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Abstract

This paper is focused on the solution of simple beam continually supported by elastic (Winkler's) founda-
tion. The foundation contains longitudinal nonlinearity. For the calculation of displacements and bending
stresses are used analytical procedures (approximate solution in the form of polynomial function) and probabilis-
tic approaches (SBRA method, Monte Carlo Simulation Method, AntHill software). Probabilistic approach in-
cludes influences of variability of load, shape and material of the beam, and variability of modulus of the foun-
dation. Probabilistic approach is used for the reliability expertise of the beam and calculation of safety.
© 2007 University of West Bohemia. All rights reserved.
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1. Introduction

The analysis of bending of beams on an elastic foundation is developed on the assumption
that the strains are small and the reaction forces qr = qr(x) /Nm™'/ in the foundation are pro-
portional at every point to the deflection v =v(x) /m/ of the beam at that point, etc. (first pro-
posed by E. Winkler, Prague 1867), see fig.1.
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Fig. 1. Element of a Beam on Elastic Foundation.

External loads on the beam also evoke bending moment M, /Nm/, axial (normal) force
N /N/ and shearing force 7' /N/, see fig.1.
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The general problem is described by ordinary differential equation:

d'v_ N dv pd’q dp _ | ( _dzn]+ p d’q_a d(t,-t)

dx* EJ, d* GA di* EJ, EJ,\ dv) GAd® h  di

where: E /Pa/ is modulus of elasticity in tension of the beam, J,, = J. y*dA /m*/ is the major
principal second moment of area 4 /m°/ of the beam cross-section,Aﬂ/ 1/ is shear deflection
constant of the beam, G /Pa/ is modulus of elasticity in torsion of the beam, q /Nm™"/ is dis-
tributed load (intensity of force), m /N/ is distributed couple (intensity of moment),
at/deg'l/is coefficient of thermal expansion of the beam, h /m/ is depth of the beam and
ty — t; /deg/ is transversal temperature increasing in the beam. For more information about the
derivation of eq. (1), see reference [1].

In the most situations, the influences of normal force, shear force and temperature can be
neglected (or the beam is not exposed to them). Hence, from eq. (1) follows:

d*v 1 dm
Ve (q—). )
dx* EJ, EJ, dx

From the Winkler's theory, see [1] or [5], is evident that:
Qr =vxk(x) , 3)
k(x) =bx K(x) , 4)
where: k(x) /Pa/ is stiffness of the foundation and K(x) /Nm™/ is modulus of the foundation

which can be expressed as functions of variable x /m/ (i.e. longitudinal nonlinearity in the
foundation) and b /m/ is width of the beam. Hence, eq. (2) can be written in the form:

d*v bK(x) 1 ( dmj.
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2. Example of General Solution (Derivation)

Let us consider the short straight beam on elastic nonlinear foundation, see fig.2. The
beam of length L /m/ with free ends is exposed to one vertical force F /N/, i.e. other loads
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Fig. 2. Solved Example of the Beam on Elastic Nonlinear Foundation.
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q and m are zero. Modulus of the foundation is given by linear function:

K, -K
K(x)=K, +%x:[{0 +Kx, (6)

Hence, in this case differential eq. (5) can be written in the form:

d*v .\ (K, +K,x)b

v=0. 7
dx* EJ,, @
The approximate solution can be found in the form of polynomial function of 6™ order:
6 b .
v=v(x)zb0+2%x‘ , (8)
i=11
where: by /m/, : by /1/, ..., : bg /m™/ are unknown constants.

Equation (8) must satisfy the basic boundary conditions (at the point x = 0: M,(x =0) =0,
T(x =0) =0 and at the point x =L: M,(x=L)=0and 7(x=L) =F).
Force equation of equilibrium can be also satisfied, i.e. equation:

L L L 6 L 6
Iquxzj-k(x)vdx:J-b(Ko +K1x)(b0 +Zb_ixinx:I(kO +k1x{b0 +Zb‘ixinx=F ,
0 0 0 i=11 0 011

where: ky=Kyb/Pa/ is the stiffness in the foundation at the point x=0 and k=

Ky

=Kb= %b /Nm~/ is the slope of a given linear function k(x).

From the above five conditions can be expressed constants by and b, ..., bs as functions of
two constants by and bg.

The last two constants (i.e. b; and bg) can be derived via variational principles or via satis-
faction of differential equation (7) at chosen points. For more details about it see [2].

The auxiliary constants A /N*m™/, B /N?/, 6 /N7 m~/ and remaining polynomial con-
stants (b; and bg) are derived in the Tab.1.

