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Abstract. We find a representation of the row-to-row transfer matrix of the Baxter-
Bazhanov-Stroganov mo-model for N = 2 in terms of an integral over two commuting
sets of Grassmann variables. Using this representation, we explicitly calculate transfer
matrix eigenvectors and normalize them. It is also shown how form factors of the model
can be expressed in terms of determinants and inverses of certain Toeplitz matrices.

PACS numbers: 05.50+q, 02.30Ik

1. Preliminaries

The 7o-model was originally introduced by Baxter in the work [1], where it appeared
in relation to the superintegrable case of the chiral Potts model. Later it was used
by Bazhanov and Stroganov to establish a connection between six-vertex model and
chiral Potts model [7] (see also [19]). This connection has allowed to obtain a system of
functional relations for transfer matrices of these models [2] and has led to the derivation
of exact formulas for the free energy [3] and order parameter [4] of the chiral Potts model.
Following the authors of [11, 16], we will use instead of the name ‘ry-model’ the name
‘Baxter-Bazhanov-Stroganov model’ (or simply ‘BBS model’).

BBS model is a system of spins, living on a square lattice and taking on N values
0,1,...,N — 1. The interactions exist only between nearest neighbours. In addition,
the difference by — b; of neighbouring spins, living on the same vertical line (by is
higher than b,) is allowed to take on only the values 0 and 1 (mod N). Consider
an elementary plaquette of the lattice, drawn in the Figure la. Boltzmann weights
W (b1, bs, bs, by), associated to this plaquette, are defined in the following table (our by,
ba, b3, by correspond to d, a, b, ¢ of [5] and to b4, by, by, bs of [11]):
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and t,z, 2, y,y, u, ) are parameters. It is easily seen that the model is
,by by 1, all plaquette Boltzmann weights

Figure 1: a) numeration of spins of an elementary plaquette b) graphical representation of the

Consider now the case N = 2. Let us use instead of by, ...,

oj = (—1)%
Boltzmann weight is given by the following formula

transfer matrix

(j:]‘7"'7

W (o1, 09,03,04) = ag <1 + E ai; 0,05 + ay 01020304)-

1<i<j<4

by new spin variables

4), taking on the values £1. The most general Z,-symmetric

(1.1)

The coefficients ag, {a;;}, a4, which correspond to BBS; model, can be written as

ap = (y+ut)(y +u')/(4yy),
apas = (y — pt)(y' — 1)/ (4yy'),
apary = (y — pt)(y' + 1)/ (4yy'),

agazs = (y + pt)(y' — ')/ (4yy'),

apars = (1 +xp)(t +2'1') /(4yy'),
agazs = (1 —zp)(t —2'u)/(dyy"),
Apa14 = (1 + xﬂ) (t - $/N/)/(4yy/)a
apags = (1 —xp)(t +2'1') /(4yy').
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It was pointed out in [11] that these coefficients satisfy a ‘free-fermion condition’

a4 = Q12034 — Q13024 + G14023.

(1.10)

Free-fermion models of statistical mechanics have been extensively studied in the

literature from different points of view [6, 8, 13, 14]. In particular, the partition function

of the model with plaquette weight (1.1), satisfying the condition (1.10), was calculated

by Bugrij [10] even in the case of a finite lattice.

This result has allowed to obtain
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the eigenvalues of the BBS, transfer matrix without solving any functional relations
[11]. Technically, the condition (1.10) means that the Boltzmann weight (1.1) can be
represented as the following integral over four auxiliary Grassmann variables 11, ¥?, 13,

¥
W (o1, 09,03,04) = /d¢1 d@bQ d@[}3 d@[/l exp{algalag@/)l@/}2 — a130'10'377Z)1¢3+ (1.11)

. . . . 1 2 i3 4
+a1401040" Wt + ag302030* Y — agyor0 40Pt + a340304¢3¢4} e’ eV e el

Throughout this paper, we will use the convention that ‘dotted’” Grassmann variables
commute with the usual ones, and that the variables inside each set anticommute:
vl = gty gl = P P =Pt Y, Bl

The method of Grassmann variables was initially designed as a method of simple
calculation of the partition function of the 2D Ising model. It was discovered and
improved by different authors (see, for example, [9, 15, 20]). The use of two commuting
sets of Grassmann variables, which is crucial for our further discussion, was suggested
in [9].

The main drawback of the method of Grassmann integration is that it does not
give the eigenvectors of the transfer matrix, which are necessary ingredients in the
computation of correlation functions and form factors. Even in the case of the Ising
model, the only known practical way of calculation of these eigenvectors is the algebraic
method of Kaufman [18] (it should be mentioned, however, that recently a considerable
progress has been achieved [17] in the calculation of eigenvectors of the BBS transfer
matrix using Sklyanin’s method of separation of variables). It consists of two steps.
First one should remark that the transfer matrix induces a rotation in a certain Clifford
algebra. Then the eigenvectors are given by certain vectors from a Fock space, associated
to the basis of this algebra, in which the above rotation is diagonal. Although Kaufman’s
method was later extended to some other free-fermion models [21], it does not seem to
work neither for the general free-fermion model nor in the case of the BBS; modeli.
The main complication, as compared to the Ising model case, is that one should guess
the explicit form of the appropriate rotation of the Clifford algebra.

Having spent some time trying to guess the answer for the rotation, the author
has finally found another method, which links Grassmann integral approach with the
transfer matrix formalism and allows to obtain the eigenvectors of the tranfer matrix of
the general free-fermion model (i. e. the model with plaquette weight (1.1), satisfying
the condition (1.10)). The present paper is devoted to the exposition of this method.

1 Kaufman’s method has also some drawbacks. First, it does not give a convenient representation of
eigenvectors in terms of initial spin variables. Therefore, one is forced to do all the calculations in
purely algebraic setting. Second, in the Ising case the transfer matrix spectrum is highly degenerate, so
the eigenvectors are not determined uniquely. However, in the calculation of correlation functions and
form factors one is typically interested in a very precise basis of eigenstates; in addition to the transfer
matrix, they should also diagonalize the operator of discrete translations. Kaufman’s method does not
guarantee this last condition.
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This paper is organized as follows. In the next section, we find a convenient
representation of the row-to-row transfer matrix of the periodic BBSs model (or, rather,
general free-fermion model) in terms of a Grassmann integral, involving two commuting
sets of variables (formulas (2.13), (2.15)). In Section 3, the eigenvectors of this transfer
matrix are calculated (basic ansatz is given by (3.3)). It should be pointed out that the
form of the answer depends on whether the number of sites in one row of the lattice is
even or odd. In Section 4, we find a dual basis of eigenvectors and normalize them. It
is also shown that one can express form factors of the model in terms of determinants
and inverses of certain Toeplitz matrices. Finally, in the last section the above results
are specialized to two particular cases (BBS; model and Ising model) and are rewritten
in more common notation.

