Existence and regularity results for viscous Hamilton-Jacobi
equations with Caputo time-fractional derivative

Fabio Camilli and Alessandro Goffi
February 26, 2020

Abstract

We study existence, uniqueness and regularity properties of classical solutions to viscous
Hamilton-Jacobi equations with Caputo time-fractional derivative. Our study relies on a
combination of a gradient bound for the time-fractional Hamilton-Jacobi equation obtained
via nonlinear adjoint method and sharp estimates in Sobolev and Hélder spaces for the
corresponding linear problem.
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1 Introduction

In recent times, to model memory effects and subdiffusive regimes in applications such as trans-
port theory, viscoelasticity, rheology and nonmarkovian stochastic processes, there has been an
increasing interest in the study of time-fractional differential equations, i.e. differential equa-
tions where the standard time derivative is replaced by a fractional one, typically a Caputo or a



Riemann-Liouville derivative. A significant number of papers has been devoted to extend prop-

erties holding in the standard setting to the fractional one (see for example [2] [19] B5] B7, (59]).
Aim of this paper is to study existence, uniqueness and regularity properties of classical

solutions to the time-fractional Hamilton-Jacobi equation

g qt(@,t) = Au+ H(z, Du) = V(z,t)  (x,t) € Qr =T x (0,7), M
u(z,0) = up(x) r € T4,

where T? is the unit torus, H a convex, coercive Hamiltonian in Du and 85) ft for 8 € (0,1),
denotes the Caputo time-fractional derivative

1 Lo u(z, )
8(%7t]u(x,t) = T 75)/0 (=17 dr.

In the study of 7 we are mainly motivated by problems arising in Mean Field Games theory
for subdiffusion processes (see [7]), where typically H = H(z,p) behaves like |p|”, v > 1 in p and
V is a so-called regularizing coupling [g].

Starting with [32], quasi-linear equations of the form with standard time derivative have been
extensively studied in literature and several results are available depending on growth conditions
on H with respect to the gradient variable (see [12} 24, [44] and references therein). Recently,
a theory of weak solutions (in viscosity sense) for the Hamilton-Jacobi equation has been
investigated in [23] (3] B3]. In [29], existence results for are obtained by means of Fourier
transform in space. Here, we propose a study of based on a combination of a priori estimates
for the linear problem combined with the so-called nonlinear adjoint method developed by Evans
(see [21], [24] and references therein). This latter scheme was introduced to study more deeply
the gradient shock structures of viscosity solutions to non-convex Hamilton-Jacobi equations. In
particular, it relies on studying the adjoint of the linearization of the Hamilton-Jacobi equation
via integration by parts rather than relying on maximum principles arguments. In this analysis,
since we are dealing with time-fractional derivatives, we introduce the time-fractional Fokker-
Planck equation

{8€,T)p —oAp —div(D,H(z,Du)p) =0 in Q, :=T¢ x (0,7) , @)

plz, 1) = pr(x) in T,

€ (0,T), driven by the drift b(z,t) := D, H (x, Du(z,t)), where

1 T Osp(z, 8)
9® p=_— "2 d
LP 7T —ﬁ>/t (=7

stands for the backward Caputo derivative. We will henceforth refer to the solution p of
as the adjoint variable. In the first part of the paper, as an important preliminary step to the
study of , we review and extend maximal regularity results in Lebesgue and Holder spaces for
abstract linear differential equations of the form

{ 0 qult) + Au(t) = f(t), on I,

3

u(0) = uy, ®)
where I C R, X a Banach space with norm || - ||, v : I — X, A: D(A) — X is an unbounded
linear operator, being D(A) a linear subspace of X (the so-called domain of A) equipped with
the graph norm ||z||pcay = ||| + ||Az|| and ug belongs to a suitable Banach space. From the



functional viewpoint, the main peculiarity of is that the usual semigroup property fulfilled
by the solution operator is lost because of the memory effect due to the fractional derivative.
However, by formally taking the Laplace transform of the equation, can be rewritten as the
following abstract Volterra equation

u(t) = u(0) + /0 g3t — 7)Au(T)dT + F(t), (4)

where gg(t) = t°~1/T(B) and F(t) = F(ﬁ) fo ~1f(r)dr. The Volterra equation () allows
to exploit regularity results in Lebesgue and Holder s spaces. In particular, concerning estimates
in Lebesgue space, we recall the classical maximal regularity result in [57, 60] (see also the
monographs [48] [47] and references therein), which is obtained in the parabolic class

sV2(Q) := HJ(I; LP(T%)) N LP(I; WP (T%)). (5)

Moreover, with the aim of giving a self-contained presentation, we provide a detailed discussion
of the embeddings for the parabolic spaces 51/ (Q), since these results are the basis for the
subsequent study of (1)) via linearization arguments. We also recall some tools from interpolation
theory in Banach Spaces inspired by [30, BI] and lately developed in [I3], for equations of the
form with standard time derivative.

Concerning Holder’s estimates, the analysis of Volterra equations in such framework began
with [I5] [46]. In the following, we provide a PDE oriented proof of these estimates, which is
reminiscent of the classical approach via semigroup theory to abstract Cauchy problems (see
e.g. [39] and references therein). For the fractional Laplacian, Schauder’s estimates have been
investigated in [6], while a different approach, based on interpolation theory methods, has been
developed in [13]. Here, a crucial ingredient is a Duhamel-like formula for defined via the
so-called Mittag-LefHler families.

The previous preliminary tools provide the basis for the analysis of the time-fractional
Hamilton-Jacobi equations. The main result of the paper is the following existence and unique-
ness result for classical solutions to with regularizing right-hand side V' (assumptions (H1)-
are detailed at the beginning of Section .

Theorem 1.1. Let 8 € (0,1), H satisfying — ,p>d+2/8, uy € szip%(’ﬂ‘d) and
V € LP(Qr). Then, there exists T < T such that (1) admits a unique (strong) solution u €
sV2(T4 x (0,7%)).

Moreover, if B € (3,1), uo € CH 3 (T and V e C(0,T); C** 3 (T)), there exists a unique
(global) solution u € C([0,T); C**7 (T9)) to (@), and the following estimate holds

[Jull cvl ) -

The proof of the previous theorem relies on a contraction mapping principle, in the spirit of
recent works for time-fractional quasi-linear equations (see [I7, [59]). Here, the result is achieved
by combining the analysis of the parabolic Sobolev spaces outlined above with an a priori gradient
bound on the solution of 7 which allows to treat as a perturbation of a time-fractional
heat equation. For the latter argument, a crucial step is an estimate of crossed quantity

// \Dul"p dadt | (6)

with p solving , which is accomplished by means of the aforementioned nonlinear adjoint
method. We remark that bounds of type @ play an important role in Mean Field Games theory

c(o.mct F ey S otoric? # ey T 10l oo g )



and stochastic control [I3] 24} [44], Sobolev regularity for the Fokker-Planck equation (5l 41} [14]),
Hamilton-Jacobi equations [I2]. Some comments on space-time Holder regularity results for
as well as on the restriction 3 € (1/2,1) are provided in Remark

The paper is organized as follows. In Section 2] we introduce the functional spaces where the
problem is studied and we discuss several of their properties. Section [3|is devoted to the study
of the time-fractional heat equation and Section [4] to the corresponding Schauder estimates.
Finally, in Section [5] we prove the main results of the paper, existence and gradient bound on
the solution of .
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Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta
Matematica (INdAAM). The second-named author wishes to thank R. Schnaubelt and R. Zacher
for useful discussions and references, the Department SBAI, Sapienza University of Rome and the
Department of Mathematics of the University of Padova for the hospitality during the preparation
of the paper.

2 Notations and preliminaries

In this section, we shortly review some functional spaces and their properties. Moreover we prove
some embedding results for fractional Sobolev spaces.

2.1 Holder spaces

We recall here the definition of Hélder spaces on the torus and then define space-time Hoélder
spaces typically associated to fractional heat-type equations. Let o € (0,1) and k be a non-
negative integer. A real-valued function u defined on T¢ belongs to C*+*(T9) if u € C*(T?)
and . .
D iy e sup 12700 = D)
zF#yeTe dlSt(:L‘, y)a

< 00,

for each multi-index r such that |r| = k, where dist(x,y) is the geodesic distance from x to y
on T¢. Note that in the definition of the previous (and following) seminorm, dist(z,y) can be
replaced by the euclidean distance |z — y| and the supremum can be taken in R since u can be
seen as a periodic function on R?.

