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0 c ó

�©Ì�0�Üþ©ÛÚõ�ª`z�¡�SN. Üþ©Û§Ì��Üþ©)ÚÜ
þA��¯K§ÙSNÌ��)Üþ©)ÚÜþA���nØÚ�{¶õ�ª`z´�
8I¼êÚ�å¼êÑ´õ�ª��a`z¯K. �u�ö�ïÄ�µ!Ñu:ÚïÄ
SN��¡�ØÓ§e¡·�éùüÜ©©O?10�§�3�{�¡¬?Ø§��m
�éX.

1 Üþ©Û¥�#?Ð

1.1 Üþ©Û{0

Üþ�,@319­V�©AÛ�ïÄ¥Ò�Ú\§�·�ùp�ÜþÌ�´�p�
êâ��«ü�9§�3p�ênÚO!&Ò?n!ã�?nÚzÆOþ�+�¥�¹
Â§§�±�w¤´Ý
��«í2§Ú�©AÛ¥Üþ�¹Â9Xú:ØÓ (X�[1]).
�©¥Üþ©ÛÌ��Üþ©)ÚÜþA��¯K�nØ9){.
Üþ©)�Ð´dHitchcock31927cJÑ.�20­V60—70c�§�5�õ�ïÄö

m©3%nÿþ!zÆOþ�ïÄ+�¦^Üþ. �Xù
Æ��uÐ9�õ�+�é
Üþ9Ùk'5�!){��£�?�ÚI¦§�\
XÚ�nØïÄÒ�5�­�
§
¿ÅìÚåêÆ[§AO´A^êÆ[�­À. l2004cm©§3{I!î³�/ºYÞ
�
Üþ©)9ÙA^�Æâ¬Æ§2007cQi �[2]éÜþ�$�!Üþ©)!ÜþA�
�9ÙA^�
nã¶2009c§Kolda�[1]35SIAM Review6þéÜþ©)9ÙA^�

��[�nã. 2009c§Cichocki�[3]3¦��Í�5Nonnegative Matrix and Tensor
Factorizations6¥§�[0�
Üþ©)¥��«Vg9$�5K§�«�KÝ
Ú�K
Üþ©)9§�3M�Æ!_
©l�+�¥�A^§¿0�
A«²;���5`z
�{. ùL²
Üþ©)¥��
O��±8(�`z¯K½¦^`z�{�¦).
du3%nÚOÆ!zÆOþÆ!&Ò?n!ê��5�ê!O�Å�Àz!ê�©

Û!ã�©ÛÚ)Ô&E��5�õ�+�¥I�^Üþ�Lã�
¯K§
�3k

�/e¦^ÜþLã¬'¦^Ý
�k`³§ù?�Úr?
éÜþ©)�ïÄ.�XÝ

©)Ú%C@�§�¤±I�ïÄÜþ�©)9%C§��¡´F"ÏL©)§Ul�
þ�êâ¥��éL�é�A:��x¶,��¡§ÏLÜþ�$�%C§�±�)?n
°þêâ3�;!DÑ!©Û��¡�Øå§±BU
'�O(�p�/?n�aêâ.
Üþ´�êâ��«ü�§��m�n��Üþ§́ �Ù¥���eI´m�§
z�

��I�Cz��´l1�n, ùpm, nÑ´��ê. w,§�m�1Ú2�§¤L«�Üþ
©O´n��þÚn��
. �A´��Üþ§�±PA = (ai1···im), ùpij = 1, · · · , n§j =
1, · · · ,m§¡A´��m�n� (��) Üþ. XJÙeI�?¿��ØUC����§K
¡TÜþ´é¡�.
�Ý
��§�±½ÂÜþ�m�\!~!¦{$�§��±½ÂÜþÚÝ
!�þ

�m�¦È. ��§�±½Â��Üþ�©).
Üþ©)�½Â�ªkõ«§Ù¥~^�ü«´µ(1) CP©)§=òÜþ��eZCP

��1�Üþ (e��m�n�ÜþA�±��m��"n��þ�	È§K¡ù�	È´
ÜþA�CP�1©)§¿¡ÜþA�CP��1) �Ú¶(2) Tucker©)§§´Ý
ÛÉ�©
)�í2§'CP©)E,. CP©)´Tucker©)�AÏ�/. �k�
Ù¦�©). æ
^�o��©)�¯K�á5Ú�¦k'.

XJ��Üþ�±��eZ�CP��1�Üþ�Ú§�¦Ú��1Üþ�êØ�~�§
K¡ù���ê�TÜþ�CP�. CP�1%C´_
©l (BSS) ����êÆ�.. ,
	§�Ý
�/��§̂ $��Üþ%Cp�Üþ§3°ÝN��^�e§�U¬��~
�Üþ��;!DÑ!©Û�ó�þ. �ÚÝ
�/ØÓ�´§ù�CP�Z%C¯K¬
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Ñy)Ø�3��¹§�e�½3,
AÏ�/§'X�KÜþ��K©)§K)´�3
� (X�[4]).
¦+®k�«O�CP©)!Tucker©)��{§��{�nØ©Û�©"y§Ù¥

�«����@���{´�O���¦{ (ALS), ùa�{ÚÝ
O���O���
¦{!�©là`z¯KÚ�©lC©Ø�ª¥��O��{3g�þÚ�{Ú½þa
q.
3Üþ©)Ú�Z$�%C¥§Ì�küa�{µ�a´��{§ùa�{Ì�/Ï

Ý
nØ¥®k�(ØÚ�{§��'uÜþ©)�(Ø§Xp�ÛÉ�©) (HOSVD)¶
,�a´��5�`z¥�S��{ÚtµEâ§T�{��(Ü¯K�äNA:§�
��'��{½tµ�à`z¯K��¯K�Cq'.
l20­V70c�å§Üþ©)!%C9Ù3�+�¥�A^ïÄ3I	m©��­

ÀÚk�¯�uÐ§®²��
�©´L�(J.�é
ó§ISù�¡�ïÄ�?uå
Ú�ã§�êØõ�ïÄó�Ì�8¥3^`z��{éÜþ�1�Z%C��¡¤��
nØïÄ (X�[5]).

