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Resumo

Nós caracterizamos os grafos cliquc de grafos cordais e de caminhos. É apresentada
ainda uma classe de grafos chamada árvores expandidas. Elas formam uma sub-
classe dos grafos disk-l1elly. l\'[ostra-se que o grafo clique de todo grafo cordal (portanto
dos de caminho) é uma árvore expandida. Mais ainda, que toda árvore expandida é o
grafo clique de algum grafo de caminho (portanto cordal). Diferentes caracterizações de
árvores expandidas são descritas, conduzindo a um algoritmo de tempo polinornial para o
reconhecimento de grafos nesta classe.

Abstract

We characterize clique graphs of chordal and path graphs. A special class of graphs
called expanded trees is introduced. They form a subclass of disk-Helly graphs. It is

shown that the clique graph of every chordal (hence path) graph is an expanded tree. In

addition, every expanded trce is the clique graph of some path (hence chordal) graph.

Different characterizations of expanded trees are described, leading to a polynomial time

algorithm for rccognizing clique graphs of chordal and path graphs.
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Abstract

\Ve Cllaractcrizc cliquc �raphs ()r chordal and path �raphs. A spccial class or �raphs
callcd expanded trees is introduccd. T}ICy r()rm a subclass of disk-Ilclly graphs. It is

shown that thc cliquc graph ()f cvery chordal (hcncc path) graph is an cxpandcd trce. In

addition. cvery cxpandcd trce is thc cliquc graph ()f some path ( Ilcncc chordal) graph.
Diffcrcnt cllaractcrizations ()r (�xpandcd trces arc dcscribcd. Icading t() a polynomial timc

algorithm for rccognizin� cliquc graphs of chordal and path graphs.
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Introd uction1

\v(' ('Xalllill(' ('li(,II(' ,�ra.J)lls ()r ('II()r(lal �rarlls" Ilall(I('lt. illl(1 l)risll('r [:!] J)r()\'('(1 tllat tll('.v

;tr(� (lisk-II('II,\'" ('11('11 itll(ll,ill [.1] itll(1 ill(I('I)('II(I('11tl,\. Ilitll(I('lt. itll(ll)risll('r [II SIIOW('(1 tllil.l.

til(' S('("0II(1 it('rat('(1 ('li(,II(' �raJ)11 ()r it ('IIOr(lal �ritl)11 is it�itill ('IIOr(litl. 11('r(' it is SIIOWII tllitt,

1.li(JII(' �raJ)lls ()I ('II()r(litl �raJ)ilS (.I)rr('SI)()II(1 t () .t ('litsS Ilitlll('(1 ('xJ)iui(I('(1 tr('('s. ill til(' S('II("('

1Iiat IIi(' ('li(,II(' ,�raJ)11 ()r .t (,II()r(I;11 �ral)il is ;11\\'it.\'S ;III ('x!)all(I(,(1 tr('(' itll(1 ('\'('r,\" ('xJ>all(I('(1

Ir('(' is III(' ('li(,II(' ,!?;raJ)il ()r S()III(' ("IIOr(lal �ral)ll. \ \ í, (.llitrit('t('riz(' til(' ("i;ISS ()r ('XI)(tll(I('(1

t r('('s .1(1(1 (1(,s("ril)(, it 1)()I"\.II()lllial tilll(' al�()ritlllll r()r r('('()�llizill!?; t 11('111. \('Xt il is SII0\\"11

tlla.t ('XI)all(I('(1 t r('('s I()rlll it ,)r(),)('r slll)("I(tsS ()r (lisk-II('II,\' ,!?;raJ)lls. I.'illall,\.. I)iltll !?;raJ)lls ar('

(.OIISi(I('r('(I. \\{, l)roV(' t 11(tt. til(' (,I;tsS ()r ("[i(,11(' �ra,)11s ()r I)itt.il !?;raJ)lls is 110 1110r(' r('strict('(1

tllall 111.tt. ()r (,II()r(lal !?;ra,)lls" I':v('r.v ('�I)all(I('(1 tr('(' is ;lls() til(' (.li(,II(' �raJ)11 ()r S()III(' l)al.ll

,�raJ)ll.