We first consider some vector-valued Holder spaces. Let X be a Banach space and v € (0, 1).
Denote by C7(I; X), I C [0,T], the space of functions u : I — X such that the norm defined as

[[u(t) — u(r)l x

U .y = sup ||u(t + sup
ey = 50 @) -+ sup =2

is finite. Hence, specializing to X = C%(T%), a € (0,1), we have that C7(I; C*(T%)) is the set
of functions u : I — C%(T¢) with finite norm

HUHC’Y(I;CQ(’H‘d)) = HUHOO;Q + Stlelll)[u(’at)]()“(ﬂl‘d) + [U]CW(I;CQ(’I[‘d)) )

where the last seminorm being defined as

) — sup Ju(-, ) = u( )l g (pa
Nl d = .
CY(I;C*(T)) threl it — 7|7



Let now Q = T? x I. We define

[U]Cg(Q) = Sup[u("t)]m(w)
tel

and

[u]cy (@) = sup [u(z,)]cv(n
zeTd

When dealing with regularity of parabolic equations with fractional operators, we also need
Holder spaces with different regularity in time and space. Following the lines of [6] and [22], we
define C*7(Q) as the space of continuous functions u with finite Holder parabolic seminorm

[uee@) = [uleg @) + ey @) (7)
The norm in the space C*7(Q) is defined naturally as
||u||eaw(Q) = [lullocsq + [ulean (@) -

Note that if ¥ = «/2, the space C*7(Q) coincides with C**/2(Q). For these latter classical
parabolic Holder spaces, we refer the interested reader to [32] for a detailed discussion. As
pointed out in [22], the following equivalence between seminorms holds

[U}@a (@) ~ sup |’U’<‘T7 t) — ’U/(y7 T)‘
x,yeTd t,rel dlSt(JI, y)a =+ |t - T"Y

All the spaces above can be defined analogously on R? and R% x I. Moreover, if u is a periodic
function in the z-variable, norms on T and R? coincide, e.g. [[ul|ca(ra) = |[ullco(ra), ete.

Remark 2.1. Tt is worth noticing that we have to distinguish the spaces C7(I;C%(T%)) and
C*7(Q), since it results

C(L;C*(T)) & €*7(Q) -
This can be easily seen by taking v = « and a periodic function in the x-variable that behaves
like (x 4 t) in a neighbourhood of (0,0) (see in particular [49, Section 4]).

2.2 Fractional Sobolev and Bessel potential spaces

This section is devoted to collect the definitions of Lebesgue and Sobolev spaces we will use
throughout the paper. Recall that LP(T¢) is the space of all measurable and periodic functions
belonging to Ly, (R?) with norm || - [l, = || - | Lr((0,1)4). If k is a nonnegative integer, W"»(T)
consists of LP(T9) functions with (distributional) derivatives in L?(T%) up to order k. For u € R
and p € (1,00), we can define the Bessel potential space Hg(']l‘d) as the space of all distributions
u such that (I — A)zu € LP(T%), where (I — A)%u is the operator defined in terms of Fourier
series
(I-A)eu(e) =Y (1+47°[k]*) 2 a(k)e>™
kezd

and

(k) :/ u(z)e 2 Ry
Td
The norm in HY(T?) will be denoted by

el = || (7 = 2) 5w

p



Note that HA(T%) coincides with WP (T%) when 4 is a nonnegative integer and p € (1,00) (see
[13, Remark 2.3]).

We recall that Bessel potential spaces can be also constructed via complex interpolation
(for additional details, we refer to [40, Chapter 2], [I3] and references therein). More precisely,
for p € R, the space H;,‘(Td) can be obtained by complex interpolation between LP(T9) and
WkP(T4) as

HI(TY) ~ [LP(T), W*P(T)]y,  where pu = ko).

Bessel potential spaces can be defined also in R? in the same manner. We further recall that the
operator (I — A)Z maps isometrically HIT#(T%) to HI(T) for any 1, € R (see [13, Remark
2.3]).

We shortly describe the so-called K-method, which allows to define fractional Sobolev spaces
WHP as “intermediate” spaces between LP(T9) and W*P?(T?), but also Hélder’s spaces when
p =o00. Let X,Y be Banach spaces with Y C X, 6 € [0,1] and p € [1,00]. For every x € X and
t > 0, define

Kz, X,Y) = inf t||blly .
(o, X V)= inf lallx + tlblly
If I C (0,00), we denote by LE(I) the Lebesgue space LP(I, %) and L°(I) = L*°(I). We define
the real interpolation space (X,Y ), between the Banach spaces X,Y as

(X,Y)op={r e X+Y :t =t K(t,2,X,Y) € L2(0,+c0)},
endowed with the norm
2llo.p = 1t~ K (t, 2, X, Y )| 12 (0,400) -

It can be proved that (X,Y ), is a Banach space. Then, one shows (see e.g. [40, Example 1.8])
that
(C(T?),CH(T"))p.00 = C*(T7)
and
(LP(T4), WHP(TY))g,p = WOP(TY) .
We remark that such tool turns out to be useful to prove Holder regularity of the solution of
the time-fractional heat equation in Theorem We finally point out that the aforementioned

isometry properties via (I — A)Z transfer also to the fractional Sobolev spaces WP (see e.g. [,
Theorem 6.2.7]).

2.3 Parabolic Sobolev spaces
In the next section we investigate some properties of the space
5V (Q) == Hy) (I; LP(T)) N LP(I; W*P(T?)),

which is the suited one to deal with LP-maximal regularity for time-fractional PDEs (see [47) 48]
59, [57]). Here, the vector-valued space Hg(]; X), X being a Banach space and I an open subset
of the real line, can be defined via the aforementioned complex interpolation as

H(I; X) =~ [LP(1; X); WHP(I; X) g (8)

for 8 € (0,1). Moreover, the vector-valued Slobodeckij scale WA (I; X), 8 € RT\N consists of
all functions v € WIPP(I; X) such that [DYu]g_15),p < o0 for a = [B], where [3] is the integer
part of 3, being

[U]O,p T xxl |UJ _ 77|d+9p U € (Ov ) :



Since one usually needs estimates in I C [0,7] stable at some time, it is necessary to have a
control of the trace, e.g. on the hyperplane ¢t = 0. In the classical parabolic case, the initial
trace can be characterized via the trace method in interpolation theory in Banach space (see
e.g. [0, Section 1.2] and the discussion in [I3, Remark B.4], see also [48, Section 3.4]). For
instance, in the case of Wg’l('ﬂ‘d x I) the initial trace u(0) turns out to belong to the fractional
Sobolev space W2~2/P(T4) ~ (LP(T?), W*P(T));_1/,, (see e.g. [32, Lemma I1.3.4] and [40),
Corollary 1.14]). In the time-fractional case, it is useful to transform the time-fractional PDE
into an abstract Volterra equations of the form and use the resolvent approach, which can be
seen as a generalization of the classical semigroup analysis to abstract Cauchy problems. Indeed,
by classical results (see e.g. [47, Theorem 4.2]) we know that by the subordination principle
A = —A admits a resolvent. Exploiting properties of Laplace transform and the resolvent family
of the problem (see e.g. the discussion in [48 Section 5.4]) it turns out that the space of initial
traces of functions in 51}1)2 is the fractional space W?2=2/(PA)P for B > 1/p (see [48, Proposition
4.5.14] and also [43])

Recently, time-fractional PDEs with null initial trace have been investigated in the context
of the parabolic spaces

s} (Q) = {u € LP(I; HY(T%)), 9, yu € LP(I; HY ~>(T7))}

for pu =2, p > 1 (see e.g. [19,[28]). The previous Sobolev spaces are clearly reminiscent of the
parabolic spaces W102>1 typically associated to the heat operator d; — A (i.e. when pu = 2 and
B =1). We note that the space 51/1,2 is isomorphic to the parabolic space 55‘612, in the case of zero
initial trace u(0) = 0 (see e.g. |16} Proposition 2]). Indeed, this can be seen by the representation
in setting X = W2P(T?) and exploiting that, for sufficiently smooth u, a(ﬁo,t]u = 0i(g1-p*u),
which in turn allows to write

{u € LP(L;W?P(T) : 9, yu € LP(Q) ,u(0) = 0}
~ {u € LP(L;W*P(T?) : 9y(g1-p * u) € LP(Q) ,u(0) = 0}
~ {u € LP(I;W2P(T) : g1_p xu € WHP(0,T; LP(T?)) ,u(0) = 0}

and concluding using [54], Section 1.15.3].
In Section [2:4] we will also cover the case of parabolic spaces frequently associated to the
fully nonlocal operator

o+ (=0)" 9)

where (—A)?® denotes the standard fractional Laplacian (see e.g. [I3] and references therein for
a treatment on the torus). To this aim, we denote by

sV2%(Q) := HJ (I; LP(T%)) N LP(I; H}*(T%)) .

