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ABSTRACT

An octreeis a well known hierarchicalspatialstructurewhich is widely usedin ComputerGraphicsal-
gorithms. Oneof the most frequentoperationsis the computationof the octreevoxels intersectedby a
straightline. This hasa numberof applications,suchasray-objectintersectiontestsspeed-upandvisual-
isationof hierarchicaldensitymodelsby ray-casting.Severalmethodshave beenproposedto achieve this
goal,which differ in the order in which intersectedvoxelsarevisited. In this paperwe introducea new
top-down parametricmethod.Themaindifferencewith previouslyproposedmethodsis relatedto descent
movements,thatis, theselectionof achild sub-voxel from thecurrentone.Thisselection,asthealgorithm,
is basedon theparameterof theray andcomprisessimplecomparisons.Theresultingalgorithmis easyto
implement,andefficient whencomparedto otherrelatedtop-down andbottom-upalgorithmsfor octrees.
Finally, a comparisonwith Kelvin’smethodfor binarytreesis presented.
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1 Intr oduction

By Octree Traversing we meanthe processof find-
ing thesubsetof voxels in anoctreepiercedby a di-
rectedline. As statedin theabstract,this hasseveral
applicationsin ComputerGraphics. Maybethe best
known oneis thespeeding-upof intersectiontestsof
a line with a setof objects. In this case,the octree
is usedasa spatialindex. Eachvoxel holdsa pointer
to the subsetof objectsthat it intersectsor contains.
Then, the set of objectshit by the ray is necessar-
ily includedin the setof objectsintersectingvoxels
piercedby theray. By traversingtheoctreeit is possi-
ble to restrict the ray-objectintersectiontest to this
set of objects. This is only an improvementwhen
the traversalprocessis much fasterthan the teston
all objects.Octreesarealsousedin solid modelling.
In this case,the densityof one or several materials
is consideredconstantfor eachvoxel of the octree.
Generally, the internal structureof this densitydis-
tribution can be visualisedby using a renderingal-
gorithm which displaysit as a transparentmaterial.
For thesekind of algorithms,the accumulatedopac-

ity alongaray is computedby obtainingthetraversed
voxels. Severalalgorithmsfor octreetraversinghave
beenproposed[Agate91, Cohen93, Endl94, Fujim86,
Garga93, Glass84, Jevan89, Samet89, Sung91]. They
canbeclassifiedinto two groups,accordingto theor-
derin whichpiercedvoxelsareobtained:

Bottom-UpMethods:Traversingstartsat thefirst ter-
minal nodeintersectedby the ray. A processcalled
neighbourfinding is usedto obtain the next termi-
nal node from the current one [Glass84, Samet89,
Samet90].
Top-Down Methods: Thesemethodsstart from the
root voxel (that is, from the one covering all oth-
ers). Thena recursive procedureis used. From the
current node, its direct descendantshit by the ray
areobtained,andtheprocessis (recursively) repeated
for eachof them, until terminal voxels are reached
[Agate91, Cohen93, Endl94, Janse85, Garga93].

In thispaperwe introduceanew top-down algorithm.
This new algorithmis basedon theparametricrepre-
sentationof the ray. This representationallows us tobrought to you by COREView metadata, citation and similar papers at core.ac.uk
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maprealvalues(parametervalues)to ray points.The
algorithmcomputestheparametervaluesatwhichthe
ray intersectsthe three planesthat divide eachvo-
xel. Thesevaluesare computedincrementally, by
using additionsand divisions by two. In essence,
thisalgorithmis relatedto otherparametrictop-down
algorithms, such as the one introducedby Jansen
[Janse85], Arvo [Arvo88], andAgate[Agate91]. Af-
terward,SungandShirley [Sung92] proposeda ver-
siononaBSPtreeof Jansen’swork. Authorsof these
paperspointedout thatthecostof traversinganoctree
anda BSPtreearesimilar, (theseresultshave been
formally presentedby Reinhard[Reinh96]). Bothpa-
rametricmethods(for octreesandBSPs)arebasedon
the sameprinciplesasour work. However, herewe
proposeanew methodfor selectingthefirst sub-voxel
of a voxel, by usingcomparisonson previously ob-
tainedparametervalues.This allows us to avoid the
neighbourfinding process,thussaving memoryand
computingtime. With respectto the movementsbe-
tweenneighbourvoxels with the sameparentvoxel,
we usean algorithmwhich is alsobasedon the ray
parameter, asthealgorithmdescribedby Amanatides
[Amana87].

Sung [Sung91] presentedan octree traversal algo-
rithm which hasthesametheoreticalbasisasthe3D-
DDA traversalalgorithm[Amana87] for uniformspa-
tial subdivision,however, for unbalancedoctrees,effi-
ciency decreases.Thisisdueto thefactthatSung’sal-
gorithmusesthesmallestoctreeleafastraversalbase
unit.