1.:XI);tll(I(.(1 tr(.(.s ;tr(' (.I()S(.I.\, r(.I;tt,(.(1 t() (liSIII;tlltl;tl)I(. L!;r;tl)11S.I.ll()S(. ,t!;ral)ils \\.(.r(' ('Xallli(I(.(1

I,y li;UI(I(.lt ;tll(ll)risll('r [:!;]. l)risll('r [!)] illl(1 t\'(!\\,ilk()\.ski ;tll(1 \\'illkl(.r [K]. l)isk-II(.II�. ,�ra,)lls

;trC a l)r()I)(.r SIII)CI;tSS ()f (lis(llallt,lal)I(' !!:rill)11S. ;tllJ t.11('�. (.ali I)(. r(.c().L?;lliZ(.(1 ill P()lyll()llli;J

t.ill1('. .tt.c()r(lill!!: t() ;tIl al.11;oritlllll (1(.scril)(,(II)�. li;tll(I(,It. ;tll(1 1)('s('11 [ I ]. S('C al�() N()wako\,ski

.tl1d l�ival [71 ;tlld (�uilliot [1°1.

G JCl1ot('S a simple l1lldircctcd graph, V(G) al1d E(G) arc its vcrtex and cdge scts
rcspectivcly, 11 = IV(G)I and ln = IE(G)I. A(v) is the sct of vcrticcs adjacent to v E V(G),

whilc N(v) is Jefincd as A(v) U {v}. The vcrtex v E V(G) is dominated by w E V(G) in

G, whcn v,w are distinct and N(v) C N(w). j\ clique is a complete subgraph of G. The

clique graph of G, denotcd by K(G), is the intcrsection graph of the maximal cliqucs of
G. A chordal graph is the intersection graph of sl1btrces of a tree T. Tlle subtrce of T ,

corrcspollding to a vcrtex v E V ( G ) is called representative su btree of v alld is denoted

by T( v ). Thc trce T togcthcr with the rcprcsentative subtrces form a tree representation
for G. ,\ minimal representation is a tree rcprcsentation such that IV(T)I is the lcast

possiblc. (iavril [5] and I3uneman [3] showed that a minimal rcpresentation is preciscly
one in which each vertex of T corresponds to a maximal clique of G. In addition, for each
v E V(G), the subtree T(v) is formed exactly by the vertices of T corresponding to those .

maximal cliques of G which contain v. A path graph is the intersection graph of paths
of a tree. Monma and Wei [6] characterized path graphs and variations of this class in

terms of their rninimal representations.
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(: is it dismantlable l!;r;tl)11 ir tll<'r(' (.xist,s (t S('(ltl('IIC(' vi,v2, \.lt or it,s v('rtic('s SlICil

t,llat,. f()r i .;.: II. \.i is (1()lllill(tt.('(1 ill ( ; -{ \' I' \.i-1 } , Ir iuiJitiollitily til(' 111(txilniti (.Iiqucs

()f ( ; sittisfy til(' 11(.11.\' I)rol)(.rt!. tll(.11 ( : is disk-Ilclly.

2 Expanded trees

illallllilll! Ir('(' 1'(;),

'I' i II {1 II{'{ , (I I '1 j< , 11{' i II

11(.11 t Ilal. 1(lr ('a("11 ('(I,gl'

: ;.IIi tllis \as('. "1'((; ) is

( : is ;tIl expnnded t.rec \\'11('11 it ;llllllils ;t ,

(V,\V) E 1.:(;) III(. \'(.rt.i('('s()rtll(.\' \\'I);It.11 i II

,I, cnnollicnl t.1'ee ()r ( ;,

[.Jemma 1: I.\,t ( ; II(' ;L (.(IJ1Il<'(.1 ('<1 (.II()r(I;LI !!;ral)11 ;111\1 I' ;L lllillilll;LI tr<'(' r<'I)r<'s<',It,at,ioll of

it,. '1'11<'11 1\(;) i� til(' !!;ra,)11 \JIII.aill<'(1 rr<JIII l' IJ';.' a<I<lilll!; <'xa,t,I.\. t,11<' <'(I!!;('s t,llilt. t,rallSforlllS

<'acll r<'1)r('s<'lltati\l' SIII)I,r<'<' .1'( \' ) i rito ;L 1'1'( \,)1 \.li(III<'.