Such spaces were first investigated in the context of stochastic PDEs in [10]. In [13], they are
studied in connection with space-fractional PDEs using arguments inspired by [30, B1]. These
spaces are natural in the context of parabolic PDEs and the corresponding L? theory is crucial
in the study of parabolic regularity properties even for equations with divergence-type terms (see
5l (12}, [14], 411, [44]).

2.4 Embedding results for parabolic Sobolev spaces.

In this section, we prove some embedding results for the fractional parabolic spaces introduced
in Section which will be applied in the study of , though they are of independent interest.
We first recall some classical embeddings for fractional Sobolev spaces W and Hf, u € R.



Lemma 2.2. (i) Let v, ju € R with v < p, then WHP(T4) ¢ W»P(T4).
(ii) If pu > d and p — d/p is not an integer, then WHP(T4) c Cr=/P(T?).
(i11) Let v,p € R with v < p, p,q € (1,00) and
d d
p—=—=v——
p q

)

then WHP(Td) C W»4(T9).

Proof. These results are well known in R (see [54, Section 2.8.1]). The transfer to the periodic
setting can be obtained exactly as in [13] Lemma 2.5]. O

For the proof of following result we refer to [13, Lemma 2.5].
; ; d v (md
Lemma 2.3. (i) Let v,p € R with v < p, then Hp(T¢) C H, (T).
(it) If pu > d and p— d/p is not an integer, then HY(T?) C Ccr=d/p(T9).

(iii) Let v,p € R with v < p, p,q € (1,00) and

then HY(T®) C HY (T?).

Remark 2.4. Similar embeddings continue to hold for the vector-valued spaces Wpﬁ (I; X) and

Hg (I; X), being mainly based on interpolation theory arguments. We refer the reader to [42]
Proposition 2.10] and references therein for further details.

Remark 2.5. By standard extension arguments with respect to the time variable and multiplica-
tion by cut-off functions one, can extend functions on g2 (Qr) to g¥2(T* x RT) and apply the
related embedding results for the half-line case (see e.g. [42], Lemma 2.5])

We can now state a Sobolev embedding theorem for the parabolic space gUpQ.

Theorem 2.6. Let p > 1, u € 3V2(Qr) and u(0) € WQ_%’p(Td), If « is such that

1
— <a<l,

pB

then sV2(Q) is continuously embedded onto C*P=% ([0, T); H272*(T%)) and there exists a constant
C > 0 such that

).

el s o 2o gy < CUNtlavzi@n) + N0l

Note that the constant C = C(d,p,a, 8,T) remains bounded for bounded values of T

Proof. Let first u(0) = 0. This fact is basically a consequence of the mixed derivative theorem
(see [48, Corollary 4.5.10] and [56], Proposition 2.3.2 and Chapter 3| for further discussions) after
using Remark which allows to obtain for r € [0, 1] the embedding

sV2(Qr) < HI(0,T; H2~2/(T)).



We take r := af € (0,1) and this gives
5Vp (Qr) — Hy?(0,T; Hy~>*(T)).
By using Remark [2:4] we get the embedding
. 172—2a (md ~1 . 77220 pd
HOP(0,T; H2*(T)) — P~/ ([0, T); H2~2*(T%)).

To show the fact that the embedding constant can be bounded independently of T" > 0 by
adding ||u(0) HWZ’*%W(W) one can argue as follows. After extending u to % on R as pointed out
p

in Remark it suffices to subtract a function @ € 5V2(T% x R™) such that %(0) = u(0) and

lall 02 (rexr+) < Cllu(0) HWQ,I%YP(W). Then one concludes by applying the results for null initial
traces to u — u.

O
We will need the following embedding onto Holder classes.

oy 2 . . 72— 2. d
Proposition 2.7. The space sV (Qr) is continuously embedded onto C([0,T]; W= »5F(T¢)).

Moreover, the space C’([O,T};Wl_P%m(Td)) is continuously embedded onto C([0,T]; CV/B(T%))
for some v € (0,1) when p>d+2/0.

Proof. The fact that
2
5Vs (Qr) = C([0,T]; W77 7(T))

is a proven in [48, Theorem 4.5.15]. As for the second assertion, by exploiting classical embedding
theorems for fractional Sobolev spaces (see Lemma [2.2}(ii)), we get that

O([0, T); W=7 7(T4)) < C([0, T]; C7 (T4)),

2
_Z d
(1 pﬂ)p> ’

namely for p > d+2/8 and v=8—-2/p—dB/p € (0,1). O

whenever

Proposition 2.8. Let g >p > 1, 8 € R such that

d d+2(1-90)
n<24+--—~—— 7
q p

Then, for any u € gV (Qr), we have

0
T yd
2 p p
(/ U(wt)llﬁ,th> < Cllullyp gy + IO, 5, ).

»3 P (T4)

; 2 151 2
Moreover, zf1<p<d+ﬁtmdq>p P

lullzaan < Clullzim + 1O ya 0, )



Proof. Let v = (2—2a)(1—60)+260, a > 1/(pB). Then, we note that H; can be obtained as real

interpolation between Hz and Hp2 2@ Moreover, Hy is continuously embedded onto Hg vtd/q=d/p

in view of Lemma- (iii). Hence, for a.e. t, we have

C(d,p, 5, B, ) [w®)lvrasg—are < lu®)lly < [[u®)3=5,, w5, -
Owing to the inequality « > 5 we then obtain
d d d d
n<v——+-=02-20)(1-0)+20 — — + —
P q p q
d d d d+32(1-90
:2—2&(1—0)—7+*<2+*—£.
P 4q q p
Denote by HZ(Qr) the space LP(0,T; H2(T%)). Then
T 0 T 0
3 (1-6)2
( / ||u<-,t>||s,th> < ( / ||u<t>||2za,;nu(t)nﬁ,pdt)
a-op [ [T 9
< Csup [Ju(t) |3 20 (/ |U(t)||§,pdt> (10)
t<T 0
< Clllullsoz@ry + a2 2 )Pt )||]I-]I2(QT

P8P (T4)

< Cllullovzir) + 10O o 200 )
where in the last inequality we used Theorem and Young’s inequality. The last statement

can be obtained by setting n =0 and 0 = %. O
Remark 2.9. We can actually reach the the threshold
1 1 2
¢ p d+3
using a maximal regularity result. This is accomplished by using the embedding presented in

Proposition namely
_2
59y (Qr) = C([0, T]; W7 *(T)),

instead of Theorem writing H,; as the real interpolation between Hgi2/ @) and H? via the
very same procedure.

We also remark that the above embedding theorems can be compared (and are consistent) with
the classical ones for the spaces Wg’l (i.e. corresponding to the case 8 = 1) presented in [32]
Lemma 11.3.3] (see [25] 3] for a proof).

We conclude the embedding results by providing a Sobolev embedding theorem onto the
parabolic Holder spaces introduced in Section (compare with the classical embeddings for
the space W2 onto Hélder’s classes in [32, Lemma I1.3.3]).

Corollary 2.10. Letp > ¢ + ﬁ Then BU (Qr) is continuously embedded onto CH %(QT) for
1 dgs
y=8—-—-——¢€(0,1).
>3 (0,1)

10



Proof. This is a consequence of Theorem by taking
L v

and exploiting the embedding, see Lemma (ii), of H272% onto C?722=4/P_ By the above
choice of 7, one immediately checks that

d _~
2-200——-=.
p B

O

Remark 2.11. Compare the above result with [I9, Corollary 7.19]. Similar strategies to those in
Theoremm can be implemented to show that the space H5/2 (LP)N LP(WLP) is embedded onto
C3([0,7); C5 (T)) € C55(Qg) for § = /2 — 1/p — dB/(2p) when p > d + 2/8. This will be
useful to study regularity in space-time Holder spaces of quasilinear problems with time-fractional
Caputo derivative via a linearization procedure, see Remark [5.9] below.