Moreover, we mustreferasignificantwork presented
by J. SpackmanandP.J. Willis [Spack91]. The au-
thorspresenteda very efficient algorithmto traverse
anoctreethatonly employedoperationswith integer
arithmetic throughoutthe traversal. That algorithm
is outlined into the paperand it is very robust. In
essence,bothalgorithmsmustbeequivalentbecause
they usethesameprinciplesfor eachmovement.We
think theproposedmethodin thispaperis easyto un-
derstandandverydidacticfor teaching.

Thispaperis organisedasfollows: section2 describes
a simplified versionof the algorithm for quadtrees.
The extensionfor octreesis detailedin section3. A
comparisonin termsof efficiency with other meth-
ods, such as the bottom-upmethod introducedby
Samet[Samet89], two extensionsof it proposedby
Endl [Endl94], and a recursive top-down method
[Garga93], is also included. We usethe samesoft-
waresystemfor all thealgorithms.

Resultsshow that thenew algorithmis moreefficient
thantheseothermethodsexceptonthealgorithmpre-
sentedby SpackmanandWillis. Furthermore,its sim-
plicity makesit straightforwardto implement,ascan
beobservedin thesourcecodelistingsin section4.

2 The Algorithm for 2D case

We definea ray � asa pair �����	��
 , where���������������

is the origin, and �����������	����
 is the unit lengthdi-
rection vector. For eachreal value ����� exists a
point �� �!��"�#
$�#%&!��"�#
#
 on the ray, where  �! and %&! are
two scalarfunctionsdefinedasfollows:

 �!��"�#
'� ���)(��*���%&!��"�#
+� ���,(��*��� (1)

A node - in a quadtreeis the setof points insidean
axis-alignedrectangle(whosefour edgeshave equal
length). Formally, - is the setof points �� ��#%�
 such
that  �./��-�
102 �32 54&��-�
 and %�.���-�
102%632%/47��-�
 ,
where  �.��# 849�#%&. and %�4 arefour scalarvaluedfunc-
tions which definethe position of eachnode - (we
alsodefine :��;-�
 asthelengthof eachedgeof - )
From the above definitions,we deducethatan inter-
sectionbetweenaray � andanode- occursif at least
onerealvalue � existssuchthat:

 �./��-�
�0< ! �"�#
=3> 847�;-�
? %�.��;-�
=0>% ! ���#
=3>%�47�;-�
 (2)

The algorithmwe proposeis calleda parametrical-
gorithm becauseall computationsuse values of �
suchthat �" �!&�"�#
$�#%&!��"�#
@
 is a point on a nodebound-
ary. For a node - andray � , �*� . ��-/�#��
$�#�*� . ��-/�@�7
 , and� � 4���-/�#��
$�#� � 4���-/�@��
 are definedas the ray parameter
valuesfor which theray intersectswith theboundary
of thenode. Formally, thesevaluesobey the follow-
ing equalities:

 �!��"�*�BA@�;-/�#��
#
C�  �A	��-�
%&!&���*�$A#�;-/�#��
#
D� %&A#�;-�

EEEEGFIH1J ���LK&M (3)

By usingtheinversefunctionsof  �! , and %&! theabove
parametervaluescanbedefinedexplicitly

� �BA ��-/�@��
N� �� A ��-�
POQ� � 
�RS� �� �$A ��-/�@�7
T� �"% A ��-�
SO� � 
�RP� �
EEEEUFIH1J ���VK�M

(4)
being ��� , and ��� the origin of the half line, and ���
and ��� theunit lengthdirectionvector. Thesefour va-
luesarecomputedfor eachnodewhentraversingthe
quadtree.Initially they areobtainedfor therootnode,
andthenanincrementalcomputationis performedfor
eachchild node. In order to detail this incremental
computation,we first definethefollowing quantitiesW � � �;-/�#��
X�Y� � 4���-/�@�7
ZO[� � .&�;-/�#��
W � � ��-/�#��
X�Y� � 4���-/�#��
ZO[� � .���-/�@�7
 (5)

Substituting(4) into (5),weget
W �*���;-/�#��
X�\:���-�
@R���� ,

for eachnode - . In the casethat - is non-terminal,
for all children -7A of - we have

W �*����-7A@�#��
]�W �*����-/�@�7
	R�^ . Similar relationshold for
W �*� . Thus,

the values
W �*� and

W �*� canbe incrementallycom-
putedfor a child nodejust by halving the value for
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Figure1: Labeledoctree(thehiddennodehas
label1).

theparentnode.If we substitutethefollowing recur-
rencerelations �./��- A 
'�  �.��;-�
�(_:��;- A 
 W  A%�.��;- A 
D� %&.���-�
`(a:���- A 
 W % A (6)

into (4) we obtain

� � .&��- A �@�7
N� �� �./��-�
�(_:���- A 
 W  A OQ� � 
�RP� �� �� �./��-�
SO� � 
�RS� � (b�;:���- A 
@R�� � 
 W  A� � � .���-/�@��
( W � � ��- A �@�7
 W  A
In this case,

W  �A and
W %&A arecomponentsof the fo-

llowing two vectors:W  c� J ���@���LK&�VK�MW %d� J ���VK&�	���LK&M (7)

The last result also holds for �*� . . Thus, we have
shown how thesevaluescan be incrementallycom-
putedfor all child nodesof the currentnode. The
computationof thesevaluesfor therootnodee is car-
riedout by using(4).