2005c§Qi[6]ÚLim[7]©OÕáJÑ
ÜþA���A��þ�Vg§§��±�w
¤´Ý
A���A��þ�í2. �±`§ÜþA��!A��þ�Ð�JÑ§Ì�
´lêÆ�ÝÑuéÝ
A��!A��þ�g,uÐÚí2§�Üþ©)�uÐ�µ
ÚÄÅké�ØÓ. QiÚLimÑ´�ÄÜþ´é¡9A��!A��þ�¢��/. �
5§Chang�[8]�Ñ
ÜþA��!A��þ���½Â. ��ÜþA���nØ9A^
��
¯�uÐ.

1.2 ÜþA��nØ9�{�¡��
#?Ð

ÜþA���A��þ�½ÂÌ�kXeü«µ

Axm−1 = λx[m−1]

Ú
Axm−1 = λx, ‖x‖2 = 1,

ùpAxm−1L«n��þ§Ù1i�©þ½Â�

(Axm−1)i =

n∑
i=1

ai1i2···imxi2 · · ·xim , i = 1, · · · , n.

��§�m = 2�§�ö´���. 3¢ê�¥§¡1�«½Â¥�λ, x©O�éA
uÜþA�H-A��ÚH-A��þ§1�«½Â¥�λ, x�éA�Z-A��ÚZ-A��
þ. XJò1�«½Â¥�2-�êU�1-�ê§ù�§λ, x©O¡�Z1-A��ÚZ1-A�
�þ[9]. �Ý
�/aq§�±é���Üþ½ÂÛÉ�Ú�A�A��þ.
3Ý
nØ�¡§|^A�õ�ª¦)Ý
A��´��Ä��{. aq/§|^

Üþ1�ªVg�±Ú?ÜþA�õ�ª§¿±d�Ä:ïÄÜþA��9Ù­�5�.
ù�±�?�ÚïÄÜþA��9Ù�'¯KJø7��nØÄ:Ú#g´. ®k��
'¤J�[10].

Qi[6, 11]?Ø
H-A����ê9¤kA���Ú!È!­ê!A��3���C�e
�ØC5!���O�(J§¿|^(ªnØïÄ
àgÜþA����ê�. Qi�[12, 13]

��Ñ
ÜþA��3óê�Üþ��5�O!�Æã�!þfÅ�!�5åÆÚ��
Ø�+�¥�A^.

Lim[7]|^C©�{ÚÑ
ÜþA��!ÛÉ��½Â¿½Â
Üþ�Ø��59�
KØ�©Üþ�Perron-Frobenius½n�ÐÚ(J. ��Chang�[14]XÚ/ïÄ
'uH-
A���Perron-Frobenius½n§Yang�[15, 16]?�ÚòPerron-FrobeniusnØí2���
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�KÜþ�/¿��?�Ú�(J. Friedland�[17]é��àgõ�õ�ª½Â
���
�A��ÚA��þ§¿ÏLãØ¥ëÏ5�VgJÑ
fØ��Üþ�½Â§¿3ù
�^�e?�Úí2
Perron-Frobenius½n. Chang �[18]é�K��Üþ��/§�Ñ

í2�min-max½n�(J. Yang�[19]?�Úí2
��Üþ��ÛÉ��k'(J§
¿3�½^�ey²
í2��{�Âñ5.

H-A���Perron-Frobenius½n9Ù¦nØ(Jõê´d�KÝ
A��¥��
'(JuÐ
5§ù�¡�(J�±`®²'��õ
. �CChang, QiÚZhang[20]é�
KÜþA��nØ�Ñ
���[�nã, Yang�[21]�?6
±�KÜþïÄ�Ì�S
N�;6.

�KØ��^�eÌ�»éA�A��þ�­ê¯K�´H-A��nØ¥��­�
�ïÄ�K§ØÓuÝ
�/§ùp��A��éA�A��þ¢AÛ­êÚEAÛ­
ê�U´Ø��. Chang�[8, 14]ÄkJÑÚïÄ
T¯K§Yang�[22]éÌ�»éA�A
��þ�¢AÛü�ÚEAÛü��
?�ÚïÄ.

Üþ�©a9ØÓa�m�'X´ÜþïÄ¥���­��K§ù«©a�7�5
3u�xÜþ5��nØ(JÚ�{Âñ5�nØ©Û(J§Ñ´3�½^�e§é,
�aÜþâ¤á�. ÄklÝ
uÐí2�Üþ´Ø���!��!�����Vg. �
duÜþ�'Ý
E,§ÏLÜþ�Ý
Ðm½ÄuéAã�ØÓ½Â§û)ÑfØ�
�!f�!Ü©é¡!fé¡!f�����X�#�3Ý
�/Ø¬k�VgÚ½Â§
��Ì��Ï´d�� (²¡) Ý
�/*Ð�n� (áN) 9±þ�/§�5
#�¯
K. 3ù
#��f�^�e§®k�·K´Ä¤á½�´Ü©¤á§ÑI�u�!y²
½ÏL�~�±Ä½. Hu§HuangÚQi[23]ïÄ
�«ØÓa�Üþ§¿?Ø
ùAaÜ
þ�m��¹'X½��'X.

Ng, QiÚZhou[24]ÄkòÝ
¥¦���A����{í2�O�Üþ����H-A
��¯K§Chang�[25]3Üþ´��^�ey²
�{�Âñ5§ZhangÚQi[26]3Üþ�
���^�ey²
�{��5Âñ5(J. ù�(J�5�Chang[18]�í2���Ü
þ��ÛÉ�){�ïÄ¥. Qi, WangÚWang[27]éZ-A��$��/JÑ
¦���
A������{.

é���KÜþ�/§Chen�[28]ÏLé�Üþ\���6Ä9SS�Ø°(E|§
�Ñ
�«¦)��ÜþÌ�»��{§¿y²
�{�Âñ5§�3�½^�e�Ñ

�{�O�E,Ý; ,	§é��Üþ§¦��ÏLi\E|§r��Üþ��ÛÉ��
O�=z���ÜþÌ�»�O�. ê�(JL²
ù«?n�{�k�5. Hu�[23]æ
^é���KÜþ©)��ª§r¦)Ì�»¯K=z�¦)�5�Ø��ÜþÌ�»
��{§,�N^éØ���KÜþ��{¦)���KÜþ�Ì�».

