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We study the electron/hole transport in puddle-disordered and rough graphene samples which are 
subject to in-plane magnetic fields. Previous treatments, mostly devoted to regimes where the 
electron/hole scattering wavelengths are larger than the surface height correlation length, are based 
on the use of transport equations with appropriate forms for the collision term. We point out in this 
work, as a counterpoint, that classical Lorentz force effects, which are expected to hold when the 
Fermi level is far enough away from the charge neutral point, can be heuristically assessed through 
disordered Boltzmann equations that contain magnetic-field dependent material derivatives, and keep 
the zero magnetic-field structure of the collision term. It turns out that the electric conductivity tensor 
gets a peculiar nondiagonal component, induced by the in-plane magnetic field that crosses the rough 
topography of the graphene sheet, even if the projected random transverse magnetic field vanishes in the 
mean. Numerical estimates of the transverse conductivities suggest that they are suitable of observation 
under conditions which are within the reach of up-to-date experimental methods.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

The high mobility of charge carriers in graphene, related to 
their pseudo-relativistic Dirac spectrum and semimetal character, 
renders it to be one of the most promising materials for techno-
logical innovation in the field of solid state devices [1]. A flurry 
of research has started since the discovery of graphene ten years 
ago, marked by several important experimental and theoretical ad-
vances along the way. There is, however, a spread consensus that 
the physics of electron transport in graphene is not yet completely 
understood [2]. The simplest of all approaches, viz., a straight-
forward application of linear response theory to the problem of 
two-dimensional free massless Dirac fermions is plagued with am-
biguities ultimately associated with the evaluation of fermion de-
terminants [3], so that more physical ingredients are in order for 
proper modeling. A comprehensive study of charge transport in 
graphene should take into account, as a matter of principle, elec-
tron scattering caused by (i) the Coulomb two-body interaction 
(which seems to affect the fermion spectrum in a relevant way in 
the vicinity of the charge neutral point), (ii) the disordered sub-
strate doping layer, and (iii) surface roughness. At present, one 
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finds in the literature only partial modeling scenarios with vari-
able degrees of success [4].

As it is usual in transport theory, there are essentially two main 
approaches to the computation of the conductivity tensor. One is 
based on the Kubo response formalism [5], while the other re-
lies on the analysis of transport equations [2]. The latter approach, 
which is the one to be adopted in this work, is particularly suitable 
for the investigation of semiclassical regimes. In graphene, these 
regimes are attained in situations where the Fermi level is far 
enough from the charge neutral point, or, in equivalent words, for 
larger absolute charge carrier densities, so that the electron/hole 
wavelengths involved in scattering can be assumed to be much 
smaller than the mean free path.

An interesting transport problem, intimately related to the one 
of surface roughness characterization, consists in the study of the 
linear response features of graphene in the presence of in-plane 
magnetic fields [6]. As the magnetic field crosses the rough topog-
raphy of the graphene sample, the electron/hole dynamics couples 
to the component of the magnetic field that is normal to the sur-
face. Thus, in effective terms, the electron/hole transport can be 
modeled as if it would take place in the presence of a random 
transverse magnetic field, with correlations that reflect the random 
distribution of surface heights in the graphene sheet. If one then 
restricts the analysis to regimes where scattering wavelengths are 
taken to be larger than the surface height correlation length, the 
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physical effects of the random transverse magnetic field can all be 
encoded in the specific form of the collision operator that is intro-
duced in transport equations for the charge carrier density. This is 
precisely the point of view taken in Refs. [6–9].

As a counterpoint, our aim in this paper is to explore the mag-
netic in-plane transport problem in graphene for the case where 
the scattering wavelengths are smaller than the mean free path 
and the surface height correlation length, so that we can work 
within the framework of a semiclassical Boltzmann equation ap-
proach, in a spirit similar to what has been done in the context 
of electron gases [10]. Accordingly, there is no need to modify the 
structure of the Boltzmann collision term, once the perturbations 
due to the random transverse magnetic field are given by contri-
butions associated to the classical Lorentz force, which appear in 
the left hand side of the Boltzmann equation. The central result of 
our analysis is the peculiar nondiagonal structure of the conductiv-
ity tensor, which is closely connected to the statistical properties 
of the graphene rough surface.

