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ABSTRACT. This work explores the tensor and combinatorial constructs under-
lying the linearised higher-order variational equations LVEZ of a generic au-
tonomous system along a particular solution @. The main result of this paper is
a compact yet explicit and computationally amenable form for said variational
systems and their monodromy matrices. Alternatively, the same methods are
useful to retrieve, and sometimes simplify, systems satisfied by the coefficients
of the Taylor expansion of a formal first integral for a given dynamical system.
This is done in preparation for further results within Ziglin-Morales-Ramis
theory, specifically those of a constructive nature.

1. Motivation and first definitions.

1.1. Introduction. Integrability, an informal word for reasonably simple solvabil-
ity, is an important problem in Dynamical Systems. Its opposite phenomenon, and
specifically low predictability with respect to time, is usually summarised under
the term chaos. If the system is Hamiltonian, as are most problems in Mechanics,
the “chaos vs solvability” disjunctive is doubly advantageous. On one hand, it is
amenable to the techniques of Symplectic Geometry. On the other, theory and
empirics yield the specific, thus observable integrability condition described in §1.3.

The introduction of the algebraic approach by Ziglin, Morales-Ruiz and Ramis
produced hallmark contributions to the study of the integrability of Hamiltonian
systems [6, 22, 23, 31], essentially couched on a study of the invariants of a given
matrix group, associated to a linear system: the first-order variational equations
introduced in 1.2. A second step forward was carried out by Morales-Ruiz, Ramis
and Simé ([24]) in order to extend the preceding Galoisian framework to the groups
of the higher-order variational equations along a particular solution.

The second step described above is the driving force behind this paper. A con-
structive version of the Morales-Ramis-Simé theorem was already started in [2] and
tangentially tackled from another viewpoint in [5] (see §5) and the present work
aims at expanding this effort by offering a closed-form expression for the linearised
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higher variationals. May the reader bear in mind that nowhere from §2 onwards,
except for §06, is the system required to be Hamiltonian.

1.2. Dynamical systems and variational equations. In accordance with re-
sults described in §1.3 and thereafter, we need to observe the following convention
outside of Sections 2 and 3: dependent and independent variables for all dynami-
cal systems will be allowed to be complex. Any open set T' C ]P’(%: is an admissible
domain for the time variable, embedded into the Riemann sphere to include ¢ = oo
as a valid singularity. Consider an autonomous holomorphic dynamical system:

z=X(z), where X : U C C" — C". (DS)

Conserved quantities and solution curve foliations are defined similarly to their
real-valued counterparts. Indeed, a first integral of (DS) is a function F': U — C
constant along every solution of (DS). And for every z € U, the unique solution
¢ (t,z) of (DS) such that ¢ (0, z) = z allows us to define a function ¢ (-,-) in n + 1
variables called the flow of (DS). Clarifying preliminary comments are in order
whenever a particular solution ) (¢) is considered:

a) partial derivatives %gp (t,7) are multilinear functions of increasing order (or
multidimensional matrices, see e.g. [17]) and appear in the Taylor series of the
flow along 1:

t 1 0%t
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b) each of these derivatives %gp (t,7) satisfies an echeloned set of differential
systems, depending on the previous k — 1 partial derivatives and customarily
called variational equations or systems. They are explicitly called higher-
order whenever k > 2.

c) variational system for k = 1 is linear and satisfied by the linear part of the
flow along v:

Y =AY:, A (t):=X'(¢) € Mat, (K), (VEy)

K = C (¢) being the smallest differential field containing C (¢) and the solution.
d) For k > 2, however, the system is not linear, yet a linearised version may be
found. The aim of the present paper is to do so with explicit formulae.

p(t,2z) = ¢ (t,9)

1.3. Morales-Ramis-Ziglin theory and extensions. Heuristics of all results
within the Ziglin-Morales-Ramis-Simé theoretical framework are firmly rooted in
the following principle, expected to affect a widespread class of systems:

If general system (DS) is “integrable” in some reasonable sense, then the
system satisfied by each of the partial derivatives of the flow at every par-
ticular solution 1 of (DS) must be also integrable in an accordingly rea-
sonable sense.

Any attempt at ad-hoc formulations of this heuristic principle has an asset and a
drawback:

e there is a valid integrability axiom for linear systems, e.g. (VE;): the solv-
ability of the Zariski identity component of the (linear algebraic) differential
Galois group [22, 29];

e an explicit incarnation of this principle requires a clear notion of “integrability”
for (DS).



LINEARISED HIGHER VARIATIONAL EQUATIONS 3

The latter item is cleared in the Hamiltonian case by the Liouville-Arnold Theorem
establishing a sufficient condition for a system to admit, at least locally, a new set
of variables rendering it integrable by quadratures. Said condition is the hypothesis
on H in the following:

Theorem 1.1 (Morales-Ruiz, Ramis, 2001). Let Xy be an n-degree-of-freedom
Hamiltonian system having n independent first integrals in pairwise involution, de-
fined on a neighborhood of an integral curve v. Then, Galoisian identity component
Gal (VEy)® is an abelian group. O

See [23, Cor. 8] or [22, Th. 4.1] for a precise statement and a proof.

Theorem 1.2 (Morales-Ruiz, Ramis, Simé, 2005, [24, Th. 5]). Let H be as in
the previous theorem. Let Gy be the differential Galois group of the k-th variational
equations VE@, k>1,and G := @Gk the formal differential Galois group (inverse
limit of the groups) of Xy along . Then, the identity components of the Galois
groups Gy, and G are abelian. O

Theorem 1.2 makes use of the language of jets, after proving non-linear VEZ
equivalent to any consistent linearised completion. Efforts towards a constructive
version of this main Theorem, as well as the line of study described in §5, are ham-
pered by a lack of consensus on the explicit block structure of this completion. The
present work, summarised in its main result (Proposition 4) aims at contributing
to fill in this gap. Hence, outcomes will be restricted to symbolic calculus and bear
no new results in the above theoretical framework.

Notation 1. Part of the conventions listed below were already introduced in [5].

1. The modulus i = [i| of a multi-index i = (i1,...,4,) € Z™ is the sum of its
entries. Multi-index addition and subtraction are defined entrywise as usual.

2. Multi-index order: (i1,...,in) < (j1,...,Jn) means i < jj for every k > 1.

3. Standard lezicographic order: (i1, ...,in) <tex (J1y---sJn) ifé1 = J1, ..., ik—1 =
jrk—1 and ij < ji for some k > 1.

4. Given complex analytic F' : U C C" — C we define the lexicographically sifted
differential of F' of order m as the row vector F(™) (z) := lex (m (m)) ,

a9zl

where |i| = m and entries are ordered as per <jox on multi-indices.

5. We define d,, 1, := (":Eil), Dy = Zle dpi- It is easy to check there are
dp i k-ples of integers in {1,...,n}, and just as many homogeneous monomials
of degree n in k variables.

Notation 2. Given integers ki,...,k, > 0, we define the usual multinomial coef-
ficient as
Bi+-dka) (k4 tka (ki 4 k)l
ki,...,kn T k T o klko! Ky
For a multi-index k € ZY,, define k! := k;!---k,!. For any two such k, j, we define

k o kilka!- - kp! _ k1 ko kn )
P ' p1!p2!"'pn!(k1—pl)!(k2—p2)!"'(/€n—pn)! p1 b2 Pn ’

koot (et dkn)!
Kiokm )T kalkelkn!

and the multi-index counterpart to the multinomial, (
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2. Symmetric products and powers of finite matrices.

2.1. Definition and properties. The compact formulation called for by (1) and
Notation 1 (3) will be achieved through a product ® that was already defined by
other means by U. Bekbaev (e.g. [8, 9, 10, 11]) and will be systematised using basic
categorical properties of the tensor product. Let K be a field and V a K-vector
space. See [13, 14, 18] for details.