Knowing thedefinitionsof anodeandaray, weeasily
deducethatanintersectionbetweenaray � andanode- occursif at leastonerealvalue � existssuchthat: . �;-�
�0< �!&���#
�3< 4 ��-�
? % . ��-�
�0�%&!��"�#
�3>% 4 ��-�
 (8)

Wherea intersectionoccurs,an interval o valuesof �
satisfiestheaboveinequalities.This interval is closed
at the left andopenon the right for half lines with a
positiveor zerovalueddirectionvector.

By taking all theseresultsinto account,we cannow
rewrite thecondition8 by usingtheparametersof the
ray. For instance,taking condition  �!&���#
�3� 4 �;-�

from (8), we can substitute 4 ��-�
 by  �!����*� 4 ��-/�#��
@
 ,
then,as  �! is an increasingfunction, we obtain �f3�*� 4 ��-/�@��
 . By using the other inequalitiesin (8) the
sameway, wecanstatethatanintersectionbetween-
and � occursif andonly if exists �g�_� suchthat

� � .���-/�#��
a0���3>� � 4���-/�@�7
? � � .���-/�#��
a0���3>� � 47�;-/�#��
 (9)

This equationcan be further simplified by defining�*h,Aji and �*hlkm� for anode- anda ray � as

� hgAji ��-/�@��
N� nfo�p8��� � .���-/�@�7
$�#� � ./��-/�@��
#
� hlkm� ��-/�@��
N� ndqjr`��� � 4���-/�#��
$�#� � 4&��-/�@�7
@


If a � existsobeying (9), then �*hgAjiQ0_�g3_�*hlkm� . The
inverseimplication also holds, thus equation(9) is
equivalentto

� h,Asi �;-/�#��
=3<� hlkm� �;-/�#��
 (10)

When above condition is true, all values of �
in the interval t �*h,Asiu�#�*hlkm�&
 are mappedto points�" �!��"�#
$�#%&!��"�#
@
 which belongto thenode.If thecondi-
tion is false,no intersectionoccurs.It is now possible
to outline the proposedparametricalgorithmusedto
traverseaquadtree.First,wecheckcondition(10) for
therootnode.If thisconditionis notsatisfiedthenthe
ray doesnot intersectwith theoctree.But whereit is,
thefour parameters��� � .��#� � .9
 and �"� � 49�#� � 4$
 needto be
computedfor therootnodeby using(4). Themainre-
cursiveprocedureis subsequentlyexecutedaccepting
a nodeasinput parameter, andits correspondingfour
parametervalues. In caseswherethe nodeis termi-
nal, this nodeis addedto the resultingpiercednodes
list. If it is non-terminal,thosechild nodeswhich are
piercedby theray arecheckedusing(10) for eachof
them.A recursive call to theprocedureis carriedout
for eachof them.
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Figure2: Sub-nodescrossedwhen �*� .1v �*� .
(2D case).
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Figure3: Sub-nodescrossedwhen � � . v � � .
(2D case).

Note that, for any non-terminalnode - , �*� . ��- . �#��
w��*� . ��-/�#��
 , and �*� 4 ��- . 
x�y�*� . ��- 4 
 . Otherchild nodes
behavein asimilarway. Thus,computationof theen-
try andexit parametersfor eachchild nodeof - is re-
dundant,becausesomeof themcanbetakendirectly
from the parentnode,and the othersare sharedby
severalchild nodes.In fact,therearejustsix different



parametersfor a child node. Theseare the four pa-
rametersof theparentplusthefollowing two values:

�*�Bhz�;-/�#��
X���"�*� . ��-/�@��
`(��*� 4 ��-/�#��
@
@R�^�*�$hz�;-/�#��
X���"�*� . ��-/�@�7
{(=�*� 4 ��-/�@��
#
@R&^ (11)

Here � �Bh �;-/�#��
 is the valueof the ray parameterfor
which the ray crossesthe horizontal line which di-
videsthenodein two equalhalves.A similarequation
holdsfor � �Lh . This kind of coherencecanbeusedto
improve the algorithm further by usinga sequential
algorithm. The selectionof piercedsub-nodesof a
nodeis carriedout in two steps:

1. Selectthefirst sub-nodehit by theray

2. For eachpiercednode,selectthenext one,until
thecurrentparentnodeis exited.

Assuminga node e is crossedby a ray � , andtheray
directioncomponentsarenonnegative, thenthenext
implicationshold:

if |~}S�s�����&�~�9�{��|�}{�������&�~�9� then
if |���})���9�{��|��m})���9� theraycrosses�$� , and

if | �m� ���B�{��| ��} ���9� theraycrosses� � .
if |��m}����9�{��|��V�	���9� theraycrosses�m� .

elseif |��m}����B�S�1|~��}����9� theraycrosses�B� , and
if |��	�B���9�{��|��m})���9� theraycrosses�m� .
if | �	} ���B�S��| �B� ���9� theraycrosses� � .

