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We compute the tree-level connected four-point function of the primordial curvature perturbation
for a fairly general minimally coupled single field inflationary model, where the inflaton’s Lagrangian
is a general function of the scalar field and its first derivatives. This model includes K-inflation and
DBI-inflation as particular cases. We show that, at the leading order in the slow-roll expansion and
in the small sound speed limit, there are two important tree-level diagrams for the trispectrum. One
is a diagram where a scalar mode is exchanged and the other is a diagram where the interaction
occurs at a point, i.e. a contact interaction diagram. The scalar exchange contribution is comparable
to the contact interaction contribution. For the DBI-inflation model, in the so-called equilateral
configuration, the scalar exchange trispectrum is maximized when the angles between the four
momentum vectors are equal and in this case the amplitude of the trispectrum from the scalar
exchange is one order of magnitude higher than the contact interaction trispectrum.

I. INTRODUCTION

Precise measurements of the cosmic microwave background (CMB) anisotropies such as those obtained by the
WMAP satellite [1] provide valuable information on the very early universe. Any theoretical model that attempts
to explain the evolution of the universe before the big bang nucleosynthesis will also have to explain the observed
CMB anisotropies. The power spectrum of these primordial anisotropies is nearly scale invariant [2] and it contains
almost all the information on primordial perturbations. However, a small amount of non-Gaussianity is still allowed
by the data [2, 3]. The information contained in this non-Gaussian component will contribute to a huge advance in
our understanding of the very early universe. For example, the simplest and most popular inflationary model based
on a single field with a canonical kinetic term satisfying slow-roll conditions and standard initial conditions predicts
that the level of primordial non-Gaussianit is actually unobservably small [4], even with future CMB experiments like
the Planck satellite [5].

Recently however, there are some hints of non-Gaussianity [2, 3, 6] in the CMB anisotropies. These are one (or
so) standard deviation hints but they motivate tremendous efforts from the theoretical cosmology community to
create inflationary models that can produce large levels of non-Gaussianity both seen in the bispectrum and in the
trispectrum. In the literature, there is a myriad [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53] of models that
can produce sizeable non-Gaussianity. They basically relax one (or more) of the following conditions: single field,
slow-roll, standard kinetic energy and standard initial conditions.

In the present work, we will consider a single field model with a non-canonical kinetic term. It has been shown
[13, 14, 24, 25] that this kind of models predicts large bispectrum and also large trispectrum of the primordial
curvature perturbation. In particular the DBI-inflation model [54], which is constructed within string theory, is such
an example. For current and stringent observational constraints and consequences of DBI-inflation see [55, 56, 57, 58,
59, 60, 61, 62, 63].

We will focus our attention on the trispectrum of the primordial curvature perturbation. The current observational
bound [64, 65] on the trispectrum is rather weak |τNL| < 108 , where τNL parameterizes the size of the trispectrum,
but in the near future with the Planck satellite it will improve to |τNL| ∼ 560 [66]. We should note that these bounds
depend on the shape of the trispectrum [67] and the values quoted here can be applied only for local models of
non-Gaussianity. Thus it is important to calculate the exact form of the trispectrum in the DBI-inflation model and
construct an estimator to measure the trispectrum of the CMB anisotropies.
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In [68], Seery et al. calculated the contact interaction trispectrum for slow-roll multiple fields inflation but with
standard kinetic terms. They showed that at horizon crossing the contact interaction trispectrum is too small to be
observed. They found τCI

NL ∼ r, where r is the tensor to scalar ratio, that is currently constrained to the range r < 0.22
at 95% confidence level [2]. Recently, Seery et al. [69], computed the graviton exchange trispectrum and they showed
that the above conclusion does not change, i.e. the total non-linearity parameter τNL coming from both the contact
interaction and the graviton exchange trispectrum is still unobservably small and of order r. Also recently, Gao and
Hu [49] computed the leading order trispectrum from entropy perturbations in multifield DBI-inflation model.

In [25] (see also [30]), the authors computed the trispectrum at leading order in slow-roll and in the small sound
speed limit for a fairly general inflationary model, where the inflaton’s Lagrangian is a general function of the scalar
field and its first derivatives. They only calculated the contact interaction trispectrum and they argue that for certain
models (DBI-inflation inclusive) the trispectrum can reach values in the observable range of the Planck satellite.

In the present work, we will calculate the scalar exchange trispectrum for the same model. We will show that the
scalar exchange trispectrum is of the same importance as the contact interaction trispectrum. This completes the
work of [25] (see also [30]) and gives the final answer that should be constrained when comparing the trispectrum for
models with large non-Gaussianity with observations.

The rest of this paper is organized as follows. In the next section, we shall introduce the model and some basic
notations. In section III, we will consider non-linear perturbations in the action up to quartic order. In subsection
III A, we will present a simple argument to prove that the amplitude of the scalar exchange trispectrum is of the
same order of magnitude as the contact interaction trispectrum. In subsection III B, we will calculate the trispectrum
of the primordial curvature perturbation at leading order in slow-roll and in the small sound speed limit when only
contact interactions are taken into account. In subsection III C, we shall calculate the scalar exchange trispectrum.
At the end of this subsection, we present for the first time the complete trispectrum at leading order in the previously
mentioned approximations. Section IV is devoted to the study of the shape of the trispectrum in the so-called
equilateral configuration for the DBI-inflation model. We will also calculate the non-linearity parameter τNL for
different models. The conclusions of this work are described in section V.

II. THE MODEL

In this section, we will introduce the inflationary model under study. We shall present the background equations
of motion and define the slow-variation parameters. At the end of the section, we show the results for the primordial
power spectrum of the curvature perturbation and the spectral index [70].

