution satisfying U(0) = E. This solution is holomorphic in C
because U(u) = Pexp( [, H(v)dv) (ordered exponential) and

i =1+ [ aees [ a0 - <

< exp( / CH@)] dv.

Moreover, according to [3], the linear operator W(u), corresponding to U(u), is an
automorphism of g.

Clearly Y (e*, e”) depends only on u — v and, as a function in one variable, has poles
when e“~¥ = 1. Hence it is trigonometric in the sense of Belavin—Drinfeld. This ends
the proof. O
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