This paper is organized as follows. To start, a Gaussian model 
of surface roughness is introduced in Section 2, which is then 
used to establish the statistical properties of the effective random 
transverse magnetic field defined on the graphene sheet. In Sec-
tion 3, we develop, following the Boltzmann equation approach of 
Ref. [11], a treatment of the semiclassical electron/hole transport in 
graphene samples disordered by the presence of charged puddles 
[12] and subject to in-plane magnetic fields. We, then, work out 
numerical estimates of the conductivity tensor components, which 
are noted to be perfectly within the reach of present experimen-
tal resolution. Finally, in Section 4, we summarize our findings and 
point out directions of further research.

2. Random Gaussian model of surface roughness

We are interested to study charge transport in a rough graphene 
sheet which is subject to crossed in-plane electric and mag-
netic fields. Surface heights can be represented as a real function 
z = z(r), where r = (x, y) denotes a point defined on the xy plane. 
We take, without loss of generality, the x direction to be parallel to 
the external (in-plane) small electric field E that is used to probe 
the charge transport in the sample, that is, E ≡ (E, 0, 0). For mod-
eling purposes, z(r) is assumed to be a smooth Gaussian random 
field with vanishing expectation value, 〈z(r)〉 = 0, and two-point 
correlation function

〈z (r) z
(
r′
)〉 =

{
H2

2

(
1− 2|r−r′|2

L2
+ |r−r′|4

L4

)
, if |r− r′| ≤ L ,

0 , if |r− r′| > L ,
(1)

where H and L parametrize the standard deviation and the corre-
lation length of height fluctuations on the graphene sheet, respec-
tively. The unit normal vector on the graphene surface at position 
r can be written as

n̂(r) = 1√
1+ a2 + b2

(−a,−b,1) 	 (−a,−b,1) , (2)

where a ≡ ∂xz(r), b ≡ ∂y z(r) and the approximation in (2) is re-
lated to the surface smoothness assumption (a, b 
 1).

Consider now, that the in-plane magnetic field B applied on 
the graphene sample makes an angle φ with the electric field. We 
have, thus,

B = B0(cos(φ), sin(φ),0) . (3)

The component of the magnetic field that is parallel to the 
graphene surface has not any role in the dynamics of charge trans-
port. The normal component, on the other hand,

B(r) ≡ B · n̂(r) = −B0
(
cos (φ) ∂xz + sin (φ) ∂yz

)
, (4)

is a random field that couples to the orbital electron/hole degrees 
of freedom. Since z = z(r) is a random Gaussian field, so it is the 
transverse magnetic B = B(r), which vanishes in the mean, i.e., 
〈B(r)〉 = 0. We can compute, from Eq. (4), arbitrary N-point ex-
pectation values like

GN(r1, r2, . . . , rN ) ≡ 〈B(r1)B(r2) . . . B(rN)〉 . (5)

It is clear that GN = 0 for N odd. We list, below, expectation values 
that are of particular importance in our analysis:

〈(B(r))2〉 = G2(r, r) = 2H2

L2
B2
0 , (6)

〈(∂xB(r))2〉 = lim
r′→r

∂x∂x′G2(r, r
′)

= 4H2

L4
B2
0

(
sin2 (φ) + 3cos2 (φ)

)
, (7)

〈(∂y B(r)
)2〉 = lim

r′→r
∂y∂y′G2(r, r

′)

= 4H2

L4
B2
0

(
cos2 (φ) + 3 sin2 (φ)

)
, (8)

〈∂xB(r)∂y B(r)〉 = lim
r′→r

∂x∂y′G2(r, r
′) = 4H2

L4
B2
0 sin (2φ) . (9)

The effective random magnetic field B(r) is not statistically 
isotropic, that is 〈B(r)B(r′)〉 is not a function of |r − r′|. In fact, 
we have, for |r| < L,

〈B(0)B(r)〉 = 2
B2
0H

2

L2

{
1− 2

L2

[
r2 + 2(x cos(φ) + y sin(φ))2

]}
.