2. Grassmann integral representation
for the transfer matrix

Let us introduce the row-to-row transfer matrix of the BBS,; model. It is given by the
product of plaquette Boltzmann weights over one row (see Figure 1b),

L
TYo, 0/] = HW(UJWU;'?U;JA?UJ#I)? (2.1)
7j=1

where periodic boundary conditions are imposed on spin variables:
. / !
OL+1 = 01, Or+1 = 01-

This matrix naturally acts in the 2”-dimensional vector space V', composed of functions
of L spin variables o1, ...,0r. Namely, for any f[o] € V we define the left action

(Tf)lo] = Tlo, o' f[0'].
[o']

Partition function of the BBS,; model on L x M lattice, wrapped on the torus, may be
expressed in terms of the eigenvalues of T
ZILM)=Te TV =Y .. )" TleW, o@].. . T[e"™ oW].
D] (D]

In order to compute various correlation functions, one also needs to know matrix
elements of local field operators in the normalized basis of eigenstates of T'. To obtain
these eigenstates in an explicit form, let us first find a convenient representation of the
transfer matrix.

From the formulas (1.11) and (2.1) it follows that one can write 7" in the form of a
Grassmann integral,

L

Tlo,0'] = ak /Dvﬂ)z/} exp{Z(algajagzﬁ;@/}? — a130j09+1¢j1»@/}§’+1 + a14ojoj+1¢]1-¢?+l+

J=1

L
rot 0203 / 2,14 / i3 4 Pl 2 3yt
+a230505 1105V — 24050510505 + a340j+10j+1¢j+1¢j+1>} | | e’ et ettt etitt,
j=1
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where the measure is given by
. L . .
Dy Db = [ (dv] di? i, vy, ).
j=1

Now let us make the change of integration variables
R IR T N B L N Bty
for all j = 1,..., L. This change does not affect the measure, since every o, and o’

appears in it twice. Spin variables disappear from the first (quadratic) exponential
under the integral, but emerge in the ‘tail’. Namely, one obtains

B L
T[O’, 01] _ aOL /Dl/J Dw e S1lY)] 6‘71’1’% H <e"iw;'leaj¢.7l') emd)‘f] X (2.2)
L Jj=2
S . | '
x| ot (eag-w;“?eowj?) eoawi”] 7
L Jj=2

where S1[), 1] can be schematically represented as

st =3 (v 6)0u( %), 23)

(0
With<1/) 1/1>:<1/11 P2 3 ¢4)and
0 a2 —a13Vy a1uVy
- a12 0 a3 Vg  —a24 Vg
Dy = . 2.4
! —a13V_p —a3V_, 0 34 ( )
—a14V_p —auV_, a3y 0

Here V, denotes the operator, shifting the lower indices of Grassmann variables by 1.
It obeys periodic boundary condition (Vx)L = 1. For example, one has

L—1
IVt =Yl g O
j=1

Note that in (2.2) we have rearranged the tail, assembling together the exponentials,
containing the same spin variables. It seems, however, that the exponentials e’ and
e”11 are not on their ‘right’ places. One may correct this, observing that for any
function F[¢] and for any Grassmann variable 1, we have the identity

Fly|+ F|— Fly] — F|—
Fly) ¥ = ewaM i e—waM .
2 2
Now, introducing the notation
L
Ry = e [ (eang*eajw;) L OBE =] <€ozwfeo§w§> 7

j=2 j=2

~
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one may rewrite the tail as

Fi ] 6011/1‘11}7’2 [¢] 60,1&% - {eaﬂﬁ‘f Fi[y] +2F1[_w] +e —o1f Fi[y] —2F1[—¢] } < (2.5)
o {60/1@ Fy )] +2F2[—¢] 4 oot Fy[i)] —2F2[—¢] }

Expanding this last expression, one obtains 16 terms. However, some of these terms
are equivalent, since the simultaneous change of the signs of all ¢/ and ¥ does not affect
the value of the integral. Then one may easily check that (2.5) may be replaced (after
appropriate change of variables) by the following combination, containing only 4 terms:

Fy[Y] @UlwilFQW] e — % {eigwilFl [¥] efgw?Fz[?/}] + e‘”WfFl[—w] efow%sz]ﬂL (2.6)

TtV By [ e"wiszwf] - eimﬁFl[_w] eaw?FﬂM} '

The third term of the last expression has the desired form and there is no need
to transform it further. If we make the substitution ¢ — —¢3, % — —¢* in the
integral, corresponding to the first term, it will have almost the same structure. The only
difference is that the boundary condition for the shift operator V, becomes antiperiodic:
(Vo) = —1.

Next one should remark that the second and the fourth term in (2.6) can be
obtained from the first and the third one, respectively, by changing the signs of the
spins o1, ...,0r. This change can be realized, using the operator of spin reflection U,
whose defining property is that (Uf)[o] = f|—o] for any vector flo] € V. Matrix
elements of U may be explicitly written as

L

1—o0;0
n_ %
Ulo,o'] = H 5 .
7=1
Summarizing the above observations, we obtain the following representation for the
transfer matrix:

1+U 1-U
T = +TTN5+ TTR, (2.7)

where

TSR, '] = af /prz/; exp{ B[y, 1/;]} H ( Uﬂﬁl) ﬁ ( %1/3?@091/3?) . (2.8)

j=1

.

and both actions S S(R) [1), 1] are defined by the formulas (2.3)-(2.4). Upper indices NS
and R correspond to antiperiodic (Neveu-Schwartz) and periodic (Ramond) boundary
conditions, satisfied by the shift operator V..