We will consider a fairly general class of models described by the following action

S =
1

2

∫

d4x
√−g

[

M2
PlR + 2P (X, φ)

]

, (1)

where φ is the inflaton field, MPl is the reduced Planck mass, R is the Ricci scalar and X ≡ −(1/2)gµν∂µφ∂νφ, where
gµν is the metric tensor. We label the inflaton’s Lagrangian by P and we assume that it is a well behaved function of
two variables, the inflaton field and X . Throughout this work, we use a system of units where the Planck constant ~,
the speed of light c and the reduced Planck mass MPl are set to unity. This general Lagrangian includes as particular
cases the DBI-inflation model [13, 54] and the K-inflation model [71]. In the DBI-inflation model P (X, φ) is given by

P (X, φ) = −f(φ)−1
√

1 − 2f(φ)X − V (φ), (2)

where f(φ) and V (φ) are functions of the scalar field determined by string theory configurations. At the background
level, we assume that our Universe is well described by a flat, homogeneous and isotropic Friedmann-Robertson-Walker
universe given by the line element

ds2 = −dt2 + a2(t)δijdxidxj , (3)

where a(t) is the scale factor. The Friedmann equation and the continuity equation read

3H2 = E, (4)

Ė = −3H (E + P ) , (5)

where dot denotes derivative with respect to cosmic time, the Hubble rate is H = ȧ/a, E is the energy of the inflaton
and it is given by

E = 2XP,X − P, (6)
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where P,X denotes the derivative of P with respect to X . It was shown in [70] (see also [72]) that for this model the
speed of propagation of scalar perturbations (“speed of sound”) is cs given by

c2
s =

P,X

E,X
=

P,X

P,X + 2XP,XX
. (7)

We define the slow variation parameters, analogues of the slow-roll parameters, as:

ǫ = − Ḣ

H2
=

XP,X

H2
, ξ =

ǫ̇

ǫH
, s =

ċs

csH
. (8)

We should note that these slow variation parameters are more general than the usual slow-roll parameters and that
the smallness of these parameters does not imply that the field in rolling slowly. We assume that the rate of change
of the speed of sound is small (as described by s) but cs is otherwise free to change between zero and one.

The power spectrum of the primordial quantum fluctuation was first derived in [70] and reads

Pζ(k) =
1

36π2

E2

E + P
=

1

8π2

H2

csǫ
, (9)

where it should be evaluated at the time of horizon crossing cs∗k = a∗H∗. The spectral index is

ns − 1 =
d lnPζ(k)

d ln k
= −2ǫ − ξ − s. (10)

WMAP observations of the perturbations in the CMB tell us that the previous power spectrum is almost scale
invariant therefore implying that the three slow variation parameters should be small at horizon crossing, roughly of
order 10−2.

III. NON-LINEAR PERTURBATIONS

The main goal of this section is to calculate the total connected trispectrum of the primordial curvature perturbation
for the model (1), at leading order in the slow-roll expansion and in the limit of small sound speed. In the next
subsection, with very simple arguments, we will estimate the order of magnitude of the trispectrum coming from the
scalar exchange and compare it with the result of the trispectrum coming from the contact interaction [25] (see also
[30]). In subsection III B, we review the calculation of the contact interaction trispectrum. Finally, in subsection
III C, we calculate the scalar exchange trispectrum. The total trispectrum will be the sum of these contributions.

Non-linear perturbations of the model (1) have been considered by several authors before. In [14], Gruzinov obtained
the bispectrum using the simple method of expanding the action of the inflaton only. This method gives the leading
order bispectrum in slow-roll and in the small sound speed limit. In [24], the authors performed a detailed analysis
of the bispectrum produced in the present model including also next order terms in slow-roll and small sound speed
expansion. The trispectrum has also been studied in the literature. In particular, Chen et al. [25] (see also [30])
calculated the trispectrum from the contact interaction.

The Lagrangian density of the inflaton expanded up to fourth order in perturbations (at leading order in slow-roll
and in the small sound speed limit) can be founded in [25], and it reads

L(2) =
a3P,X

2c2
s

α̇2 − aP,X

2
(∂α)2, (11)

L(3) =

(

P,XX
φ̇

2
+ P,XXX

φ̇3

6

)

a3α̇3 − P,XX
φ̇

2
aα̇(∂α)2, (12)

L(4) =
a3

4

[

(

φ̇4

6
P,4X + φ̇2P,XXX +

1

2
P,XX

)

α̇4 − a−2α̇2(∂α)2
(

φ̇2P,XXX + P,XX

)

+
1

2
a−4P,XX(∂α)4

]

, (13)

where α denotes the field perturbation δφ(t,x).
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In the next subsections, we will use the so-called “interaction picture formalism” [73] to calculate the four-point
quantum correlation function. In this formalism one needs to know the interaction Hamiltonian. The Hamiltonian
density H can be found using Eqs. (11), (12), (13) and

H = πα̇ − L, (14)

where L is the Lagrangian density and π is the momentum density, defined by π = ∂L/∂α̇. The third order Hamil-
tonian density is H(3) = −L(3) and the fourth order Hamiltonian density is [25]

H(4) = β1a
3α̇4 + β2aα̇2(∂α)2 + β3a

−1(∂α)4, (15)

where we have used α̇ = ∂H0/∂π to express π in terms of α̇, and H0 denotes the kinematic Hamiltonian density that
is quadratic in π and α. Finally to obtain the interaction Hamiltonian from the (15), the variables α̇ and α should
be replaced with their interaction picture counterparts α̇I and αI .

The constants βi are defined as

β1 = P,XX

(

1 − 9

8
c2
s

)

− φ̇2P,XXX

(

1 − 3

4
c2
s

)

+
1

8

φ̇6c2
s

P,X
P 2

,XXX − 1

24
φ̇4P,4X ,

β2 = −1

2
P,XX

(

1 − 3

2
c2
s

)

+
1

4
φ̇2c2

sP,XXX ,

β3 = −c2
s

8
P,XX . (16)

For DBI inflation, at leading order in the sound speed, the constants are

β1 =
1

2c7
sφ̇

2
, β2 =

1

4c3
sφ̇

2
, β3 = − 1

8csφ̇2
. (17)

From the second-order action, we can solve for the perturbation and quantize it according to the standard procedures
of quantum field theory:

α(η,x) =
1

(2π)3

∫

d3k[u(η,k)a(k) + u∗(η,−k)a†(−k)]eik·x , (18)

where u(η,k) = H√
2k3

1√
P,Xcs

(1 + ikcsη)e−ikcsη is the solution of the quadratic Lagrangian, and η = − 1
aH is the

conformal time. The commutation relations are given by

[a(k1), a(k2)] = [a†(k1), a
†(k2)] = 0, [a(k1), a

†(k2)] = (2π)3δ(3)(k1 − k2). (19)

A. Estimate of the amplitude of the total trispectrum

In this subsection, we shall present a very simple argument to prove that the trispectrum coming from the contact
interaction diagram is of the same order as the trispectrum coming from the scalar exchange diagram. Therefore the
total trispectrum is the sum of these two contributions. For simplicity, we will consider the DBI-inflation case but
the conclusion is valid for generic models of the form (1).