Definition 2.1. An r** symmetric tensor power of V is a vector space S,
together with a symmetric multilinear map ¢ : V" := Vx .7. xV — § satisfying
the following universal property: for every vector space W and every symmetric
multilinear map f : V" — W there is a unique linear map fg : S — W such that
the following diagram commutes:

V x Vx .?.xV—f>W

In other words, Homp (S, W) = S (V™, W) holds between the vector space of linear
maps S — W and the vector space of symmetric multilinear maps V" — W.

Proposition 1. Given any K-vector space V and any r € N,
a) a symmetric power (Sym'"V,p) ezists, unique up to isomorphism. We write
k
V1O OV, = p(vy,...,v,), vOF = vE - Qv for any v € V, and
P = PP O ... ©vOPr for any vi,...,v, € V and multi-index p € 7.
b) For any multilinear map f : V" — W, the linear map fg induced by the uni-
versal property is defined on the generators of Sym"V as fo (v1 @ Qv,) =

f(vl7"' ,'l)r).
¢) If dimg V = n < oo then every basis {e1,...,en} of V induces a basis for
Sym"V:

{(e10 1. 0e)O(e20 2. 0ey) OO (€,0 ' Oey) i1 >0, r| =7}; (3)

hence, dimg Sym"V = d,, . Conventions Sym'V =V and Sym°V = K arise
naturally.

Hence, product ® operates exactly like products of homogeneous polynomials in sev-
eral variables.

Remark 1. Sym” may also be defined in terms of the tensor power by Sym"V =
&®" V/ ~ modulo the relation v1 ® - - - ® v, ~ V(1) @ - @ Vg(y), 0 € &,

Given any K-vector space W and two linear maps f,g: V — W define
1
h:VxV = Sym®W,  h(vi,vp) = 3 (W) ©g(v2) + f(v2) ©g(v1)]. (4)

Immediately bilinear and symmetric, it is granted a unique linear hg : Sym?V —
Sym?W, he (v1 ® vy) := h(v1,v,), by the universal property. Write f ® g := he.
Then fOg=g0O fand (fiof)©(g109) = (f1 ©g1) 0 (f ©yg) for any linear maps
fi1,91 : W — Wi. A similar construction applies to the symmetric product of m > 3
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linear maps f; : V — W:

f10--Ofm

Sym™V Sym™W (5)

VIO OUpy ————— %ZO’GGm fi ('Ug(l)) OO fm (va(m)) .

Let us generalise the above symmetric product into one involving any two linear
maps

f:Sym”'V — Sym"“W, g¢:Sym’*V — Sym2W, J1, 42,191,102 > 0.
Assume V' and W finite-dimensional, V' having basis {e1,...,en}. Defining the
bilinear map ¢ (w1, us2) = w1 ® ug,u; € Sym?*V, we are interested in finding a
bilinear function h in terms of f and g generalising (4), for which there is a unique
linear hg completing the diagram

Sym?'V x Sym?2V L Sym® T2y
_7
ol (6)
_ - h@
Symj1 +izy7
We want h to yield coefficient 1 for all-round repeated vectors as in (4). Symmetric,

multilinear f : V*/1172 — Sym™ T2} is easier to define, generalising (4) and the
example in [22, p. 155]: for any uq,...,uj, 44, €V,

h(ui,. 1) =0y s D f (Ue() © O U (1)) © g(Ue(j141) O O Ug(j44), (T)

where o, j, = (]Tln) and the sum is taken over o € S, ;, with
J1
Sjrgz ={0 € G4y 10 (1) <+ <o (i) and o (i +1) <--- <o (r+72).}  (8)

Define (¢1 X p2) (u1,... ,ujlﬂg) = (uiy, O Quiy ,ug, ,, O Quy, ), pibe-
ing the universal map of Sym’*V; we intend the diagram of functions involving the
Cartesian product

YV XJiti2

x| \ o)

Sym?*V x Sym?2V b Sym“ T2y
to commute. Let w;,,...,u;; ;€ {ei1,...,en}. Split into copies of separate basis
vectors:  {wi,,...,uwi b = {en, e, en Proen}, {wi g, =
{ef(‘”,...,eﬁ‘?“}7 with |p| = j1 and |q| = j2, and define k = p + q. The ex-

pression of (7) in these basis elements is now an immediate consequence of basic
combinatorics:

- 1 i k; _

h(el .’“.1.,617...,671,.’“31.,6”) = W Z [H (P)} f(eQP)(Dg(er P)7
Ji |P|=351,P<k Li=1 v

leaving no option for (9) to commute but

h(eP,e%) = (jlija) 2 [ﬁ <pi;°:qi>

7 |P|=j1,P<p+q Li=1

f (e(DP) Og (eQPJr(I*P) )
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Finally, the universal property on (Symjﬁjzv, @) yields a unique hg such that
h@ e} (:5 = h,
V><j1+j2

l \
Y1 Xp2

z Sym’'V x Sym?2V L Sym® T2 (10)
P
® -
Symj1+j2 V/

and po(p1 X ¢2) = ¢. Fixing ¢ (and h) the uniqueness of hg follows from construc-
tion: any other ho rendering (6) commutative would require the commutativity of
the outer perimeter of (10), hence he = hg. Hence all we need to do is express
f ® g := hg in terms of its action on base elements (3) to obtain a simple, explicit
form.

Notation 3. When dealing with matrix sets, we will use super-indices and subind-
ices:

1. The space of (i, j)-matrices Mati;f;n (K) is either defined by its underlying set,
ie. all dn; X dp; matrices having entries in K, or as vector space
Hompg (Symij; SymiK").

2. Tt is clear from the above that Mat®? (K) is the set of all scalars o € K and
Mat2* (K) (resp. Mat®? (K)) is made up of all row (resp. column) vectors
whose entries are indexed by d,, i lexicographically ordered k-tuples.

2. Reference to K may be dropped and notation may be abridged if dimensions are
repeated or trivial, e.g. Mat’/ := Mat;”jn, Matimn = Mati;f,n, Mat,, := Mat],
etcetera.

Checking product ® defined below renders diagrams (6) and (10) commutative is
immediate.

Definition 2.2 (Symmetric product of finite matrices). Let A € Mati}l’)zll (K),
B e Matift’jf (K), i.e. linear maps A : Sym’ K™ — Sym™ K™ and B : Sym”2 K" —
Sym® K™. Given any multi-index k = (k1,...,k,) € Z2, such that |k| =k +---+
kn = j1 + jo, define C := A® B € Matii 21472 1y

1 k _ _

et )=ty (FJatn osrgon (e ), oo
J1 P

notation abused by removing ® to reduce space within basis elements (3), binomials

as in (2) and summation taking place for specific multi-indices p, namely those such

that

|p|:jl and 0§p1§k17 z:1,,n
The following is a mere exercise in induction:

m,n ’

Lemma 2.3. Defining ();_, A; recursively by (Q::_ll Ai) ® A, with A; € MatkiJi

1 k - _
(A1®-~-®Ar)e®k:m > (p1 p)@fhe@p% (12)
: -T P1,. ) ) T i=1

5o Pr
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if [kl =741+ 4 jr, sums obviously taken for p1 + -+ p, = k and |p;| = j;, for
everyi=1,...,r. O

Remarks 1.
1. For an equivalent “non-monic” formulation of (11) (i.e. one for which entry ; 1
need not have coefficient 1) using multi-indices in both columns and rows, see
e.g. [8,9, 10, 11].
2. Notation in Proposition 1 extends to matrices: Sym” A := A®" := A ® L@ A
3. For square A € Mat>!, powers ©" according to (11) and (12) are obviously
consistent with multiple product (5), hence equal to established definitions for
group morphism Sym” : GL, (V) — GL, (Sym" (V)) in multilinear algebra
textbooks such as the expression in terms of the permanent of A (e.g. [13, Th.
9.2]), or FA® -"-®Ain [2, 5, 7).
Example 1. Given matrices A € Maty' (K) and B € Mat3? (K), we may write
them as
A= ( A61 ‘ Aez ) = (aij)z‘§2,j§27 B = ( 3692 ‘ Be1 ® e2 ‘ Be?Z ) = (bi.f)z‘§4,j§37

and it is immediate to check that the (4,3) (hence four-column, five-row) matrix
product

AOB=((A0B)(ef’) [(A0B)(e?0e) [(A0B) (e 0es?) | (A0 B)(e5%)),

is equal to
ay1b11 a12b11+32a11b12 20121)12;&11513 a12b13
a21b11 + a11b21 My N, a22b13 + a12b23
a1ba1 + a11b31 M3 N3 ag2ba3z + aizbsz |,
a21b31 + a11ba1 My Ny a22b33 + a12b43
as1ba; a22b41—§2a21b42 20221742;-(1211743 as9bys3

where M;, N; are defined by

M — 2(a21bi—1,2 + a11bi2) + ag2bi—1,1 + ai2b; 1
;=

)

)
3

N - 2(ag2bi—1,2 + a12b;2) + a21bi—13 + a11b; 3
1 - 3 .