The matrices Py = % have the properties of projectors, i. e. P? = Py; thus
their eigenvalues are equal to either 0 or 1. The eigenvectors, corresponding to zero
eigenvalues of P, (P-), are odd (even) under spin reflection. It means that a vector
flo] € V will satisty (P, f)[o] = 0 (P-f)[o] = 0) iff flo] = —f[—0c] (respectively,
fle] = f[—o]). Analogously, the eigenvectors of P, (P_) with eigenvalue 1 are even
(odd) under spin reflection.



Transfer matriz eigenvectors of the Baxter-Bazhanov-Stroganov to-model for N =2 7

The operator U commutes with the transfer matrix 7. Therefore, these two matrices
can be diagonalized simultaneously and one may choose the eigenvectors of T" so that
they are either even or odd under the action of U. Let us take an even eigenvector f,
of T, and denote by As, the corresponding eigenvalue. Acting on f. by both sides of
the relation (2.7), and using the fact that U commutes with T and T as well, one

obtains
Afefe = Tfe = (TNSP+ + TRP*)fe = TNSfea

that is, any even eigenvector of T is an eigenvector of TV with the same eigenvalue.
Similarly, any odd eigenvector of T is an eigenvector of 7. Conversely, any even
eigenvector of TV and any odd eigenvector of T are eigenvectors of T'. Therefore, the
set of all transfer matrix eigenstates splits into two parts: NS-sector (even eigenvectors
of TV9) and R-sector (odd eigenvectors of T#). The problem of diagonalization of T
is then reduced to the calculation of eigenvectors and eigenvalues of matrices TV and
TE, given by the formula (2.8).

Remark. Having diagonalized TV and T, one also gets for free the solution of the
BBS;, model with antiperiodic boundary conditions for spin variables (in one direction).
It is easy to understand that the transfer matrix of such model is given by
T = 1-v TNS 1+v
2 2
and, therefore, the set of its eigenstates is composed of odd eigenvectors of TV and

TR

even eigenvectors of T,

The representation (2.8) can be simplified even further by integrating over fermionic
degrees of freedom, which are not coupled to spin variables. We mean the following:
elementary factors from the products of (2.8) can be written as

6@1&;‘ egfwal' = efwal' 1/’;'1 eI (wjl'+w?)’ eoﬂ.’? 6091/}]2' = eﬂjjﬂz wj @‘79 (T/J?Jﬂl}j)
Let us now introduce instead of 1 and 1) new Grassmann variables
1 4 - 2, i3 4 . i3 -
%Z%erj, %’:%Jri/g, nj =¥, nj = v, j=1...,L. (2.9)

Since the jacobian of the transformation (2.9) is equal to 1, the integration measure
transforms as

~

Dy DY — Dyp Dy Dy Dy = H(dsoj iy dny iy ).

Then the integral (2.8) may be rewritten as
TN g, '] = aé/DngngnDﬁ eXp{SN IPRER N } Hefwa He%% (2.10)

where the action Sév S(R) [o, ,m, 7] is given by

1

NS(R ) ) L. A L. T
S, ()[%%n,n]=§(s@ © 0 n)Dz(sD © 1 n) :
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l/\)z ==
0 a2 —a12 —a13 Vy —1+a1aVy
- a2 0 1+ a3V, —a12 — a4 Vg
| —a2—ai3V_, 1—anV_, —az3(Ve —V_y) a12 + azq +a13V_, +auVy
1-a1uV_z —a12—aaV_ o a12+azs+az3Vy+auV_, —a14(Vy — V_y)

Let us now integrate over n and 7'] in the representation (2.10). This integration can be
done relatively easily, since S [(,0 »,m, 7] is diagonalized by Fourier transformation.
Namely, if one denotes

L
(% p Ty ﬂp>_ Z W( ®; i N 77;‘)7 (2.11)

then
NS(R) i ) 1 NS(R) ) . . o T
Sy le gl = 5 > ( Y—p P—p N—p N-p ) Ds(p) ( ©p Op Tp Mp ) , (2.12)
P
where the one-mode matrix Ds(p) is given by
Dsy(p) =
0 a2 —a12 — 413 etP —14+ a4 etP
o a2 0 -1+ a3 eip —a12 — 424 ei”
S| —anz—aize™®  1—agge? —2i agzsinp a12 + azs + arze” P + agge®
l—ae ™ —ajp—ase P aja+ass + ajze® + asge”? —2iai4sinp

and the indices NS and R in the sum (2.12) mean that the corresponding quasimomenta
run over Neveu-Schwartz values (p = 27” (j + %), j=0,1,...,L—1) or, correspondingly,
Ramond values (p = %’“j, j=0,1,...,L —1). Note also that the integration measure
can be written as

e TS o
DD DD =[] (dioy dizy dny diy )
p

Thus the 2L-fold integral over n and 7 in the representation (2.10) factorizes into
a product of 4-fold (over n4,, 14,) and 2-fold integrals. Double integrals correspond
to the mode p = 0 (always present in the Ramond sector) and p = 7 (present in the
Ramond sector for even L and in the Neveu-Schwartz sector for odd L). After a little
bit cumbersome but nevertheless straightforward calculation one then obtains

TNS(R)[O', O'/] NS(R) /DNS QODNS( 90 exp{SNS(R) SO ()0 }Heajcpj H 07903 2 13
7j=1 7j=1

where

NS(R) ) NS(R) |
DNS(R)QO _ H d@p; DNS(R)(,D _ H dSOpg

p

S(R
CNS L H (B) 1/2’ (214)

Xp = [a12 + aza + (@13 + asa) cos p)” + [(a13 — az4)* + 4ay4a93) sin® p,
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and the action SN[, ] is given by

o=y X (e ) (G G ) () e

P
with

Xp Gll(p) =2 Sinp [a23 + Q12094 + Q13034 + 1404 — 2(&140,23 — CL136L24) COSp:| ,

Xp Ga2(p) = 2isinp [GM + 12013 + a34G24 + a23a4 — 2(A14023 — A13G24) COSP} )

Xp G12(P) = Xp G21(—p) = |(a12 + azs)(as + 1) — (a14 + an3)(a13 + ag)| +

+ |(a13 + agq)(ag + 1) — (a14 + az3)(ais + azq) | cosp +

=+ ((124 — a13)<a4 — ].) + (CL14 — CL23)(CL12 — (I34) iSil’lp .

As we will see in the next section, this final representation for TVS() (given by
the formulas (2.13), (2.15)) allows to obtain all transfer matrix eigenvectors almost
immediately. Concrete form of the functions Gj; (i, j = 1,2) does not play any essential
role.