Let us start by drawing the tree-level diagram that contributes to the bispectrum. It can be found in Fig. 1, and
it is composed of three external lines labeled by ζ and it has three scalar propagators Pζ ∼ H2ǫ−1c−1

s , and one third
order vertex I3 as depicted in the l.h.s. of Fig. 2. The bispectrum coming from this diagram is then Bζ ∼ P3

ζ I3.

The third order vertex is given by I3 ∼ H−2ǫc−1
s as is easily seen from the third order Hamiltonian [24], thus the

DBI-bispectrum scales like Bζ ∼ c−2
s P2

ζ (or equivalently the non-linearity parameter fNL scales like fNL ∼ c−2
s ). For

the trispectrum, there are two relevant tree-level diagrams, Fig. 3. If we denote the fourth order vertex on the r.h.s.
of Fig. 2 by I4 then the diagram on the l.h.s. of Fig. 3 gives a contribution for the trispectrum as T CI ∼ P4

ζ I4 and

the diagram on the r.h.s. of the same figure gives T SE ∼ P5
ζ I2

3 . From the fourth order Hamiltonian, the fourth order

vertex is estimated as I4 ∼ H−2ǫc−3
s thus the trispectrum from the contact interaction is given by T CI ∼ c−4

s P3
ζ [25].

The magnitude of T SE is easily calculated as T SE ∼ c−4
s P3

ζ which has the same magnitude as T CI . Therefore for

consistency the total trispectrum is the sum of T CI and T SE.
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FIG. 1: Bispectrum diagram
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FIG. 2: On the left: the third order vertex. On the right: the fourth order vertex

Recently, [69] showed that in the case of the standard kinetic term inflation, i.e. when P is P = X − V (φ) (V (φ)
is the potential), the diagram where we have an exchange of a graviton can in fact dominate the contact interaction
diagram. In this model, the contribution from the scalar exchange diagram is negligible in comparison with both the
contact interaction and the graviton exchange. They showed that the contact interaction trispectrum is T CI ∼ ǫP3

ζ ,

the graviton exchange trispectrum is T GE ∼ ǫP3
ζ and the scalar exchange trispectrum is T SE ∼ ǫ2P3

ζ . The third

order scalar vertex is Iζ3 ∼ H−2ǫ2 and the fourth order vertex is Iζ4 ∼ H−2ǫ2.
We have checked that in the case of non-standard kinetic terms the graviton exchange diagram gives a contribution

to the trispectrum that is suppressed by ǫ and cs with respect to the leading order and we neglect this contribution.
This fact can be easily understood if one uses the main result of [69] and one recalls Maldacena’s result [4] that the
third order vertex of two-scalars-one-graviton is Iγζ2 ∼ H−2ǫcs.

In the next subsections, we will derive the momentum dependence of the trispectrum from the contact interaction
and the scalar exchange.

B. The trispectrum from the contact interaction

In this subsection, we shall make use of the so-called “interaction picture formalism” [73] to calculate the four-point
function of the field perturbation at horizon crossing coming from a diagram like the one on the l.h.s. of Fig. 3. The
result can also be found in Chen et al. [25] (see also [30]). These results are at leading order in slow-roll and in the
limit of small sound speed. For the contact interaction diagram, the four-point function is

〈Ω|δφ(0,k1)δφ(0,k2)δφ(0,k3)δφ(0,k4)|Ω〉CI

= −i

∫ 0

−∞
dη〈0|

[

δφI(0,k1)δφI(0,k2)δφI(0,k3)δφI(0,k4), H
(4)
I (η)

]

|0〉, (20)

where HI(η)(4) is the fourth order interaction Hamiltonian given by H
(4)
I =

∫

d3xH(4)
I . It can be found from Eq. (15)

and reads

H
(4)
I (η) =

∫

d3x
[

β1δφ
′4
I + β2δφ

′2
I (∂δφI)

2
+ β3 (∂δφI)

4
]

, (21)

where prime denotes derivative with respect to conformal time η.
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ζ

ζ

ζ

FIG. 3: Trispectrum diagrams. On the left: the contact interaction. On the right: The interaction via exchange of a scalar.

For a generic K-inflation model, we obtain

〈Ω|δφ(0,k1)δφ(0,k2)δφ(0,k3)δφ(0,k4)|Ω〉CI = −(2π)3δ(3)(K) ×
[

1152β1N
8c3

s

1
(

∑4
i=1 ki

)5

Π4
i=1ki

+4β2N
8cs

k2
1k

2
2(k3 · k4)

(

∑4
i=1 ki

)3

Π4
i=1k

3
i






1 + 3

k3 + k4
∑4

i=1 ki

+ 12
k3k4

(

∑4
i=1 ki

)2






+ permutations

+32β3
N8

cs

(k1 · k2)(k3 · k4) + (k1 · k3)(k2 · k4) + (k1 · k4)(k2 · k3)
∑4

i=1 ki Π4
i=1k

3
i

×






1 +

∑

i<j kikj
(

∑4
i=1 ki

)2 + 3
Π4

i=1ki
(

∑4
i=1 ki

)3

4
∑

i=1

1

ki
+ 12

Π4
i=1ki

(

∑4
i=1 ki

)4







]

, (22)

where the total momentum K is defined by K = k1 + k2 + k3 + k4, the constant N is defined by N = H/
√

2P,Xcs

and “permutations” denote the other twenty three terms that result from the permutations of {k1, k2, k3, k4} in the
preceding term. The three dimensional Dirac delta function of K ensures momentum conservation and implies that
the four momentum vectors ki, where i = 1, . . . , 4, form a quadrilateral.

For DBI-inflation, in the small sound speed limit, the terms proportional to β2 and β3 are sub-leading with respect
to the term proportional to β1. For K-inflation models, this is not necessarily the case and this fact can be used to
distinguish some K-inflation models from DBI-inflation [25].