The following is straightforward to prove from either direct application of the
universal property or the techniques used in [8, 10], and will not be delved into
here:

Proposition 2. For any A, B, C, and whenever products make sense,

a) A© B=B®o A.

b)) (A+B)0C=AcC+BoC.

¢c) (AOB)0C=A6(B6oCO).

d) (¢A)® B=a(A® B) for every o € K.

e) If A is square and invertible, then (A_l)Gk = (AQk)_l.

f) A©B =0 if and only if A=0 or B=0.

g) If Ais a square (1,1)-matriz, then Avi® Ava @ O Av,y, = AP0 Ovyy.
h) If v is a column vector, then (A ® B)v®P+d) = (Av®P) © (Bv®9), p,q € Z>.

Universal property on (7) and diagram (10) with different notation yields:
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Lemma 2.4. For any two matrices A € Mat’) and B € Mat?? and vy, ...,vj1, €
V,(A®B) (v1 ®--- ©vjyq) is equal to
1
G > Ao @ O Ue(h)) © B (Vo(j41) O+ O Vo(jt)) » (13)
q /) o€Sj
S;q defined as in (8). O
Lemma 2.5. a) ([8, 10]) For any A € Mat??, B € Mat?", and v € Sym’ K™,
(v A)B=v06 (AB). (14)

b) If e; are the columns of Id,,, Y _, (em ©) Idgkil) <e£ ® Idg’“l) = 1dOF !,

Proof. a) It suffices to prove it for basis elements of Sym”: for any k such that
k| =7,
(v® A) Be®* = v © (AB) e®k. (15)
But this is immediate from equation (13) or the definition (11) of ® itself.
b) Using the previous item and the associative property in Proposition 2, and the
fact that e,, ® eﬁ IS Ma‘ci’2 is zero save for a 1 in position , m,

(em @ 14" ) (eh @147 ) = [Zn: (em@en)

m=1 m=1

n

O =1d7% o 1dF*

O

2.2. More properties of ©. We need to generalise some of the properties in
Proposition 2 for later purposes. Applying the universal property on (4) (with
V = Sym*K") or (7) (with j; = jo = k), followed by (11) and (16) for m = 2,
as well as the universal property on (5) (with v; := -, A;e®P?) and prepending

('j:‘)71 Yoo (oo ) as in (12) for arbitrary m, we obtain

Lemma 2.6. Given square A, B € Matfl’k and matrices X; € 1\/Ia‘cﬁ’j’i7 1=1,2,

1
(A®B) (X106 Xs) = Q(AX1®BX2+BX1 ©AXy), (16)
and in general for any square Ai,..., Ay, € Matﬁ’k and any X; € Matﬁ’ji, i =
1,....,m,
m m 1 m
(@Ai> <©Xi> == > (DA.pXi. O (17)
i=1 i=1 €Sy i=1

Defining B := I1d®"7 and v; := X;e®P: where |p;| = ¢; in equation (13), we have:

Lemma 2.7. Given A € Mat>? and X1, ..., X,, such that X; € Mat) %, 1 < j <
m}

m i\

<.>(A@Id§? NOx= Y MAE.e-ex)e O X. O
J i=1 1<iy < <i;<m SFEE] .0, ij
An immediate consequence of either Lemma 2.6 or Lemma 2.7 is

Corollary 1. Given a square matrix A € Mat}l’l and X1,...,Xm such that X; €
Mat:;ji,

(AoIdd™ ") <®XZ> :%Z(AXZ‘)@(X1®"'®E®"'®Xm>~ g
=1 =1

(19)
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(Xv©IdY") XO" = Xv©® X© in virtue of (14); applying this, (15), Proposition 2
and a detailed scrutiny of the effect on basis products e®* yields:

11

Lemma 2.8. Given square matriz X € Mat,",

(Xvold®") XO" = X9 (vy©1d®"). O (20)

any vector v € K™ and r > 1,

If (K, 0) is a differential field [29] and we extend derivation O entrywise, 0 (a; ;) =
(Oaj,j), the Leibniz rule holds on vector products  ®y as trivially as it does for ho-

mogeneous polynomials in n variables in virtue of Proposition 1 or Symle92 (V*) =
Skitk2 (V. K); (11) implies:

Lemma 2.9. For any given X € Mat®*' (K) and Y € Mat">72 (K),
I XOY)=0(X)oY+X0oa(Y). O (21)

Although the next result will be rendered academic by simplified expressions
in §4.1, it is worth writing for the sake of clarifying certain routinely-appearing
matrices a bit further. The proof is immediate from commutativity and (17), (19),
Lemma 2.9, the distributive property and (19), as well as simple induction in (c):

Lemma 2.10. Let (K, 0) be a differential field.

a) If Y is a square n X n matriz having entries in K and 0Y = AY, then
8 Sym*Y = k (A ® Sym* 1 (Idn)> Sym*Y. (22)

b) If X € Mat:;jl and Y € Maut?ll’j2 satisfy systems 0X = AX + By and 0Y =
AY + By with A € Mat,ll’l7 B; € Mat}l’”, then symmetric product X @Y satisfies
linear system

O(X0Y)=2(A01d,,)(XOY)+ (B1OY + B0 X). (23)
¢) If0X; = AX; + B;, i =1,...,m, with X;, B; € Mat}Ji, A € Mat}! then

m m m
IO Xi=m(AcHgm ) OX+Y BoOX. O (24
i=1 i=1 i=1 j#i
Remark 2. Albeit not explicitly as in (22), the matrix proven equal to k(A ®
Id,?kil) has appeared in numerous references (e.g. [2, 3, 4, 5, 7]) whenever a dif-
ferential equation for Sym”® arises, has been sometimes labelled sym* and has been
consistently called symmetric power in the sense of Lie algebras, its Lie group coun-
terpart therein equal to ©* as defined in this paper.

3. Symmetric products and exponentials of infinite matrices. The next
step towards a compact form to linearised higher variationals is assembling the
matrix blocks alluded to in Lemma 2.10 and Remark 2 together into a single matrix.
Again, we follow paths already trod with other aims and formulations, e.g. by
Bekbaev in [10].

3.1. Products and exponentials. Of the myriad ways to note a set of infinite
matrices, we may need one taking finite submatrix orders into account. Alterna-
tively, of all the ways in which to write a K-algebra S, a need may arise to express
it whenever possible S = Sym (V) := @, Sym” (V) for a given vector space.
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Notation 4. Let Mat™™ (K) denote the set of block matrices A = (4 ;), ;, with

A SymiKm — Sym’ K™, hence Aij € Ma, xd,, ; (K) = Mat®7 (K):

n,m

Az Az 1 A2
A =

Ai2 A1 “— Ao

Aop,2 Ao1 “t Ao,

We write Mat := Mat™" if n is unambiguous. Conversely, Mat®’ is embedded in

n,m
Mat™"™ by identifying every matrix A; ; with an element of Mat™" equal to 0 save
for block A; ;.