KL _KO b

k() :K()b kl :Klb = L

b, = —26[84051{1 + (214, +11k1L)K}

F

C-
15EJ, 12 (56OEJZT l6k, (k, + k,L)+K2L2]+3A (2, + le)Lj K(x)=K,+Kx

b = §[6o4800§ EJ,; —180(41k,k,L + 9k?L? +38k2 )EJ, L* + (3K, + 2 k,L)A LS}

B=EJ,, (kL+3%k,) A =ky(k, + kL)L

Tab. 1. Solved Example (Auxiliary Constants and Used Polynomial Constants).

The analytical results (i.e. v, slope of the beam Zv /rad/, M, and T) are written in tab.2.
X
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x F %y Fx(x-L
0 v M =Es, PV (’; )—SEJZTxZ(x—L)sz
bl EE— I— > dx L
. LX ; -
= N < |\ r=-£7, st ~10EJ ,px{3xL - 2x% 12 )b, + Fx(i’izzL)
X
Y 3 2 2 3 _
K=K(x) dv b+ X (IOL 15xL + 6x )bs N Fx (4L 32x)
Kﬂ{ ] v Lo 6 12EJ,L
L
k(x) = bxK(x) K(x):K0+K1x k,=K,b xe(O;L)
oo Xt (5L —6xL+247)=120EJ,, 17 Flkyx*(SL=3x)=120EJ L]
: 12k, ° 60k,EJ L’
L K, -K,
Constants b, and b, are derived in Tab.1. k,=Kb= b

Tab. 2. Solved Example (Analytical Results of the Beam on Elastic Nonlinear Foundation).

The accuracy of the derived results (tab. 2) was also checked by ANSYS software. How-
ever, the derived results fits very well for short beams (i.e. for the situations when the length
of the beam L <2 m). For longer beams must be used higher approximation, i.e. function:

v:v(x)zbo+i$xi , where n>7.
i=11

3. Probability Analysis of the Beam

Deterministic approach (i.e. all inputs are constant) is the elder but simple way how to get
the solution of mechanical systems. However, the deterministic approach cannot trully in-
cludes variability of all inputs.

But this example is solved via probabilistic approach (i.e. all inputs are given by bounded

(truncated) histograms) which is the modern and new trend of the solution of mechanical sys-
tems.

X I~ Recelculste | Discrets  Stepssooooon Anthill lﬁ [ Aecelcuste | Discrete  Steps:sooooon Anthill
Variable! [B d Probability Guantile Vartable: |1 r Probability Quantile
Minimum: 0.08310000 Maximum: 0.05050000 Q-1 DOBSR1EE2  pfinimum: 0.19800000  Magimem: 020200000 -1 019914591
Mean:  0.05999999 StDeviation:0.000295583 Ellu_5 0.08999798 Mean:  0.20000023 StDeviation:0.00085762 E.IU5 0. 20000605
Co%ar:  0.00325704 Yatiance: 000000003 Cotar  0.00328810 “Watiance:  0.00000043
Skewnes: LODDD4811  Kurosis. 016733081 .8 DO25047 | Gownes 000034393 Kutosis: 047115152 I8 020055697
Median: 0.03323793 E.ID 95 [0.02045391 Iedian: 020000605 E.ID_% 020109099

0z 0z 0z 0z 0z

Fig. 3. Histogram of Input Parameter b /m/. Fig. 4. Histogram of Input Parameter h /m/ .

Probability analysis (see [7] and [8]) of the presented beam (see fig.2) includes
influences of variability of “I“ shape (b=0.09+9x 10*/m/, h=02+2x 107 /m/,
Jrr=216%x10"+6.5x 107 /m?*/), material: (E=1.8x10"+9x 10’ /Pa/, vyield stress

+77.587 +168773.1

R, =162.361x10" 43345 /MPa/), load (F=157324.2 /N/') and modulus of the foun-

—75524.2
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dation: (Ko=1.125x 10" +3.375x 10" /Nm™/, K. =1.125x 10" +3.375 x 10" /Nm™)),

see fig.4 to 10 (i.e. inputs for AntHill software, Simulation-Based Reliability Assessment
(SBRA) Method).

