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“ABSTRACT

We describe exact algorithms for R//C P//Cmax and

_ , max’

RM//Cmax. Let k be the maximum cardinatily of a subset of jobs,

any two of them with different processing times in some machine

If k is fixed the algorithms terminate within polynomial time. In

this ease, if additionally the maximum processing time can be

- C e e ie et e A£ Zala than pm//C

max

can be solved in 0 (n) time. The propdsed algorithms allow the

process;ng tlmes to be real numbers, except that

which restrlcts them to 1ntegers-

. RESUMO

: Descrevemos algorltmos para R//Cmax’ P//Cmax e
Rm//Cmax. Seja n a menor cardinalidade de um subconijunto de tarefas;
onde duas gquaisquer dessas possuem tempos de processamento diferen-
tes em alguma. maqulna. Se k € fixo os algorltmos texmlnam em .

polinomial. Nesse caso, se adic1onalmente 0 tempo de processamento

maximo for expresso como um polinomlo no nimero n de tarefas entao

'o.

"Rm//e'_-“pode -ser-resolvido em tempo 0(n). Os algoritmos . propostos

max
permitem que os tempos de processamento sejam nlmeros reais,_ exceto

n6 problema Rm/7C__ ., que oS re sErifige @ intelyoss . . . — ...



1., INTRODUCTION

Throughout this paper J={J1,...,Jn} denotes a set : of
independent jobs and M={M1,...,Mm} unrelated machines, n,m > 0.
Jy requires an arbitrary real (unless otherwise stated) proc=

essing time pij >=a0-n Mj, 1<i<n and l=j=m. Each job is to be

assigned non preemptively to any one of the machines.. .

We consider the problems of'fiﬁding a minimum length
gschedule for the jobs of J in the fallcﬁing‘th:ee cases: (i) there
is an arbitrary number of unrelated machines, (ii) arbitrary num
ber of identical (parallel) machines and (iii) fixed number of
unrelated ones. These problems. are all NP-hard [1] and in terms
of the notation [2] correspond to Rfjcmax, Pffcmax and Rmffcmax,
respectively. We describe exact algorithms for each of the cases.
Problems (i) and (ii) are solved by dynamic programming and the
corresponding algorithms allow the processing times to be real
numbers. The solution for Rm)fcmax instead employs integer line

ar programming (ILP) and restricts the pij's to be integers.

Let k be the maximum cardinality of a subset of jobs,

. any two of them have different processing times in some machine.

The complexities of the proposed algorithms are exponentials in

k, but not necessarily in n. If k is fixed all terminate within

polynomial time. The algorithm of Leung [4] for Pffcmax has such

“.a similar property.

a

- In Sectidn 2 we describe the algorithm for R//Cprax?

__which has complexity of time 0(n2k m) and space 0 (n" m). Section

e : 2k
3 formulates the algorithm fdr;p}ftmax‘wh;gﬂnrgquitgs 0(n™" log m)
time and G{nk log m) space. Finally the last section presents a

mk
method for solving Rm//C requiring 0(n + zm(r;};zlcg[n + Pm”‘: )

max
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time, p = max {pij}' Clearly, the latter reduces to 0(n) for

max
fixed k and p .. =,0(nb), with b,c constants.

‘The algorithm of Leung also employs dynamic pro

gramming for solving P//C however restricting the processing

max’
times. to integers. It has time complexity 0(n2(k D log m log p..) and

=1 log m) . Therefore a~comparlson—ofuits~time"~"'bound-Ww

Ly

%}fw¥~spacem0(n
with that of the proposed method would. depend on the relative
values of n and p__.. It should be noted that the algorithm [4]
can be extended to solve R//C axr 1T we maintainpthe‘fproceseihé
times.as integers. In this caee, its time and space complexitieev

2 (k=-1)

become 0(n m log pmax) and'O(nk"1 m), respectively.

f"" ' Finally, if 3 is a non negative 1nteger let Z-%O,.H,J},

and Z+—{l,...,3}.