I)ro()f: 'I' alIJ I\((: ) llil.V(' til(' Sil.III(' \.('rt<'x S('l.. I'w() \.'rl.ic('s ()f I\((: ) il.r(' il.Jj(I.C('l1t

pr(�cis('ly WII('11 t 11('ir (.()rr('sl)()II(lill� lllil.xilllil.l (.li(Il\('s ill ( : illt<�rS('ct. 'l'llil.t is. (1.11 v('rtic(�s

()f T (.()lltil.illc(1 ill ('ach ()f til(, r('prcscl1tativc subtrccs 'r(v) Illl\St bc (I.djaccnt ill I\(G),

becausc T( v) ("()rrCSpoIIJS t() tllc lllil.ximil.l cliqucs of G illtcrsccting at v. On thc ()thcr

hand, supp()se that thcre cxist two vcrticcs of T sl\ch that thcre is no rcprescntativc

subtrcc contail1ing simultancously both of thcm. Thcn the corresponding maximal cliqucs

of G Ilave no common v('rtcx. Thcrefore thcse two vcrticcs arc not adjaccnt in K(G).

Lemma 2: Let G bc an cxpallded trce and T(G) a canonical tree of it.

vcrticcs of cacll maximal cliquc of G inducc a ( connectcd) subtrce in T(G).

'l'hen the

Proof: Suppose thc contrary. Lct C bc a maximal clique of G such that C n T(G)

ha.s at lca.st t\VO distinct coÍ1nectcd componcnts 1\ and B. Let P be thc path of T between

A and B, that is, the verticcs of p are xl, ...,Xt, with t > 2, xl E V(A), Xt E V(B) and

xi ft V(A U B), 1 < i < t. In particular, there must be some vertex Xj E V(P) such

that Xj ft V(C), otherwise A U B U p becomes a connected component of C n T, a
,

contradiction. Let y be an arbitrary vertex of C and denote by p the path in T between
,

y and Xj. If x 1 E V ( p ) then Xj belongs to the y-Xt path in T. G is an expanded tree and
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(y,Xt,) E 1,:(;) tllllS foll<)willg ()..Xj) E 1':((;). SilTlilarly. irxt E V(I) ) tllclI Xj bcloll�s to tll<�
.,

.�! -xI I)atll ill '1'. ;111<1 (.\..x.i) E I.:((�). 111 tllc r<'ln;tilliTlg alt<'rll;ttiV('. XI,Xt, f/ V(P ), wc a,gaill

(.<)II(,III<I<� ().,x,i ) E 1':(;). Sill(,<' Xj 11('('('ss;tril,v 1)(.loIII!;S U) ;11 1(.ilSt ()II<' ()r t,II<� patlls. y xI or

.\' xi. '1.llis illl,)li(,S Xj l:: \.(.). ;1 (\)11I,ra<li('tioll. 11(.(1<\' (. l'l 1'(;) is il sI1I)tr(�' Or T((�).

1'11<' tll(.()r(.(11 1)(.I()\\, (.II;lra('t(.riz<'s III<' (.I;lSS ()f (.li(III(. I!;r;II)IIS t)f (.llor<lal ,�ral)lls.

Theorem I: '1.11<' 1()llt)\\illg ar(' ('<llli\.;II(.IIt.:

( i) ( ; is t.11<' (.1 i(III(' I!:r;l,)11 ()f �t)III(' (\)(III<.(.I (.<1 (.II()r(i;11 !!;r;ll)il II.

(ii)(;it(IITlil,SaSI);lllilll!;tr(.(.I'.sllclltll;lt.I()r(.;1(.11\.(-\.(;).

N(;(v)n'l'iS;t(\)1111(.CI(.(I)slll)t.r(.('(,f'I'.

(iii) (; is ali (.xpall(I(.<1 tr<'('.

I)roor:

(i) -+ (ii) Sincc 1I is chordal, we know hy I..cmma 1 that G can be obtaincd ,

rrom the minimal trcc r('prcscntation T of 11, by adding thc ('dgcs that transforms cach

representative slIbtrce illto a cliquc. It follows that cach vcrtex v E V(G) is adjacent to

thc vcrticcs bclonging to the rcprcsentative subtrces of T. \vhich contain v. NG(v) is the

lInjon of thc vcrtcx scts of the rcpresentativc subtrces of T \vhich contain v, and hcncc

NG(v) n T is connected.