Theseassumptionsmaybeeasilyproved(seefigures2 and
3). When | �m} and | ��} arecomputed,only threecompar-
isonsarenecessaryto determinethe sub-nodeswhich are
crossed.

3 Extending the algorithm to octrees

To extend the above algorithm to traversean octree,we
have into accountthetwo stepspreviously detailed,includ-
ing the third dimensionwhen necessary. With respectto
the first step, we introducea new methodwhich allows
the useof a nine parametersetto computewhich voxel is
piercedfirst. This computationavoids neighbourfinding
to obtainthe first voxel, asit is the casefor the algorithm
introducedby Glassner[Glass84] and improved in other
papers[Arvo88, Samet89,Endl94]. This yields a simpler
method.Thefollowing sectionsdescribethesetwo stepsin
detail. Thesecondstepis carriedout by usinga parametric
DDA algorithm, as describedby Amanatides[Amana87],
but restrictedto eight voxels (which can be viewed as a�x��z��

uniform grid space).The parametervaluesare
computedby successive additions[Amana87]. In our case,
the valuesare incrementallycomputedfrom thoseof the
parentby usingthreeadditionsandthreeshifts.

A recursive top-down parametricalgorithmcalledHERO is
describedin thepaperby Agateet al.[Agate91].Themain
differencewith the proposedalgorithmis in the computa-
tion of thesequenceof visitedsub-voxels from thecurrent
voxel (seesection3.2).

3.1 Obtaining the First CrossedNode

To find the first sub-voxel at which the ray enters
the current voxel, first we obtain the entry face of
the current voxel. This step is made by computing�w�$� ��|��m�B���B�@�~|~���B���B�@�~|��#�B���B��� . In table2 we show the entry
planeselectedfor eachcase.Oncetheentryplanehasbeen
determined,four sub-nodesare candidates.To determine
thefirst sub-nodecrossed,weexamine| �m} ���B� , | ��} ���B� , and|~�@})���9� . In table1 the necessarycomparisonsareshown.
The resultsof evaluatingthis condition(a bit) is copiedto
oneof the bits which form the index of the first sub-node
crossed.Whena conditionis true, thebit associatedis set
to � , otherwiseit is set to � . For eachentry planethere
are two conditions,so we have four possibilities,one for
eachsub-nodetouchedby thatplane.In this way, any node
couldbeselectedwith theexceptionof node � , becausethe
raydirectionvectorcomponentsareassumedto bepositive.
The whole processcanbe implementedusingthe �l  op-
eratorto combinethenecessarybits. Several illustrations

Entry Conditionsto Bit
Plane examine affected¡d¢ |��m}����B�S�1|~�@�V���9� �| ��} ���B�{��| �#� ���9� �¡¤£ | �m} ���B�{��| ��� ���9� �|~�@})���9�{��|��	�B���9� �¢�£ | ��} ���9�{��| �m� ���9� �|��#}����B�P��|��m�V���9� �

Table1: Comparisonsto obtainthe first node
intersected.

Maximum Entry plane|~�m� ¢¥£
|~��� ¡¤£
|~�@� ¡d¢

Table2: First planeintersected.

areshown below to explain in greaterdetailthefirst stepfor
a quad-treecase. If the comparisonof |��m� and |��	� results| �m�c¦ | ��� then the first edgecrossedis edge 1. For this
case,thefirst sub-nodecrossedcanbe �$� or �m� (Figure2).
However, when the above comparisonresults |~��� ¦ |~�m� ,
thenthefirst edgecrossedis edge 2. In this case,thesub-
nodethatcanbecrossedis either �V� or ��� (Figure3).

3.2 Obtaining the Next Node

Once the first sub-nodeof a node has been found, the
sequenceof the rest of the traversedsub-nodesmust be
obtained[Amana87]. Since the location of the sub-nodes
is fixed, we candesignan automatonwhosestatescorres-
pondto the voxels andwhosetransitionsareassociatedto
themovementsbetweenneighbouringsub-nodesvisitedse-
quentiallyby theray. In figure5 all possibletransitionsare
shown. For a givenray, thesequenceof traversednodesor



statesvisited will be establishedso that the followed path
is oneof the possibleonesin thebeforementionedfigure.
In orderto obtaintheexactpathfollowedby theray it will
benecessaryto computethefacewheretheray leaveseach
of the visitednodes,which will make it possibleto obtain
the next nodeto be visited. Let ��§ be the currentvisited
node. The ray can leave this nodethroughthe following
faces:

¢¥£
,
¡¤£

or
¡d¢

andthis is calculatedby gettingthe
minimumof |~�B�m���	§B�@�¨|~�V�m���	§B�@�~|~�$������§L� . In figure4 a 2D ex-
ampleof computationof theexit edgefor node�B� is shown.
You canseehow theorderingof | �B� and | �L� determinethe
exit edge.
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Figure4: Exit Edge.