(10)

As derived in the next section, the anisotropic correlation function 
(10) leads, ultimately, to a non-diagonal conductivity tensor that 
depends on the geometrical parameters φ, H , and L.

It is instructive to briefly digress on the apparently analogous 
unusual Hall effect, which is predicted to occur, under very spe-
cial circumstances, in the completely different context of topo-
logical insulators [13,14], in a model where the magnetic field 
also vanishes in the mean. As it is well-known, the existence of 
Hall response is necessarily associated with time-reversal symme-
try breaking (in two-dimensional space), which in the aforemen-
tioned model is broken due to a specific distribution of magnetic 
fluxes around lattice links. In our case, in contrast, the essential 
point in having non-diagonal conductivities is related to a pecu-
liar parity-symmetry breaking mechanism. Actually, one could be 
puzzled by the fact that the magnetic field vanishes in the mean – 
as it would be implied by parity-reversal symmetry. Therefore, the 
transverse conductivity, which is odd under parity-reversal trans-
formations, should vanish as well. However, it is important to note 
that parity-symmetry is broken in our setting only at the level of 
second-order correlation functions. In fact, parity-symmetry rever-
sal can be implemented in our analysis very simply by means of 
the replacement φ → −φ in (3), modifying, as a consequence, the 
expectation values (9) and (10).

3. Semiclassical transport in disordered graphene

In the absence of external magnetic fields, the usual (one-body) 
modeling ingredients in the graphene charge transport problem 
are the electron/hole scattering by substrate impurities and the 
smooth random electric potential associated to charged puddles. In 
the Boltzmann equation approach, one assumes that scattering by 
impurities is encoded in the relaxation time approximation, while 
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charged puddles can be modeled as extended subregions of the 
sample where the chemical potential is approximately uniform, but 
randomly fluctuating from puddle to puddle. In that way, a phe-
nomenological relation between the minimum conductivity value, 
the electron/hole mobility parameter (in the semiclassical region) 
and the steepness of the conductivity parabola around the charge 
neutral point has been predicted and clearly supported by an ex-
tensive compilation of experimental data [11].

We extend in this work the Boltzmann equation approach put 
forward in [11] to the more general context of graphene transport 
in the presence of in-plane magnetic fields, where, as discussed 
in the preceding section, surface roughness becomes an additional 
source of disorder. We deal, more specifically, with approximately 
semiclassical transport regimes characterized by a mean free path 
�k and a surface correlation height L which are both larger than 
the scattering wavelength ∼ k−1 and both smaller than the typical 
charged puddle linear size Lp , that is,

k−1 < �k < Lp , k−1 < L < Lp . (11)

The partition of the sample into self-correlated magnetic field do-
mains and charged puddles is depicted in Fig. 1.

Of course, the Boltzmann equation approach would be firmly 
grounded if k−1 
 �k . However, as we will see, usual graphene 
samples and properly chosen carrier concentrations provide us at 
most with a “weak” separation of scales at the borderline of semi-
classical behavior. Our discussion, thus, is essentially heuristic, hav-
ing in mind the present lack of understanding on the crossover 
region between the semiclassical and the quantum regimes of 
graphene transport.

We define, accordingly to the first set of inequalities in (11), 
a stationary Boltzmann distribution function f ±(k, r, ξ) in each 
one of the charged puddles, where k and r are, respectively, 
the wavenumber and position vectors, ξ denotes the “puddle-
dependent” shift of the chemical potential, and the positive and 
negative superscripts refer, respectively, to holes and electrons. 
Working in the relaxation time approximation, we write, for a 
given puddle of area A, the Boltzmann transport equation as{
± e

h̄

[
E+ B(r)vk × ẑ

] · ∇k + vk · ∇r

}
f ±(k, r, ξ)