(ii) -+ (iii) -[t sufices to show that rr is a canonical trce of G. Lct (v,w) E E(G) and ,

v = vO,...,vr = w be the v-w path in T. Suppose by induction that {vO,...,vr-l} induces a
clique in G, r > 1. Since \r .and w are adjacent and NG(v) n T is connected it follows that .

vl, ...,vr are ali adjaccnt to v. Similarly, vO, ...,vr-l are ali adjacent to w. Consequently,

{ vo, ...,Vr } induces a clique in G, that js, G is an expanded tree.

(iii) -+ (i) -Given an expanded tree G, we construct a connected chordal graph H such

that G = K(H). Let X = {V(Cj) / Ci is a maximal clique of G}, y = {{vi} / vi E V(G)}.

Let H be the intersection graph of the elements of X U Y. Denote by T a canonical tree of

G. By Lemma 2, Ci n T is a subtree of T. Hence H is the intersection graph of subtrees of
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.
.l trc(� 'I'. t,11ilt is. II is (.IIOr(lill. 1(1 i1d(lit,io[l. (.ilCII V('rt('X V ()[ 'r ('orr('Spo[ldS to a. IIIi1XiIJli1I--.

(.li(lllC o[ II. Ili11ll('ly t.() t.lli1t t()r[Jl('(II)y t.ll(� IJlil.xiIni11 (.li(111(�S ()r (; Wllicll ('ontai[1 v i1[ld I)y V

itscl[. Il(�[lc(� 'I' t.O.I?;(�t.II('r Wilil X .111(1 \' (1(.fin(. i1 [rlirlirni11 r('pr('s('rlt.i1t.ioI1 or (�. {.Si[l1!:, 1.(�nlmi1

I \\.(' ("()[I(,II[(I(' t.lli1t. 1\(11) = ( :.

3 Recognition of Expanded Trees

.\ S('('II(.II('(' Sk ()r \"(.rt.i("(.s \.I \.k, k <:::c rl. ()r i1 t!;ri\I)11 (; is cal1ol1ical \\,11(.11 I()r (..L("11

I � i:.:; k. (.it.II('r i = 1I ()r \.i is (1()lllilli\I.<.(1 I)y S()111(' \.(.rt('x \.i. i .:. i. ill til(' !!.:ri1I)11 ( ;(Si ).
11(.fill('(1 i1S .

\.(:(Si)) = \!(:)

1.:(;(Si)) = 1.:(;) -{(x..\.) E 1.:(;} / x E {VI, \.i-I}' }.I:: {\.i \.II}

iLII(IIN(;(x) n {vi, \.II}1 = I}

Wc cil11 t,llc v('rtcx vi cal1ol1ical ill (;(Si ). 'l'llc v(lluc k is t.llc lel1gth 0[ Sk. Ir k = II

t.hcn Sk is complete. Sk is maximal whcn it is complctc or G(Sk+ I) has 1lO cano1lical

vcrtcx. Clcarly, if Sk is ca1lo1lical thcn a1ly of the subsequcnccs vI, vi is so. 1 � i � k.

Expandcd trccs ca1l bc also charactcrizcd as follows.

Theorem 2: G is an cxpanded trce if and only if it admits a complete canonical

scquence.

Proof: (-+) Lct T be a canonical trcc of G. Lct Sn be a sequence vl, ...,Vn of thc ..

vcrticcs of G, such that v1 is a Icaf of Ti, 1 � i � n, where Tl = T and for i > 1

Ti = Ti-l -vi-l. We show by induction that Si is canonical. Assumc it is true for ali
subsequences of length < i. If i = n there is nothing to prove. Otherwise let Vj, j > i, .

be the vertex adjacent to vi in Ti. We claim that Vj dominates vi in G(Si). This is clcar .-

for i = 1. When i > 1, suppose the claim is false. In this case, there is a vertex Vp, such

that (vp,vi) E E(G(Si)) and (vp,Vj) rt E(G(Si)). T is canonical; thus the following two
conditions must hold: .
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1> < i ;tll(1 (vi>'v(l) rt 1.:((;) r(>r ;til (I > i, ()t,II('r,,'is(' (VI>'Vj ) WOllld 1>(.lolll! to i':(((;(Si)),

;t (.orltra(li("t,i(>II,

1II t.llis (.aS(', IN(;(\'I») rl {\'i.".-\." II = 1- illl(1 (\'I).vi) <t 1.:(;(Si))- i'l!;airl a 1\>rlt.ra(lictioll.