Table3 shows thenext visitednodegiventhecurrentnode
andthe exit plane. The entrieslabelledwith ”End” mean
thattheray leavesnode � . For example,if thefirst nodeis

Current Exit Exit Exit
sub-node plane plane plane

(state) YZ XZ XY
0 4 2 1
1 5 3 End
2 6 End 3
3 7 End End
4 End 6 5
5 End 7 End
6 End End 7
7 End End End

Table3: Statetransitions.
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Figure5: Sub-nodesthatcanbereachedfrom
aninitial node.

� , thenodesthatcanbevisitedare4, 2 and1, dependingon

theexit plane.Fromnodenumber© , nodenumber� is the
only onethatcanbereachedbecausemovementsalongthe¡

or
¢

axeswouldmeanthattherayleavestheparentnode.
Thelongestpathincludesfour nodesandanexampleis the
oneincludingthesub-nodes�"�&���V�#ª&�#�V� which involve three
transitions. In eachonewe choosethe minimum of those
threevalues.Thereforetwo comparisonsaremadein each
transitionwhich,whenaddedto thefour operationsneeded
to obtainthefirst sub-node,resultsin tencomparisonsin the
mostunfavourablecase.

In the HERO algorithmit is necessaryto sort a list of po-
tentially visited sub-voxels andthenexplicitly checkeach
of them for intersection. However our algorithm is sim-
pler becausethis is not necessary, asvisitedsub-voxelsare
obtainedsequentially. Somecomputationsareunnecessary
becausenon-visitedsub-voxels are not consideredat all.
Thusthisyieldsa fasterandsimpleralgorithm.

0 4

62

r r’

Figure 6: Reflection transformationfor the
generalisation.

3.3 Generalising for Rays Parallel to One Main
Axis

In the casethat «�¬ is zero for any  , the direction vector« of the ray is parallel to an octreefaceor even to oneof
themainaxes. In this case,someof theentryandexit pa-
rametersarenotdefined,becausetheir definitioninvolvesa
division by «�¬ . In our algorithm,we have tried to keepthe
programsimple,avoidingany specialcasehandling.Sowe
have chosento allow theparametersto take infinite values.
This way the intersectionsbetweena ray anda planemay
occurataninfinite distancefrom theorigin of theray. Note
that in this casethe interval of parametervaluesat which
the ray is in a voxel may be equalto the whole real line.
Any parameter|�¬~� with f®�¯m°���±²��³�´ and µ)®=¯L���m¶�¶�¶��#�B´
cantake realvaluesandalsothevalues ·I¸ and ¹l¸ . All
operationsinvolving parametervaluesshouldtake this into
account.We set °�ºL�)»_¹l¸ for all ° ¦ � and °²ºV�)»Y·I¸
for all °¼�½� . We also have ·I¸T�y°\�¾¹l¸ for all
realvalues° . With thesedefinitionsit is possibleto obtain
the initial entryandexit parametersfor theroot voxel, and
alsoto compareparametervalues.Thecomputationof |~¬~}
is alsoaffectedby infinite values. Assumingthat «��d»¿� ,
ray � entersany voxel � if and only if | �m� ���&���B�d»�·I¸
and |��B�m�������B�À»Á¹l¸ . In this case,the value |~�m} cannot
becomputedbecause|��m�Z¹1|~�B� is undefined.However, in
theseconditionsit canbeshown that:

|~�m}¥�������9�À»
Â ¹l¸ when Ã � � °²�B���B��¹Ä°��m���B��·I¸ otherwise

(12)



Similar
Å

relationscanbederivedfor theotheraxes,thuswe
have a methodto obtain |~¬~} in thesecases.This ensures
that the comparisonsyield the correctparameterintervals
wheretheray intersectsthevoxels(includingthecasewhen
thoseintervalsareequalto thewholerealline), andthevis-
ited voxels arealsocorrect. Somehardwarearchitectures
includeinfinite valuesin thesetof allowedrealvalues,and
areproducedaftera divisionby zerohastakenplace.

3.4 Generalising for Rays with Negative Dir ec-
tions

As hasbeenpointedout at thebeginning,this methodonly
worksproperlyif thedirectionvectorof theray hasno ne-
gative components.To solve this problem,eight different
versionsof the method,one for eachsub-voxel, could be
written andimplemented.However, this solutionhasbeen
avoidedbecauseof the redundantcodethat would be ne-
cessaryto produce.An examplewheretheray directionis
only negative for the

¡
axisis now considered.In thiscase

theray canbereflectedwith respectto themiddleplaneof
theoctreeto turnthenegativedirectioncomponentpositive.
Startingfrom thereflectedray, thevisitednodesmustbere-
labelledandthisway thepreviousschemeis valid. Oneray
with origin Ã anddirection « is transformedto otherray Ã/Æ
and « Æ by usingthefollowing relations:

« Æ � » ·Z«��Ã Æ � » Ç7���B��·ÈÃ/� (13)