For further convenience and making parallels with the work [11], let us also
introduce the notation v, = 4y, G12(p) and

1y = 2, (1 = Gua(p)Gn(p) + Ca(p) G () =
=2 [(1 + aq)? + (@12 + aze)® + (a13 + az24)? + (a1 + a23)2} +

—+ 4 |:(CL12 + CL34)<CL13 -+ CL24) — (044 + agg)(l + CL4)i| COosp.

Remark. It should be pointed out that we did not care about the correct overall sign
of TNS(H) in the representation (2.13). However, using the fact that for a;o = a;3 =
a14 = 93 = a9y = agzy = 0 all the eigenvalues of T should be equal to 2La§, one can
restore this sign at any stage.

3. Transfer matrix eigenvectors

It appears that the form of the eigenvectors of TV and T® depends on whether L is
even or odd. Moreover, quasiparticle interpretation of the eigenvectors and eigenvalues
is different in different regions of parameters of the BBS; model. Below we will consider
various cases in order of increasing difficulty.

3.1. NS-sector, even L

If L is even, then the Neveu-Schwartz spectrum of quasimomenta does not contain the
values 0 and 7 (the only values with the property p = —p mod 27).
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The simplest ansatz for an eigenvector f[o] € V of the matrix 7% is given by an
integral over L auxiliary Grassmann variables &, ...,&L:

0]—/DNS£ exp{z &, Alp }He"ﬂg] (3.1)

Here A(p) = —A(—p) is an unknown odd function to be determined, and {¢,} denote
Fourier components of £&. The indices NTS and % in sums and products will be used
to indicate that the corresponding operations involve only those Neveu-Schwartz and
Ramond quasimomenta, which lie in the open interval (0, 7) (for the NS-sector and even
L, this is exactly one half of the Brillouin zone). Note that for even L the function (3.1)
is even with respect to the action of U: the reversal of all spins is equivalent to the
change of variables & — —&.

Let us now act on f[o] by the matrix TV, Since the fields ¢ and ¢ commute, the

sum > TN%[0, 0’| flo'] can be easily evaluated and one obtains
o]

(TNSf)[ ]_2L NS/’DNS()O’DNS()O e NS[p,¢] Heojgo] «

7=1

NS L
X / D¢ exp {225_,,A<p> G+ ¢ @} :
p j=1

After integration over £ one finds the exponential of a quadratic form in ¢,
NS L
/DN% exp {Z L AP G+ 9 fj} =
P j=1
%
= /IDng exp Z <£—p A(p) fp + Sb—p gp + ‘sz g—p) -

p

= (HAQSA(p)> exp {—ZNQSpr A7 (p) pr} )

which can then be pulled through the ‘linear’ exponentials. Then one may integrate
over ¢ and obtain

(TNS f)[o] = 2F CNSH ( p) Gas(p ))/DNS@ exp{

with

NS
2()0 pA/ @p}HeagS&]

p 7=1

A(p)Gr2(p)Gai(p)

— Alp)Gx(p)
Therefore, the function (3.1) will be an eigenvector of T iff for all NS-values of p from
the interval (0,7) one has A(p) = A’(p). This equation is quadratic in A(p), and its
roots are given by

A'(p) = Gul(p) +

1+ Gp) F /(1 = G)* — 4G (p) G ()

A*(p) = 2 G (p) :

(3.2)
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where we have introduced the notation

G(F) = Gn(p)Gm(p) - Glz(p)Gm(P) .

Thus the formula (3.1) gives 22/2 eigenvectors of TV

, corresponding to different choices
of the set of one-mode roots.

One can take, for instance, A(p) = AT(p) for all p € (0,7). The vector,
corresponding to this particular choice, will be denoted by |vac)yg, since under some
conditions, satisfied by the parameters of the BBS; model, it corresponds to the
eigenvalue with maximum modulus. Similarly, if we choose A(p) = A~ (p) for some
values p1,...,pr € (0,7), and A(p) = A" (p) for all the other NS-quasimomenta
from the interval (0,7), then the corresponding eigenvector will be denoted by
|p1, —p1; ... Dry —Pk)Ns. The origin of this notation will become clear soon.

TNS

In order to find all the eigenvectors of , only a slight generalization of the ansatz

(3.1) is needed. Namely, let us define

fiplo /DNSf H Fiy(€-p: &) H et (3.3)

Here each of the indices {7, } can take any of the four Values, which we will conventionally
denote by 1, 2, 3, and 4. Corresponding functions F;(¢_,,&,) are defined as follows:

Fi(§p,&) = ( P AT (0)6). (3.4)
Fy(€ &) =€ (35)
Fy(€ &) =& (3.6)
Fil€ &) = exp (€5, A" (1)), (3.7)

Similarly to the above, one should act on fgps}[a] by TN9 then to sum over the
intermediate spin variables, to integrate the result over ¢ and, finally, over . Then
it is straightforward to verify that the formulas (3.3)—(3.7) indeed define an eigenvector
of TN® with the eigenvalue

L (NS
{z } =2 H )\zp (38)
where ‘one-mode’ eigenvalues are given by
Ai(p) =1 = AT (p)Gor(p), (3.9

Aa(p) = Gi2(p), (3.10
A3(p) = G (p), (3.11
Ai(p) =1 — A7 (p)Gaa(p). (3.12

One can also rewrite them in the following way (see the end of the previous section for
the notations):

Uy + — UpU_yp

A(p) = 4X
p

: (3.13)
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V. v_
Ao(p) = ﬁ, As(p) = ﬁ, (3.14)
p p
YV
M(p) = 2 Z; Rasy (3.15)
p

The total number of found eigenstates is equal to 4%/2 = 2°_ and thus the diagonalization
of the matrix 7V9 is completed.

Let us now turn to quasiparticle interpretation of eigenvalues and eigenvectors. It
follows from (2.14), (3.8), (3.13)—(3.15) that the eigenvalues can be written in the form

NS

NS __ ANS 5 5 vy 2 UpUp
A =ae I 210 = 11 = (3.16)

2
plip=2 pp plip=3 pp plip=4 pp

NS
ATZXLEQ: = ag H pp1/27 Pp = Up + 4/ u;?) — UpU—p . (3.17)
p

Remark. The expression ug — vpV_, is a quadratic polynomial in cosp. For the sake of

where

simplicity, it will be assumed that the parameters {a;;}, <icj<s AT€ all real and chosen so
that this polynomial has no roots inside the interval (—1, 1) (for example, this condition
is satisfied, if one takes a1y = ags and a3 = ag4). It means, in particular, that uf, —VpU_p
is non-negative and has local extrema only at the points p =0 and p = 7.