Yang�[15]®²y²§éH-A��§¦�KØ��ÜþÌ�»�du¦��AÏ�à
õ�ª`z¯K§l
��±3õ�ª�mS¦)Ø��ÜþH-Ì�»Jø
nØ�â.
Zhou�[29] ¦^ù«�dC�§2�â�'¯K�A:§¦^à`ztµEâ§JÑ
¦
)�KØ��ÜþÌ�»��{.

�é5`§Z-A���A^�µ�²(§�duÙ�àg5§��éH-A���õ
ê(Ø (XPerron-FrobeniusnØ) éZ-A��ÚZ1-A��Ø¤á. Chang�[9]éZ-A�
�ÚZ1-A���5��
�[�ïÄ.

é¡�/���Z-A����O��±8(�ü ¥¡þàgÜþ¼ê�Û���
�O�§�� é¡Üþ��Z-ÛÉ��O��±8(�Vàg¼ê3ü�ü ¥¡þ
��Û����O�. ù´�aAÏ��ª�å`z¯K§�´AÏ�õ�ª`z¯K.
�ØÓuH-A���/§duéH-A��¤á�min-max½néZ(Z1)-A��Ø2¤á§
Ã{�H-A��@�r¦��Z-A�� (ÛÉ�)¯K=z����d�à`z¯K.¢
Sþ§¦�KÜþ��Z(Z1)-A�� (ÛÉ�)¯K��þ´���à`z¯K§́ NP-J
¯K. éùa¯K�¦)8cÌ�kna�{µ�a´æ^�å`z¥®k��{½�
â¯KA:�·�Cz�¦)¶,�a´æ^aqu¦��H-A���{��ª¦)¶
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�k�a´æ^�¦)�à�g5y¯K½lÑ`z�Û�`
uÐå5��½5yt
µEâ§Ù�{´ò�¦��à`z¯K��`��O3��«mS§
«müà��
ÏL¦)�¯K��aàtµ`z¯K��§2ÏL,«�ÅEâ)¤Cq). Kolda
�[30]æ^1�«�{JÑ
�«¦�� (�) Z-A����{§�
�ÑKofidis�[31]J
Ñ��{�UØÂñ�":§38I¼ê\
 £�§±�yÙ¥ëê¿©�½¿©�
�§8I¼ê´à�½]�§,�2¦^�{. �ù«�{�Ã{�y¦���Z-A�
�. Qi, WangÚWang[27]é$�$��AÏ�/§�Ñ
¦)A��!A��þ����
{. �±`§cü«�{��þÃ{�y¦���½��Z-A��.1n«¦)Eâ�±
B\õ�ª�Û�`z�¦)�{¥. Hu, HuangÚQi[32]ò¦)Üþ��� (9��) Z-
A��¯K=z�¦)�X��½5y¯K§Ù¥¦^�Ì��{´õ�ª`z¥�²
�Ú (SOS) �{. 3e�Ü©òéé¡Üþ��½��Z-A��½���õ�ª`z¯
K�){9k'(J���[�Øã.

1.3 ?�Ú�uÐª³Ú¯K

(1)8cÜþ^uÚ�ãnØk'�ïÄ®���
k��(J (�[33-36]) . 2013c5�
34²�Æðm
�ãÌnØ�Æâ¬Æ.Üþ�{®'ß��êâ!Ø a�!ÀªE
â!Ý
��z�¯K�ïÄ¥. 3ù
¯K�ïÄ¥§̂ Üþ�OÝ
´ÙÌ�Cz.
ù«í2k�o`:§9ïÄ#��.����#¯K§Ñ´I�ïÄ�.

(2) Üþ©)!%C9�� (�) Z-A��½Ù¦a.�A���O�¬�5�õ/
¦^õ�ª`z!��5©Û¥�(ØÚ�{§AO´ùp�����5`z¯K��
Û�`)�O�§áuõ�ª`z¥I�ïÄ�­�¯K. ?�ÚuÐ�ª³9¯K�
ë�e¡õ�ª`zÜ©.

(3) Üþ��kÐA«½Â§�ùA«½Â����´ØÓ�§ù´ÚÝ
�/k­
�«O�/�.z�«½Â�¹ÂÚA:§*d�m�'X§���OÚO�´I�?�
ÚïÄ�¯K.

(4) ?�ÚïÄ¦)�õA����{. 3�
äN¯K¥, A���¹Â�k�?
�ÚïÄ.

2 õ�ª`z¥��
#?Ð

2.1 ïÄ+�Vã

õ�ª`z´�8I¼êÚ�å¼êþ�õ�ª��aAÏ���55y¯K§d
uõ�ª`z¯K�KKT^�E,���õ�ªXÚ§Ïd§õ�ª`z¯K�ïÄ�
�)õ�ª�§|¯K. e¡{�lõ�ª`z¯K�êÆ�.!A^Úê��{��
¡§éÙuÐ{¤!yG�cµ��0�.
õ�ª`z�ïÄ{¤�J��Hilbertu1900c3niðm�1�3ISêÆ[�

¬þJÑ�117�¯K,=�Kõ�ª�knõ�ª (=ü�õ�ª�')�²�Ú (SOS)
��d5?Ø[37]. ��§Hilbertß�:?Û��¢��Kõ�ªÑUL«¤knõ�ª�
²�Ú. 1927cArtin[38]y²Tß�¤á. �ïá��¢��Kõ�ª�knõ�ª�²
�Ú�L�ª§Delzell[39]�Ñ
�a�E5�{.
õ�ª`zØ=3��55y¯K¥kÄ:5A^ (XS��g5y�{!&6�

�{f¯K�)§�
·Ü�ê5y��=z¤õ�ª`z�.§
�²L!+n!�Ï!
Ï&Úó§¥��þ¢S¯KÑ�±^õ�ª`z5ï� (X��[40—50]). Ïd, õ�
ª`z¯K�ïÄØ�áÚ
Nõ`zïÄÆö�,�, 
��Úå
�1l¯�êÆ
ïÄÆö�5¿. ¦�©OlnØ©ÛÚê�O���ÝéT¯KÐmïÄ,��
�X
�­�ïÄ¤J. Ù¥§du�g`z�AÏ/ §ÙïÄ{¤c�aÈ!¤�¤Jc�
´L (��[37, 50-54]).
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,	§lþfåÆÚ�Æ¤�¥JõÑ�õ�ª`z¯Káu�aAÏ�àgõ�
ª`z¯K. Äuàg (AO´pgàg) õ�ª`z�ÜþO��m���'X§<�
éùaõ�ª`z¯K?1
XÚïÄ§��éõk¿Â�(J§XÜþ�$�%CÚ
©)�[27, 31, 43, 55−57].
õ�ª`z¯K��´�à�. Ïd3õê�¹e´NP-J�[58]§$�3ü ¥þ

�àgõ�ª4�¯K�´Xd[59]. ¤±§���õ�ª`z�.��Û�`)´�
~(J�. éuõ�ª`z¯K, @Ï�ó�[51, 60]õ´Äu�êÆ�GrobnerÄÚ(ª
(Resultant) nØ5Ï¦��õ�ª`z¯K�¤k�.: (critical points)§l¥Ï¦¯
K��`). ùa�{�"�´O�þ��, §�·^uDÕÚ$�¯K. �éu�ãÌ
nØ!p�ênÚO!E,�ä�O!õ�¬7KÝ]¥�õ�ª`z�.§du¤�9
�õ�ª  ­ê½gê�p§̄ K�5���§Ïdù«GrobnerÄÚ(ª�{J±�
1.
õ�ª`z¯K�­�59Ù3nØÚ�{�Oþ�(J¤�íÄõ�ª`zïÄ

ØäuÐ�Äå. ����5`z�AÏ�/§�O¦)Ù�Û�`)� (Cq) �{¤
�`zïÄö�Ì�?Ö. AO´§(Ü¢S�µ
JÑ��.(�AÏ.ïÄ�Û�`
5^�¿�O��k��Cq�{¤�õ�ª`zïÄ�Ì�SN��.

2.2 AaäN�õ�ª`z�ïÄ?Ð

õ�ª`z�ïÄ��©�ëY.ÚlÑ.üa§k��â¢S¯KI�q�¹©
lÑ·Ü.õ�ª`z�.. ØØ´ëY.�´lÑ.�g5y§duÙ3��55y
¥�ÕA/ Ú3Nõ¢S+��2�A^
É�AO'5. Cc5§pgõ�ª`z
¯KAO´äkAÏ(��àgõ�ª`z¯K�nØÚ�{ïÄ��­�?Ð§àg
pg�.�¤�õ�ª`z+��ïÄ9:��.
éuõ�ª`z¯K§��ég,��{´¦^®k���55y�{¦). �d

uõ�ª`z¯K�AÏ5§AO´¯K�5�  �~�§��^ù
�{5¦)�
��Çé$. õ�ª`z¯K�,����){´/Ï�`5^�òÙ=z�����
5�§|¯K[61]§,��O¦)�{[62−65]. �3¯K�5�é��§ùa�{O�þ�
�"�BàwÑ5.

ü ¥¡ (�±3ØÓ�ê�¿Âe) �å�àgõ�ª`z�.´�aAÏ�õ
�ª`z¯K§d�.¥�õ�ª8I¼êgê�U�é�p. ùa�.3á��Æ!Ú
OÆ¥k2�A^§�´p�ÜþA���A��þVg�`z�.2y§�Xc�Ü
©¤`§p�Üþ$�%C�©)¯K��±L«�ü ¥¡�å�àgõ�ª`z�
.. éù«AÏ(��õ�ª`z¯K§Qi�[27]ÏLÚ\ÜþA���Ñ
��Ì�4
?�¦)�{.
éuly Ý]|Ü¯KJÑ��a�àõ�ª`z¯K§Rustem�[66, 67]JÑ


�a*Ñ¦)�{. éuõ�ª�ê5y¯K§��'�k��Eâ´òÙ=z���
�¥�Õá8¯K[68, 69].
éuëY.õ�ª`z¯K§��'�61�Eâ´òÙtµ¤���±3õ�ª

�mS (Cq)¦)�à`z�.§X�55y (LP)!�½5y (SDP)!Ý�éótµ�.
duSDP¯KkNõaqu�55y�A��5�§XSDP�.äk(�`û�éó/
ª§3·���å5� (XSlater�å5�)e§réó½n¤á. ù
5�¤��O�«¦
)SDP�.k��{�nØÄ:. 20­V90c�§Alizadeh[70]!NesterovÚNemirovskii[71]©
OÕá/JÑ
¦)SDP�.�S:�{§ù�õ�ª`z¯K�¦)Jø
�B.

SDPS:�{Ø=¦SDP�.3nØþ��­�, ¢SA^���2�. duSDP�
.3nØþõ�ª�m�)§�k�
k���{§U±d^5��Nõ�ê5yÚ�
Û`z¥J¯K�;%C§¤±3��Ø!�´�O!Da�ä½ ÚÌ¤©©Û�N
õ+�k2�A^§Ó���Cq¦)õ�ª5yAO´�à�g5y�NP-J¯KJ
ø
��4�k��å».
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õ�ª`z¯K�,�«~�Eâ´Äu�Kõ�ªÚõ�ª�²�Ú�m�'X

ïá�SOS�{. T�{Ì�ÏLé�õ�ª`z¯K?1tµ��S��½5y¯
K¦Ù�`�üNÂñu�¯K��`�.lnØþù§SOS�{�±¦)?Ûõ�ª`
z¯K¿��¤�¦�O�°Ý. éu��õ�ª`z¯K§Nesterov[72]y²SOS�{3
õ�ª�mS�±��¯K��`). T(ØÓ�·^uÃ�å��±L«¤SOS/ª
�õ��gõ�ªÚ��ogõ�ª`z¯K.

éu���õ�ª`z¯K, Shor�[37]ÏL,«=�òÙ=z���8I¼êÚ�
å¼êþ��gõ�ª�`z¯K, ,�ÏLtµEâ2òT¯K=z���IO/ª
e�à�5Ý
Ø�ª¯K (LMI). |^y¤��{�±3�á��mS���¯K
�`����e.. �¦���e.��C�¯K��`�, I�3¥m=�� (�
g) õ�ª`z¯K¥O\�g�å¼ê. Ta�{�5ÏL(Ü²�Ú (SOS) �{
�Parrilo�[54, 73]?�ÚU?.