We define a product on Mat™™. For a formulation yielding the same results see
[11, p. 2].

Definition 3.1. For any A, B € Mat™™ (K), define A ® B = C € Mat™"™ (K) by

J
C=(Cij)ijs0r Cij= > < )An,jl O Biciyj—j- (25

0<i1 <4, 0<51<j
Same as always, ©% will stand for powers built with this product.

The following is immediate and part of it has already been mentioned before,
e.g. [10]:

Lemma 3.2. (Mat (K),+,®) is an integral domain, its identity element 1yia equal
to zero save for block (1mat)g o = 1x- Mat (K) is also a unital associative K -algebra
with the usual product by scalars. O

Definition 3.3. (See also [10]) for every matrix A € Mat™™ we define the formal
power series

1 1 .
eXp@A::1+A®1+§A®2+'~-=ZEA®1.
i=0

Whenever A = 0 save for a finite distinguished submatrix A;; (e.g. Examples 1
below or Lemma 3.6), the abuse of notation exp, A;x = expg A will be customary.

Commutativity of @ renders the proof of the following similar to that of scalar
exponentials:

Lemma 3.4.
a) For every two A, B € Mat™™, expg, (A + B) = expy A © expg, B.
b) For every Y € Mat™™ and any derivation 0 : K — K, Oexp,Y = (9Y) ®
expg Y.
¢) (I8, Corollary 3]) Given square matrices A, B € Maty", exp, AB = expg A
expg B.
-1

O

d) In particular, for every invertible square A € Mat};l, expg Al = (exp® A)
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Examples 1.
1. Let A € Mat (K) such that all blocks are zero except for 1 1, the reader can
check that

A 0 .
expg A1,1 = expg ( é’l 0 ) = diag (-~ ,Af]f,...,ALl,l).

2. If the only non-zero block in A is a row vector,

... 00 ---]0
A= < o0 =z 10 >7 z=(z1,...,24,,) e Mat%* (K)
the only non-zero block in A% is (A ® Ajfl)ojk = (J]f) . ((j—kl)’f) (Qkk)A(?j;
; 0 0 0 010
e.g. for k=1, eXp@A:ZjZOmQJ - ( oo 0t 203 202 1 )

3. If the only non-zero block in A is column g, the only one in A®7 is jj o, ob-
tained by switching rows and columns and expunging binomials from
(A@ A7), . in 2. For k=1,

0|=x
expe T = eXp® (T‘T) =

Fourth example (27), i.e. matrices equal to 0 save for block row ; , deserves special
attention.

Notation 5. For every set of indices 1 < ¢; < --- < 4, such that Z;=1 i; = K,
k

i1, i

c is defined as the amount of totally ordered partitions of a set of k elements
among subsets of sizes i1, ...,1,.. We write cf ifi = (i1,...,4,) and omit super-index

k if Ji] is known beforehand.

Remarks 2. o
1. cfl,_“’ij = #If ''''''' 7 in (43) below, 2 lij=k Cﬁ,...,z’j = {];}7 the Stirling number
of the second type ([1, §24.1.4]), and Zle 2 li=k cfh.__,ij = By, the k" Bell
number [27, Vol 2, Ch. 3.
2. Since each subset of size i is supposed to be ordered, we must divide the
total amount by the orders of the corresponding symmetric groups, hence the
explicit formula:

k
ok o (il ZQzJ) (i1, oydj) = (k1 " Koy, -k P k) (26)
e Ij_nl!---nm!’ 1<k <ko < <km.
Lemma 3.5. Let Y € Mat (K) equal to zero outside of block row 1y, k > 1:
. Y Yoo ‘ 0 ‘ 1
Y._( 00 0 0]0) Y; € Mat,,". (27)

Let Z, s, 5,7 > 1, be the corresponding block in expy Y. Then,

a) Row block r in expy, Y is recursively obtained in terms of row blocks 1 and
r—1:

1 s—r+1 s
Zrs = > (j)Yj © Zr1,5-5- (28)
j=1
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In particular, Z, , = Y1®T and Z, s = 0q
b) For every m,r > 1 and any v € K",
(Yiv 01dY") Zyr = Zyg1 o1 (0 O 1457 (29)
¢) Using Notation 5 and (26), for every s > r

whenever r > s.

n,rdn,s

Zrs= Y ¢ Y, 0Y,00Y
i1t tir=s

(30)

-

d) Let A € Mat (K) similar to'Y, its horizontal strip not necessarily at level 1 .

As Ay A |0
0 0 0|0

A= 5 At € Matﬁ’t.
0 0 0|0

For every t,i > 1 and s > t + i, the following factorization holds:

/s t+1 i
Z (j) (AtZy ) © Zis—j = ( ; ) (A O 1Y) Zysi s (31)

j=t
e) If Q € Mat™ has only its square 11 block different from zero, then expg, QY =
(exp® Q) (exp® Y).

Proof. a) Using (25) on A=Y, B=Y®"! as well as the fact Z; ; = 0 for i > j,
(28) ensues.
b) Direct from (20) in Lemma 2.8.
¢) By induction. For s = 1, r can only be equal to 1 in order to have a non-zero
block and Z; 1 =Y = C%Yl. Assume (30) holds for all r smaller than or equal
to s — 1. Summand redistribution renders Z, s = % Zj1+~~+jT=s C; Y, ©
Y, ©---@Y;, where Cj, .. ; splits into a certain sum, each of whose m terms is
easily checked to be equal to np,,cj,  ; , hence the coefficient of Y;, ©---©Yj,

in equals L™ mics, o o=cf
d) the left-hand side in (31), expressed in terms of (30) and applying distributivity,
equals

s—1 s ] o
S(0) T8 il 00 0¥ 0%, 0% (0
Jj=t MY ,yeeny m¢ ky,..., k;

A tedious exercise in counting index multiplicities and applying basic combi-

natorics allows us to apply Lemma 2.7 to A; and Yom © Yok := Y, © -+ ©

Y, OYp, ©-- O Yy,:

S P4t )
(j) i [A¢ (Y, @+ © V)| © Vi, @+ O Vi, = (Zj ) (4 ©1d}) Yom ® You.

(33)

The fact every summand in (32) fits the same profile as the left-hand side in

(33) allows us to factor (H,'t) (At ® Idil) out of the whole sum, namely Z, 1 ,.

(3

e) Replacing each factor Y;, by QY;, in (30) and applying Lemma 2 we obtain
€XPe QY = (Zr,k) where Z~r,s = Zi1+"-+i¢:S QGTQCZW_’Z‘T}Q& 0Y;,©---0Y;, =
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Q%" Z, s, hence matrix exp, Y appears multiplied by diag (---,Q%?,Q%!, 1) =

expg Q-
O

Lemma 3.6. Let A and Y be as in Lemma 3.5. Then,
(A expg Y) Oexpy Y = (A © expg Idn) expg Y. (34)
Proof. Based on (25), B := A® exp, Id,, € Mat (K) is defined recursively by

(kﬁl)Al © Idgzil
(,F,) A ©1d 2

By=A4,, Bi= k2
: By 1
(6)Ax
Let
Zi .k
L1,k
P, =Y, b, = . , k>2,
: Dy
AR?

be the matrix formed by the first k& row and column blocks in exp, Y. Let M,
be the block row r of B, Ay := (A1 k, A1 k—1-..,A1,1) the first k blocks in A and
ZF = (Ziky Zi-1 s - - .,lek)T the first block column in ®;. Given s > 1, block
1s in Aexpy Y equals A, Z° = 3% A;Z; 5, hence for every 7 = 1,..., k block ,
in (A expg, Y) ©® expy Y can be rewritten, in virtue of (31) with p = 1, s = k and

i=r—1,a8 0 T (TN (A4 019 Zigr o = M, 25 O

3.2. Application to power series. Since polynomials and power series split into
homogeneous components, Example 1(3) implies:

Lemma 3.7.
a) Let F € K [[x]], € = (z1,...,2Zy), be a formal series. Then there exists a set
of row blocks My' € Mat}ﬁ’;n (K), i > 0 such that F admits the expression
F(x) = Mpexpg X, where

e Myt Myt Mg 1n (0]
MF.(._' & 6T 0 € Mat™™ (K), X=5r0)

b) If F = Fy x --- X F,, is a vector power series, adequate M;ﬂ’i € Mati,f;n (K)

render
1,2 1,1 1,0
’F(m) = MFGXPQX‘ where Mp = ( Méw M(;? Mg ) € Mat™".
Following Definition 3.3, write F (x) = Mp exp, @ if it poses no clarity issue.