To obtain the four-point correlation function of the curvature perturbation at some time after horizon crossing we
can use the linear relation ζ = −(H/φ̇)δφ because the higher order terms in this relation only generate sub-leading
corrections to this result and we ignore them. Finally, we obtain

〈Ω|ζ(0,k1)ζ(0,k2)ζ(0,k3)ζ(0,k4)|Ω〉CI =
H4

φ̇4
〈Ω|δφ(0,k1)δφ(0,k2)δφ(0,k3)δφ(0,k4)|Ω〉CI . (23)

C. The trispectrum from the scalar exchange interaction

Within the “interaction picture” formalism, to calculate the four-point function resulting from a correlation estab-
lished via the exchange of a scalar mode as depicted in the r.h.s. of Fig. 3 one needs to evaluate the following time
integrals

〈Ω|δφ(0,k1)δφ(0,k2)δφ(0,k3)δφ(0,k4)|Ω〉SE

= −
∫ 0

−∞
dη

∫ η

−∞
dη̃〈0|

[[

δφI(0,k1)δφI(0,k2)δφI(0,k3)δφI(0,k4), H
(3)
I (η)

]

, H
(3)
I (η̃)

]

|0〉,

(24)

where H
(3)
I (η) is the third order interaction Hamiltonian given by H

(3)
I =

∫

d3xH(3)
I = −

∫

d3xL(3)
I . We will use

H
(3)
I (η) =

∫

d3x
[

Aaδφ′3
I + Baδφ′

I (∂δφI)
2
]

, (25)
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where the constants A and B are defined as

A = − φ̇

2

(

P,XX +
1

3
φ̇2P,XXX

)

, B =
φ̇

2
P,XX . (26)

For DBI inflation they are given by

A = − 1

2φ̇c5
s

, B =
1

2φ̇c3
s

. (27)

The calculation of the integral in (24) is rather long but relatively straightforward (however see [74]). The total
four-point function of the field perturbations is

〈Ω|δφ(0,k1)δφ(0,k2)δφ(0,k3)δφ(0,k4)|Ω〉SE = (2π)3δ(3)(K)
2N4

(k1k2k3k4)
3

2

×
[

− 9A2

(

F1(k1, k2,−k12, k3, k4, k12) −F1(−k1,−k2,−k12, k3, k4, k12)

)

+AB

(

3(k3 · k4)

(

F3(k1, k2,−k12, k12, k3, k4) −F3(−k1,−k2,−k12, k12, k3, k4)

)

+6(k12 · k4)

(

F3(k1, k2,−k12, k3, k4, k12) −F3(−k1,−k2,−k12, k3, k4, k12)

)

+3(k1 · k2)

(

F4(−k12, k1, k2, k3, k4, k12) −F4(−k12,−k1,−k2, k3, k4, k12)

)

−6(k12 · k2)

(

F4(k1, k2,−k12, k3, k4, k12) −F4(−k1,−k2,−k12, k3, k4, k12)

)

)

−B2

(

(k1 · k2)(k3 · k4)

(

F2(−k12, k1, k2, k12, k3, k4) −F2(−k12,−k1,−k2, k12, k3, k4)

)

+2(k1 · k2)(k12 · k4)

(

F2(−k12, k1, k2, k3, k4, k12) − F2(−k12,−k1,−k2, k3, k4, k12)

)

−2(k12 · k2)(k3 · k4)

(

F2(k1, k2,−k12, k12, k3, k4) − F2(−k1,−k2,−k12, k12, k3, k4)

)

−4(k12 · k2)(k12 · k4)

(

F2(k1, k2,−k12, k3, k4, k12) −F2(−k1,−k2,−k12, k3, k4, k12)

)

)]

+23 permutations of{k1, k2, k3, k4}, (28)

where as before K = k1 + k2 + k3 + k4, N = H/
√

2P,Xcs and k12 = |k12| = |k1 + k2|. Similarly, we define kab as
kab = |kab| = |ka + kb|, where ka and kb represent any of the four momentum vectors k1, k2, k3 and k4. Momentum
conservation implies k12 = k34, k13 = k24 and k14 = k23.

Because there are only four different types of double time integrals over the mode functions, we define four Fi

functions (with i = 1, . . . , 4). Their explicit expressions are

F1(k1, k2, k3, k4, k5, k6) =

∫ 0

−∞
dηa(η)

∫ η

−∞
dη̃a(η̃)U∗′

(η, k1)U
∗′

(η, k2)U
∗′

(η, k3)U
∗′

(η̃, k4)U
∗′

(η̃, k5)U
∗′

(η̃, k6)

= −4
N6c6

s

H2
|k1 · · · k6|

1

2

1

A3C3

(

1 + 3
A
C + 6

A2

C2

)

, (29)

where A is defined by the sum of the last three arguments of the Fi functions as A = k4 + k5 + k6 and C is defined
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by the sum of all the arguments as C = k1 + k2 + k3 + k4 + k5 + k6. The remaining functions are

F2(k1, k2, k3, k4, k5, k6) =

∫ 0

−∞
dηa(η)

∫ η

−∞
dη̃a(η̃)U∗′

(η, k1)U
∗(η, k2)U

∗(η, k3)U
∗′

(η̃, k4)U
∗(η̃, k5)U

∗(η̃, k6)

= −N6c2
s

H2

|k1k4|
1

2

|k2k3k5k6|
3

2

1

AC

[

1 +
k5 + k6

A + 2
k5k6

A2

+
1

C

(

k2 + k3 + k5 + k6 +
1

A ((k2 + k3) (k5 + k6) + 2k5k6) + 2
k5k6 (k2 + k3)

A2

)

+
2

C2

(

k5k6 + (k2 + k3) (k5 + k6) + k2k3

+
1

A (k2k3 (k5 + k6) + 2k5k6 (k2 + k3)) + 2
k2k3k5k6

A2

)

+
6

C3

(

k2k3 (k5 + k6) + k5k6 (k2 + k3) + 2
k2k3k5k6

A

)

+ 24
k2k3k5k6

C4

]

, (30)

F3(k1, k2, k3, k4, k5, k6) =

∫ 0

−∞
dηa(η)

∫ η

−∞
dη̃a(η̃)U∗′

(η, k1)U
∗′

(η, k2)U
∗′

(η, k3)U
∗′

(η̃, k4)U
∗(η̃, k5)U

∗(η̃, k6)

= 2
N6c4

s

H2

|k1k2k3k4|
1

2

|k5k6|
3

2

1

AC3

[

1 +
k5 + k6

A + 2
k5k6

A2
+

3

C

(

k5 + k6 + 2
k5k6

A

)