Consider also the operator of translations in discrete space R. Its action on an
arbitrary vector f[o] € V' is defined as

(Rf)(O'l,O'Q,...,O'L):f(O'Q,O'g,...,O'l). (318)

This operator commutes with the transfer matrix 7', with the matrices TV and T%,
and also with the operator U of spin reflection. Since we have already diagonalized TV?
and obtained nondegenerate spectrum, the eigenvectors (3.3) should diagonalize R as

well. Actually, it is not difficult to verify that

NS NS
BRIl = 11 " e 1] * e fijlol
plip=2 plip=3
Now it is clear that the eigenvectors of T can be labelled by the collections of
distinct NS-quasimomenta and interpreted as multiparticle states. One-particle energy
is given by
Up
e(p) In o
It may have a non-zero imaginary part, which is a general consequence of the fact that
the transfer matrix 7" of the BBSy; model is not symmetric. The eigenstate, which
contains particles with the momenta py, ..., pg, will be denoted by |p1,...,px)ns. In
order to determine, which one of the functions (3.3) gives the explicit form of this vector,
one should decompose the set of momenta of particles from the state |py, ..., pr)ns into
three parts: pairs of the form =+p;, ‘unpaired’ momenta from the interval (0, ), and
‘unpaired’ momenta from the interval (7, 27). Then in the ansatz (3.3) one should set
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e i, =4, if £p appears in the first part,

e i, =2, if p appears in the second part,
e i, = 3, if —p appears in the third part,
e i, = 1 for all the other values of p.

This procedure establishes the correspondence between the formulas (3.3) and usual
quasiparticle notation.

Remark. Recall that only even eigenvectors of TV diagonalize the full transfer matrix
T as well. It means that the total number of appearances of i, = 2 and 4, = 3 in the
functions (3.3) should be even. In other words, NS-eigenstates of T" should contain even
number of particles.

3.2. NS-sector, odd L

When L is odd, the Neveu-Schwartz spectrum of quasimomenta contains the value
p = mw. To take into account this special mode, it is sufficient to slightly modify the
ansatz (3.3). Let us consider

L

el = [ R T At ne IT oo 19

7=1
where all the indices {i,}, except i,, take on four values as above, and the functions
Fy...Fy are given by (3.4)- (3 7). The index i, can have only two values, 1 and 2, and
the Correspondlng functions F; and F are simply

Fi(€) =1, Fy(¢) = ¢.

One may verify that the function (3. 19) gives an eigenvector of TV with the eigenvalue
L (NS §
AR5 =2 i, H )\ZP

where all \;(p) are defined as above and

:\1(7'(') = 1, 5\2(7’(’) = G12(7T) = ;i .
Since the total number of eigenvectors (3.19) is equal to 2 x 4(~1/2 = 2L the

TNS is completed.

diagonalization of
The first thing that may seem unusual is that if we set ¢, = 1 for all p, including
p = m, the corresponding eigenvector of TV° will not always represent the physical
vacuum. Moreover, this vector is odd under spin reflection and, therefore, it is not an
eigenvector of the full transfer matrix 7. Note also that
p/ 2X1/2max{é|f—”|71}.

™
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Therefore, if one tries to write the eigenvalues in the form, analogous to (3.16), then the
result will be different in different regions of parameters. Namely, for |v,.|/4x, > 1 one

obtains
NS NS

2—ix NS
ANS _ ANS Ur 2 Up = V—p = UpU—p
RS e B | el | el | Bt
ol

)Op p plip=4 pp

and for |v,;|/4x, < 1 we have

in—1 NS NS NS
ANS _ ANS Uz = Up 2 Up 2 UpUyp
{ip} =™ “*maz 0 2

7r A P . P . P
plip=2 P plip=3 P plip=4 p

where ANS is defined by the formula (3.17). Thus one can again interpret the
eigenvectors of TV as multiparticle states [pi,...,pr)ns. The main differences with

the previous case are the following:

o If |ug|/4x> > 1, then the states, containing a particle with the momentum p = ,
are given by the ansatz (3.19) with i, = 1; for |v;|/4x, < 1 they correspond to the
choice i, = 2.

e For |vg|/4x~ > 1 the eigenstates, which are even (odd) under spin reflection, contain
even (odd) number of particles, while for |v,|/4x, < 1 this number should be odd
(even).

3.3. R-sector, odd L

The treatment of this case is completely analogous to the previous one, since for odd
L Ramond spectrum contains only one ‘special’ mode p = 0. All the eigenvectors and
eigenvalues of the matrix T are given by

L

fiiylo] / D¢ F, (%) H Fi, (6, &) [T e, (3.20)
j=1

Afly =25 ¢ N, (0) gAiAp)-

p

Here the indices {i,},.0 take on four values, ip = 1,2, the functions {F}}, {F;}, {\;}

are defined as above and

MO) =1,  Xa(0) = Gia(0) = 4“—;)

Again, since we have

Vo
p(l)/2 - 2X1/2 {L_|7 1} )

X0
the quasiparticle interpretation of eigenvalues and eigenvectors is different in the regions
|vol/4x0 > 1 and |vg|/4x0 < 1. Namely, one has

vo \ 20 £ £ &, v_
A{Zp} AR (—) H £ H 2 H = for |vg|/4x0 > 1,

Po ; P ; P ; P
plip=2 P plip=3 P plip=4 p
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AR _ AR o\ 1 & v, 5 v, T U, ¢
{ip} — “*max % H — H - H p2 or ‘Uo‘/4X0§ 17

plip=2 Pr plip=3 Pr plip=4 L4

where the eigenvalue with the maximum modulus, A
maa: H p1/2'

Similarly to the above, let us denote by |p1, ..., px)r the eigenstate of T®, containing k
particles with distinct R-momenta pq, ..., pg.