O

From the above Lemma it follows that every formal power series can be expressed
in the form Mp exp, , where abusing notation once again

ML it ‘ 0 0 ‘ MO
My = Mp° = al d E__).
In other words: Mp equals the sum of two matrices with easily computable ®-
exponentials: one following Example 1 (3) (same as @) and one following (27).
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Lemma 3.4, Lemma 3.2 and the universal property of finite products ® yield the
following two results; see [8, 10] for a proof.

Lemma 3.8. Given power series F = (F1,...,Fy) and G = (G1,...,Gp) inn and
m indeterminates, respectively,

a) Ifn=m, Mpg = Mpr ® Mg.

b) expg F (z) = (expg, Mp) (expg @).

C) MGoF = MG €XPg MF

d) expg (MG expg MF) = (exp® M(;) (exp® Mp). a
Corollary 2. Let F (x) = (F,...,F)) (z1,...,%,) be a vector power series, y =
F (x) and

X = Rz’xeprmeKN,

Y = S,yexp.yecKP } R, x € Mat™" (K), Syvye€ Mat P (K),
- Y, © )

be independent and dependent variable changes, which we assume admit formal
inverse changes

r = RxexpgX,

y = Syexp.Y } Rx. € Mat™" (K), Sy, € Mat"" (K).
- Y (O]

Then, the expression of F' in the new variables, written in that in those old, is

Mrexy = Syy (expy, Mray) expg Rx2 | where y = F (x) = Mpo,yexpy @. O (36)

As was hinted at in [10, p. 5], this result shows interesting light on the way
finite-level transformations translate into transformations on Mat™™. For a linear
transformation of the independent variables = BX, however, basic properties of
expg, are as useful as (36) in proving F' admits the following expression in the new
variable X (mind the effect of the first matrix, equal to zero save for block 1 ; which
is equal to Id,,, on the second one):

F (X) = 1da (expg Mr) (expe, B) X = (Jr + MP") (exp, B) expy X (37)

This will be applied to first integrals of dynamical systems in Section 5.

4. Higher-order variational equations.

4.1. Structure. Let us step back to what was said in §1.2. For each particular
integral curve 1 of a given complex autonomous dynamical system (DS), the vari-
ational system VEZ for (DS) along 1 is satisfied by partial derivatives 68711,4,0 (t, 7).
Case k = 1 being trivial as shown in (VE,), the situation of interest is k > 1. We
will eschew formulations such as those in [24, eq (14)] in favour of the explicit for-
mulae (38), (44), (LVEy) and (VE’[)) using Linear Algebra to express multilinear
maps.

Notation 6. K := C (v), A; := XD (), Y; := lex (aa—ziiw(t,@b)) and, per Lemma
3.5,
Zi k

s

Z—1,k
¢, =Y, P, = . , k>2, (38)

AN
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formed by the first & block rows and columns in ® = exp, Y. Define A,Y € Mat (K)
as in Lemma 3.5 with the above A;, Y; as blocks. Denote the canonical basis on
K™ (meaning the set of columns of 1d,,) by {ei,...,e,}.

Lemma 4.1. In the hypotheses described in Notation 0, letk > 1 andm=1,...,n
Then,

)
Ye = kol (ejT ® Idg’“*l) : (39)
- aZj
Jj=1
9 Ok
Y = Yiu (em ®1d° ) , (40)
O0zm,
ain,k = Zrrn (em @Idgk) ~ (Yien 0" ) Z, g, <k, (41)
Zm
0
A = Au (Ylem ® Idgk) . (42)
Proof. We will explicitly prove (40); (39) is an immediate consequence of Lemma
2.5 and (40). We have, for every given ordered multi-index i = (iy,..., i),
oY) 0 oF
—ke“@"'@eik: Ld =Yien0Oe, O 0Oe;,.

0Zm 0Zm 821‘132’1‘2 ce- aZik

The right-hand side in (40) is equal to this expression, too, by simple application
of the same principle as in (15). The effect of % on A; is clear as well: chain rule
implies

OA okt X Dy oi 9¢r
0zm 9z, En O Oen = Z 32213212 -+ 02,02, 0z ; Ak+1 eroe ) Oz’

which is equal, again using (15) in order to obtain J¢=e, ©e®' = (%e,« © Id§T> e,
to

n

Akt Z (er ©) eQi) gfr = Apt1 Z (gtpr er© 6®i) = Akt Z (gfr er® Idgr) e,
m r=1 m m

r=1

hence to Ap41 (8‘9;9 e®l = Ay (Ylem ® Idgk) e®t,

The reader can check (41) and (42). For instance the latter is obtained by
induction over k using derivation of (28), (40) and Leibniz rule (21), as well as
application of (31) withi=1,t=7r—-2,s =k, A, = Yie, ®©IldY" 2 and p=1r—1,
use of (20) and the fact Z,_5,_o = Y1®7"_2. O

Proposition 3 (First explicit version of non-linearised VE@) In the above hypothe-

ses,

Y = Aexp, Y; (VEy)
in other words, for every k > 1,

k
—Yk_ZA Znj=3 A Y Y, 0Y,0-0Y. (VE})
Jj=1 i14-+ij=k

Proof. Assume VE:‘L*1 can be expressed as %Yk 1= Zkil A;Zj—1. The entries

in Y1 are partial derivatives of ¢ (¢, z), hence % = % on every entry, Schwarz
Lemma applies and derivation of (39) yields 4V, == " _, %
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ot

[Z';;i gi: pk—1 1 A,,BZ#*Z*} (efn © Id%k_l) ; equations (41) and (42) imply this

is equal to S1 + So — S3, where

%=1 (e% ©1d? kil) : induction hypothesis and Leibniz rule render 4 Yk = S

n k—1

S = ZZAP—H YlemQId ) p,k— 1(6 QIko 1)7
m= lp 1

S, = ZA Zyk (em @107 (el 0154,
m=1p=1
n k—1

S = DY Ay (View 014777) Z, 1 (el @10,
m=1 p=1

Sum swapping in > Zp and Lemma 2.5 (b) imply Sy = ZI;;% ApZy, 1 (29),
Lemma 2.5 (b) and Proposition 2 (b) render S; — S3 equal to missing summand
AkaJC in Ss. |

Corollary 3 (Second explicit version of non-linearised VE@) Let ¢ (t,%) = (vi),
be the flow of (DS) along . Givenk > 1, N € NFr =1,... .k and 0 < my <
- < m,, define:

a) the set S™ of o € &y, such that o (1,...,k) = (i1,...,i,), i; = (ij71, . ,imnj)
and ijs < 15541 for every j,s and m; = mjyq1 implies i;1 < ij41,15
b) the index-ordered partitions of N in subsets of sizes 0 < my3 < --- < m,.:

5§ = {( #(1)5 No(k)) = (Ky,...,K,): K; e N andaeSm}; (43)
¢) and, using abridged notation -, . to denote )7 _y D% D00y,

m m 0" X; O™, oM,
TR =Y Z O
(K1, Kp) €D 1500005 6,2 -0z, 0zk, 0zk,

Then, the order-k wvariational equation along ¥ = {4 (t)} is summarised in the
following:

d i P sem
o E ) e Ny N € {1, n}
Ty, NS 6N Ny yees Mgy
di aZNl BZNZ aZN" r=1mi,...,my
indices in y_,, . constrained by my < --- < m, and Srmi = k. 0

(VEZ) in Proposition 3 effectively settles the entries for lower n rows in ALVEE
and the first n columns in ®;. Let us now find the rest of the matrices.