.1'll(.r('t(>r(. \'i (IO111ill;tt.('S vi ill ( ;(Si ). t Ilat is. Si is (.all(>llical.

(+-) I.(.t. \.I-..,-\.(II,(.;t(.;III(>lli(.;IIS('(III('IIC(.()f(:.1':it("11 \.i.l .� i .: II-llaS;I(h>rllillat.Or\,i

ill(;(Si))-i, i,illl(I\\'(.\\'ill\\.rit(.\..j -=IIOlllt\.i).I.(.t.I'I)(.tll(.l!;ral>II(I(.li!1('(I;tSr(>1lows:

\!('1') = V(;)

1.:('1') = {(vi- (1()lll(Vi)) E 1.:(;} / 1 .� i, III.

\VII(.IIII :.I,(.\'(.r.\'\..rl(.X('f(:isill(.i(I(.I'tl('SI'III(.(.(1l!;('('r'I':;tll(lsiIIC(.!I.:('r}l=rl I.

I' is ;t Sl'allllilll!; tr('(. (,r ( ;. \\'(. Sll('\\. tllat. I' is (.;III('lli(.;tl, SIII>I>()S(. it is 11('1 (.aIIOrli("al. 111

t.llis ("as('. 111(.r(' is ;UI ('(1,!!;(' (\'a,\.I» (= 1.:(;)- SII(.11 tll;lt. t.11(' \.a \'1, 1>;lt.11 ill I' is 11Ot a (.li(III('

(>r (;. I�.\. ('Il(>i(.(. (,r (\'a,\.I», \\.(' (.ali 11;t\'(. (\.1,'\.(.) <t 1.:(;}. \\"II(.r(. \.(. is t.11(' \.'rt('X rollowirl�

\.a irl t.11(. \'a \"1> I>atll ill .1'. I,(.t 'r 1,(' alI Ori('llt,al,i(>11 (>r 'r (>I>t(till(.(1 I>.v (lir('Cli!l� ('(tch ('dgc

(\-i,Vj) E i':(T) rrorll vi to Vj, \\'hc!l i > j. '1' is a (lircctc<l root(�<l tr('c.

I�xami!lc tllc ('dgc (va,vh) E E(G) an<l Sl1ppOSC a < b. Thcn a < c and (vc,va) E E(f)

implics that v(. (Iominatcs Va ill G(Sa). Since a < b, we must have (va,vh) E E(G(Sa)).

IIcnce (\'h,v(") E E(G(Sa)) and thercforc (vb,vc) E E(G), a contra<liction. The ca..,;e a > b

is similar.

Lemma 3: 1\11 (naximal canonical scqucllccs of G have t,hc samc Icngth.

l")roof: I.lct I1S assl1mc thc Icmma is falsc. Thcn thcrc arc two <listillct maximal scqucnccs
, , , ,

vl,---,vk alld vl'.--'vl <lcnotc<l rcspectively by Sk and SI' I > k. Then SI contains a vertex
, ,

Vj ft Sk.IIl this case, j < n. Otherwise if j = n and Vj is the only vertex which belongs to
,

SI and not to Skj then k = n -1 and Sk is not maximal, a contradiction, Let w be the .
,

dominator of Vj in G(Sj )- The following cases can occur:
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1,
,
1

(.ilSC I: \V fj Sk

Ir A(:(vj) = {\V} t.II('11 �..' (10111illilt(�S \.j ill (;(Sk+1 ). ()t.II('r\Visc. (.xamill(� ('ilCjl

\.('rt('x z (.# \\.) E :\(:(v.j)' li rollo\vs illat z is ;1(I.jil(.('llt. t.() ;lt. 1(.i1..o;t i\vo v('rtic('s

()r V(�:) -Sk. 11;tlll('I.v.\'.i ;111(1 \V. 1..1 a(I(liiii()II. \\..i.\\') E 1.:((:(Sk+I)). 'l'llff('for('