= − 1

τk
[ f ±(k, r, ξ) − f ±

0 (k, ξ)] , (12)

where

f ±
0 (k, ξ) ≡ 4A−1�(ξ ± μ − εk) (13)

is the zero-temperature Fermi–Dirac distribution for an ideal gas of 
holes or electrons with chemical potential ξ ± μ, which also takes 
into account the valley and the spin degrees of freedom (Zeeman 
splitting effects are negligible in our study). The one-particle en-
ergy spectrum is given by εk = akα (where α = 1 and α = 2 are 
assumed to model monolayer and bilayer graphene systems, re-
spectively). The wavenumber dependent particle/hole velocity is, 
therefore, vk = h̄−1∇kεk = αah̄−1kα−2k. To evaluate a in the par-
ticular case of monolayer graphene, we recall that the observed 
Fermi velocity is v F = a/h̄ 	 106 m/s.

Still following Ref. [11], the relaxation time is defined as

τk = ch̄k2−α

αanimp
, (14)

where nimp is the concentration of scattering impurities and c 	
1.6 is a dimensionless prefactor (the underlying model is the one 
of Coulombian impurities spread over a SiO2 substrate; c is a func-
tion of Wigner–Seitz radius [12]). It is known that (14) leads, in 
the absence of external magnetic field, to conductivity profiles that 

Fig. 1. Conceptual scheme of the graphene model for the analysis of disordered 
semiclassical transport. The sample is partitioned into charged puddle domains 
i

(bounded by solid lines) and spatially smooth subdomains 
′
i (bounded by dotted 

lines) of typical linear sizes LP and L, respectively.

depend linearly on the charge carrier density in the semiclassical 
regime, as corroborated in real experiments.

The random chemical potential shift ξ is assumed to have zero-
mean and standard deviation δε0, which introduces an energy 
scale into the problem, related to displacements of the energy 
band across the graphene sample due to the existence of charged 
puddles. It has been put forward in Ref. [11], with reasonable phe-
nomenological success, that the probability distribution function 
(pdf) of ξ can be written as

ρ(ξ) = 1

δε0
g

(
ξ

δε0

)
, (15)

where g(·) is a universal (i.e., sample independent) pdf with unit 
variance (an educated guess is to take it as a Gaussian).

Once Eq. (12) is solved, one may compute the electric conduc-
tivity tensor components as

σxx = σyy = e

2π2

∂

∂E

×
{∫

d2kd2r〈[ f +(k, r, ξ) − f −(k, r, ξ)]〉x̂ · vk
}
E=0

,

σxy = −σyx = e

2π2

∂

∂E

×
{∫

d2kd2r〈[ f −(k, r, ξ) − f +(k, r, ξ)]〉 ŷ · vk
}
E=0

,

(16)

where the above double-average notation stands for the compu-
tation of expectation values in the ensemble of external random 
magnetic fields B(r) (expression between brackets) and random 
chemical potential shifts ξ (expression embraced by an overbar). 
It has been tacitly assumed, from the definition (15), that fluctu-
ations of the chemical potential (and therefore charged puddles) 
are not correlated to corrugations of the graphene sheet. This is an 
interesting issue, still open to theoretical and experimental discus-
sion. Actually, it has been suggested that charged puddles could be 
found as the sole effect of graphene sheet roughness, even if they 
are not coupled to substrates as in suspended graphene samples 
[15]. In this work, we take the much simpler phenomenological 
view encoded in (15). Otherwise, we should work with conjec-
tured joint probability distribution functions defined on the sample 
space of chemical potential and surface height fluctuations. As a 
first approximation, however, it turns out that chemical potential 
fluctuations give subleading corrections to the conductivity tensor, 
so in this first approach to the problem we do not have worry too 
much with the precise modeling of the joint random fluctuations 
of ξ and z(r).
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It is possible, then, to perform the average over fluctuations of 
ξ straightforwardly in (12), which means that we just replace, in 
that equation, f ±(k, r, ξ) and f ±

0 (k, ξ) by, respectively,

f ±(k, r) ≡ f ±(k, r, ξ) =
∞∫

−∞
dξρ(ξ) f ±(k, r, ξ) (17)

and

f ±
0 (k) ≡ f ±

0 (k, r, ξ) =
∞∫

−∞
dξρ(ξ) f ±

0 (k, ξ) . (18)