Proposition 4 (Explicit version of LVEZ). Still following Notation 6, the infinite
system

X = ALVE,/, X, ALVEw = A O] exp® Idn, (LVEw)

has ® := exp, Y as a solution matriz. Hence, for every k > 1,
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a) the lower-triangular recursive Dy, X Dy, ; form for LVEIJ, isY = ALVE$Y7 its
system matriz being obtained from the first k row and column blocks of Arvg,,

(,F)A o1 !

(k75) A2 © T

ALVEQZ = , (44)

: ALVE’;jl
(0) Ax
b) and the principal fundamental matriz for LVEIIZ is @y from exp, Y in Notation
0.
Proof. (34) in 3.6, (VE,) in Proposition 3, and item (b) in Lemma 3.4 imply
- .
exp,Y =Y Oexpy Y = (A expg, Y) Oexpy Y = (A ® expg Idn) expg Y.
The rest follows from Lemma 3.5. O

Example 2. For instance, for k = 5 we have

54; ©1dY*
104; ©1d2? 44, ©1d%?
Aves = | 1043 01d5? 64, 01477 34, ©1d? ,
54,01d, 44;01d, 34,01d, 24,0Id,
As Ay As Aa Ay
and, using any of the equivalent (28), (30), the principal fundamental matrix ®5 is
Yo?
107,22 0 Ys Yot
10Y,"? © Y3 + 15Y1 © Y2 6220 Y, Y,©3 . (45)
10 0Y; +5Y10Y, 4Y10Ys+3Y20Y, 3Y10Y, Y™
Ys Ya Y3 Y Y1

hence (VEi) for k =5 is the lowest row in ALVE;’L times the leftmost column in ®5.

4.2. Explicit solution and monodromy matrices for LVE@. Let T C PL be
the domain for time variable ¢ in (DS) and v C T a closed path based at ¢y €
T. Assume k = 1. If V7 is a fundamental matrix of first-order (VE,), analytic

continuation along v yields Y7 (o) Lﬁ Yi (to) - M1, My - being the monodromy
con

matriz ([32]) of (VE,). Assume Y7 := ®; is the principal fundamental matrix for
(VEy), any other solution matrix ¥y recovered from ¥y = Y7, (t9). The non-
linearised second-order equation, after Proposition 3, is

Yy = A1Ys + Ay - Sym? (V7). (VE})

Following Proposition 4, linearised completion LVEi has principal fundamental

matrix )
©
b, = g .
Y» 1

A particular solution Y5 = Y3 f Yl_lAQSyrn2 (Y1) of (VEIZ) is found via variation of
constants, which becomes a contour integral whenever time is taken along path ~:

Va2 Quan = My [ Y AsSym? (1), (46)
vy
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hence

Y2 (to) M2 0 ) ( M2 0 )
Id, = @5 (¢t L) 1 0 Ly =®y (t Ly )
2 (to) cont ( Yi(to) Qi Y (to) My, 2 (fo) Qi2y My,

and [y] = M; 5 is a group morphism 7 (T',t9) — GLp,, , (C), hence for any funda-
mental matrix

ME? 0
U, (to) C:—nt> U, (to) ( Ly > ;

QLQ,W Ml,'y
therefore the monodromy of LVEZ, along v will be
MP2 0 ) ( M2 0 )
My = L = L : 47
“ ( Qo My M f7 Y, XA2Y1®2 My 47)

Assume k = 3. The principal fundamental matrix of LVE;WL consists of the lower
right 3 x 3-block of (45) and all solution matrices can be expressed U3 = ®3C. Let
us now find a solution to

Y = A1Y; + 34,Y, © Yz + A3Sym® (Y1), (48)

Same as before, variation of constants on (48) yields another contour integral if
TEY:

Ya c:nt Quay = My / Vi (34,Y1 © Y + AsSym?® (V7)) dr. (49)
v

The remaining term of our monodromy matrix is a direct consequence of analytic
continuation:

0 = 3Y1 (to) © Yz (to) —— 3M14 ® Q12 = 3M1, ©® (Ml,7 / Y1‘1A2Y1@2> :
Yy

Our monodromy matrix is

o3 3
Mlﬁ o2 Ml,v
Ms =1 3Miy © Q1,24 Ml;y = My © Q12,4 M . (50)
2y
Q13,4 Qi2y My Q1,34
The pattern is clear now. Assume we have computed solutions Y7,...,Ys_1 and
performed continuation up to k& — 1:
Qk—l,k—l,’y
Qr—2k-1,y Qr—2k—24
Dr_1 L> ‘I)k_le_l,,y = Pp_q . . . R
cont . .
Q2,k71,’y Q2,k72,’y Tt QQ,Q,'y
Ql,k—lw Ql,k—2w Q1,277 QLL’Y
where
Qrsr = > & i Quivy ©Qliny ® O Qui, 4, s>r>2. (51)

i1+t tir=s

Then, the fundamental matrix for (LVEZ) will be expressed in the form (38), its
lower left block Y), being computable in terms of the blocks Zsy, ..., Zj  above
it (all of which involve Y7,...,Yr_1) in virtue of (VEi”) Y, = Y1Vi, which is
continued into Q1 .~ := My f7 Vi, where Vk =yt 2522 A;Zj . Upper terms

Zoky- -, Lk are continued into Qa,...,Qrk as in (51), s replaced by k. It is
clear we have proven the following:
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Lemma 4.2. The monodromy matriz @y, of LVEZ along closed path v is composed
by the first k row and column blocks in

.- 0 0 0
expe @y =expg | 0 Qizy Q114 |0 |, (52)
.. 0 0 ‘ 0

where Q1,14 := My 5, blocks above the bottom row are computed according to (51)
and

S
Q1o = M / iy Az, 2<s<k. O (53)
Y j=2

Hence it is clear the computation of a monodromy matrix follows a block order
such as the one below, blocks in the bottom row requiring quadratures:

7
8 |4 (54)
9 [5]2
10[6[3][1]

Computing the monodromy matrix is concomitant to computing the fundamental
matrix, i.e. said bottom-row quadratures must be both indefinite (yielding terms
Z1,s to be used in the computation of Z;  in (53)) and contour integrals. See §6
for an example.

We assume there are two generators [v],[Y] € m1 (T;to), yielding two different
matrices:

Y= QT Qs

Commutativity of monodromy matrices now admits simple, compact formulation:

Proposition 5. Two monodromy matrices My~ and My 5 for LVEZ commute
if, and only if, their previous blocks Mj_1 , My_1 5 commute and the additional
properties hold

k k
> QrinQiks =D QrjsQikq  foreveryr=1,... k-1,

Jj=r j=r
matrices defined as in (51) and (53). O
Remarks 3.

a) The monodromy group of a linear system is contained in its differential Galois
group (e.g. [29]). The motivation for the above Lemma and Proposition is to
capitalise on this fact. This may in turn be a step towards future construc-
tive incarnations of the Morales-Ramis-Simé Theorem 1.2. The main obstacle
implementing Proposition 5, symbolico-computational issues aside, is the in-

certitude on whether M}, , and M}, 5 belong to the Zariski identity component
Gal (LVEZ,) ; a sufficient condition for arbitrary order is fulfilment at order 1,

M, My 5 € Gal (VEy,)°, itself an open problem in general.
b) All disquisitions and results on the variational jet in [20, 21] are referred to the
lower n-row strip for commutators of these monodromies. More specifically:
e what is called jet therein is lower strip Y in principal fundamental matrix
® = expg, Y for infinite system (LVE, ), and we will use this terminology
in the following Section;
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e morphism properties imply monodromy matrices along path commutators
equal matrix commutators: Mk’,yz—l,yl—l,y2,yl = M,;iz M,;,lyl My e M 15
e hence, “jet commutation” in [20, 21] amounts to lower strip Qkﬁglwflwﬂl
(that is Y after passage along v 17f 17271) equalling Id,,.
Although [20, 21] clearly benefit from the use of automatic differentiation tech-
niques (see also [19]), it may be argued that expressions such as those in (LVE,,)
provide for a fuller control of the general structure of the whole variational com-
plex when it comes to symbolic computations, as well as a further check aid
for the aforementioned techniques. See §6.1 for an example. See also [28] for
a recent application to the Friedmann-Robertson-Walker Hamiltonian arising
from Cosmology.