;\ ( .(\'.) = \ ( . (S ) (v.) ;111(j N(.(v.) C .\ ( . (S ) (\v). illat is. \V i\gaill (1()lllill(lt('SI .1 I .k+1 .1 I .1 I .k+1

\..i ill (:(Sk+1 ). 11(,llc(' Sk is 11()t, 1llaxilllal. ,1 (.()lltra(licii()II,

( .;lS(' 1: \V t::: Sk

1,(�t\'i=\\'..i::::;k.;tl)(I(I(.II()i('I)y\V ,11('(I()lllill;li()r()f\.iill(:(Si). .1'JI('II\\. als()

(1()lllill;li('s \'i ill (:(Si). Jr \V � Sk lll(.11 ;11)1)1.\' (.,IS(' 1 ,tl!;;lill. \\.iill \\. r('I)I;lC('(II)y its
.

(1(�lllill;li()r. It('rali\.(,I.\, r(.,)(.at t II(' arl!;IIIII('llt 1IIIt il ;t (1()lllill;tt,()r \\' is r()IIII�1 s;ltisf�'ill.g

\V f,f sk' SiIIC(' k < I, ;UI(j ;Il (.;U.JI ii('rali()ll- 111(' ill(I..X i iIICr(';lS('S. \\. fj Sk \\'iil

(.V('lltllally I)(' r('acll('(I. '1'11('11 (.as(' 1 al)I)li(.s,

'[.'hcOr(�111 1 alld r,(,lllln(1. ;� I('ad to ;l grcc(ly (Ligoritlllll for r('cognizillg ('xpandcd trces.

Constrllct a maximal c(1.lIollical sc(lucncc Sk of vcrticcs v I, ..., vk of the graph G, Clcarly, G
is an expanded trce if and only if k = n. For i < n cach vi can bc arbitrarily chosen among -

the dominatcd \.('rticcs ill G(Si), if existing. The algorithm tcrminatcs within O(n2m)

steps. 1\ canonical trce T can be obtaincd as a by-prodllct: For i < n, include in E(T) the

cdge (vi,\v) whcre w is the clomillator of vi in G(Si).

Similar rcsults as thosc above presentcd can be formulated for the class of dismantlable

graphs, \Vith corresponding rormlllations of Thcorcm 2, r-,cmma :J and the recognition .

algorithm.

4 Disk-Helly Graphs

In this section, we compare the classes of disk-Helly graphs and expanded trees.

Theorem 3: The class of disk-Helly graphs properly contains that of expanded trees.

7
�

---".--"7��, �-' "-C--"'



l)r00f: IJ('t (; I)(' itll ('XI)ilIIJ('(1 tr('('. 13,Y tll(X>r(�m :!, (; a(llnits il s('quence Sn of its vcrticcs

vI \.II, sllciI tllat ('acll \i is (10111illat('(1 ill (:(Si)' i < II. ('I('arly, (; -{vl,...,vi-l} is

;UI iIIJuc(�(1 SIII).l?;ral)11 ()f (�(Si). [II a(IJitioll. \.i (10111illat('(1 ill (;(Si) illlplics t,llat vi lIas a

(10111illat,or 1)(,I()IIl?;ill,g 10 { \"i + I' ." ..\'II} .'l'II('rcf()r(' \i is ;llso (1()lllillat('(1 i II ( : -{ v I, vi-l} ,

tllat is. ( : is (lislIlallllal)I(," I.('t. 'I' I)(' il (.;UI()llical tr('(' ()f ( :. 11,\" 1('lllllla :!. til(' Illaxilnal cli(fll('S

()f ( ; (.()rrCSI)()II(1 t (, slll)tr('('s ()r "I'" 11('11('(' 111('.V s;ttisf.v til(' 11('11.\" l'rol)('f"t..V. alIJ ( : is (lisk-

11(�II.v. [1. r('III;tiIIS I() sll()\\" 111;tl til(' (\)lllailllll('llt is l)r()I)('r. 1'11(' �raJ>11 11 or I:i�ur(� I is

kllOWl1 t() I)(' (lisk-II('II.\' [1]. 1.:a('11 ()r lll(' S('\"('11 (1('�r('(' :-) \\'rlic('s \"J \'i ()f it is (.i1.1101Iical

ill 11. 'l'llc S('(III(.II(\' \"J \"i is ills() (';tll()lli(";II. 1)(.II()t(. it 1).\" Si" .1'11('f"(' is 110 (.i1.I\()l\ical