Note that even (odd) eigenstates of T% should contain even (odd) number of
particles for |vg|/4x0 > 1, and odd (even) number of particles for |vg|/4xo < 1.
This change can be easily understood if we take, say, |vo|/4x0 < 1, and consider
two eigenstates, |p1,....pr)r and |0,p1,...,pk)r (p; # 0, j = 1,..., k). Then let us
gradually increase |vg|/4xo. When this parameter approaches the critical value 1, two
eigenstates correspond to the same eigenvalue, and when it exceeds 1, the roles of two

is given by

max?

vectors swap around: the particle with zero momentum disappears from the second
vector (thus decreasing the number of particles by 1) and appears in the first (the
number of particles increases by 1).

3.4. R-sector, even L

Since for even L the Ramond spectrum of quasimomenta contains both p = 0 and p = m,
the eigenvectors and eigenvalues of T in this case can be written in the following way:
L
ol = [ D¢ Byl H Fy (66 [ €7, (3.21)
J=1

R
2

W e | kY
p

From the physical point of view, here one should distinguish four different regions in
the space of parameters. They have the following properties:

o |vo| > 4x0, |vx| > 4x.. The eigenstates of T, containing a particle with the
momentum p = 0 (p = m), are given by the formula (3.21) with ig = 1 (i, = 1).
The eigenvectors, which are even (odd) under spin reflection, should contain even
(odd) number of particles.

o |ug| > 4x0, |vx| < 4x.. The eigenstates, containing a particle with the momentum
p=0 (p=m), correspond to ig = 1 (i, = 2). Even (odd) eigenvectors contain odd
(even) number of particles.

o |vo| < 4xo, |vx| > 4x,. Particle with the momentum p = 0 (p = 7) corresponds to

iop =2 (i = 1). Even (odd) eigenvectors contain odd (even) number of particles.

o || <4xo, |vx| < 4x,. Particle with the momentum p = 0 (p = ) corresponds to

iop =2 (ix = 2). Even (odd) eigenvectors contain even (odd) number of particles.
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4. Norms and form factors

In the present section, the problem of computation of correlation functions of the BBS,
model is addressed. Local fields will be represented by spin variables o;; (i =1,..., L;
j = 1,...,M). In the transfer matrix formalism, 2k-point correlation functions
(Ciy 1 Tig s - - - Tigg i) €A1 be written in the following way§:

<Uil,j1 i 'Uizk,j2k> = Zil<L7 M)X (4'1)
@92 * Vigk

x 37D o) i o), g0 g3 i [p@) 0] g2 pM-Gai) [ 0]
@] [r20)]

where it was assumed that j; < j5 < ... J9. Let us introduce spin operator
L

51,1[0, O'/] =01 5[0},[0’] =01 H

j=1

1+ g 0'3'
2 Y
acting on functions f[o] € V from the left in the usual way. If we make use of the
translation operator R (see formula (3.18)) to define
S;j=T "R™S R i=1,...,L, j=1,...,M,
then one may rewrite (4.1) as

Tr (Si17j1 Si27j2 cee Si2k7j2k TM)

<0-i1,j1 .- 'Ui2k7j2k> = Ty TM

(4.2)

Since all the eigenvalues of the transfer matrix 7" are known, the problem reduces to the
calculation of the trace in the numerator. One would want to compute this trace in the
basis of eigenstates of T'. However, such computation is not quite straightforward, since
the transfer matrix of the BBS,; model is not symmetric and thus its eigenvectors are
not necessarily orthogonal. Therefore, in order to construct the dual basis, one should
separately find the eigenvectors for the right action of T', (since T' is not symmetric,
they can not be obtained from the eigenvectors, found in the previous section, by simple
transposition).

Assume for a moment that we have found all ‘left’ and ‘right’ eigenvectors of
T. Let us denote them by |n) and (n| , where n is any convenient set of quantum
numbers, identifying the eigenstate (for example, the number of particles and their
quasimomenta). The resolution of the identity matrix in this basis of eigenstates has
the form

1= byln)(n|,  b,=1/{(nn). (4.3)

The relation (4.3) means, in particular, that the trace of any matrix X can be written
as

TrX = by(n|X]|n).

§ All (2k + 1)-point correlation functions vanish due to Zs-symmetry of the model.
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Recall also that the eigenvectors of 1" diagonalize as well the translation operator

R. Therefore, inserting the resolution of the identity matrix into the representation

(4.2) k times, one can rewrite 2k-point correlation function in the form of the so-called
form factor expansion. For example, for the 2-point correlation function one has
3" bby, <n|5’171 |m) <m|5171 In) e~ Em(j2—j1)—En(M—ja+3j1)+i(Pm—Pn)(i2—i1)

m,n

<<fi1,jlf7i2,jz> = Z e—ME,
n

. (4.4)

Matrix elements (n|Sy 1|m), entering this formula, hereinafter will be referred to as form
factors. Parameters F,, and P, have the meaning of energy and total momentum of the
state |n) (and (n|). They are related to the eigenvalues of 7" and R in the following way:

Tn) = Ao e’E”\n), Rin) = eiP"\n>,

where A,,.. denotes the eigenvalue of T" with the maximum modulus. In the BBS; model,
the values of F,, and P,, corresponding to the multiparticle state |n) = |p1,...,px), are
given by the sums of one-particle energies and momenta.

The generalization of the form factor expansion (4.4) to the multipoint case is
straightforward. Thus in order to find all correlation functions, only three further steps
should be made. First one should find the eigenvectors for the right action of the transfer

matrix 7', i. e. the functions f[o] € V such that ) f[o]T[o,0'] = Afflo’]. Then one
[o]
needs to compute scalar products (n|n). Finally, the most difficult task is the calculation

of form factors (n|Sy |m). All these problems are treated (the third one with only a
partial success) in the following subsections.

4.1. FEigenvectors for the right action of T

The variables [0] and [0/] enter into the representation (2.13) for the matrices TV and
T in a similar way. Therefore, one may construct the eigenvectors for the right action
of T" along the lines of Section 3. However, there exists even more straightforward way to
obtain them. Note that the right action of 7" on f[o] € V coincides with the left action
of the transfer matrix 7' = T of another BBS; model (see Figure 1b), characterized by
the parameters

a1z = aig, a13 = aag, a14 = Qg3, (4.5)

Q23 = G4, (24 = a23, a34 = az4. (4.6)
Thus the eigenvectors we are looking for may be obtained from already found ones by
the substitution (4.5)—(4.6) and mathching the eigenvalues.