The Boltzmann equation can be formally solved as

f ±(k, r) = [1+ D±(k, r)]−1 f ±
0 (k)

=
{
1+

∞∑
n=1

[−D±(k, r)]n
}

f ±
0 (k) , (19)

where

D±(k, r) = ±eτk
h̄

[
E+ B(r)vk × ẑ

] · ∇k + τkvk · ∇r . (20)

Relying upon the scaling forms of (14) and of the energy spectrum, 
it is not difficult to show that∫

d2k〈[D±(k, r)]n〉 f ±
0 (k)

= E

n−1
2∑

p=0

C±(n, p)

∫
d2k

eτk
h̄k

(
�k

L

√
H

�c

)n−1 (
H

�c

)p

f ±
0 (k)

+O(E2) , (21)

where C±(n, p) is dimensionless, �c = h̄k/eB0 and �k = |vk|τk are, 
respectively, the rms cyclotron radius and the mean free path, both 
referring to excitations with wavenumber k. In usual graphene 
samples, we have typically H < 0.5 nm and L > 8 nm. A proper 
choice of the Fermi wavenumber in the semiclassical region leads 
to �c > 20 nm, for B0 < 5 T, and �k < 30 nm in the integrand of 
(21). It turns out that

�k

L

√
H

�c
< 0.6 (22)

and

H

�c
< 2.5× 10−2 (23)

are in fact small enough to suggest the (asymptotic) convergence 
of the perturbative expansion (21), which is then carried up to 
order n = 5, with p = 0, so that we are able to find the leading 
anisotropic contributions to the conductivity. We get

σxx = A

4π

∞∫
0

dk

{
− e2ck2

h̄nimp
+ e4c5k4

h̄3n5imp

〈
2[∂xB(r)]2 + [∂y B(r)]2

〉

+ e4c3k2

h̄3n3imp

〈
[B(r)]2

〉} d

dk
[ f +

0 (k) − f −
0 (k)] (24)

and

σxy = Ae4c5

4π h̄3n5imp

〈
∂xB(r)∂y B(r)

〉 ∞∫
0

dkk4
d

dk
[ f −

0 (k) − f +
0 (k)] .

(25)

Substituting, now, Eqs. (6) to (9) and (18) in (24) and (25), it 
follows that

σxx = ce2

2π L4h̄3n5imp

∞∫
−∞

dξρ(ξ)

×
[
L2n2imp

(
μ + ξ

a

)2/α (
L2h̄2n2imp − 2B2

0H
2c2e2

)

+
(

ξ − μ

a

)2/α (
2B2

0H
2c2e2

(
c2 (cos (2φ) + 10)

×
(

ξ − μ

a

)2/α

− L2n2imp

)
+ L4h̄2n4imp

)

+
(

μ + ξ

a

)4/α

2B2
0H

2c4e2 (cos (2φ) + 10)

]
(26)

and

σxy = 4B2
0H

2e4c5 sin(2φ)

π L4h̄3n5imp

∞∫
−∞

dξρ(ξ)

[(
ξ − μ

a

)4/α

+
(

ξ + μ

a

)4/α
]

. (27)

Eq. (27) is odd under parity-reversal transformations, as it should 
be. In fact, following the discussion of Section 2, parity-reversal is 
implemented in (27) by means of the substitution φ → −φ, which 
changes the sign of σxy . The evaluation of (26) and (27) is per-
formed with the help of (15) and two useful relations taken from 
Ref. [11], viz.,

n0 = 1

2π

(
δε0

a

) 2
α

(∫
ξ

2
α g(ξ)dξ

)
(28)

and

μ2

a2
= 2π |n − n0| , (29)

where n and n0 are the carrier densities defined at chemical po-
tential μ and at the charge neutral point (μ = 0). We note that 
although δε0 it is not known a priori, we would need to know its 
value only in eventual contributions to (26) and (27) which are of 
the order of (δε0/μ)4, and, therefore, are assumed to be negligible 
in the semiclassical regime.