+ 12
k5k6

C2

]

,

(31)

F4(k1, k2, k3, k4, k5, k6) =

∫ 0

−∞
dηa(η)

∫ η

−∞
dη̃a(η̃)U∗′

(η, k1)U
∗(η, k2)U

∗(η, k3)U
∗′

(η̃, k4)U
∗′

(η̃, k5)U
∗′

(η̃, k6)

= 2
N6c4

s

H2

|k1k4k5k6|
1

2

|k2k3|
3

2

1

A3C

[

1 +
A
C +

A2

C2
+

k2 + k3

C + 2
A (k2 + k3) + k2k3

C2

+3
A
C3

(A (k2 + k3) + 2k2k3) + 12k2k3
A2

C4

]

, (32)

where the function U(η, k) is a modified mode function given by

U(η, k) = N
1

|k| 32
(1 + ikcsη) e−ikcsη. (33)

If the sign of the argument k of U is positive then U is equal to the mode function, if the sign is negative then U
equals the complex conjugate of the mode function.

The study of the momentum dependence of the trispectrum will be the subject of the next section, but here we would
like to make a remark. In the configuration where all the momentum vectors have equal magnitude, it is easy to see
that the variable C defined previously and that appears in some Fi functions in (28) becomes zero. Because C appears
in the denominator of some fractions in the definitions of Fi one might naively think that the trispectrum diverges
for these configurations. This is not the case. In Appendix A, we show that if one includes all the permutations
of these terms the apparent divergences do not appear anymore and as expected the trispectrum is finite for these
configurations.

As in the previous subsection, the four-point function of the curvature perturbation ζ is related with the four-point
function of the field perturbation as

〈Ω|ζ(0,k1)ζ(0,k2)ζ(0,k3)ζ(0,k4)|Ω〉SE =
H4

φ̇4
〈Ω|δφ(0,k1)δφ(0,k2)δφ(0,k3)δφ(0,k4)|Ω〉SE . (34)

This constitutes one of the main results of this work.
The total trispectrum of ζ is the sum of the contributions coming from both of the diagrams of Fig. 3 as

〈Ω|ζ(0,k1)ζ(0,k2)ζ(0,k3)ζ(0,k4)|Ω〉total = 〈Ω|ζ(0,k1)ζ(0,k2)ζ(0,k3)ζ(0,k4)|Ω〉CI

+〈Ω|ζ(0,k1)ζ(0,k2)ζ(0,k3)ζ(0,k4)|Ω〉SE . (35)
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From the previous result one can read the order of magnitude of the total trispectrum and it agrees with the
discussion of subsection III A. Moreover, one can also read the exact momentum dependence of the trispectrum.
In the next section we shall study the shape of the trispectrum in more detail. In particular, we will consider the
so-called equilateral configuration and we shall calculate the value of the non-linearity parameter τNL.

IV. τNL AND THE SHAPE OF THE TRISPECTRUM IN THE EQUILATERAL CONFIGURATION

In this section, we will calculate the non-linearity parameter τNL in the limit where all the four momentum vectors
have the same magnitude k. This is the so-called equilateral configuration used in previous works [25, 68]. If we
denote the angle between ki and kj by θij , then in this configuration, we have cos(θ12) = cos(θ34) ≡ cos(θ3),
cos(θ23) = cos(θ14) ≡ cos(θ1), cos(θ13) = cos(θ24) ≡ cos(θ2) and cos(θ1) + cos(θ2) + cos(θ3) = −1 due to momentum
conservation.

The inflationary trispectrum is often parameterized [19, 28, 69] by two non-linearity parameters τ local
NL and glocal

NL as

〈ζ(k1)ζ(k2)ζ(k3)ζ(k4)〉 = τ local
NL

(

P̃ζ(k13)P̃ζ(k3)P̃ζ(k4) + 11 permutations
)

+
54

25
glocal

NL

(

P̃ζ(k2)P̃ζ(k3)P̃ζ(k4) + 3 permutations
)

, (36)

where the power spectrum P̃ζ(k) is given by 〈ζ(k1)ζ(k2)〉 = (2π)3δ(3)(k1 + k2)P̃ζ(k1) or P̃ζ(k) = H2/(4ǫcsk
3). This

shape of the trispectrum results from the most general local parametrization for the non-linearity of ζ as

ζ(x) = ζG(x) +
1

2
(τ local

NL )1/2
(

ζ2
G(x) − ζ2

G(x)
)

+
9

25
glocal

NL ζ3
G(x), (37)

where ζG(x) denotes the first order curvature perturbation (gaussian random variable), ζ2
G(x) denotes the average of

ζ2
G. The trispectrum calculated in the present work results from quantum correlations around horizon crossing and

does not admit a simple parametrization in terms of momentum independent non-linearity parameters as (36).
In the next subsections, we will adopt a naive parametrization for the trispectrum as

τNL(k1,k2,k3,k4) =

(

4ǫcs

H2

)3

Tζ(k1,k2,k3,k4)Π
4
i=1k

3
i

×
[

(

k3
1k

3
2 + k3

3k3
4

) (

k−3
13 + k−3

14

)

+
(

k3
1k

3
4 + k3

2k
3
3

) (

k−3
12 + k−3

13

)

+
(

k3
1k

3
3 + k3

2k
3
4

) (

k−3
12 + k−3

14

)

]−1

,

(38)

where Tζ is related to the trispectrum of ζ as

〈ζ(k1)ζ(k2)ζ(k3)ζ(k4)〉 = (2π)3δ(3)(K)Tζ(k1,k2,k3,k4). (39)

In general, τNL defined by the previous expression will be shape dependent. For instance, this will be the case for the
contact interaction trispectrum. Only for non-Gaussianity of the form (37) with glocal

NL = 0 the parameter τNL will be
a constant, i.e. shape independent. If one fully specifies the momentum vectors configuration, then τNL becomes just
a number. This seems to be the approach followed by several authors in the literature and in the next subsections we
shall do the same to obtain the order of magnitude of the trispectrum. However, we should emphasize that the full
trispectrum contains much more information than the one that can be described by just a number like τNL and that
this parametrization might not be so adequate to describe the information encoded in a general trispectrum.