The arguments previously discussed can be easily extended to yield parabolic embedding
results for space-time fractional spaces associated to the operator @ We state the results
without giving the proof, being similar to the above case. See [13, Section 2] to compare the
embeddings with those corresponding to the case 8 =1 and s € (0, 1).

Theorem 2.12. Let p > 1, u € 3V2%(Qr) and u(0) € WQS_%’P(']I“{), If o is such that

S
— < a<l,

B

then gV2*(Qr) is continuously embedded onto CQTB_%([O, T); H2s 2 (T?)) and there exists a con-
stant C > 0 such that

< Clllull yvzs(@r) + lw(O)] 2. )-

el o=z oy, mz=2emayy < w357 o)
Note that the constant C = C(d,p, o, 8,8, T) remains bounded for bounded values of T.

Proposition 2.13. Let ¢ >p>1, 6, s € (0,1) such that
d d+%(1-9)
n<pu+- - ———.
q p
Then, for any u € ngQS(QT) we have
0

T b
2 p p
( / Iu(wt)lﬁth) < Ol gy + MO g )

P

2s
2s
d+7

Moreover, ifu>0and1<p<d+% and%>%—

lllza@ry < Cllullsvz @) + 1O 20250 -
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3 On time-fractional heat equations: [’-maximal regular-
ity results and representation of solutions

In this section, we collect some definitions and results for the abstract linear problem . We
first recall the following notion of solution for (see [41]).

Definition 3.1. If f € LP([; X), a function u € LP(I; X) is said to be a strong solution of
on I if u € LP(I; D(A)) and holds a.e. on I.

Throughout this paper we will mainly work with strong solutions belonging to the parabolic
space 5%2. Anyhow, we will not specify during our bootstrap procedure which kind of solution
we mean, being implicit from the context. At the end, in the existence theorem for the time-
fractional Hamilton-Jacobi equations, we will show the existence of a classical solution of the
problem.

Proposition 3.2. Let u be a strong solution to for A= —A and f € C(I; X), X being a
Banach space. Then can be rewritten as the Volterra equation .

Proof. The result is well-known and it can be seen by applying the Riemann-Liouville integral
operator to both sides of (see e.g. [47), [45] and [48]). Furthermore, it can be also obtained
via a Laplace transform approach (see e.g. [I, Appendix T}).

O

The previous proposition shows that maximal regularity result to equation can be inferred
from that of . We thus have the following important result, whose proof can be found in
classical references for abstract Volterra equation (see e.g. the recent survey [60]), [48, Theorem
4.5.15] and also [47, [57]).

Theorem 3.3. Let p > 1, 8 € (0,1) be such that g > %, f e LP(Q) and uy € W2_£’p('ﬂ‘d),
Then there exists a unique strong solution u € BUPQ(Q) to if and only if f € LP(Qr) and
ug € WZ_%’p(']I‘d) and it holds the estimate

)- (11)

lellsvz@) < CUS e + ol 22

We also point out that solutions to can be expressed via a suitable modification of the
classical variation of parameters formula, also known as Duhamel’s formula. A proof is provided
in [52] in the Hilbert space setting. However, the proof can be readily accommodated to handle
Banach spaces. For each 8 € (0,1) we define the Mittag-Leffler operators

EB(—t’BA):/ Mﬂ(n)e_"tﬁAdn,
0

By p(—174) = / BnMp(n)e="" Adn,
0

where
Ms(2) = ;0 (= B+ 1)

denotes the Mainardi function (see [52]). We recall the following useful property of Mgz (see [18]
Proposition 2]).

12



Proposition 3.4. For 8 € (0,1) and —1 < r < oo, when restricting Mg to the positive real line,
it holds It 1)
Mg(t) >0 for allt >0, / t"Mp(t)dt = ———.
o020 foralt =0, [y = g
Note that Eg(—t?A) and Eg g(—t°A) are well-defined from X into X and, for every = € X,
the functions t — Eg(—tPA)x and t — Egg(—t?A)z are analytic from [0,00) to X. The
Mittag-Leffler operators do not generate semigroups, but they fulfill some additional properties
which are close to that of semigroups. For instance, the function t — Eg(—tﬁ A)z is continuous
and analytical when e'4 generate an analytic semigroup and satisfies

85

(0 Bs(—tP Az = —ABs(—t° A)x ;1 > 0.

Proposition 3.5. Let u be a strong solution to , Then

t

u(t) = Eﬁ(*fﬁA)Uo +/ wﬁilEﬁﬁ(*wﬁA)f(t - w)dw. (12)
0

Proof. This result is classical and can be found in e.g. [36, 52, 55]. It can be deduced using the

following identity

L9 g1 (@) =’ Lu(w) =~ u(0), (13)

for the Caputo derivative (see e.g. [34) Proposition 3.13]), where £ stands for the Laplace
transform, together with the expression of the Laplace transform of Eg(z) (see [52 eq. (8.7)]). O

Remark 3.6. A solution of given by formula is usually referred as a mild solution of the
problem (see e.g. [36]). We remark that if u is a strong solution to an abstract Volterra equation,
then w is also a mild solution according to [47, Definition 1.1] and, in particular, the variation of
parameter formula holds as a consequence of [47, Proposition 1.2 and 1.3].

We also remark that a function described by the variation of parameter formula is not neces-
sarily a strong solution (see e.g. [47, Proposition 1.2 and Proposition 1.3] and also [45, Section
3] for further discussions).

4 Schauder estimates for the time-fractional heat equation

This section is devoted to collect some Schauder-type results for problem . We first present
without proof an abstract result, giving necessary and sufficient condition for maximal Holder’s
regularity for the problem (3, referring to [15] and the recent results in [26].
Theorem 4.1. Let I C R be closed. We have the following:

(i) Let 0 € (0,1). There exists a unique classical solution u such that 8([30 1
bounded with values in (X, D(A))o.co if and only if

u and Au are

(a) f € C(I;X)NB(I;(X,D(A))g.00), where B(I;X) stands for the space of bounded
functions with values in X;

(b) uo € D(A) and Aug € (X, D(A))s,00-

and it holds the estimate

190, 41l 3126 DAY 0 o) HI At B2, D(AY0. ) < CUAUN DAY o+ 310,77, DAY )
(14)
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(i) Let v < B and y,B € (0,1). Then there exists a unique classical solution to such that
85) 4> Au belong to C3(I; X) if and only if

(c) f € CH(L;X);

(d) ug € D(A) and Aug + f(0) € (X, D(A))+/(28),00-

In particular, it holds the estimate
B
||a(07t]u||0%(1;x) + ”AUHC%(LX) < C(HAU’O||(X,D(A))W/(2/3),o¢ + ”fHC%(I,X)) (15)

As a byproduct, from estimates and , by taking X = C(T%), 6 = v/(28), A as
the realization of the Laplacian in X so that (X, D(A)),/28),00 =~ C#(T?), we get the Holder
estimate

&)
||8(07t]u

+ || — Au

330 o33 SCUl g o3 ey T 0l 243 10))- (16)

( Td)

A similar estimate can be obtained for the fully nonlocal operator @, i.e. when A is the
realization of the fractional Laplacian of order s € (0,1)

10, , < cdirl

0

1(=4)%ull 5

cFE@ " ¢ (Q et ety TIlerd @) -

We now provide a proof of the Holder’s regularity estimate which exploits formula and
the K-method introduced in Section This approach is inspired by the tools used in [38] (see
also [39, 50]) which however requires to restrict the range of 8 € (1/2,1). We remind the reader
that Schauder type estimates for the classical heat operator go back to [32] (see also [40]), while
for the space-fractional heat equation we refer the reader to [6] 22| [13].

We begin with some preliminary decay estimates for the fractional heat semigroup e*® in
Hoélder spaces.