¦+¿�¤k��Kõ�ªÑUL«¤õ�ª�²�Ú, �ùa�{3¢SO�L
§¥�~k�. SOS�{��½5y¯K���'§��ÙC«, Lasserre�[53, 74]ÏLÝ
(moment) Ý
ïá
õ�ª`z¯K��½5y¯K�=z/ª, ¿ÏL�½5y¯K
��`�S�5.½�¯K��`�§±��¤���°Ý. SOS�{I�¦)�½5y
¯K§¤±3¯K�5�����ÿ§T�{C�Ø2¢^.

^Ý-SOS�{k��3k�ÚS��õ�ª`z��Û�`�§
�k'�Ð�n
Ø5�Úê��J. �du¦)L§¥I�O���½5y¯K�5�'u�¯K¥�
Cþ�êÚõ�ª��pgê¤Cq�ê¼ê§Ïd��U^5O�5���½äkA
Ï/ª (Xé¡!DÕ) ���5�õ�ª`z¯K, 
�����¯K��`)k�I
�é¥m¯KO\#��å­#O�, l
��O�þ�ÍO[53, 54, 73]. ù¤���õ�
ª`zuÐ���´¶.

éuÜþ/ª�õ�ª`z§du�{�O�þ�Üþ��ê¥�êO�§�~�
z�S�Ú�O�þ§<�¦^�O`z�{½©�Eâ¦)[31, 55]. éuóàgõ�ª
`z¯K§Ú?²£Eâ�3���¹eïá�{��ÛÂñ5[75]§�T�{�O��
Çk�Jp.

Äuþã©Û§<�l,	���ÝéT¯KÐmïÄµÏ¦õ�ª`z¯K�C
q). �é��� (Max-Cut) ¯K¥��g5y�.§GoemansÚWilliamson[76]¦^t
µ�{���¯K�0.878Cq'�{. ��§ù�­�g��U�NõÆöí2���
���g5y�/ ([26, 77—81]). AO/§éu/1,−10�åe���½�gõ�ª`z
¯K§Nesterov[82]��0.636 Cq'�{. ù
Cq�{´î8���k���{. éu
½Â3õ�ý¥��8þ��g5y¯K§Nemirovski�[78]JÑ
��Ω( 1

lnm ) Cq�

{§T�.�5�Luo �[77, 83]í2.

3±þ¤�9�Cq�{¥§8I¼êþ´�g�. 
éugê�p�õ�ª`z
¯K§ÙCq�{�ïÄE?uåÚ�ã. �éäk{ü�å�AÏ/ªpgõ�ª`
z¯K§De Klerk�[84]�Ñ
Ä�õ�ª�mCq�Y (PTAS). ��§Barvinok�[85] í
2
T�{§é½Â3ü ¥¡þ�õ�ª`z¯K§�Ñ
�a#�Cq�{. é½Â
3õ�ý¥��8þ�ogõ�ª`z¯K§LuoÚZhang[86]òÙtµ¤�g�½5y¯
K§¿?�ÚÏL�5z�{ïá
k��{. Xc¤ã§é¡Üþ½ é¡��Üþ�
� (�) Z-A�� (ÛÉ�)�±8(�ü ¥þàgÜþ¼ê�Û�`¯K. Ling�[56]J
Ñ
V�gàg¼ê3ü�¥¡�åe��`z�.§ÏLòÙtµ�V�5�½5y
�.�Ñ
Cq�{§ÙCq'��[86]¥(J��. Yang�[87]�Ä
�����.§í
2
®k�(J.,	§Ú�à�g5y�½tµØÓ�´§V�g½ogÜþ¼ê��
½tµ§���`z¯KE,´�à`z¯K§�«Eâ´2æ^�gtµ§±B��
���±O��à`z¯K[22, 88]. Ling�[57]ÚZhang�[89]ÏLV�5�½5y�Ä
�
�g�å�V�gõ�ª`z¯K§�Ñ
õ�ª�m�Cq�{. d	§Zhang�[90]�
Ä
ü ¥¡þ�ngàgõ�ª`z¯K§¿�Ñ
CqÝ�O. éu?¿gàgõ
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�ª`z3õ��g�åe�Cq�{�â»5guHe�[91]�ó�§¦�ÄgJÑ
Ü
þtµ��{§ÏLòàgõ�ªtµ�õ­�5¼ê¿ïáÙ¥�xù5?n���
àgõ�ª§�Ñ
�A�Cq�{. �5§He�[92]qé½Â3?¿4à8þ��àg
õ�ª`z¯K�Ñ
õ�ª�m�Cq�{§ù´8cõ�ª`zCq�{ïÄ¥�
�U?n?¿g�àgõ�ª�ïÄ(J. d�§So[93]qæ�O�AÛ�Üþtµ�(
Ü��{§é¥¡�åeàgõ�ª`z¯KJÑ
#�Cq�{§Jp
Cq'�.d
	§He�[94]��Ä
�êõ�ª`z¯KÚ·Üõ�ª`z¯K. k'õ�ª`z¯K
Cq�{��#uÐ§�ë�Li�[95]�C�;Í.

C5§léó�Ýéõ�ª`z¯K�`�.�ïÄ�Åì,å§Ù¥�)De K-
lerk�[96]ÚNie[97]¤��ÐÚó�. �Cq�{ØÓ§ùa�{�U�Ñ���¯K�þ
. (½ö���¯K�e.)§�ØU��Cq). �¤^�{Ñ´ÄuSOStµ©Û.l
¢^�Ý5w§XJéu,�AÏ�õ�ª`z¯K~f§da�OTÐU��Cq�
{�.§�Ò��ué�
d¯K��`).

Ø
ëY.�õ�ª`z�.§ûüCþ=�lÑ��õ�ª`z�.�´�a�
2�A^ÚïÄ�õ�ª`z¯K.ùaõ�ª`z�.Ø=3ãØ
�3 ²�ä!�
èÅ��ïÄ+�k2�A^. lÑûüCþ��g5yÚV�5�.®�2�ïÄ§c
Ù´lÑûüCþ��g5y�.§duÙ��«ãy©¯K���'
��\ïÄ.g
,/§lÑûüCþ�pgàgõ�ª`zÚõ­�5`z�.Ñ´��ïÄ�¯K[55].