A. τNL: general model

For the general model (1) and for an angular configuration like cos(θ1) = cos(θ2) = cos(θ3) = −1/3 the contact
interaction trispectrum gives a non-linearity parameter as

τNL
CI
β1

∼ −0.14
H2c2

sǫ

P 2
,X

β1, τNL
CI
β2

∼ 0.21
H2ǫ

P 2
,X

β2, τNL
CI
β3

∼ −0.55
H2ǫ

c2
sP

2
,X

β3, (40)

where the different values of τNL correspond to the three terms in the contact interaction trispectrum Eq. (22).



10

The scalar exchange trispectrum gives values for τNL as

τNL
SE
A2 ∼ 0.52

H2c4
sǫ

P 3
,X

A2, τNL
SE
AB ∼ −1.75

H2c2
sǫ

P 3
,X

AB, τNL
SE
B2 ∼ 2.51

H2ǫ

P 3
,X

B2, (41)

where τNL
SE
A2 , τNL

SE
B2 and τNL

SE
AB correspond to the values of τNL calculated from the terms in (28) proportional to

A2, B2 and AB respectively.

B. The shape of the trispectrum for the DBI-inflation model in the equilateral configuration

In this subsection, we shall study the shape of the trispectrum for the DBI-inflation model in the equilateral
configuration. We will assume that the trispectrum is maximized in the equilateral configuration and we will study
the dependence of the maximum on the two remaining degrees of freedom, the angles θ1 and θ2

1. We will show that
the trispectrum is maximized in the configuration where the angles between the four different momentum vector are
equal. Although we do not prove that the trispectrum has the maximum value for the equilateral configuration, we
present some evidence indicating that this might be the case in Appendix B.

In the equilateral configuration, the contact interaction trispectrum is constant and only the scalar exchange
trispectrum depends on θ1 and θ2. The plot of the shape of the scalar exchange trispectrum can be found in Fig.
4. The exact analytical expression can be found in Appendix C. The shape of the trispectrum has a maximum for
cos θ1 = cos θ2 = cos θ3 = −1/3 as it can be better seen in the density plot of the trispectrum in the r.h.s panel of
Fig. 4. In Fig. 5, we plot the non-linearity parameter τSE

NL calculated from the scalar exchange trispectrum. The
maximum amplitude occurs for cos θ1 = cos θ2 = cos θ3 = −1/3.

When cos θ1 = −1 or cos θ2 = −1 or cos θ3 = −1 (on the diagonal line in the plot of Fig. 5, when cos θ2 = − cos θ1)
the non-linearity parameter is zero. This result can be nicely understood using the counter-collinear limit of the scalar
exchange trispectrum [69]. According to [69], in the limit where the momentum of the scalar mode that is exchanged
goes to zero, one can find a simple relation between the scalar exchange trispectrum and the power spectrum, in
a similar way to Maldacena’s consistency relations [4] (see also [25, 75, 76]) since one can treat this mode as a
background. Summarizing their result, let us suppose that the momentum of the exchanged particle is k12 and that
k12 ≪ k1 ≈ k2, k3 ≈ k4. Then the mode associated with this scalar particle will cross the horizon much before the
other ki modes, where i = 1, . . . , 4, and its only effect is to rescale the spatial background where the ki modes exist.
After some algebra, Ref. [69] found that the scalar exchange trispectrum obeys the following relation

〈ζ(k1)ζ(k2)ζ(k3)ζ(k4)〉SE → (2π)3δ(3)(K)(ns − 1)2P̃ζ(k12)P̃ζ(k1)P̃ζ(k3), (42)

in the limit k12 → 0. The previous equation implies that in the counter-collinear limit, the scalar exchange non-
linearity parameter τSE

NL is of order ǫ2 (at leading order in our approximations this is equivalent to say that τSE
NL

should vanish). We have verified that τSE
NL calculated from (28) does indeed vanish in the limit kab → 0. This

provides a consistency check on (28). If we note that in the equilateral configuration k14 = k23 =
√

2k
√

1 + cos θ1,

k24 = k13 =
√

2k
√

1 + cos θ2 and k34 = k12 =
√

2k
√

1 + cos θ3, then it is easy to understand why in the plot of Fig. 5,
τSE
NL vanishes for cos θj = −1 with j = 1, 2, 3. This is because we are in the domain of validity of the counter-collinear

limit relation.

C. τNL: DBI-inflation

In order to give numerical results for τNL, one has to choose a particular model which will determine the parameters
βi, A and B. In this subsection, we particularize the results (40) and (41) for the DBI-inflation model at leading
order in the small sound speed.

The total τNL coming from the scalar exchange trispectrum is

τNL
SE
DBI = τNL

SE
A2 + τNL

SE
B2 + τNL

SE
AB ∼ 0.60

c4
s

. (43)

1 Contrary to what happens in the case of the bispectrum, the equilateral configuration conditions do not fix all degrees of freedom (dof)
required to describe the shape of the trispectrum and we are left with two angular dof [68]
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FIG. 4: Left: The shape of the scalar exchange trispectrum as a function of the variables cos θ1 and cos θ2. The maximum
amplitude has been normalized to unity. Right: Density plot of the shape of the scalar exchange trispectrum as a function of
the variables cos θ1 and cos θ2. The maximum amplitude occurs for cos θ1 = cos θ2 = −1/3.

FIG. 5: Plot of the non-linearity parameter τSE

NL calculated from the scalar exchange trispectrum. The maximum amplitude
occurs for cos θ1 = cos θ2 = −1/3 and its value was rescaled by c4

s.

This result should be summed with τNL coming from the contact interaction trispectrum [25]

τNL
CI
DBI = τNL

CI
β1

∼ −0.04

c4
s

. (44)

For this particular configuration the magnitude of τNL
SE
DBI is more than one order of magnitude higher than τNL

CI
DBI .