Lemma 4.2. For every 01,05 € R, 0 < 6y < 0o, there exists C = C(61,03) such that for all
f e o)

€% fll oz pay < Ct= 7002 £ oy (pay
Proof. Computations of [I3} Remark 2.7] (in particular the representation formula for heat semi-

group and Young’s inequality for convolution) show that for every k > h, k,h € NU {0} there
exists C' = C(h, k)

_k
€2 fllortn(ay < CE2 || fllonray -

This implies that e*® f : C"(T?%) — C*+7(T?) is bounded for ¢ > 0. Recall that, as a consequence
of the so-called Reiteration Theorem [39), Section 1.2.4] and [38, Theorem 1.1.14 and Example
1.1.7] (whose proofs can be readily adapted to the torus) we get

(Ch(Td), C’H—h(']rd))a}m — Ch+a(Td) ]

In addition, one also has e/®f : L>°(T¢) — L>(T%). By interpolation (see [39, Proposition
1.2.6]), '™ maps C% (T4) onto C?(T?) with the desired estimate. O

We also recall the following interpolation result.

Lemma 4.3. Let 0 < 6y < 03. For o € (0,1) such that (1 — o)1 + 064 is not an integer, we
have
(091 (']Td)> o (Td))o_ o = C(1=0)01+00 (Td)

14



Proof. The proof is a consequence of the Reiteration Theorem [39] Section 1.2.4] O

Theorem 4.4. Let B € (1/2,1), v € (0,1) withy # B, f € C#3(Q) and up € C** 7 (T4). Then,
there exists a constant C, depending on d, T, 3,~ (which remains bounded for bounded values of
T ) such that every classical solution to fulfills

sup [0l a0 < CCsup [FG0) 3

< + .
te[0,T (Td) t€[0,T7] (Td) || 0” PoGA:

o)
Proof. The key point is to use Lemma which gives the identity
CHA(T) = (CFH (T, OF 37 (T) 552,00
We take 6 < 4 —2/8 < 2 (note that 4 — 2/8 > 0 since > 1/2) in order to have that
B—68/2€(0,1) and 1 —§/2—1/5 > —1. We write
t
u(t) = Eg(—tBA)uo +/ TB_IEg’g(—TBA)f(L‘ —T7)dT
0

_ / " My (e (- min{€ ntt i) A - min{e nom 8y g

min{&,t} t
+/ Tﬁ_lE57B(—TﬁA)f(t—T)dT+/ TP Eg (=P A f(t — T)dT
0 min{¢,t}
= c(§) +a(§) +b(E) .

Then a(¢) € CFH(T4) and b(¢), ¢(€) € C3F579(T4). Indeed, by Lemma [1.2]

min{¢,t}
la©ll 3+ (T4) —6/ . 1/ Mg(m)nlle=™" Af”m”md)d”dT

min{¢, t}
<3 / / Mp(ny'=/2dn ==57/2dr sup [1£()]
0 t€[0,T]

<GP0 sup QDI

tel0,T

jod
CB (T4)

b

CP (T4

where we used that [ Mg (n)n'~%/2dn < co by Proposition [3.4/and 1 — §/2 > —1. Moreover

t e’}
b(e < -1 [y —n?A dnd
6252 45 gy < /m .. / Al A oy, dndr

t o]
< ﬁ/ 7-5—1/ Mﬁ(n)nl—l/ﬂ—éﬂdn Fo1=08/2 4, sup Hf(.’t)HC%(Td)
min{¢,t} te[0,T]

< P12 gqup |IF LD 2 .
S IFC O o3 oy

Finally

(oo}
—ngf A
I 2570y < | Mo S0 330

C B

SC/ M ()02~ dn||u | oot d £B-1-68/2 < (gh—1-56/2
0

B (Td) HUOHC2+%(T¢1)'
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Therefore

€K (g, u(t), CFH(T), CEHH(TY) < €99/ {a(€) + £(0(E) + e(€))}

< O 176Dl gy + 00l )
O
Remark 4. 5 One can also study parabolic Schauder estimates for the operator 6(0 " + (—=A)®
and 0y — A + (—A)®. In the second case, one has to use the fact that the semigroup generated

by the sum of —A + (—A)® is the composition of the two semigroups and get the right decay
bounds (see [13] and references therein).

5 On time-fractional Hamilton-Jacobi equation

In this section, we prove existence and regularity results for the time-fractional Hamilton-Jacobi
equation . In the first part, via nonlinear adjoint method, we get an a priori bound on the
gradient of the solution. In the second part, exploiting the previous bound, we prove existence
and uniqueness of classical solution to the problem.
From now on, we suppose that H = H(z,p) is C?(T% x R?), H(x,p) > H(zx,0) = 0 (if not,
one may compensate by adding a positive constant to V') and there exist constants v > 1 and
cy,Ch,Cyg > 0 such that
|DpH (2,p)] < Culp"™" + Cn (H2)
| D3, H(x,p)| < Culpl” +Ch (H3)
| Dy H (2, p)| < Crlp ™" + Cn (H4)
D} H(z,p)¢ € = Culp|*I¢[* — (H5)
for every x € T?¢, p € R? and ¢ € R?. Typical examples of Hamiltonians we have in mind are
related to the theory of Mean Field Games, where H is convex and superlinear in the second

entry. For instance, Hi(z,p) = hy(x)|p|? or Hy(z,p) = ha(z){(1 + [p|?)* — 1} with h; € C*(T%),
i = 1,2, fulfill the above assumptions.

5.1 Well-posedness and regularity results for the time-fractional Fokker-
Planck equation

We will use the following integration by parts formula, whose proof can be found in e.g. [35]
Lemma 2.8]

Lemma 5.1. Let u,v € C1([0,7]). Then

[ @) = ot e = [ (@5 ute)u(o) - u(o) a

In particular, this is equivalent to
/O (t)3g () dt +u(0) (I v)(0) = /0 u(t)og yv(t) dt+v(r) (I Ju)(r) ,
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where

_ 1 Eou(s)
o0 = 5 [, G

1— B 1 T ow(s)
(I(t,r,?”)(ﬂ - F(]. o 5) /t (5 o t)ﬂds’

are the forward and backward Riemann-Liouville integrals. The integration by parts formula
remains true if u € Li, (0,7) for v e CX((—o0,T)).

loc

Proof. The first identity is proved in [35, Lemma 2.8 and Remark 2.6]. The second one is a
consequence of the equalities

d .- u(0)
B _ 1-8
Ooqu(®) = g |16 n®] - r =5 -
dr._ u(T)
B8 _ 2 Il B
%m0 == [1700] - —gara—p
O
We consider now the (backward) time-fractional Fokker-Planck equation
35,7)!0 —oAp —div(b(z,t)p) =0 in Q, :=T¢x (0,7), (17)
p(x,7) = p;(x) in T¢,

where ¢ is a positive constant and

5] _ 1 " asp(xas)
Pt =5 |

is the backward Caputo derivative, 7 < T'. We first premise the following

Definition 5.2. Let 8 € (0,1) and b € L*>®(Q,;R?%). We say that p € L?(0,7; H}(T)) with
8% pe L2(0,7; H*(T%)) is a weak solution to in the sense that

[t.7)

Pa(ﬁo P+ opAp —b- Dopdrdt = pfa(% t]godxdt .
0 J1d ’ o Jrd '

for every ¢ € C>(T? x (0, 7]).

We recall that it is possible to define a weak notion of Caputo-time derivative as in [35]. Note
also that compactly supported test functions are enough by density arguments. In particular, it
holds

/ <8[€,7—)p750>H*1(’J1‘d),H1(’[[‘d) +/ /W oDp-Dyp —b-Dppdxdt =0,
0 0

for every ¢ € L*(0,7; H*(T%)), (-, -) sr-1(14), 1 (1) being the duality between H*(T%) and H~*(T%).
We emphasize that the requirement aﬁ HP € L?(0,7; H~*(T%)) guarantees that p is continuous

at the terminal time whenever § > 1/2, so that the left limit p(z,77) = p,(z) is well-defined,
see e.g. [35, Lemma 3.1-(iii)]. Note that this restriction on S will be needed even in the context
of the Hamilton-Jacobi equation later on.

We prove the following existence result (a similar result appeared in [51, Theorem 2.8].

17



Proposition 5.3. Let b € L= (Qr;RY), p, € L*(T?) with p, > 0 and

W ={p € L*(0,7; H'(T")), 9], . p € L*(0,7; H"(T%)).}
Then, there exists a unique weak solution to which belongs to W. In particular, we also
have p >0 a.e. on Qr and ||p(t)||L1(ray = [|pr||L1(Tay for a.e. t €[0,7).