o [~ Recalcuste [ Discrete  Steps: 5000000 Anthill X E [~ Recalcuste [~ Discrete  Steps: 5000000 Anthill
varishie: [ | Prababilty Quantie vaiis = Prababilty Cuantile
inimum: 0.00002095 Maximum;: 0.00002225 E.ID'1 0.00002132 Iinirmurn: 1.71E11 Maximum: 1.869E11 E.ID1 1 7E155162E11
Mean 000002160 StDeviation: 0.00000021 E.ID 5 0 00002160 Mean:  1.79858383E11 StDeviation: 2956945728000 0.5 1.799787892E11
Covar.  0.00985877 “ariance:  0.00000000 CoVar: 001642763 “ariance: 8743533955618
Skewnes 0 00196577 Kutosis: 017014158 08 DO0002178 Gewnes-0.00134190  Kutosis: 016771260 L IB|0a 1 82503503111
Median: 0.00002150 CHp DO000zies  Median: 1798767882E11 W95 1702672941E11
o o o o o 171000000000 175000000000 179000000000 183000000000 187000000000
. . 4 . .
Fig. 5. Histogram of Input Parameter J,, /m"/. Fig. 6. Histogram of Input Parameter FE /Pa/.
R [~ Recalculate [ Discrete  Steps 5000000 mlthlll F [~ Recalculste [T Discrete  Steps: 5000000 Aﬂthlll
variabe: [Re hd Probabilty Guartie Varihie At Prababilty Quantis
Minimur: 119.01560400  Masimum: 2398450250 IR0 14385435210 Minirum: §1800.0000000  Maximurn: 326097 254000 _IN-1 26538, 5693500
Mean 16276576900  StDeviation: 15.64555005 E.Ig 5 16235115850  Mean 150019.111700  StDeviation: 34565.6636700 E.ID-S 57324200200
Covar,  0.09512924 Variance: 24451452550 Covar 023107632 “ariance: 120172210400
Skewnes: 0.33632397  Kudosis:  1.22445933 (s 17443649510 Spewnes'0 32172875 | Kurtosis: 113916326 M08 16E110.946200
Median: 152.35116880 E.IU 95 107890987160 Median: 157324209200 Ellu_95 O0EE4. 359200

120 150 180 210 240 90000 140000 190000 240000 290000
Fig. 7. Histogram of Input Parameter R . /MPa/. Fig. 8. Histogram of Input Parameter F /N/.
[~ Recalculste [T Discrete  Steps: 5000000 A.rlthlll . [T Recalculste [ Discrete  Steps 5000000 Anthill
Variale: [komo - Prebatilty Quarie Variable: fLmo =l Probiability Quartil
Miniraurn: 7875000000.000 Masirurm: 1. 4525E10 Mo 2E02041657 000 pinimum: 7675000000000 Maximum: 1.4625E10 im[if] 9508423171.000
Mean:  1.124913191E10 StDewiation: 1109331210.000 :.Ig_g 112431683710 Mean:  1.124383761E10 StDeviation: 1109059304.000 E.IU 5 1.123841497E10
Covar 009961483  Varance: 1.230615733E18 Covar 009858447  Variance: 1230012541E18
Skewnes:-0.00034117  Kurtosies 017112402 _IB[08 1 219096931510 Sevmes: D.0001B0BY  Kurtosis:  -0.16694503 [oa 12150857 21E10
Median: 1.124316837E10 E.ID_% 1.309050525510 Median:  1.123841487E10 E.ID 95 1 3090663 2E10
7900000000 9500000000 11100000000 12700000000 14300000000 7900000000 9500000000 11100000000 12700000000 14300000000
. . 3 . . 3
Fig. 9. Histogram of Input Parameter K, /Nm /. Fig. 10. Histogram of Input Parameter K, /Nm/.

The values of results parameters (i.e. stiffness of the foundation k(x), displacement v(x),
maximal displacement vyiax = v(x =L), bending stress o(x) and maximal bending stress

M h
Oyax = (¥ =0.63)= ‘ OMAX‘ = ‘ OMAX‘ ) were calculated for 5x10° simulations by
e w, 2J

Monte Carlo Method. Results are plotted by histograms in the following Figures 11 to 14 and
Tab.3.
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St - 5000000 : Steps: 5000000 AntHill
1326315441 g Smig). 231318

kix) IPal
v{x} fmm/

70171 80880

0.45 0.9 -0-50761, 0.45 0.9
X /'m/ X /m/

1326315441 2.31318

VX =0.9)=Vy,x

1012476677
02484 —  Px=0.45) — 0.37509
ky=k{x=0) k{x=0.45) -0.04894 0.01947 —
vx=10)
701718088 -0.50761
Fig. 11. 2D Histogram and its Sections Fig. 12. 2D Histogram and its Sections
for Output Parameter & = k(x). for Output Parameter v =v(x).
Steps: 5000000 i
173.5665 eps AntHill
. [T Recalculste [ Discrete Steps: 5000000 Anthill
Variable! [+ | Frobabiity Quantie
Minimum: 00037508 Meaximumn: 000231318 IR0 0.00054510
Mean:  0.00054352 StDeviation:0.00020605 E.ID 5 0 000sE210
— CoWar. 024427670 Warignce:  0.00000004
= Skewnes: 042460005 Kutosis 113060920 B8 DOTIEETY
= tedian: 0.00056210 E.|u_95 0.001 16657
2
b