- 2. ARBITRARY NUMBER OF UNRELATED MACHINES

Let 7, be a scheduling problem consisting of the jobs

0
of J and unrelated machiﬁes M. in,thisdsection is described an
algorithm for finding a schedule for m; having minimum length

cmax‘

We emplo& d§hamic programming. If m = 1 the solution
is simpie. Otherwise ﬁo is decomposed into the subproblems Ty
and 7,. The first has jobs J(w;) < J and machines My e}y
while m, consists of J-J(w;) and {M_}, respectively. Let A de

note the minimum value of C . for a subproblem. Clearly,

fl(wo)v=..min {max {2 (w ), x(wz)}}
LEWLP
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Let L v...uLy, = J be a partition of J into non eﬁpty

disjoint subsets Li; called classes of LY’ such that two -jobs
Ja' Jb € J'belong to the same class iff |
P 3 = pbj' lSjsm _. ) (l)
... Define piy :=p.y, 1sisk and 1<jsm, where J, is  any

* A
job belonging to L, ..Thewvalues»pij, 1<j<m, are the class proc-

essing times of Li.

Let © be a subproblem with jobs J(r) ¢ J. The profile

of w is the k-sequence F = <f ,ess, £ > such that fi==|Lir\Jhﬂ],

1<i<k. S = <sl,..;,sk> is a subprofile. of v when each sy € Zs .
- _ "i
Let S' = <Si> and 8'' = <si'> be subprofiles satisfying
s > s!', lsisk. Then S'-S'' denotes the subprofile <s!-s!',...,sl-sL'>.

Denote by X (F,3J) the minimum value of Cn for a

'.;subproblem T hav1ng proflle F and machlnes {M ,...,M }, J e Z

ﬁ'zLjBy;X (F,J) represent the correspondlng minimum value as above,

7 except that there is a single machine {M '}, instead of ﬂd,...,M 1.

Finally, denote by S (r) the set of all subprofiles of .

+ . | *
AT(E,S) = D £ypy g ‘ ER , (2)

) .";52*'The following recurrence relates the variables A among
' subproblemns, m
LLtmmso 0 A(F,3) i= min {max {x(F-sS,3-1), rt(s,3)}},
Ses* (n)

e = e e s — e o o 1sjsm and F € S (W ) ‘ (3)

g g g—— v 4 T e WL -

boundary condition - e e

X(F,O)v§= 0, for-aﬁy'F. ' . (4)
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The algorithm can now be described. The input to m, is
the n x m matrix of.proce;sing times Pjje Start by finding .the
classes and profile F(m,). Then for each subprofile of =, com
pute (2) and afterwards (3)-(4). The process terminates when

A(F(ﬁo),m) is evaluated.

“The construction of the actual minimum schedule can be——

: . .
done by tracing back the minimizing values of S e S (my) .

The classes .can be determined in b(nzm) time by com
puting (1) for each pair of jobs. This complexity can be im

ﬁroved'to-O(nkm) by applying bucket .sort techniques.

Generating the set of subprofiles of a subproblem = is
equivaiént to finding all distrjibutions of at most [T (n)] identi

cal objects into k distinct cells, such that there are no more

'; objects in the i-th cell 1<i<k, where <f1,...,fk is

= —‘—__ -

'lexicographical order, for instance.»

There are.O(nk) subprofiles of =, and.each requires
the cémputation.of all subprofiles of-its correspondin§ : sub
problems. The,complexities of finding the classes and computing
(2) aie dominated by that of (3)-(4). Therefore the algorithm

for R//C requires O(mnzk) time and O(nkm) space.

max

" The correctness of (2) follows from a trivial counting,

. while that of (3)-{4) is based on the decomposition described.