Proof. We set o = 1 for simplicity. Using the convexity of the L?-norm one has

1

gﬁﬁ,T)pZ(z,t) <)y pl@, (e, 1) (18)
for a.e. (x,t) € Q, (see e.g. [35, Lemma 2.4]). We can now use ¢ = p as a test function in the
weak formulation, , Lemma and Young’s inequality to conclude

1 1
B8 2 2 2
300 0O + [ Do do <5 [ 1Dpldo+ Cllprlzaces

where we also used that [|p(s)|p2(rey < Cllprllp2(rey for a.e. s € (0,7) (these are classical

estimates that can be obtained, for instance, using the Duhamel-like formula for suitably
regular drift vector fields, see also [5I, Lemma 2.1]), giving in particular

1 1

§8€77)||P(t)\\%2(w) + §HDP||2L2(W) < CllprllLz(re) (19)
for some positive constant C' > 0. Using [35, Lemma 2.3] in 7 one obtains the non-local
control

1 /t 1-8 2
sup —— t—s p(s 1 ds < C'.
te(0.7) F(ﬂ) 0 ( ) (H ( )HH (Td))
This yields an a priori estimate of p € L*(H") and sup,¢ (g - I(lo_t/]g(||p(t)Hf{1(W)) in terms of the

data. Using these bounds, the estimate of 6@77) p in L2(H~1) follows immediately by duality.
To prove the existence, we can argue using e.g. the Leray-Schauder fixed point theorem on the
space W, which are Banach spaces due to [28]. To this aim, consider the map G : W x [0,1] — W
defined by m — p = G[m;(] as the solution to the parametrized problem

a[i;)ﬂ — Ap = (div(b(z,t)m) in Q, ,p(z,7) = Cpy, in T .

We note that G[m;0] = 0 by standard results for the time-fractional heat equation. To show
that the map is well-defined, one can argue as in the previous procedure by testing the equation
against p itself (see also Remark . Furthermore, if p € W and ¢ € [0, 1] satisfy p = G|p; (],
then the a priori estimates carry through uniformly in ¢, giving ||p|lw < C.

The compactness of the map G follows by using the compactness criteria in [35]. More precisely,
let m,, € W be a bounded sequence such that p, = G[my;(]. Using the strategy outlined above,
we obtain that p,, is bounded in W and the nonlocal control

1 /t 1-8 2
sup ——— t—s pon(s 1 ds < C .
S0 5 Jo (t =) " (lpn(s) 1 (pay)

By [35, Theorem 4.2] (with M = HY(T¢), B = L*(T%) and Y = H~(T%)) we conclude the

strong convergence of p, to p in L?(Q,). Thus, without relabeling the index, we call p, the
(sub)sequence which converges strongly to p in L?(Q,) and such that Dp,, converges weakly to
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Dp in L*(Q,). We take ¢ = p, — p as a test function in the weak formulation of the equation
satisfied by p, to get

/O /Ed pna(%,t](pn —=p)+Dp-Dp—b-D(pn — p)my drdt = /0 /Td p'ra(ﬁo,t](f’n — p)dzdt .

and then, using , we get

[ [ 231000 ey s | / D=9 ot < - | / 00 (pa—p) dadt
7/ Dp - D(p,, d:cdtJr/ / pr(z Ot] d:rdt+/ / b- D(p, — p)m,, dxdt
0 Td Td

) + (IT1) + (IV)

Note that (II)-(IV) converge to 0 using the strong convergence of p, to p in L?(Q,) and the
weak convergence of Dp, to Dp in L?(Q,). Moreover, (I)-(III) converge to 0 integrating in
time Gfo’t] (pn — p), exploiting the strong convergence of p, to p in L?(Q,) and the fact that

pr € L?(T?). Using again [35, Lemma 2.3], we observe that

F(lﬁ)/o(tS)lﬁ(”D(pnp)(s)%z(ﬂ,d))ds%o

as n — 0o, giving the strong convergence of Dp,, to Dp in L*(Q,). The convergence of the
fractional time derivative follows by duality.
The uniqueness of solutions can be obtained, for instance, using the existence for the dual
equation, which holds true due to the boundedness of the drift vector field (see e.g. [58]) .
O

Remark 5.4. In particular, it can be proved by similar arguments to those used in [I4] that p
enjoys better regularity properties, e.g. in the space of functions

{p € L?(0, ;WP (T%) 0] . p € LP(0,7s WP (T%))}

for p > 1. We sketch the proof here for reader’s convenience. By the definition of weak solution,
we have

‘// Ot]go Agp)dxdt‘ ’// r Ot]gadacdt‘
+ [ ol dadt < / /. g ] + [V @ 1Dl o Il (20)

For i =1, ..., d consider the strong solution to the following inhomogeneous time-fractional heat
equation

{ (0,t] 1/] Aw |a i i P in QT = Td X (0a7-> 5 (21)

P(x,7) =0 in T? .

By LP maximal regularity for abstract evolution equations (cf Theorem [3.3) we get

||’¢)||5U§,(QT) < C||0w,plP~

"(Qr)
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A straightforward application of the Holder’s inequality yields
1 1
‘/ o 8$ip.,5(5()7t]1/1dxdt’ < TP ||axiPTHLP(Td)||8(ﬁo,t]1/)||LP’(QT) < TPHaxipfHLP(W)||¢H5V§,(QT)
We take ¢ = 0,,% in and, after integrating by parts, we have

/ i 00,0000y g0 — S0 ot < | | [ 900000y g ol 0 D0 ) P

1
<rT>» ||DPT||LP(W)W”wg,(QT) + ||bHL°°(QT)||1/JHBVI§,(QT)||P||LP(QT) < C||7/f||gv§,(Q )

Using the equation satisfied by 1 we find

// |0z, p|P dxdt = // 0z, p| 0w, p|P~20,, p dxdt
QT QT

giving thus the estimate on Dp € LP(Q.). As a byproduct, we conclude by Poincare inequality

ollLe(@.) < llp = Ulr(@, +7 < CillDplleq,) + 7

which can be bounded in terms of the data by the above estimates. The bound on the Caputo
derivative follows by duality and using the equation.

We remark in passing that such strategy can be implemented even when low regularity informa-
tion on the drift against the density p are available, namely when b € L¥(p) for some k > 1, see
c.g. [14, 12, @1].

Finally, when the drift b is smooth and p € LP(W'P) for every p > 1, one achieves classical
regularity by using maximal regularity results and implementing bootstrapping procedures.

5.2 Gradient bound

We consider the time-fractional Hamilton-Jacobi equation
{8(60 t] (35, t) —ocAu+ H(I7 D’U,(I, t)) - V(I7 t) in Qr, (22)

(2,0) = ug(x) in T9,

where ¢ is a positive constant. In this section, we prove gradient bound for classical solution
to (22). The method implemented here is based on the so-called nonlinear adjoint method (see
[12, 24] and [I3, Proposition 3.6]), that is on testing the Hamilton-Jacobi equation against the
(classical) solution to with optimal drift b(x,t) := —D, H (x, Du(z,t), i.e

{Gﬁ,q_)p —oAp—div(D,H(z,Du)p) =0 in Q, :=T¢x (0,7), (23)
p(z,7) = pr(z) in Tdv

where 7 < T. Here, we assume p, € C*(T%) with p; > 0 and [, p-(s)ds = 1. Under these
assumptions, the terminal data p, should be thought as an item of a sequence approximating a
singular terminal data (see e.g. [21]). Time-fractional Fokker-Planck equations has been recently
analyzed in [27]. We first recall an a priori bound on the sup-norm for linear time-fractional
PDEs.
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Lemma 5.5. Let u be a classical solution to

8<%¢]“ —oAu+b(x,t) - Du= F(z,t) in Qr,
u(z,0) = uo(x) in T9,

with b € C(Qr;RY), F € C(Qr) and ug € C(T?). Then, it holds

+ i F
. < _— .
HUHOO,QT = ”uOHoo,']l‘d F(l 6) ” ||007QT

Proof. The idea is to use the same procedure as in [37, Theorem 4]. Consider the function

M
w(x,t) =u(x,t) — e
with M := || F|lec:q, and note that it is a classical solution to

83

(Oﬂw—crAw—i-erw:Fl,

where Fy(z,t) = F(x,t) — M, since it holds

98 g L+

— 7P R 0.
e

(see [52 eq. (A.15)]). In particular, note that F; < 0 and, by the maximum principle (see e.g.
[37, Theorem 2], where similar arguments can be used for the case at hand of the drift-diffusion

operator 8(60 0= oA +b-D), we have

w(@,t) < [luolloc,re

allowing to conclude

T8
t) < —||F|s0:0p-
u(z,t) < J|uolloo,Ta + ) [1F oo
The lower bound follows by applying a minimum principle to the function w(z,t) = u(z,t) +
_M 4B
tP. O

T(1+8)

Lemma 5.6. Let u be a classical solution to . Then, there exists a (nonnegative) classical
solution p to , Moreover, we have the estimate

/ |Du|”pdxdt < C,
0 Jrd

where C' depends on K and not on p; nor 7.
Proof. By multiplying the time-fractional Hamilton-Jacobi equation

85

© ﬂufcrAquH(:c,Du) =V

by —p and the adjoint equation by wu, using Lemma [5.1] and summing both expressions one easily
obtains the following formula

|t ot nide = [ a0 o+ | [ Vot e
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+ / / (D, H(x, Du) - Du — H(z, Du))p dadt.