We conclude that the total non-linearity parameter τNL for DBI-inflation in the equilateral configuration with equal
angles between the momentum vectors is

τNL
equi
DBI ∼ 0.56

c4
s

. (45)

V. CONCLUSION

In this work we have computed the connected four-point function of the primordial curvature perturbation at
leading order in the slow-roll expansion and in the small sound speed limit for a generic model of kinetically driven
inflation. This four-point correlation is coming from either via the exchange of a scalar mode or by a four-leg contact
interaction at a point. We showed that in general the scalar exchange correlation is as important as the contact
interaction correlation previously calculated in the literature. So the final answer to be compared with observational
data should include the sum of these two contributions.
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We have studied the shape dependence of the trispectrum for the DBI-inflation model in the equilateral configu-
rations. The equilateral limit conditions do not fix completely the configuration of the four momentum vectors and
we are left with two remaining angular degrees of freedom. We have shown that the trispectrum is maximized when
the angles between the four different momentum vectors are equal to arccos(−1/3) ≈ 109.5◦. We found that for

this “maximal” equilateral configuration the non-linearity parameter for DBI-inflation τNL
equi
DBI is about one order

of magnitude larger than the existing result in the literature that only takes into account the contact interaction
diagram. Our final result for the non-linearity parameter for the DBI-inflation model is τNL

equi
DBI ∼ 0.56/c4

s.
We did not prove that the maximum of the trispectrum occurs for the equilateral configuration. But we gave

some evidence in Appendix B. In general there are five parameters to characterize the shape of the trispectrum. It
would be desirable to explore, possibly numerically, all configurations to show that the maximum of τNL lies in the
configuration we found. Also it is necessary to construct an estimator to extract information from CMB anisotropies.
We will leave these issues for future investigations.

Note added : On the day this work was submitted, the paper [77] appeared in the arXiv, which contains some similar
results.
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APPENDIX A: CANCELING THE APPARENT DIVERGENCES OF THE TRISPECTRUM IN THE

EQUILATERAL LIMIT

In the configuration where all the momentum vectors have equal magnitude, i.e. the equilateral configuration, the
variable C defined as the sum of the arguments of the Fi functions vanishes for the terms in (28) that contain a Fi

function with three negative arguments. Because C appears in the denominator of some fractions in the definitions of
Fi one might naively think that the trispectrum (28) diverges for these configurations. We will now show that when
considering all the 23 permutations in (28), the powers of C that appear in the denominator in the different terms
cancel out and we are left with expressions that are clearly finite in the limit C going to zero.

The proof is rather simple if one notes that the apparently divergent terms (Fi functions with three negative
arguments) can be gathered in certain combinations that are clearly finite in the equilateral limit.

For example, if we take all the divergent terms containing F1, we find pairs of terms like
F1(−ka,−kb,−kab, kc, kd, kab) + F1(−kc,−kd,−kab, ka, kb, kab), where the only difference from the first term to the
second is that ka, kb changed position with kc, kd, where ka, kb, kc, kd can represent any of the momentum vectors
k1, k2, k3, k4 and kab is kab = |kab| = |ka + kb|. To complete the proof, one just needs to show that this combination
is finite in the equilateral limit. After some algebra one can show that

F1(−ka,−kb,−kab, kc, kd, kab) + F1(−kc,−kd,−kab, ka, kb, kab) = 4
N6c6

s

H2
|kakbkckdk

2
ab|

1

2

1

A3
1A3

2

, (A1)

where A1 = −(kab + kc + kd) and A2 = −(kab + ka + kb). The r.h.s. of the previous equation is clearly finite in the
limit C → 0.

The proof of finiteness for the remaining divergent terms containing F3 and F4 in (28) is completely analogous to
the proof just described but now one has to use the following combinations of terms.

F3(−ka,−kb,−kab, kab, kc, kd) + F4(−kab,−kc,−kd, ka, kb, kab)

= 2
N6c4

s

H2

|kakbk
2
ab|

1

2

|kckd|
3

2

[

− 1

A1A3
2

− 2
kckd

A3
1A3

2

+
kc + kd

A2
1A3

2

]

, (A2)
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F3(−ka,−kb,−kab, kc, kd, kab) + F4(−kc,−kd,−kab, ka, kb, kab)

= 2
N6c4

s

H2

|kakbkckab|
1

2

|kdkab|
3

2

[

− 1

A1A3
2

− 2
kdkab

A3
1A3

2

+
kd + kab

A2
1A3

2

]

. (A3)

Finally, all divergent terms containing F2 can be completely written in terms of the following combinations

F2(−kab,−ka,−kb, kab, kc, kd) + F2(−kab,−kc,−kd, kab, ka, kb)

=
N6c2

s

H2

|kab|
|kakbkckd|

3

2

[

2A2
2 + A2 (kab − 2ka) − 2ka (ka + kab)

] [

2A2
1 + A1 (kab − 2kd) − 2kd (kd + kab)

]

A3
1A3

2

,

(A4)

F2(−kab,−ka,−kb, kc, kd, kab) + F2(−kc,−kd,−kab, kab, ka, kb)

=
N6c2

s

H2

|kckab|
1

2

|kakbkdkab|
3

2

[

2A2
2 + A2 (kab − 2ka) − 2ka (ka + kab)

] [

A2
1 −A1 (kd + kab) + 2kdkab

]

A3
1A3

2

, (A5)

F2(−kb,−ka,−kab, kd, kc, kab) + F2(−kd,−kc,−kab, kb, ka, kab)

=
N6c2

s

H2

|kbkd|
1

2

|kakck2
ab|

3

2

[

2A2
1 + A1 (kd − 2kab) − 2kab (kd + kab)

] [

A2
2 −A2 (ka + kab) + 2kakab

]

A3
1A3

2

. (A6)

All of these combinations are finite in the equilateral limit and all apparently divergent terms in the scalar exchange
trispectrum (28) can be written in terms of these combinations. This implies that the trispectrum (28) is also finite
in this limit as expected.

APPENDIX B: WHERE DOES THE MAXIMUM OF THE TRISPECTRUM FOR THE DBI-INFLATION

MODEL LIE?

It seems difficult to pursue an analytical answer for this question. The main reason is the fact that we need five
degrees of freedom to parameterize the shape of the trispectrum and the expression for the trispectrum, Eq. (35), is
fairly complicated. Numerical searches for the maximum in the full parameter space are possible even with such a
large parameter space to explore. We leave this for future work.

In this Appendix, we will relax the condition of equilateral configuration, allowing for two of the momentum vectors
to have a different magnitude from the other two and we will show that the maximum that we found in subsection
IVB is still a maximum of τNL. This provides some evidence that this particular configuration maximizes τNL.

Before we show the results, it is interesting to consider analytically certain limiting configurations such as the
squeezed limit or in the case of the scalar exchange diagram the counter-collinear limit. These limits give us other
indications about where the maximum of the trispectrum might lie. Also, because these limits can be obtained using
different methods from the one used in this work, they provide consistency checks with our final answers.