Theonly differencewill bein thelabellingof thesub-nodes
of a node. In figure 6 it canbe observed whenthe origi-
nal ray � traversessub-nodesÉ��#©�� � of the octreeandthat
thetransformedraytraversessub-nodes�&� � �#© whichwould
producewrong movementsin the octree. To avoid this, a
function Ê is neededto transformlabels,sothatwhennodeµ is computedasthenext node,in fact Ê���µ;� is accessed.In
the example,where « � �Á� , the imageby Ê of the sub-
nodeswould be: ��É&�#Ë��#©��#���#�����B� � �*ª9� . Function Ê changes
thevalueof themostsignificantbit of thebinaryrepresen-
tation of a nodelabel. In general(any componentof the
direction can be negative) it is necessaryto changelabel
bitswhenthedirectioncomponentcorrespondingto thatbit
is negative. This is doneby usinga

¡ �l  operationwith
theoriginal labelandanintegervaluelower than8 (3 bits).
Formally, Ê���µ;�,»¼µ�Ì[Í , where Í¤»¼É9Ç � ¹ � Ç � ¹=Ç � , and
where Ç ¬ is � if « ¬ �Î� , and � in othercase(for eachaxis ).
4 Parametric Algorithm Pseudocode

A pseudocodeof the algorithmwill now be shown, where
recursionis usedfor easeof understanding,althoughthis
may be avoided by implementingan iterative algorithm
with a stack. We consideran octreeas a data structure
that containsa pointer to the root node whose type is
node. It alsocontainsits dimensionscalled (xmin, xmax,
ymin, ymax,zmin, zmax), and its size called sizei, whereµX®Ä¯ ¡ � ¢ � £ ´ . Eachnon-terminalnodehaseightpointers
pointing to its eight children. Function Ï�ÐLÑ&ÒLÓ Ô&ÕVÖ7× im-
plementstables1 and2, suchasdescribedin section3.1.
Function Ô�×VØ Ô&ÕVÖ7× implementstable3. This function ac-
ceptsthree Ï�ÙBÕ9ÚVÓ values,andthree Ð$Ô7Ó valuesasparam-
eters. The function returnsthe µ -th integer wherethe µ -th