\"('rt('x ill ( ;(S"' )" 11('11(\' Si is III;txilll;ll ;111(1 11 is Il()t ali (.xI);tll(i(.(1 t r('('"

5 Path Graphs

13clow is ;l (.llara("u'rizati()11 ()f ("li(III(' �ral)lls ()f I)alll .�ral)lls"

Theorem 4: II is alI ('xpall(I(�(1 tr(�� ir ;tll(1 ()llly if it, is til(' ("Iiquc �ra.pll ()r somc

conncctc(1 patll gra.ph (;.

Proof:

(+- ) Apply thcorem 1. since path graphs are chordal.

( -+ ) Let H bc an expanded trce. We construct a path graph G such that H = K(G).

By theorem 1, there is a connected chordal graph F such that II = K(F). Let T be a

minimaI trce representation of F. If alI representative subtrees are paths of T then define .

G = F and the theorem is proved. Otherwise T contains a reprcsentative subtree T(s), of

some s E V(F), such that T(s) has more than two leaves. Let a,b E V(T) be two distinct
,leaves of T( s ). Lct F be the intersection graph of the same subtrees of T that represents -

the vertices of F, except T(s), and adding the fo"owing new three subtrees:

-:

(i) The a-b path in T(s)j

(ii) The subtree T(s) -aj

8
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(iii) l'II(� slll>t,r('C '1'(s) -II.

'1'llcII I.' is ;lls() (.il()r(l;ll. �(.xt. W(' ,)r()v(' tllilt, t.11(' tr('(' r('I)r('s('llt.at,ioll I' ()f 1.' is ,l.l!;ilill

1llillilllill. I.()r V E:: V('I'). (1(.II()U'I)"\. 1\(;(\") til(' 1llilXilll;tl (.li(III(. ()f (;. rOrnl('(II).\. tIl(' v('rt.i(.('s

()f (; wll()s(' r(.I)r(.S('lltilt,i\.(, slll)tr('(.s ()f '1' ("()IIt,ilill \'. It r()ll()ws tllilt, l' is Iilillill1ill ir illl<i ()III"V

if for (.il(.11 I)ilir ()f (list,ill(.t \"('rii("(.s v,w � \!('1'). \\"(' 11;tv(' I\(;(v) � I\(;\\\.�.

( 'Ollll)ar(. til(. r(.lati\'(. 1)()siti()11 ()r \. ;111(1 W ill 'I'. I()r I)()tll I!;r(\I)lls I: ólll(ll: .Ir \..w f/ '1'(s)

tllCII I\Jo'(v) = 1\1:.(\'). (111(1 I\I:(W) = 1\1:.(\\'): Sill('(. I' is 1llillilll(\1 t()r 1: it t()llows tllat,

1\1."(v) # 1\1:.(w).

Ir v,w E::: '1'(s) tll('11 I,I.'(V) � I,I.'(W) illl,)li(.s tllat tll('r(' ('xists a r('I)r('S('lllati\.(, slll)tr('('

I'(�), � � S, \\.lli(.11 ("()lltaiIIS illSt ()II(' ()r \..\V. ,LII(II.IIIIS I,I:.(V) 11\1:.(w). 1'11(' r('lnaillirl!!;

1)()l;l;il)ility is v E .1'(s) ;lll(1 W f/. 'r(s). Irl tllis (";lS(', \. 1IIIII;t 1)('I()II� t() ;ll. I(';lsl tW() ;lIll()ll� til('

tllr('(' 11('W slll)l.r('('S ( i) ( iii), ,111(1 \\' (.;lllll()1. I)(, (.()III.;lill('(1 ill ;III�. ()r 1.11('111. ( .()III;('(III('lltly,

I,I;"(V) � I,I;"(W) ill ali (";lS('S, tllat is, .1' is als() 111illimal r()r I; .

Âpplying lcmma 1 ror f i1.lld F' lcads to K(F) = K(F'). On thc otllcr hand. tllc subtrcc

(i) is already a path Wllilc cach of thc subtrees (ii) and (iii) contains one leaf lcss tl1an

T(s). This completcs the proof, since eventually a path graph will be constructed.

9
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