As first pointed out by Maldacena [4] and Seery et al. [68], all higher order correlators of ζ in single field inflation
obey consistency relations in the squeezed limit, i.e. when one of the momentum vector is very small. Let us consider
the limit k1 → 0, which implies that the corresponding mode ζ(k1) leaves the horizon well before all other modes
leave the horizon. By the time the remaining modes exit the horizon, ζ(k1) will be frozen as a super-horizon mode
and its only effect is to deform the background. Following the algebra with some more detail, one finds the following
relation for the trispectrum [68]

〈ζ(k1)ζ(k2)ζ(k3)ζ(k4)〉 → −P̃ζ(k1)
d

Hdt
〈ζ(k2)ζ(k3)ζ(k4)〉, (B1)

in the limit k1 → 0. Using the fact that the bispectrum is Bζ ∼ c−2
s P̃2

ζ it follows that in the squeezed limit according

to (B1) the trispectrum is of O(ǫc−2
s P̃3

ζ ). Comparing this result with the full trispectrum, Eq. (35), which is of order

ǫ−3, one finds that the total non-linearity parameter τNL calculated from (35) should be at most of order ǫc−2
s (i.e.

under our approximation it should vanish) when any of the momentum vectors goes to zero. We verified that this is
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FIG. 6: Plots of τNL coming from the contact interaction diagram and the total τNL as functions of the momentum amplitude
q and cos θ2. The values were rescaled by c4

s

the case for (35)2. This would mean that the maximum of τNL might lie near the equilateral configuration.
As an example, we considered configurations where the two momentum vectors k3 and k4 have a different magnitude

q from the magnitude of k1 and k2 that we normalized to unity. Then in this configuration, we have cos(θ34) ≡
cos(θ3), cos(θ23) = cos(θ14) ≡ cos(θ1), cos(θ13) = cos(θ24) ≡ cos(θ2), cos(θ12) = q2(1 + cos(θ3)) − 1. The momentum
conservation implies cos θ3 = −(1/q)(cos θ1 +cos θ2)−1. We also allow one of the angular dof to vary freely, the other
angular dof θ1 is fixed by cos θ1 = −1/3 to the value that gives us the maximum that we found in subsection IVB.
In Fig. 6, we plot the non-linearity parameter τNL for the DBI-inflation model. From the momentum conservation,
cos(θ2) is restricted to cos(θ2) ≤ 1/3. Also we restricted q as q ≥ 1 as the configurations with q < 1 can be related
to those with q ≥ 1 by rescaling k1 and k2. The left panel shows the contribution from the contact interaction. In
the right panel, we plot the total τNL. As can be seen in the r.h.s panel of Fig. 6, the maximum of τTotal

NL occurs
exactly for the equilateral configuration when all the angles θ1, θ2 and θ3 are equal. This provides evidence that the
maximum of the non-linearity parameter would happen for this configuration.

APPENDIX C: THE DBI SCALAR EXCHANGE TRISPECTRUM IN THE EQUILATERAL LIMIT

In this Appendix, we present the scalar exchange trispectrum of the primordial curvature perturbation ζ for the
DBI-inflation model in the equilateral configuration. These analytical expressions can be derived from the general
expression for the scalar exchange trispectrum, Eq. (28). We will use these simpler equations to calculate the non-
linearity parameter τNL in subsection IVC and to study the shape dependence of the trispectrum in subsection
IVB.

At leading order in the small sound speed and in the slow-roll expansion, the scalar exchange trispectrum for the
DBI inflationary model is

〈Ω|ζ(0,k1)ζ(0,k2)ζ(0,k3)ζ(0,k4)|Ω〉SE = 〈Ω|ζ(0,k1)ζ(0,k2)ζ(0,k3)ζ(0,k4)|Ω〉SE
A2

+〈Ω|ζ(0,k1)ζ(0,k2)ζ(0,k3)ζ(0,k4)|Ω〉SE
B2

+〈Ω|ζ(0,k1)ζ(0,k2)ζ(0,k3)ζ(0,k4)|Ω〉SE
AB, (C1)

where the three different contributions come from the terms in (28) that are proportional to A2, B2 and AB respec-
tively.

Explicitly, they are given by

〈Ω|ζ(0,k1)ζ(0,k2)ζ(0,k3)ζ(0,k4)|Ω〉SE
A2 = (2π)3δ(3)(K)

1

c4
s

D1(k12/k)P̃2
ζ (k)P̃ζ(k12) + 2 permutations, (C2)

2 Strictly speaking, Eq. (35) is only valid when all momentum vectors have similar magnitude as only in this case we can treat, for
instance, H as a constant. However the momentum dependence of (35) is such that τTotal

NL
goes to zero in the squeezed limit and this

is consistent with (B1)
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〈Ω|ζ(0,k1)ζ(0,k2)ζ(0,k3)ζ(0,k4)|Ω〉SE
AB = (2π)3δ(3)(K)

1

c4
s

D2(k12/k)P̃2
ζ (k)P̃ζ(k12) + 2 permutations, (C3)

〈Ω|ζ(0,k1)ζ(0,k2)ζ(0,k3)ζ(0,k4)|Ω〉SE
B2 = (2π)3δ(3)(K)

1

c4
s

D3(k12/k)P̃2
ζ (k)P̃ζ(k12) + 2 permutations, (C4)

where we have defined three Di(x) functions, with i = 1, 2, 3, as

D1(x) =
9x4(3x5 + 36x4 + 176x3 + 432x2 + 528x + 512)

27(x + 2)6
,

D2(x) =
−3x4(13x7 + 156x6 + 748x5 + 1696x4 + 1072x3 − 4160x2 − 11712x− 8192)

27(x + 2)6
,

D3(x) =
x4

29(x + 2)6
×
(

103x9 + 1236x8 + 5276x7 + 5632x6 − 27052x5 − 95248x4 − 69376x3

+149056x2 + 281792x + 131072
)

, (C5)

where k12 = k
√

2(1 + cos θ3), k13 = k
√

2(1 + cos θ2) and k14 = k
√

2(1 + cos θ1). k denotes the common amplitude

of all four momentum vectors kj , with j = 1, . . . , 4 and the rescaled power spectrum is P̃ζ(k) = H2/(4ǫcsk
3) that

should be evaluated at horizon crossing.
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