- - — e e m— — - —— . .l e e

— -
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31-ARBITRARY NUMBER OF IDENTICAL MACHINES

In this section we consider the scheduling problem =,
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with jobs J and m parallel identical machines, i.e. pij = Pyg ¢
for any j, 2 ¢ Z;.‘Define Pj = Pjys 1<is<n. We describe a Varié

tion of the algorithm of the previous section for finding a mini

mum length schedule for Toe
- As before, 1if m > 1 then 7, is decomposed into two sub

‘7§re51ém§"ni

‘tively. However, the number of machines 'of these subproblems is
now made as equal as possible, i.e. Im/21 and Im/2J, respective
ly. This will decrease the number of iteretions needed to com

pute the recurrences.

“Let a(m) < Z; be the subset of integers constructed as

: follows,

SRR T

learly, a(m) is precisely the set of all pos31ble num
ber of machlnes of the subproblems generated by succesively ap

plying the above decomposition. Also, |a(m)]| = 0(log m).

Next, partitien.J into.classes'Llr...,Lk, as before in
(1) . Clearly, two jobs belong to the same class iff they have

. *
identical .processing times. Define P; = Py 1<ick, J, € Li’

and w,, having JObs J(w V¢ T and J-J(w )’ T respee

. - Denote by A(F,j) the minimum value of Crax for a sub

problem L] having profile F = <f1,...,fk> and j parallel identi

‘cal machines.

— rag g — G, i TL EEALTIO T it h el . W PP IR
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The recurrences now become.

A(F,1) := I fip: o ' N

A(F,j) 3= min {max {A((F-S). l'j/21),x (s,ti/2h 11,

j € a(m) {l} and F ¢ s* (ﬂo) (8)

. e At e e e et e tar — —mt - - e e e e e M el W < b e

The algorithm is now clear. Given “o' find its classes,
construct'the profile F(w,) and using (5)-(6) obtain subset a(m).

Then for each j ¢ a(m) in increasing order and each  subprofile

of Tor compurew(7f-(8);”§he computatioh stops when X(F(no);m) is

calculated.

The set o (m) can be computed in O0(log m) time. Using
similar arguments as in’ Section 1 we conclude that the described
algorithm for P//Cmax requiresd()(n.zk log m) time and p(n m)

space.

4..FIXED'NUMBER OF UNRELATED MACHINES

Let 7, be a scheduling problem with jobs J .and un
related machines M. We now. describe an algorithm for minimizing

the length of a schedule for w,, using ILP. In this section, the

0

brccessing times are restricted to integers.

-Let L ,...,L; be the classes of n, obtained as in (1)

* :
and pij' l<js<m, the class processing.times of Ly, 1<isk.

In any schedule of LY let xiJ be the number of __Jjobs

of class Ly assigned to machine M., lsisk and 1<jsm. Let M, be a

J
machine in which its last job is completed at time C .. The fol

lowing iq an ILP formulation for solving Rm//cmax
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minimize I X, P _ o : (9)
» 1<i<k ~ih Tih ‘ : '
t. X Yoos oz Y
S.Ce. X p . ) X p
| 1sisk 13 TE3 T gqaqe iR TiRG
for l<jsm ' (10)
R ey SR Ju; I,*"”"““'*“w-* - e
1l<jism c#JAM“_ i .

A _ . , ~ for lsisk (11)

xij is an integer > 0,

for 1l<isk, 1l<jsm (12)

Basically, (10) assures that C occurs in My, (11)

max

that each job haé been scheduled exactly once, while (9) is the

minimization of the length of the schedule.

;*,‘ILP problem:k9)-(12). Then find the minimum among the H" min1—

mizations (9).

The algorithm of Lenstra [3] solves an ILP problem
with v variables and r éonstraints in 0(2v (vr log z)c) time,

where z is the largest coefficient in the problem. Therefore, the

minimuﬁ length schedule for =, can bé obtained | i in
" 0(nm + m2 (m“k“log(n + pmax)) ) time, that : is
0(n + (log(n + pmax))?l), for fixed m,k, where c,c; are con.

stants. L.
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