¦)õ�ª`z¯K^�8c�é��§@Ï�^�kGloptipoly[98]§SOSTOOLS[99]

ÚÄuDÕ(�õ�ª`z¯K�^�SparsePOP[100]�. ù
^��ÑÄuSOStµ�
{¿/Ï�½5y�¦)�{?�
¤§Ïd�U)û��5��õ�ª`z�.. �
´§�XO�Å!p��ä�ØäuÐ�¿1O�Eâ�Øämu§¦)��5�AOD
Õ�SDP�.¤��U[101, 102].

2.3 ïÄuÐª³�'��Æ¯K

õ�ª`z¯K´�aAÏ�êÆ5y¯K.��¡§§�ëY`z!lÑ`zÚà
`z�êÆ5y�Ù¦©|KÜ���¶,��¡§§3nØþq��êAÛ!���
êÚÝnØ�XêÆ+�kX��éX§SN��2�.·�òlnØ!�{�A^n�
�¡{�QãT+�8�uÐ�eZª³Ú­�¯K.

(1) nØ�¡ ÄuÝnØ�SOS�{�?�ÚïÄÚõ�ªI5�©Û�ò¤�'
�ïÄ¯K.

a. 8c§ÄuLasserre�?©)[53]�SOS�{3õ�ª`znØïÄ¥ÓkÌ�/
 §ù�ò´õ�ª`znØïÄ���­�uÐ��§ÙÌ�SN�)µLasserre�
?�k�Âñ©Û§Nie[103, 104]éd®�
�
ÐÚ�ó�¶,
AÏõ�ª`z¯K
�SOS�{é¡5ïÄ§~XRiener[105]�ïÄ¶_õ�ª`z¯K[106].

b. �5I`zAO´�½5y3Nõ+�¥�A^®�~wÍ. glBurer[107]y²
��a�à (¹ëYÚlÑCþ)��g5y¯K�±�d=��V�I5y (copositive
programming)�§éuV�I���ïÄ®Úå­�'5§?�ÚÚu
é�
/JI0
�ïÄ. Jiang�[82]ïÄ
�Kog.I§¿y²��aog�àgõ�ª¯K½��d
=���5og.I5y¯K.�����K�g.I (��½Ý
I)ØÓ§�Kog.
IïÄSN�'�g.I´L. 8c§�'ïÄ=?uÐ©�ã. �C§Ahmadi�[108]y
²
�O��ogõ�ª�]à5´rNP-J�. ù
ÐÚïÄL²§éupgõ�ªI
�nØïÄ�~­�§§ò´íÄõ�ª`znØuÐ�­��K��.

c. &Û��/ª½äk¢S�µ�AÏ(��õ�ª`z¯K��Û�`)�(�
5�Ú�½OK.¿©|^õ�ª¼ê�AÏ5ïá�`5^�§�N��¦)�
AÏ
�õ�ª`z¯K (XÜþ���Z-A��¯K)Jø#å». �®k�
ïÄ (�[109])§
�ùa¯K�ïÄ(JEØ´éõ§§�´õ�ª�Û`z�­�SN��.

(2) �{�¡ õ�ª`z¯K��Û�`�{�O´��qJ�?Ö. 8c§�k
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NõØÓa.��{§�oN5`ÿØ��. ?�Ú�k���{ïÄò´8�õ�ª
`zïÄ�Ì�!���?Ö��. 8c§�{�OïÄ�9:���)µ¢^�¯��
{�O!�pCq'��{�O±9ÄuSOS�AÏ(�� (pg) õ�ª`z�{ïÄ
�.

a. 8c®k��{�OïÄ�õ´SOS�{ÚCq�{§�öÑkØv. ~X§yk
�Cq�{nØþU�y�O��JEk���Jp�m. 3O�Üþ��A���õ
�ª`z¯K¥§�O���¦{ (alternating least square)[1]Ú��©¬U?{ (maxi-
mum block improvement)[110]�~k�. �C§Uschmajew[111]y²�O���¦{^uÜ
þ©)äk�5Âñ5§ù`²ùa�{�~­�.XÛ�â�.�Ak(�§Ï¦¯�
k���{½öÛÜU?��{ò´8�õ�ª`z�{�O���­�ïÄ��.

b. SOS�{�,kÙÛ�5§�XÛ3¿©|^¤�Ä�.�é¡5ÚDÕ5�Ä
:þ§�SOS�{(Ü§�O�?1�5�O���{�,´��kF"�uÐ��§'
XWaki�[100]mu�SparsePOP. ,	§XÛÄuSOS�A­tµ ('XLasserretµ) �
{ïÄ¤�Ä¯K�`��.�´SOS�{CAcïÄ�9:. d�{�±�@�´C
q�{�pÖ§§ÚCq�{¤¼��Cq�©O�¤
�¯K�`��þe.. 8c§
ù�¡�ÐÚó���[96, 97].

c. Cq�{´õ�ª`z�{ïÄ�9:��. Äk§ykCq�{¤ïÄ�.�
�å^��Ñ��{ü½äk,«é¡(� ('Xý�!ü ¥¡!lÑ�ê�:�). X
Û�é���õ�ª`z¯K�OCq�{§́ äk]Ô5��K.Ùg§ykCq�{
¤¼Cq'�EØ�Ð. �,3¢SO�¥,
�{LyÑ�'ÙnØCq'�Ð��
J§�XÛU?¤�O�{�Cq'�Eò´Cq�{�OïÄ¥��­��¯K. �
C§He�[91] U?
��aàgõ�ª`z¯KCq�{�Cq'�§��´vUâ»�
�Ø%¯K�´¶. {ü/`§Ò´ü ¥¡�åengàgõ�ª��z¯K�Cq
'�UØU�LΩ[( lnn

n )0.5]. ù�9�,	��8c3Cq�{ïÄ¥��vU¼�â»
�JK§=Ø�Cq%C�(J§ù�¯K§k�?�ÚïÄ.