It is easy to verify that under the above substitution various quantities, used in the
construction of eigenvectors and eigenvalues, change as follows:

Gn(p) Glz(p) . G:u(p) GlQ(p) _ G22(P) G21(p>
Ga1(p) Ga(p) Gai(p) Ga(p) Gia(p) Gulp) )’
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14+ GO) T \/(1 — G(p))* — 4G15(p)Gar (p)
2G1(p) 7

Xp = Xp = Xp> Up = Up = Up, Up = Up =VU—p-

A*(p) — A*(p) = (4.7)

Let us now consider, for instance, NS-sector and assume that L is even. Let f]\i’p% [o]
denote the ‘left’ eigenvector (3.3), corresponding to the eigenvalue AN S}. Under the
substitution (4.5)—(4.6) ‘partial’ eigenvalues Ao(p) and A3(p) (formulas (3.10), (3.11))
exchange their roles, while A;(p) and A\4(p) remain unchanged. Then it becomes clear
that the ‘right’ eigenvector fgp% [0] of TN9, corresponding to the same eigenvalue as
f]jp% [0], is given by

fimlo / D¢ H E, (€ &) H e, (4.8)

with
B(é ) = exp(6, A7) 6), (49)
B(Ep &) =&, (4.10)
(€)= Ep (4.11)
i€y &) = exp(€,A7(1)6,), (4.12)

the functions A*(p) being defined by the formula (4.7). Dotted Grassmann variables &
are used in the representation (4.8) for further convenience in the computation of scalar
products and form factors.

In order to obtain a similar answer for the other cases (Neveu-Schwartz sector
for odd L and Ramond sector), it is sufficient to substitute in (3.19), (3.20) and
(3.21) instead of Fj...F; new functions Fy...F,. The functions F; and Fy, which
are responsible for the special modes p = 0, 7w, remain unchanged.

4.2. Normalization

It is instructive to consider not only the norms (n|n), but also general scalar products
(m|n), and to verify by hand that (m|n) = 0 for m # n. First one should remark that the
eigenvectors of T', which belong to different sectors, are orthogonal, since they correspond
to different eigenvalues of U. Thus one may look at each sector separately. Let us now
consider, for instance, the Neveu-Schwartz sector for even L. Let us take a ‘right’

eigenvector ng{({i,}| def / ]jps} [0] (given by the formula (4.8)) and a ‘left’ eigenvector
H{Jn}) Ns et f {]}f f} [0] (given by the formula (3.3)), and then compute their scalar product

s (i} ) Z tlol [ o).
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Since the fields & and ¢ in the representations (3.3) and (4.8) commute, the summation
over intermediate spins can be easily done and one obtains

<{Zp}|{jp} NS — 2L/DNS€DNS§ H < ip 5 177517) ]p(é- pagp) p§p+§ PEP).

Calculation of this factorized integral gives

wstlit s = 2 TT* 0, ),

P
where the functions «;;(p) can be assembled into a 4 x 4 matrix
At(pAT(p) =1 0 0 AY(pA (p) -1
B 0 -1 0 0
”O'/ij(p)Hi,j:l ..... 4= 0 0 —1 0
A=(p)AT(p) -1 0 0 A7 (p)A~(p) —1

Using the explicit formulas for A*(p) and A*(p), one may check that A*(p)AT (p) = 1
Therefore, ‘right” and ‘left’ eigenvectors, corresponding to different eigenvalues, are
orthogonal (as it should be). The norm yg({i,}[{ip})yg is given by

NS

vs{ip{ip ) ns =25 T © o, (), (4.13)
p
where we have introduced the notation

ai(p) = 1= A*(p)A*(p),
ay(p) = as(p) = 1,
as(p) =1— A" (p) A~ (p),
and corrected the overall sign. One may check that the answer for the Neveu-Schwartz

sector and odd L is given by the same formula (4.13). The only things that change in
the Ramond sector are the values of quasimomenta.

4.3. Form factors

Since the eigenstates of T' from the same sector are all simultaneously even or odd under
spin reflection, all form factors of type NS-NS and R-R are equal to zero. Now assume
for definiteness that L is even and consider a ‘right’ eigenvector ng({i,}| = f];[p% [o] from
the Neveu-Schwartz sector and a ‘left’ eigenvector |{j,}), = fgp}[cr] from the Ramond
sector. Let us calculate the form factor

ns{inHSialliphr = D o1 S5 0] 1,y o]
[0]

After summation over intermediate spins one obtains
R

ws{{in} 101l o)) g = 2° / DREDNSE By (&) (€0) [T Fp (6 &)

L
XH Fi, f q,fq (&1 +f1) eXp{kaék}~ (4.14)

k=1
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Unfortunately, we have not managed to find a compact expression for this
gaussian integral, although we strongly suspect it is possible. In order to illustrate
emerging difficulties, let us assume that |vg| < 4xo, |vx| > 4x. (this region mimics
ferromagnetic phase), and consider the simplest possible form factor yg(vac|Si 1|vac)g,
which corresponds to the following choice: jo = 1, j. = 2, j, = 1 for all p € (0, ),
ig = 1 for all ¢ € (0, 7). One then obtains

ws(vaclSyvac) = 2" / DREDNSE € (64 &) x

Xexp{25 At (p fp—i-ZNTf A*(q @fFkafk}

Quadratic form in the exponential consists of three pieces, which can not be diagonalized
simultaneously: the first and the second piece are diagonal in the Fourier basis with
Ramond and Neveu-Schwartz values of discrete quasimomenta, and the third one is
diagonal in the coordinate representation. Actually, one can now remove the dots, using
the following rule: all quadratic terms in the exponential, containing a dotted variable
on the left, should change their signs. Performing this operation and passing to the
coordinate representation in all terms, one obtains

~ns{vac|Sii|vac) g = (4.15)

/Dfpn L (—1)"&k (& +m) exp{ (5 77><A1+ _114+><§>}7

where antisymmetric L x L matrices AT, A+ are given by

m/— E A+ ””:x, m,— E A+ el(@=2") z, 7' =1,...,L.

p750 T

Evaluation of the gaussian integral (4.15) gives

vs{vac|Si1|vac) = \2/—% Pf(AT) Pf(H) i (—1)* [H-l - <A+)1 H‘l} N (4.16)

where I x L matrix H is also antisymmetric and has Toeplitz form:

(1)

:_ZNSA qufl" ZA—i— zp:pz

p750 ™
Thus the problem of computation of the form factor yg(vac|Sii|vac)g is reduced to
the calculation of the determinant of H and inverse matrix H—!. Actually, this is also
the case for more complicated form factors. In spite of the remarkably simple form of
the matrix H, we have not succeded in the calculation of Pf(H) and H~'. However,
we believe that the representations of type (4.16) are still useful, since they effectively
reduce initial 2*-dimensional problem to an L-dimensional one.
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It should also be pointed out that form factor yg(vac|Sii|vac)r enters into the
definition of the order parameter of the BBS; model. More precisely, one has

S S
(0)? def i lim (o1100)) — I ~ns{vac|Syilvac) g r(vac|Syalvac) ys
LMoo 0" L—co  yg(vaclvac)ns r{vaclvac)g

1,j—00
Although we have not managed to obtain a closed expression for this form factor, the

order parameter can presumably be calculated by another method. We hope to return
to this problem elsewhere.

5. Special cases

5.1. BBSy model

Parameters of the general free-fermion model, which correspond to BBS, model (via the
formulas (1.2)—(1.9)), are not independent. In particular, in addition to free-fermion
condition (1.10), they also satisfy the relation ajzasy = ajgas3. Therefore, one could
expect some simplifications of the above formulas for tranfer matrix eigenvectors to occur
in this case. Furthermore, it is known that the eigenvalues of the BBS, transfer matrix
should have polynomial dependence on spectral variable ¢, and that the eigenvectors
should not depend on it. In order to verify these properties, let us rewrite our formulas
in the BBS notation.

The variables x, and G;;(p) (i,7 = 1,2), which were used in the Grassmann integral
representation of the transfer matrix, are expressed in terms of ¢, z, 2, y, v, u, i’ as

At + pp'ea’)® + 4(yy" — tup')* + 8(¢ + pp'za’) (yy' — tup') cosp

v (y + pt)(y' + p')
8it(y + pp's")(y' — pp'x) sinp
Xp Gll(p> = Y] N2
(y + pt)*(y' + 1)
Bit(y — pp's")(y' + pp'x) sinp
Xp G22(p) = 207 2 ’
(y + ut)*(y + ')

Xp G12(p) = 16(y + put) 2 (y + p) *x

2,12 2 12 (t2

x [t = v*y* + 1Pp — 2%2?) — 2u/ (¢ + xa'yy’) cosp — 2itpp (xy + 2'y’) sinp] .

In order to write down the eigenvalues of TV and T'%, it is sufficient to express in terms
of BBS parameters the quantities ANSR) and v,/ pp . They are given by (see also [11])
L, /L
ns _ (A +pmp™) s
Az = T IT @+t
p

(1= pPp'™) 1y
Aow = T I ¢+,

t—t,
t+t,

Vp/pp =

?
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where ¢, is defined as

_h2 _ 4
apCp bp iby,
t, = :
ap

with

a, =1 —2up’ cosp + ',

by = ' (vy + 2'y’) sin p.

cp = y2y/2 + Qlf«//ml',yy, cosp + LLQ[L/2$2ZE,2.
Finally, ‘right’ and ‘left’ eigenvectors of TV and T are fully characterized by the
functions A*(p) and A*(p), which in the case of the BBS; model can be written in the
following form:

a,c, — b2
Ai(p): _ !l /pp /p" ’
(y — pp'a’)(y' + pp/'x) isinp
; ayc, — b?
A= (p) = ——

(y + pp'a")(y' — pp'z)isinp’
where
dy = ! (z2' —yy') + (yy' — p?p*za’) cosp.
One should note that the functions A (p), AT (p) do not depend on ¢, as expected.

5.2. Ising model

In the Ising case, another parametrization is typically used. For simplicity, let us
consider the isotropic model, characterized by the plaquette weight

1
W(O’l, 092,03, 0'4) = exp{§ K(JlUQ -+ 0203 -+ 0304 + 0'40'1)}.
Parameters of the general free-fermion model, corresponding to this Boltzmann weight,

are given by

B cosh? K +1 sinh? K

Gy = ——"—F ", g =13 =024 = — 5 7 7>
2 cosh? K +1

sinh K cosh K
cosh?’ K +1

Let us also introduce the function +,, given by the positive root of the equation

A12 = Q23 = Q34 = Q14 =

coshy, = sinh 2K + sinh™' 2K — cosg,

One can now rewrite the variables x, and G;;(p) (i,j = 1,2) from the Grassmann
integral representation of TV and T® in the following way:

_ sinh® 2K [(1 + tanh K cosp)? + sin® p|
xp = (cosh? K +1)2 ’
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_ 2isinp sinh 2K (cosh 2K — tanh K cosp)

Xp G11(p) = Xp G22(p) = (cosh2 K +1)? ’

2sinh 2K

Xp Gl?(p) = (coghQK n 1)2 .

The eigenvalues and eigenvectors of TV and TF may be found from

1 NS(R
Aﬁfﬁ = (2sinh 2K)L/2 eXp {5 Z | )710} 5 Up/pp =€,

p

_ sinh K cosh K[(1 + tanh K cos p)? + sin® p] — e*»
B isinp (cosh2K — tanh K cosp) '

A*(p) = A*(p)

It should be emphasized once again that the transfer matrix eigenvectors, constructed
above, automatically diagonalize the translation operator R as well. Therefore, we
believe that these eigenvectors may turn out to be useful for the construction of a
rigorous proof of the recently obtained formula [12] for Ising spin form factors on a
finite lattice.

6. Summary

We have obtained the transfer matrix eigenvectors of the BBS; model on a finite
lattice, using the method of Grassmann integration. Our results are exact and explicit,
i. e. the eigenvectors are expressed in terms of initial lattice variables. Grassmann
integral representation for the eigenvectors immediately gives their norms and allows to
considerably advance in the computation of form factors of the BBS; model.

The only two things that were actually necessary for our computation are the
translational invariance of the model and the representation (1.11) for the plaquette
Boltzmann weight. In this respect, the method, developed in the present paper, is
quite general and it could be extended to free-fermion models with a more complicated
configuration space of order parameter, once these are found.
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