5. First integrals and higher-order variational equations. Let F : U C
C™ — C" be a holomorphic function and ¥ : I C C — U. Firstly, the flow ¢ (¢, z)
of X admits, at least formally, Taylor expansion (1) along 1) which is expressible as

Pt +E) =P+ Vib+ SV 4=t Sy expo &, (55)

where Jy is the jet for flow ¢ (¢,-) along 4, displayed as Y in (27) and defined in
Notation 6 — that is, the matrix whose ®-exponential ® is a solution matrix for
(LVE,). Secondly, the Taylor series of F' along v can be written, cfr. [5, Lemma
2] and Notation 1,

Fly+9)=F@)+ > - (FW (), sym™y). (56)

Basic scrutiny of Example 1(3), Lemma 3.7 and (35) trivially implies (56) can be
expressed as F' (y + ) = M}ﬁ expg Y, where

MY =Jf+ FO@) = | o FO@) FO@) | FOW) | eMat'™ (K),

ie. Jg is the jet or horizontal strip of lex-sifted partial derivatives of F' at 1.
Definition 5.1. We call

X = ALVE,’; )(7 ALVEZ, == (A O] epr Idn)

T
)

(LVE})

the adjoint or dual variational system of (DS) along 1. Same as in (LVE,,) and all
throughout 4.1, consideration of finite subsystems, namely the lowest D,, , x D, i

block, leads to specific notation (LVEZ) .
The following is immediate upon derivation of equation ®;®; ' = Id Dt

*
Lemma 5.2. (le)T is a principal fundamental matriz of (LVEZZ) , k> 1.
Hence, limy (le)T, is a solution to (LVE]). O

The following was proven in [24] and recounted in [5, Lemma 7], and may now
be expressed in a simple, compact fashion:

Lemma 5.3. Let F and v be a holomorphic first integral and a non-constant
solution of (DS) respectively. Let V := JL be the transposed jet of F along .
Then, V is a solution of (LVE}).
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Proof. Let us recall formal expansion (55) and F (y) = J% expg, y for every y € K.
Let ¢ = ¢ (t, 7 + &). We have, using Lemma 3.8,

F(¢)=F (v,b + Jy expg 5) = M;ﬁ’ expg (J¢ expg 5) = (M;f expg Jw) expg &,

and F (¢) is supposed to be constant, hence applying (LVE, ) and Lemma 3.8

' ——
0 = (M}:f expg, J¢,) exp, & = (M}ﬁ + M}bALVEw> expg, Jy expe §
——
= (M}b + M#ALVE,¢> expg (¢ — 1),

—
hence Mﬁ + M}/’AL\/E » = 0 leading us to the final result after transposing both
sides. O

Compound the jet of field X, i.e. A in Notation 6 and Proposition 4, with a 19
term Ay, equal to X0 =x () = 1:

0 0]o
A\ = cee A2 A1 AO 5 Al = X(Z) ('lp) € Mat’};i (K) :
0 010

It is easy to check, via possibilities offered on ¢; and j; in (25), that the symmetric
product of A with expg Id,, adds only a relatively minor addendum to Arvg,,
namely a superdiagonal of blocks (2) AOG)Id,?i € Matifl’i, 1 > 1, effectively rendering
it block-Hessenberg:

A\LVEw = A\ © €XPp Idn = hlgn A\LVE,’JQ

where, isolating ALVE@ within ELVE@ by means of a solid line,
Ag ®1d9 k
(kﬁl)Al ©Id7*!

ALVE@ = : | A ©1d92 (57)
(DAr-1 ©1d, e 241 01d,
Ay As Ao
0 0 0 0

k—1
LVEw

G)X™ (y) 0 1d7°
Using the Mj;—M,, notation in [5], it is immediate to check that

ME =121 o4 =1d2" ' o X (v), A\L\/Eﬁ = M} for every k > 1.

A result in [5] using said notation is easier to prove in this setting. Indeed, the same
reasoning underlying (40) applies to row F(*) and %F(’“) = A+ (em © Idgk);
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following Lemma 2.5,

o) _ g En: (em o Idgk) b = FOHD (1'/: ® Id,?’“) = ple+1) (Ao ® Idfk) 7

m=1

. . k T T T . .
implying (F( )) = (Ay ®1dF*) (F(’““)) ; placing all terms on one side, and

observing Lemma 5.3 and the transpose of expression (57), we obtain:

Proposition 6 ([5, Th. 12]). Let F, ¥, V as in Lemma 5.3. Then E{VEwV =
0.

Hence, blocks in V7, (Vg,Vl)T , (V3,V2,V1)T ,... having all entries in the
base field K and satisfying both equations in Proposition 6 and 5.3 are candidates
for jet blocks F( F(2) . of a formal first integral. These blocks belonging to

the intersection of ker E{VER and the solution subspace Solg (LVEZ) were called
¥

admissible solutions of the order-k adjoint system in [5].
This takes us back to the end of Section 3.2. Consider gauge transformation
(2, 5, 6, 22]) * = PX transforming linear system & = A;& into equivalent

E=P[A)]E = (P—1A1P - P‘1P> =)

Using notation Y; = PX;, J, = PX and item (e) in Lemma 3.5, we recover the
result already seen in previous references, summarised in the extension of gauge
transformations to higher dimensions via P®¥:

expg, (X) = expg (P71J¢,) = expg p! expg Jy = diag ( R (Pil)

and very simple application of properties seen so far extends the general structure
of the gauge transformation to ¥ = exp, P! expg Jy:

©2 , Pil, 1) expg Jy,

. —
v =P [ALVEU)] U= <exp® PilALVEw expy P+ (Pl © expg, P1> expg P> U. (58)

(m—
Second summand (Pl © expg P1> expg P can be simplified into:

diag <,k’

1
with P~' = —P~1PP~1. The above gauge transformation can be seen as the effect
of transformation z = PZ on the jet of (DS). Given a first integral F' of the latter,
we may always assume F (¢) = 0, which implies M };’O = 0 and, as seen in (37) or
in Lemma 3.4,

?@ (P!

pok 2| P toP )PP —P7P.0 59
yeeey @ b) b) ) ( )

Fp(Z) = Jr (expg P) expy, Z.

The jet of this formal series is

FO@W) P FO () PP FU)P |
|

1,n
0 0 0 ) € Mat™",

JFP:JF(eXpQP):<

. = . . _1\Ok 2~ ok —_1\ Ok Ok
and applying (58), Lemmae 5.3 and 6, and identity (P ) POF = —(P ) POk,
we have just proven the following:
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Proposition 7. The transposed jet Vp := JI?JP in the new variables must satisfy
. T o~ _I\T
Vp=—P[Awg,] Vo, Alyg, (expy P71)" Ve = 0. O (60)

The key importance in practical examples resides in the choice of the particular
solution ¢ and the reduction matrix P, in order to render (60) easier (or more
convenient) to solve than its unreduced counterparts, Lemma 5.3 and Proposition
6: see also [3, 4].

6. Example. The dynamics of the Swinging Atwood Machine (SAM), summarised
in the diagram below,

il

are governed by Hamiltonian

25— 1[pt | (p2+ Rp1)?

2 |21, i +9q1 (M —mcos g2) — gR(Mgz — msin gz),

where My = M +m + 2[1,/1%2 and I, is the pulley inertial momentum. We know
the following;:

Theorem 6.1 ([26, Th. 7.5]). For every physically consistent value of the param-
eters, regardless of I, and R, H is meromorphically non-integrable.