float valueis theminimumof the threefloat values.Func-
tion Û7Ñ�Õ7Ü Ó7×BÑ$Ý²ÐmÔ&Ú9Ù is usedto perform any computation
requiredwhen a terminal nodeis reachedby the ray. Its
parameteris a pointerto thatnode.Þ�ßjàjá âsßsã�ä�å�æsç�è/ç5éêsëjáìä²èsç�ísî�ïjç�èjçìðjã�ñsã�è5ò7ëjåìñsèsã�ã²ó�ësåìñ¨ôBèsç�í/è�õö ç�÷²ø5éá ù8ò è¨ú äsûsüsø;ú øjõö è~ú ë�û/÷²ëså�ñsýsþsàsáìÿsã��sý�è~ú ë�ûuéè~ú ä�û/÷²ý�è~ú äsû5éç�� ÷��8é� á ù8ò è¨ú äsísüsø;ú øjõö è~ú ë�í/÷²ëså�ñsýsþsàsáìÿsã��sý�è~ú ë�íuéè~ú ä�í/÷²ý�è~ú äsí5éç�� ÷	�5é� á ù8ò è¨ú äsÿsüsø;ú øjõö è~ú ë�ÿ/÷²ëså�ñsýsþsàsáìÿsã�
�ý�è~ú ë�ÿuéè~ú ä�ÿ/÷²ý�è~ú äsÿ5éç�� ÷��é�ñ�ûjø�÷5ò ëså�ñsý�þ�û�ð"á ß²ý/è¨ú ë�ûjõ���è~ú ä�û8éñ�û���÷5ò ëså�ñsý�þ�û�ð�ç�û²ý/è¨ú ë�ûjõ���è~ú ä�û8éñ�íjø�÷5ò ëså�ñsý�þ�í�ð"á ß²ý/è¨ú ë�íjõ���è~ú ä�í8éñ�í���÷5ò ëså�ñsý�þ�í�ð�ç�û²ý/è¨ú ë�íjõ���è~ú ä�í8éñ�ÿjø�÷5ò ëså�ñsý�þ�ÿ�ð"á ß²ý/è¨ú ë�ÿjõ���è~ú ä�ÿ8éñ�ÿ���÷5ò ëså�ñsý�þ�ÿ�ð�ç�û²ý/è¨ú ë�ÿjõ���è~ú ä�ÿ8éá ù8ò �sç�û8ò ñ�ûsø;ô ñsísø�ô ñ�ÿjøsõ/ü���áìß5ò ñ�û���ô ñsí���ô ñ�ÿ��ìõsõï�èsëjå�îjàìÞ��sñ�èjã�ã5ò ñsûsø�ô ñ�íjø�ô ñsÿsø;ô9ñ�û���ô ñsí���ô ñ�ÿ���ô7ëså�ñsýsþ�èsësë�ñ�õ�é�êsëjáìä²ï�èjëså�îjàìÞ���ñ�èjã�ã5ò�èjã�ç���ñsûsø;ôVèjã�ç���ñsísø;ô9èsã�ç���ñ�ÿsø;ôèjã�ç���ñsû���ôVèjã�ç���ñsí���ô9èsã�ç���ñ�ÿ���ôßjë�äjã/ó�ß�õö èsãsç���ñ�û�ð¨ôBñ�í�ð¨ôBñ�ÿ�ð�éá ßsñzåìÞsè�è��jë�äjã5éá ù8ò ñ�û��ìü�ø¨ú ø����Lñ�í�� üsø;ú ø����Lñ�ÿ��ìü�ø¨ú øsõèjã�ñ�Þsè�ß8éá ù8ò ßsý�þ�ñ�ísïsã�÷�÷���������� �����jõö ïsèsëså�î�ñjã�è�ð"á ßjç��5ò ß�õ5éèjã�ñ�Þsè�ß8é�ñ�û�ð²÷/ø¨ú �jó"ò ñsûsø���ñ�û��ìõ5éñ�í�ð²÷/ø¨ú �jó"ò ñsísø���ñ�í��ìõ5éñ�ÿ�ð²÷/ø¨ú �jó"ò ñsÿsø���ñ�ÿ��ìõ5éåìÞsè�è��jë�äjã�÷/ù�áìèjà�ñsî�ßjë�äjã8òVñsûsø;ôVñsísø;ôVñsÿsø;ô9ñ�û�ð~ôBñ�í�ð~ôBñ�ÿ�ð�õ�éäsëö à! �á ñjå�æ8ò åìÞsè�è��jë�äjãsõö ø#"Vïsèsëså�îsà�Þ���ñsèsãsã8òVñsûsø;ôVñsísø;ôVñsÿsø;ô9ñ�û�ð~ôBñ�í�ð~ôBñ�ÿ�ð~ôBßsý�þjà�ë�ß%$ ç�&�õ�éå�Þ�è�è��jë�äsã�÷²ßsã� sî�ßjë�äjã�òBñsû�ð¨ô'�¨ô9ñ�í�ð~ô(��ôBñ�ÿ�ð¨ô)��õ�é�sèsã�ç+*ué�,"Vïsèsëså�îsà�Þ���ñsèsãsã8òVñsûsø;ôVñsísø;ôVñsÿ�ð~ô9ñ�û�ð~ôBñ�í�ð~ôBñ�ÿ���ôBßsý�þjà�ë�ß%$ ��-ìç�&�õ�éå�Þ�è�è��jë�äsã�÷²ßsã� sî�ßjë�äjã�òBñsû�ð¨ô(�;ô9ñ�í�ð~ô(.�ôBñ�ÿ���ô(/²õ�é�sèsã�ç+*ué�#"Vïsèsëså�îsà�Þ���ñsèsãsã8òVñsûsø;ôVñsí�ð~ôVñsÿsø;ô9ñ�û�ð~ôBñ�í���ôBñ�ÿ�ð~ôBßsý�þjà�ë�ß%$ ��-ìç�&�õ�éå�Þ�è�è��jë�äsã�÷²ßsã� sî�ßjë�äjã�òBñsû�ð¨ô(0;ô9ñ�í���ô(/�ôBñ�ÿ�ð¨ô(.²õ�é�sèsã�ç+*ué.#"Vïsèsëså�îsà�Þ���ñsèsãsã8òVñsûsø;ôVñsí�ð~ôVñsÿ�ð~ô9ñ�û�ð~ôBñ�í���ôBñ�ÿ���ôBßsý�þjà�ë�ß%$ .�-ìç�&�õ�éå�Þ�è�è��jë�äsã�÷²ßsã� sî�ßjë�äjã�òBñsû�ð¨ô(1;ô9ñ�í���ô(/�ôBñ�ÿ���ô(/²õ�é�sèsã�ç+*ué�2"Vïsèsëså�îsà�Þ���ñsèsãsã8òVñsû�ð~ôVñsísø;ôVñsÿsø;ô9ñ�û���ôBñ�í�ð~ôBñ�ÿ�ð~ôBßsý�þjà�ë�ß%$ ��-ìç�&�õ�éå�Þ�è�è��jë�äsã�÷²ßsã� sî�ßjë�äjã�òBñsû���ô(/;ô9ñ�í�ð~ô(0�ôBñ�ÿ�ð¨ô(�²õ�é�sèsã�ç+*ué�#"Vïsèsëså�îsà�Þ���ñsèsãsã8òVñsû�ð~ôVñsísø;ôVñsÿ�ð~ô9ñ�û���ôBñ�í�ð~ôBñ�ÿ���ôBßsý�þjà�ë�ß%$ ��-ìç�&�õ�éå�Þ�è�è��jë�äsã�÷²ßsã� sî�ßjë�äjã�òBñsû���ô(/;ô9ñ�í�ð~ô(1�ôBñ�ÿ���ô(/²õ�é�sèsã�ç+*ué0#"Vïsèsëså�îsà�Þ���ñsèsãsã8òVñsû�ð~ôVñsí�ð~ôVñsÿsø;ô9ñ�û���ôBñ�í���ôBñ�ÿ�ð~ôBßsý�þjà�ë�ß%$ 0�-ìç�&�õ�éå�Þ�è�è��jë�äsã�÷²ßsã� sî�ßjë�äjã�òBñsû���ô(/;ô9ñ�í���ô(/�ôBñ�ÿ�ð¨ô(1²õ�é�sèsã�ç+*ué1#"Vïsèsëså�îsà�Þ���ñsèsãsã8òVñsû�ð~ôVñsí�ð~ôVñsÿ�ð~ô9ñ�û���ôBñ�í���ôBñ�ÿ���ôBßsý�þjà�ë�ß%$ 1�-ìç�&�õ�éå�Þ�è�è��jë�äsã�÷3/5é�sèsã�ç+*ué��  �æ�á!��ã5ò åìÞ�èsè+��ë�äsãsü�/jõ5é�

5 Results

Theproposedmethodwasimplementedin a renderingsys-
tem written in C++, which alreadyincludedseveral accel-
erationtechniquesbasedonoctrees,andawiderangeof al-
gorithmsfor octreetraversal.Timecomparisonsweremade
for thesealgorithms.

The comparisonswere carriedout on a Silicon Graphics
Indigo 2 with a MIPS R4000 processorand 64MB of
RAM. Three different sceneswere used: the first is a
sphereflake with 1890 objects (seefigure 10), the sec-
ond is a structure, composedof spheresand cylinders,
with 4320 objects (see figure 11), and the third a pa-
tio with 4350 objects(seefigure 12). Spacesubdivision
hasbeenappliedto thesescenesusingoctreeswith maxi-
mum depthlevels 5, 6, 7 and8. The traversalalgorithms
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Figure7: Timing graphfor Sphere-Flake.
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Figure8: Timing graphfor Architecture.

usedto comparethe performanceswith our methodwere:
Samet[Samet89] (Sam), SametCorner[Endl94] (SamC)and
SametNet[Endl94] (SamN)as bottom-upalgorithms,and
Gargantini[Garga93] (Gar) as top-down algorithm. The
time comparisonsareplottedin figures7, 8, and9. Samet-
Net method requiresmuch memory becausepointers to
neighbourvoxels mustbekeptwithin eachvoxel (they are
requiredfor the neighbourfinding process).So, a higher
renderingtime is obtainedafter increasingtheoctreedepth
leveldueto swaptime. In summary, wecanseethattheGar-
gantinimethodpresentsbetterresultsthantheotherbottom-
up methodsshown. In Gargantini’s paper, we may seea
comparisonwith Samet’s method.Theimprovementof the
first oneis shown in termsof executiontimeandarun-time
analysis.
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Figure9: Timing graphfor Patio.

Figure10: Sphere-Flake.

Figure11: Architecture.

5.1 Comparisonwith the Binary TreeStructur e

To studytheefficiency of ourmethod[Sung92], acompari-
sonwith theKelvin Sungmethodhasbeendone.We have
obtainedtwo imagesfrom the samescene.The rendering
systemwas the samein both cases.Oneof theseimages
wasrenderedusinganoctreestructure,andtheotherusing
a binary tree. Thesceneis shown in Figure14. This scene
hasoneobjectperleafnode.Thenumberof spheresis

� ��� .
We ran threetestssetting 5 to ª , É , and Ë . The total num-
ber of sphereswas Ë7� � , É9�76B© , and ª � �V©'8 . The cpu time
employed whenusingthe octreeswas ���&¶ É:9 , � � ¶ �79 and©�¶ 8(9 lower thanthetime for thebinarytrees.

Theseresultsshows thatoctreesaremoreefficient thanbi-

Figure12: Patio.



nary treeswhen the tree is full or nearly full, due to the
numberof necessarydescentsto reachoneterminalnode.
In anoctree,thenumberof recursivecallsto themainfunc-
tion is lower, meanwhilethe restof computationsareba-
sically equivalent (asit wasestablishedby Reinhardet al.
[Reinh96]).

Binary TreeOctree

Figure13: BintreeandOctreeequivalentstruc-
tures(depthlevel for octreeis 1, and3 for bin-
tree).

Figure14: 3D arrayof spheres.

6 Conclusions

Therecursivetop-down algorithmwhichhasbeenpresented
improves the performanceof existing ones, as the time
graphsshow. It minimizes the numberof operationsbe-
causethey arecarriedout in atop-down recursivestyle,and
usingateachstagetheresultsof thepreviousstage.Besides
efficiency, it is alsodesirablefor any methodto beeasyto
read,comprehendandimplementinto a renderingsystem.
This methodis very easyto understandandto incorporate
into suchsystemsbecauseof its simplicity, whencompared
to otherreferencedalgorithms.
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