-

Then, by (HI|), we get

/(I(lofgu)(x,T)p(x,T)de/ / Vpd:vdt—i—CH/ / |Du|”p dxdt—
Td 0o Jrd 0 Jrd
- / / pdadt + / u(z,0)(Iy 5 p)(x, 0)dz . (26)
o Jrd T '

Since w is a classical solution to , a standard linearization argument and the application of
the Comparison Principle for time-fractional viscous PDE (see Lemma [5.5) yield

T8
ulloo.0p < lluoll oo + m( IV lleo:0p + I H G Ol sopa )- (27)

Finally, using the facts that

105 B @) e oy < Clhue, 7) | oe ooy,

H(I[loj-,—/@)‘p)(xvo))||L1(Td) < Cillp(@, 0)[| 21 (1a),
for all ¢ (see e.g. [28]), and plugging in we conclude the desired estimate. O
Theorem 5.7. Assume that V € C([0,T); C**7 (T4)), ug € C2(T?) and let K > 0 be such that

||V|\03(QT) + |uollc2(ray < K.
Then a classical solution u to satisfies
|12 (D?u(x, )¢ - E)llpee(rey < C1
for € € R, €] = 1, where Oy depends on K. In particular, it follows that u enjoys the estimate
[ Dullrr(q,) < Co (28)

for every p > 1 and some Csy depending in particular on K, B and not on o. Moreover, Cs
remains bounded for bounded values of T.

Proof. Let u be a classical solution and & € R?, |¢| = 1. Arguing as in the next Theorem (see
also Remark , one can assume that u has enough regularity to perform all the computations
below. Set v = Jzu and w = ngu. Then w solves
B(g.q — 0Aw + Dv - Dy H(x, Du) - Dv+ DyH(x, Du) - Dw + 2D} H(x, Du) - Dv
+ D2eH(z,Du) - Dv+ DZ.H(z,Du) = Vee  (29)

with initial data w(z,0) = agguo(ac), which can be equivalently rewritten as an abstract Volterra
equation of the form

t
w(t) = 0/ gs(t — T)Aw(t)dt + gz x F(t)
0
where
F(t) = Vee — (Dv - D3 H(x, Du) - Dv + DypH(z, Du) - Dw
+2D2% H(x, Du) - Dv + D% H(x, Du) - Dv + D% H(x, Du)).
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We test against the adjoint variable p solving . Using Lemma and integrating
by parts in space we get

Ad(l(lojgw)(x,r)p(x,r)dx+/ Dv - D2 H(x, Du) Dvp dudt = /Ed (2,0)(I} [0, ) p)(z,0) dz—

QT

2/@ D} H(x,Du) - Dv pdxdt/Q DZcH(z, Du) pdzdt+//Q Vee pdadt .

.

On one hand, by (H5]) we have

/Q Dv - D2 H(x, Du)Dv pdxdt > C, //Q |Du|"~2|Dv|* pdxdt — Cy // pdxdt

.

and hence, using also (H3|)-(H4]), we conclude
/ (I(lofgw)(x,T)p(x,T)dchrCl // |Du|"~2|Dv|* pdxdt — Cy // pdxdt
T Q- Q-
S/ w(m,O)(I(lo_f]p)(x,O) dx + Cy // | Du|"" | Dv| pdxdt + Cs // |Dul|” pdxdt
T4 ' Q- Q-

+(02+63)// pda:dt+// Veep dudt.
. Q-

Now, we apply Young’s inequality to the second term on the right-hand side of the above in-
equality to get

2 1
// |Du|" Y| Dv| pdxdt < %// |Du|"~2|Dv|? pdxdt + 7// |Dul|” pdxdt.
Qr &< JJQ,

Taking € so that C; = & we finally obtain the estimate

/Td (I fw) (@, 7)p(w, 7)de < /

Td

_ 1
w01l fo)a0)da + (5 + Ca) [ 1Dul paies
" 2C Q-

+/ Vee pdxdt +Cy .
QT

During the above computations C; = C;(Cy). After passing to the supremum over p, one gets
the estimate on
1—
||I(07T/3]w($a7')||mo(1rd) <Ci
which in turn yields a control on the quantity

Ilofl(HDuHLw(Td ) < Cs. (30)

Indeed, due to the fact that u is Z%periodic one has

||DU(',Q})HLOO(Td)§C sup 0§2£u(~,w)
z€Td,|¢|=1

for w € [0, 7] and then follows by the definition of I'~#. In particular, estimate assures
the control on || Dul|zs(q,) for every p since

// | Du(z, w)|Pdzdw < 7° // (1 — w)~P|Du(z, w)|Pdzdw
Qr Q-

= 01— A1 AIDuIL, ) < CrrP Il (1 Dul?

0,7] 0.4] ) < Cor’

oo(']rd)
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Remark 5.8. We point out that a similar gradient bound can be achieved again by duality
simply by considering the equation satisfied by v = O¢u and assuming the right-hand side V' €

c([o,T]; C'*%(T9)). Indeed, v solves
O(g.qv — oAV + DyH(x, Du) - Dv+ DeH(x, Du) = Ve

By testing against p solving and integrating by parts one obtains

Aduﬁo’,ﬁv)(m)p(m,w /

and then one concludes using the bound in Lemma [5.6] as above to get the nonlocal-in-time
control

DgH(x,Du)pd:cdt:/ v(x,O)(I(lofflp)(:c,O)dx—«—// Vep dadt
. :

Q- T ,

I A(IDul g (ray) < C

However, in order to tackle problems for first-order Mean Field Games with nonlocal coupling
and fractional time-derivative, where typically C? regularity on the right-hand side V is assumed
[8], we prefer to keep the estimate for w = Ogeu since this would yield a further information for
the drift of the Fokker-Planck equation.

O

5.3 Existence and uniqueness for the time-fractional Hamilton-Jacobi
equation

This section is devoted to the proof of Theorem concerning existence and uniqueness of

classical solutions to with regular right-hand side V. The crucial step in the proof is the

gradient bound of the previous section which allows to extend the solution from a local to a
global time interval.

Proof of Theorem[I.1} Step 1: Local existence on @, := T¢ x (0,7) . Let 7 <1 and

2
s2i= {u € a92(@0)  u0) =uo il 0 <@ p >+ 5}

be the space on which we apply the contraction mapping principle. The parameter a will be
chosen large enough. Fix z € g(}pz(QT)7 p>d+ % and let w = Jz be the solution of the problem

{Bg),t]w —Aw=V(zx,t)— H(x,Dz) inQ,, 1)

w(zx,0) = up(z) in T<.
We remark that in view of Proposition and the properties of H the right-hand side of

belong to LP(Q,), p > 1 and then Theorem implies that admits a unique solution
w € pV2(Q-) satisfying the following estimate

).