Consider SAM without massive pulleys, i.e. the limit case [, = R = 0 and
Mt = M + m:

s ., _1(_p P}
z = Xn, (2) = JVHu (2), Huw + +9q1 (M —mcosqa). (61)

T2\ M+m " mg?
Theorem 6.2. Define =L and p,, = %, p €Z.
1. (15, Th. 1)) If M > m and p # p, for every p > 2, then Xy, is non-

integrable.
2. ([30, (16)]) For p = ps = 3, (61) is integrable with additional first integral:

pP1qiC — 2p2s

62
4m2q (62)

(. 192
I = q%qz (qlc — 28) —l—gq%sc2 = gq%CQS + p2

3. ([20, Theorem 4]) Degenerate cases fip, p > 2 in item 1 are non-integrable. O

Canonical transformation (q1, g2, p1, p2) = (Ql, arccos o, Py, —P2/1 — Q%) on H,

yields
2 P2 2_1
H=gQ1<M—mQ2>+;<MP+1m— 25%% )). (63)
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Let us apply our formulation to the variational systems for H. The non-meromorphic
nature of the canonical transformation, along with other related issues, precludes
us from extending the conclusions of §6.1 to Hamiltonian (61). This will be the
subject of further upcoming work.

6.1. Monodromy matrices and integrability. Consider the particular solution
Y = (Q1,Q2, P1, P,) defined by

[ gt-1)t g(m+M)©2t—1) g*m(t—1)t(CL— 201t +t7)
¢(t)<2,1, 5 : 10D ) (64)

In the forthcoming calculations, any value of C; different from 0 or 1 will ensure
the presence of logarithms in the fundamental matrix, and any value of C; different
from 1/2 will avoid division by zero. Choose, for instance, C; = 1/3. Gauge
transformation * = PX,

—1 0 0 0
2(M+4m)(1—3t)?
p 1 0 M9gm2t71§2§2 . 0 0
= m)(1 - )
M +m 0 S +9(171+)t2t7(2t LM —m 0
_gmQ+t) ____ gF() 0 9gm(t=1)**
2(3t—1) 90(1—3t)2(t—1)t 2(1-3t)2

and F = 15m(t — D)t(3t — 1)% + M (1 + (16 + 15t(—9 + ¢(37 + 27(—2 + t)t)))) transforms
(VE,) into

: 0 0 0 0
X=P[A4]X = 0 0 0 0 X (65)
8M (1—3t)
0 405m(t—1)%¢1 % ((t—41)2 h t%) 0
Defining
2
G(t) = g(215—1) l+5¢-1)t6GE—-1)t—1)]
t—1

+ t[3+5t(3 —2t(11+3t(2t — 5)))] — 20 (t — 1)* t3In —

- - ~1
the principal fundamental matrix for (65) is W (¢) := W (¢) - (\IJ (1/2)) , where

1+3
1 9(tt1t)t t 0
~ 0 1 0 0
_ JPlAY] _
Vi=el T =1 0 10 |
0 — AMG(t) 143t 1
405m(t—1)3t3 9(t—1)¢

because P [A;] commutes with [ P[A;] — an interesting topic for further study is
the possible relationship between said commutation and the level of reduction of the
matrix in the sense of [3], but this is not central to our present work. Our intention
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is to perform analytical continuation along paths homotopic to 71,2 shown below:

VAAVAN
—;\\ )

Along ~;, all terms outside of the diagonal in ¥ vanish except for term (M;

Njo

i)
which can be obtained from (65) by assuming X; = 1,X3 = 0, which yields

% + X, = 0 and thus

BM(3t—1)  32Mn 32iMr
M - - M - .
(M) /M Wom—1e - sim 0 M =",

Order-2,3 monodromies are given by (46), (49) respectively. The only change
therein is replacing A;, Ay, As by their gauge transforms given by (58), (59) i.e.

(66)

the lower row block in P [ALVE%} , equal to

3[Q°% (41 01d7%) + Q© Q%% PO
3Q%2 (4, ® Id,,) PO3 2 [QGQ (A Old,) +006 Q] po? ,
Pt A;pP®3 Pt A,P®? P[A]

where Q := P~!. Let Y; = U. Following order (54), we compute (46), (49) and
Ms ., M3 Let us check whether our third-order monodromy matrices commute.

Y2t
We have C' := M3, M3 ., — M3 ,, M3, equal to zero except for the following terms:
25600 _ 8960 :\ 7722 .
Caps = — (3393 — sso0pi) M Cutry = 6815744 M3 731 . (67)
’ g?m2(M +m) ’ 2187¢2m3(M + m)

This, coupled with the fact that My ,, € Gal (LVE’,Z) for every k (since M ,,,

being unipotent, belong to Gal (VE,)° and fundamental matrices Wy, are obtained
from quadratures), allows us to complement the non-integrability proof in [20] using
linearised variational equations on (63).

Remarks 4.
1. Same reasoning can be applied to pre-gauge monodromies, although calcula-
tions are more cumbersome; defining Py, := diag (Pek, ey P), we have

Wi o WMy, = Wy i= PV (PoWR)Ly sy —= Pl My, (P s

thereby rendering monodromy Mkm = (P;C\Dk)t:l/2 My, ~, (Pk\I/k)t_:ll/z. The

reader may check that ]\Zflm have the same structure as M; ,,, albeit with

:I:;g(j\Z%T; in lieu of (66), and the non-zero terms in C' := Mz, M3, —
Ms., M, share the same indices as (67):
50 _ 35i 2.2 2 3.3:
~ == — 520 ) gmM=7w ~ 4992 M
Chas = (117 234) 9 ’ Caanr = aJ2g M "L (68)

(M +m)? (m+ M)3
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2. Although we used monodromies, we can also use the presence of In (3t — 1) in Y3
and Picard-Vessiot extension C (¢) (Int¢,In (t —1),In (3t — 1)) | C(¢) (Int, In (¢t — 1))
to glean the structure of a generic Galois group matrix on the fundamental
matrix U3 or its pre-gauge counterpart P3Ws; see e.g. [25].

We therefore have the following result:

Theorem 6.3. H in (63) is not meromorphically integrable for any M, m > 0. O

6.2. Formal first integrals and admissible solutions. Let us now try to apply
gauge transforms to the adjoint system for the same Hamiltonian. We have a

particular solution ¢ = (—% (t—=1)t, =1, =5 (M +m) (2t — 1), —QQTm (t—1) tz) ,

which corresponds to special case C; = 0in (64), and gauge transformation € = PX
with

ﬁ»{ﬁ 0 0 0
P= ’ gégz 1\2— ’
—VM+m =i VAltm 0 ) ’
TR nehuars — 4VM w0 i

transforms (VE,,) into the parameter-free, simplified system X = P[A;] X where

1 1

0~ o ¢
0 0 0 0
Plad=1 0 0 0
1
0 0 —° 0
The principal fundamental matrix for this system is
1 1 t
L3 ((t—l)? - 1) g O
U= 0 1 0 0 ,
0 0 1 0
(t—2)t
0 0 2

and P [ALVEﬂ is computed as in §6.1. In the following table, the first two columns

correspond to order k and total solution space dimension Dy . The latter two
display the dimension of the subspace of rational solutions (i.e. those having their
entries in the base field K = C(t)), and the subspace of those among the former
satisfying (60), respectively:

k || dime SolP [LVES)”

dime Solxc P [LVES]"  dime Soluam (P [LVES]")
3
9

1 4 4
2 14 14
3 34 32 17

Using solution (64) in §6.1 and the other P given in (65), however, dim¢ Solg
*
P [LVE@} is considerably reduced and we obtain the following table, displaying
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lower bounds on the amount of admissible solutions:

k || dime SolP [LVES)" | dime Solic P [LVES]”  dime Solam (P [LVES]")
1 4 3 2
2 14 9 5
3 34 19 9
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