For a proper physical interpretation of the results (26) and (27), 
we have to keep in mind that the conductivity corrections found 
here for the semiclassical regime are dominated by effects related 
to the random topography of the graphene sheet. Charged puddle 
effects, on the other hand, are more relevant in situations where 
the chemical potential is close enough to the charge-neutral point 
[11]. Thus, if we completely neglect fluctuations of the chemical 
potential, taking the limit δε0 → 0 in (27), using (15), it is not 
difficult to show that the transverse conductivity (27) is still non-
vanishing and given by

σxy = 8B2
0H

2e4c5 sin(2φ)

π L4h̄3n5imp

(μ

a

)4/α
. (30)

We report here results for the particular case of monolayer 
graphene (there are no further technical difficulties in dealing with 
bilayer graphene). We plot, in Fig. 2, the corrections �σxx and 
�σxy ≡ σxy to the longitudinal and transverse conductivities, re-
spectively, induced by the in-plane magnetic field, using surface 
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Fig. 2. Longitudinal (solid lines) and transverse (dotted lines) conductivity profiles, 
for nimp = 2 × 1011 cm−2 and carrier density n = 5 × 1011 cm−2, evaluated with 
input data L and H taken from Refs. [17] (A), [18] (B), and [8] (C and D).

roughness data from the current literature. The angle between the 
magnetic and the electric field is taken to be φ = π/4, in or-
der to maximize the transverse conductivity, as given in (27). In 
our numerical estimates, we have made use of the phenomeno-
logical expression n0 	 nimp/10, which relates the impurity and 
carrier concentrations at the charge neutral point [16]. In all of 
the profiles, the longitudinal conductivity in the absence of the in-
plane magnetic field is estimated as σxx 	 100e2/h (observe that 
graphene conductivities as larger as 300e2/h have already been 
addressed in the literature [19,20]). Also, it is likely that the in-
equalities (11) can be experimentally realized, since in our case 
study (devised for carrier density n = 5 × 1011 cm−2), we have 
k−1 	 5 nm, 20 nm < �k < 30 nm, 10 nm < L < 30 nm, and, from 
a number of scanning tunneling experiments, 30 nm < Lp < 50 nm
[21–23].

It is clear that the peculiar non-vanishing transverse conduc-
tivity σxy predicted and estimated here, the central result of this 
paper, can be resolved by the present conductivity measurement 
techniques, which are able to record fractions of e2/h [6–8]. We 
also stress that the range of magnetic field intensities investigated 
in Fig. 2 is even smaller than the ones currently used in graphene 
transport experiments [6–8].

4. Conclusions

We have studied, within the semiclassical Boltzmann equation 
approach, charge transport in usual graphene samples which have 
both charged puddle domains (caused by the interaction with a 
substrate) and rough surface profiles. Our particular interest is re-
lated to situations where an in-plane magnetic field is applied to 
the sample, in such a way that charge transport takes place, effec-
tively, under the presence of a random transverse magnetic field. 
The key point in our analysis is to consider regimes where scat-
tering wavelengths are smaller than the surface height correlation 
length, so that all the magnetic field effects can be brought, as 
Lorentz force contributions, to the left hand side of the Boltz-

mann transport equation. A straightforward perturbative expan-
sion, leads, then, to the corrected conductivity tensor. The some-
what surprising result, which to the authors’ knowledge has not 
yet been explored in the graphene literature, is the prediction of 
a non-vanishing transverse conductivity, without mean external 
magnetic field. This phenomenon, which is in principle within the 
reach of current experimental techniques, is likely to be relevant 
in studies of graphene surface characterization, once the conduc-
tivity tensor turns out to depend on combinations of the surface 
statistical parameters H and L.

It would be interesting, as a topic for further research, to ad-
dress the possible existence of similar magnetic-induced anisotro-
pic effects in fully quantum regimes where the in-plane magnetic 
field is assumed to affect only the right hand side of the Boltz-
mann equation. Also, one may wonder how the transition from 
the semiclassical to the quantum regime should be modeled with 
the help of transport equations, which is, no doubt, a challenging 
theoretical problem.
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