(3) A^�¡ Xc¤ã§õ�ª`zïÄlØmÙA^�µ. �,õ�ª`znØ
ïÄ¡�é�(J§�XÛÄuAÏ(�ÚAÏêâ�A^�.§é�k��{¦)¿
©Û�.§́ õ�ª`zïÄ�uÐ{¤¥����­À�¯K.�c§É�AO'5�
­�A^kµ�Æ¤�!Üþ©)�ÜþO�!&Ò?n!)ÔÚO��¡. ,	§Äu
,
AÏ(��õ�ª`z¯K§½ökAÏA^�µ�õ�ª`z¯K�;^^��
mu§�´����­À�¯K.

3 � (

Üþ©ÛÚõ�ª`z�¹´L�ïÄSN§8c�?u¯�uÐ��ã. �©�
ö�é
)��
�KÚ(J?1
nã§�½�´Ø
�¡�. é�ïÄ+�k,�
�Öö§�±ÏL��k'©z§é,
�KÚSN�?�Ú�[�
).
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problems using gröbner bases [J]. Journal of Global Optimization, 1995, 7(2): 115-125.

[52] He S, Li Z, Zhang S. Approximation algorithms for homogeneous polynomial optimization
with quadratic constraints [J]. Mathematical Programming, 2010, 125(2): 353-383.

[53] Lasserre J B. Global optimization with polynomials and the problem of moments [J]. SIAM
Journal on Optimization, 2001, 11(3): 796-817.

[54] Parrilo P A, Sturmfels B. Minimizing polynomial functions [J]. Discrete Math Theo Comput
Sci, 2003, 60: 83-99.

[55] Lathauwer de L, Moor de B, Vandewalle J. On the best rank-1 and rank-(r1, r2, ., rn) approx-
imation of higher-order tensors [J]. SIAM Journal on Matrix Analysis and Applications, 2000,
21(4): 1324-1342.

[56] Ling C, Nie J, Qi L, et al. Biquadratic optimization over unit spheres and semidefinite pro-
gramming relaxations [J]. SIAM Journal on Optimization, 2009, 20(3): 1286-1310.

[57] Ling C, Zhang X, Qi L. Semidefinite relaxation approximation for multivariate bi-quadratic
optimization with quadratic constraints [J]. Numerical Linear Algebra with Applications, 2012,
19(1): 113-131.

[58] Gurvits L. Classical deterministic complexity of Edmonds’ problem and quantum entanglement
[C]Proceedings of the 35th annual ACM symposium on Theory of computing, New York: ACM,
2003, 10-19.

[59] Nesterov Y. Random walk in a simplex and quadratic optimization over convex polytopes [E-
B/OL]. [2013-10-09]. https://alfresco.uclouvain.be/alfresco/d/d/workspace/SpacesStore/c774
1b8a-6de9-4e67-9a09-c0051eff06dd/2003/coredp 2003 71.pdf.

[60] Cox D A, Little J B, O’Shea D. Using Algebraic Geometry [M]. Berlin: Springer-Verlag, 1998.

[61] Ghosh A, Tsigaridas E P, Descoteaux M, et al. A polynomial based approach to extract
the maxima of an antipodally symmetric spherical function and its application to extract
fiber directions from the Orientation Distribution Function in Diffusion MRI [C]//CDMRI’08-

MICCAI 2008 Workshop on Computational Diffusion MRI, New York: États-Unis, 2008.



146 oúw§' �§�¨Þ§
�� 18 ò

[62] Mourrain B, Pavone J P. Subdivision methods for solving polynomial equations [J]. Journal
of Symbolic Computation, 2009, 44(3): 292-306.

[63] Mourrain B, Trebuchet P. Generalized normal forms and polynomial system solving
[C]//Proceedings of the 2005 International Symposium on Symbolic and Algebraic Compu-
tation, New York: ACM, 2005, 253-260.

[64] Qi L. Extrema of a real polynomial [J]. Journal of Global Optimization, 2004, 30(4): 405-433.

[65] Qi L, Wan Z, Yang Y. Global minimization of normal quartic polynomials based on global
descent directions [J]. SIAM Journal on Optimization, 2004, 15(1): 275-302.

[66] Maringer D, Parpas P. Global optimization of higher order moments in portfolio selection [J].
Journal of Global Optimization, 2009, 43(2-3): 219-230.

[67] Parpas P, Rustem B. Global optimization of the scenario generation and portfolio selection
problems [J]. Computational Science and its Applications-ICCSA 2006, 908-917.

[68] Balinski M. Notes-on a selection problem [J]. Management Science, 1970, 17(3): 230-231.

[69] Rhys J. A selection problem of shared fixed costs and network flows [J]. Management Science,
1970, 17(3): 200-207.

[70] Alizadeh-Dehkharghani F. Combinatorial optimization with interior point methods and semi-
definite matrices [D]. Minnesota: University of Minnesota, 1992.

[71] Nesterov Y, Nemirovskii A S. Interior-Point Polynomial Algorithms in Convex Programming
[M]. Auckland: SIAM, 1994.

[72] Nesterov Y. Squared functional systems and optimization problems [J]. High Performance
Optimization, 2000, 33: 405-440.

[73] Parrilo P A. Semidefinite programming relaxations for semialgebraic problems [J]. Mathemat-
ical programming, 2003, 96(2): 293-320.

[74] Lasserre J B. Semidefinite programming vs. LP relaxations for polynomial programming [J].
Mathematics of Operations Research, 2002, 27(2): 347-360.

[75] �¨Þ. �aàgõ�ª`z¯K����Û`z�{ [J]. A^êÆÆ�, 2010, 33(2): 328-337.

[76] Goemans M X, Williamson D P. Improved approximation algorithms for maximum cut and
satisfiability problems using semidefinite programming [J]. Journal of the ACM, 1995, 42(6):
1115-1145.

[77] Luo Z Q, Sidiropoulos N D, Tseng P, et al. Approximation bounds for quadratic optimization
with homogeneous quadratic constraints [J]. SIAM Journal on Optimization, 2007, 18(1):
1-28.

[78] Nemirovski A, Roos C, Terlaky T. On maximization of quadratic form over intersection of
ellipsoids with common center [J]. Mathematical Programming, 1999, 86(3): 463-473.

[79] Nesterov Y. Semidefinite relaxation and nonconvex quadratic optimization [J]. Optimization
Methods and Software, 1998, 9(1-3): 141-160.