0.002 0.002
0 @)
0 0.45 0.63 0.9 .
x m/ l—_l [~ Recelouii= [ Discrete  Steps:soonooo  Amnthill
ariable: |Hgma:: = Prabahility Guuiantile
173.56635 Minimum: 3031188541 Maximum: 173.56647700 _IN|010000000 |45, 50956726
Mean 7B.45215079  StDeviation: 17.77027842 E.IEI.EUEIEIEIEIEIEI 79 73903197
Covar 0.23243651  Variance: 31578279510
Skewnes: 093177645 Kurosis:  1.1320z352 060000000 8631296297
Median:  79.73303157 l[o-55000000 102.89705640
ofx=0)=0
o, = o(x=~0.63
cfx=09=0 max = o )
130 160
39.3116
Fig. 13. 2D Histogram and its Section Fig. 14. Histograms of Output Parameters:
for Output Parameter o = o(x). a) Vyux =V(x=L=0.9m),

b) oyax =0(x=0.63m).
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Output Variables: | Minimum: Median: Maximum: | See Figures:
k(x) /Pa/ 701718088 1012476677 1326315441 | 11

Vyax /mm/ 3.75%x10™" 8.62x10™" 2.31 12 and 14a)
Oyax /MPa/ 39.31 79.74 173.57 13 and 14b)

Tab. 3. Solved Example (Results of AntHill Software).

Hence, from the presented results is evident that maximal displacement is at the right end
of the beam (i.e. at the point x = L = 0.9 m) and maximal stress is at the point x ~0.63 m.

Probability analysis can be also used for reliability expertise of the beam (AntHill soft-
ware, SBRA Method). Hence, the function of safety Fs (reliability factor) is defined by:

Fg =R, —0Oyux »

©)

see also fig.15 and 16. Hence, it is evident that the safe situation occurs when Fs>0 (i.e.
yield stress R. is greater than maximal bending stress onax).

Steps: S000000 Anthill

Guantile

I~ Discrete

I”  Recalculste
ﬂ Probability

Variable: IFS

Minimurn: -41 74684539 Maimum: 19620210630 ZBJ0.0009357 1 u
Mean: 8631361316 StDeviation: 23 67242390 E.ID_000935?1 i
Covar, 027426059 YWariance:  560.38365330
Skewnes:-0.04333219  Kuntosis: 059307403 I0.00093571 o
Median;  55.43532806 E.lu_uuug%ﬂ 0
Fg20, i |
+ S=7 L Fg >0, Safe
Unsafe :
-40 10 B0 110 160
Fig. 15. Histogram of Output Parameters F; /MPa/.
Steps: 5000000 AntHill
239,045 Safe: 99.906 o Un?r : 0.094 %
p
<
/Q~
. 4
s o
B gD
b=
L=
%
119.0156 ¥
39.3116 173.5665

OpIAx /MPa/

Fig. 16. 2D Histogram of Output Parameters For Calculation of F .

The above function of safety 'y was analyzed by Anthill software. Hence, the probability
that Fi5 <0 is 9.3571 x 10 (i.e. the yield stress and plastic deformations will be reached with
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a probability of 9.3571 x 10). In other words, 9.3571 x 10 ~ 0.094% of all states will result
in yielding.

4. Conclusion

General solution for the chosen beam on nonlinear elastic foundation was derived in the
form of polynomial function of 6™ order. Derived results were used for probabilistic analysis
(SBRA method, Monte Carlo Simulation Method, Anthill software).

Finally, the probability that the plastic deformations occurs in the beam is 0.094%. Figure
16 shows distribution of yield stress versus maximal bending stresses and calculation of sa-
fety, which is 99.906%.

Another examples of the applications of SBRA method are shown in references [2] and
[3], [4], [6], [7] and [8].

Another examples of the solutions of the beams on nonlinear elastic foundation are shown
in references [2] and [5].
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