Notice that since p > d + 2/5 we have 1/p < /(d +2) < S for all 8 € (0,1), so that the
initial trace is well-defined. We show that we can choose 7 € (0,7 sufficiently small so that
[wll,02(q,) < a. By [11, Lemma 2.4]

lwllvz@.) < CUIVIze(@,) + [1H(z, D2)||Lo(q,) + HUOHszp%,p(W)

1 1
|H(z, Dz)||1r(q,) < C1727[|H(x, D2)||120(q,) < C2m% || D2||2..q. -
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Moreover, by the parabolic embeddings in Proposition we have

)

1D2lloci, < Calllllavzi@n + ol e 20

which both give

3 y ¥
(e, D2)ln@ < Cor (20 uzqy + ol a1 -

Then we are in position to show that J maps &, into itself. Indeed

Hwasz?(Qr) <C {HV”LP(QT) + 047-1/21)(”2“;\/3(Q7) + HUOH’IZV2—2/P[§,I)(Td)) + HUOHW2*2/pB,p(’]1‘d)}

< (Ve @ + TI/QPHZHZ%(QT) + maX{HUOH%/z—z/pB,p(qrd)v HUOHWZ—WP&P(W)})-
We take

a > Clmax{uolfya 2/ ollwa-smmgrn} + 1V Ir@n) + 1
Then, it follows that

||w||,3(/§(QT) < CTI/%HZHZ%(QT) +a—1.
By taking 7 sufficiently small we finally get [|w||,02(q,) < a.
To prove that J is a contraction, one has to argue as above, exploiting also the fact that for
bounded z € g2, p > d + %, then Dz is bounded in L*°(Q,). Using [19, Lemma A.6] and using
that (21 — 22)(0) = 0 we have
||21 - ZZ”LP(QT) < CTB||afo,t]Z|‘Lp(Qr)

for some positive C' depending merely on 5 and p and hence
|H (2, D=1) — H(z, D)l 10 0. < C1 D21 — Dasll o,

< Co (el D*(21 = 22) v (@) + €z = 22lle(q,))
< Coel D*(21 — 22)lo(@,) + Cae ™ 77 ||00) (21 — zg)‘

L)’
for some positive constants C1, Cs, C5, where the second inequality is achieved via interpolation.

Then, by first taking € small enough so that

1
Cre|D?(z — 22)|lr(q,) < Crellz1 — ZQHng(QT) < 1”21 - ZQHWPZ(QT)
and then choosing 7 sufficiently small so that

_ _ _ 1
026 17.,3 1/p Ha(ﬂ(),t](zl — ZQ)H < 026 1Tﬁ||z1 — Z2||(1VPQ(QT) < 1”21 — 22”/11/5(@1—) s

Lr(Q+)

we conclude that 1
21 = 22l 502(Q.) < §||Z1 — 22/l 502(0.)

ensuring the existence and uniqueness of a fixed point Jz = z and hence a solution in the
2
interval [0,7]. Moreover, by Proposition we have z € C([0,7]; W? #5?(T?)) and hence
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|Dz| € C([0,7]; C? (T%)). In view of the results in Section (specifically Theorem [4.4]or Theorem

applied to the equation
3([3(]71&]11 — Au = f(z,1t)

with f(z,t) = V(z,t) — H(z, Dz) € C([0,7]); C7 (T%)), we have u € C([0,7]); C**3(T%)). Then,
a bootstrap argument allows to conclude that u € C([0, 7]; ct (T?)) using the regularity of V.

Step 2. Continuation of the solution on a larger interval [0, 7 + w]. Let w : T? x [0,7] — R
be the local classical solution to the fractional Hamilton-Jacobi equation with initial data ug in
the interval [0, 7] obtained in the previous step. Define the set

~ 2
5, = {u € sVA(Qrrn) s ult) = w(t) 1 € 0,7, ull,uz(0rrn) S @ op > d+ B} |

Fix z € ga and let v = Jz be the solution to

8(%,1&]” —Av=V —H(z,Dz) inQrtw ,
v(z,0) = ug(x) in T9.

Then, as above, for w sufficiently small one proves that |[Jz|,02(q,..) < a. Indeed, if z € Sa,

then for all ¢ € [0, 7] we have v(t) = Jz = w(t). For ¢ € [r,7 + w| using LP maximal regularity

as in Step 1 one obtains that [[v[|,v2(q,,.,) < a. To prove that J is a contraction, one can argue

exactly in the same manner as in Step 1 to find

1
| J21 — J22||ﬂV5(Qr+w) = 5“21 - Z2||/3‘)3(QT+W)

for every z1, 23 € g@. Then, by the contraction mapping ]31"inciple7 one finds a unique fixed point
v € 8, which, by bootstrapping belongs to Q([O, 7 c*te (T%)). Repeating the same argument,

one finds a maximal interval of existence [0,T), where
T := sup{r € (0,7) : () has a unique solution in z30>(Q,)} .

Step 3. Global existence. In this step, we restrict to 8 € (%, 1) and we use the a priori gradient
kiounds coming from Theorem |5.7| to show that [[ul|,02(q,) remains bounded as 7 approaches to
T.

Let 7 € (0,T) and u € gvg(QT) be the unique solution to , which, by bootstrapping, is a
posteriori a classical solution. By Theorem with ¢ = 1, we have

[ DullLr(q,) < C,

for every p > 1, for some C' independently of 7. Then, the Hamilton-Jacobi equation can be
written as
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(0.t — Au = V(z,t) — H(x, Du)

with initial data u(z,0) = ug. Consider then the solution to the linear problem

8(5(“}11 —Av=V(z,t) inQ,,
v(z,0) = up(x) in T<.
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By Theorem the previous problem admits a unique solution v € BVPQ(QT). In particular, one
has
[u = vl 0200, < CrllH(z, Du)llLe@,) < C2(IDullfm .y +1) < Cs

for some C3 independent of 7 by exploiting the gradient bound in Theorem Since ||v]] 2V2(Qr)

stays bounded for 7 /T, the same is true for ||vHBVp2(QT), yielding thus the global existence.
O

Some final comments on the results are in order

Remark 5.9. Note that a space-time Holder regularity result for the time-fractional Hamilton-
Jacobi equation can be obtained using Theorem instead of Theorem More precisely,
one first show, as in the above Step 1, that z € BUE(Q)~ First, since 9;, i = 1, ..., d, is a bounded
linear operator from g92(Q) to HP2(0,7; LP(T)) N LP(0, 7; WP (T?)) (see e.g. [0, Proposition
2.4] for the whole space case, the periodic case can be treated using transference arguments
from R? to T¢ as in [13]), it follows that |Dz| € Hg/Q(O,T; Lr(T4)) N LP(0,7; WP(T9)). This
immediately implies by the Mixed Derivative Theorem that

JEa B¢
|Dz| € Hy (0,75 LP(T) N LP(0, s WHP(T?)) = Hy? (0,7; H,~¢(T7))

for all ¢ € [0, 1], whereas, owing to Remark it is possible to conclude that |Dz| belong to
C7(C™) for suitable 1,72 € (0,1) whenever p > d 4+ 2/3. This finally gives that H(x, Du) €
C7(C") and Theorem eventually yields the space-time Holder regularity result.

The latter Sobolev embedding is reminiscent of those for the parabolic class ,336;: we refer e.g.
to [20, Theorem A.7], where similar embeddings are proved in the time-fractional setting, but
not in the periodic case (see also [14] Proposition 2.2] for its local counterpart on the torus and
[41, Appendix A] on the whole space).

Furthermore, note that the restriction 8 € (1/2,1) is necessary and a consequence of Theorem
Heuristically, this is due to the fact that under the regime 8 € (1/2,1) the time-fractional
parabolic operator behaves like the heat operator and this allows to use standard decay estimates
of the heat semigroup.

Remark 5.10. The restriction on p > d+2/8 in Theorem when applying the contraction map-
ping procedure, is consistent with Lipschitz regularity results for time-fractional heat equations
with LP right-hand side. In particular, let us consider the problem

6?0775]1) —Av=f(x,t) inQr,
v(x,0) = vo(x) in T<.

with vg € W2 55 P (T9) and f € LP(Qr). Maximal LP-regularity result and Sobolev embedding
theorems yield v € gU2(Qr) and

sV2(Qr) < C(0,T; W75 7(T4)) .

Then, one observes that if v € C(0, T} WQ_%’p(’]I‘d)), then |Dv| € C(0,T; Wl_%’p('ﬂ‘d)), and one
finally concludes using that W'~ #5? (T?) is embedded at least in C(Q7) whenever (1 — %)p >d
by Lemma [2.2}(ii), i.e. p > d +2/B.
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