[80] Ye Y. Approximating quadratic programming with bound and quadratic constraints [J]. Math-
ematical Programming, 1999, 84(2): 219-226.

[81] Ye Y. Approximating global quadratic optimization with convex quadratic constraints [J].
Journal of Global Optimization, 1999, 15(1): 1-17.

[82] Jiang B, Li Z, Zhang S. On cones of nonnegative quartic forms [EB/OL]. [2013-09-21].
http://math.shu.edu.cn/teacher/zheningli/quartic form.pdf.



1Ï Üþ©ÛÚõ�ª`z�eZ?Ð 147

[83] He S, Luo Z Q, Nie J, et al. Semidefinite relaxation bounds for indefinite homogeneous
quadratic optimization [J]. SIAM Journal on Optimization, 2008, 19(2): 503-523.

[84] Klerk de E, Laurent M, Parrilo P A. A PTAS for the minimization of polynomials of fixed
degree over the simplex [J]. Theoretical Computer Science, 2006, 361(2): 210-225.

[85] Barvinok A. Integration and optimization of multivariate polynomials by restriction onto a
random subspace [J]. Foundations of Computational Mathematics, 2007, 7(2): 229-244.

[86] Luo Z Q, Zhang S. A semidefinite relaxation scheme for multivariate quartic polynomial op-
timization with quadratic constraints [J]. SIAM Journal on Optimization, 2010, 20(4): 1716-
1736.

[87] Yang Y, Yang Q. On solving biquadratic optimization via semidefinite relaxation [J]. Com-
putational Optimization and Applications, 2012, 53(3): 845-867.

[88] Yang Y, Yang Q, Qi L. Properties and methods for finding the best rank-one approximation to
higher-order tensors [J]. Computational Optimization and Applications, Doi: 10.1007/s10589-
013-9617-9.

[89] Zhang X, Ling C, Qi L. Semidefinite relaxation bounds for bi-quadratic optimization problems
with quadratic constraints [J]. Journal of Global Optimization, 2011, 49(2): 293-311.

[90] Zhang X, Qi L, Ye Y. The cubic spherical optimization problems [J]. Mathematics of Compu-
tation, 2012, 81(279): 1513-1525.

[91] He S, Jiang B, Li Z, et al. Probability bounds for polynomial functions in random variables
[EB/OL]. [2013-11-20]. http://dx.doi.org/10.1287/moor.2013.0637.

[92] He S, Li Z, Zhang S. Inhomogeneous polynomial optimization over convex set: an approxima-
tion approach. Mathematics of Computation, 2014.

[93] So A M C. Deterministic approximation algorithms for sphere constrained homogeneous poly-
nomial optimization problems [J]. Mathematical Programming, 2011, 129(2): 357-382.

[94] He S, Li Z, Zhang S. Approximation algorithms for discrete polynomial optimization [J].
Journal of the Operations Research Society of China, 2013, 1(1): 3-36.

[95] Li Z, He S, Zhang S. Approximation methods for polynomial optimization: Models, Algo-
rithms, and Applications [M]. Springer, New York, 2012.

[96] Klerk de E, Laurent M. Error bounds for some semidefinite programming approaches to
polynomial minimization on the hypercube [J]. SIAM Journal on Optimization, 2010, 20(6):
3104-3120.

[97] Nie J. An approximation bound analysis for lasserre relaxation in multivariate polynomial
optimization [J]. Journal of the Operations Research Society of China, 2013, 1(3): 313-332.

[98] Henrion D, Lasserre J B. Gloptipoly: global optimization over polynomials with matlab and
sedumi [J]. ACM Transactions on Mathematical Software, 2003, 29(2): 165-194.

[99] Prajna S, Papachristodoulou A, Parrilo P A. Sostools: sum of squares optimization toolbox
for matlab-user.s guide. Control and Dynamical Systems, California Institute of Technology,
Pasadena, CA, 91125, 2004.

[100] Waki H, Kim S, Kojima M, et al. Algorithm 883: sparse POP—a sparse semidefinite program-
ming relaxation of polynomial optimization problems [J]. ACM Transactions on Mathematical
Software, 2008, 35(2): 15.

[101] Waki H, Kim S, Kojima M, et al. Sums of squares and semidefinite program relaxations for
polynomial optimization problems with structured sparsity [J]. SIAM Journal on Optimization,
2006, 17(1): 218-242.



148 oúw§' �§�¨Þ§
�� 18 ò

[102] Yamashita M, Fujisawa K, Fukuda M, et al. Latest developments in the sdpa family for
solving large-scale sdps [J]. Handbook on Semidefinite, Conic and Polynomial Optimization,
2012, 687-713.

[103] Nie J. Certifying convergence of lasserre’s hierarchy via flat truncation [J]. Mathematical
Programming, 2013, 142(1-2): 485-510.

[104] Nie J. Optimality conditions and finite convergence of Lasserre’s hierarchy. Mathematical
Programming, Doi: 10.1007/s10107-013-0680-x.

[105] Riener C, Theobald T, Jansson L, et al. Exploiting symmetries in sdp-relaxations for poly-
nomial optimization [J]. Mathematics of Operations Research, 2013, 38(1): 121-141.

[106] Lasserre J B. Inverse polynomial optimization [J]. Mathematics of Operations Research, 2013,
38(3): 418-436.

[107] Burer S. On the copositive representation of binary and continuous nonconvex quadratic
programs [J]. Mathematical Programming, 2009, 120(2): 479-495.

[108] Ahmadi A A, Olshevsky A, Parrilo P A, et al. Np-Hardness of deciding convexity of quartic
polynomials and related problems [J]. Mathematical Programming, 2013, 137(1-2): 453-476.

[109] Hu S, Huang Z H. Theorems of the alternative for inequality systems of real polynomials [J].
Journal of Optimization Theory and Applications, 2012, 154(1): 1-16.

[110] Chen B, He S, Li Z, et al. Maximum block improvement and polynomial optimization [J].
SIAM Journal on Optimization, 2012, 22(1): 87-107.

[111] Uschmajew A. Local convergence of the alternating least squares algorithm for canonical
tensor approximation [J]. SIAM Journal on Matrix Analysis and Applications, 2012, 33(2):
639-652.


