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                                Abstract 

  It happens frequently that the observational data is not complete but missing partly by 
various reasons. A preliminary study for supplementing adjusted values to such imperfect data 
based on Principal Component Analysis (PCA) is executed. 
IRAS 3 colors of mass-losing stars and their expanding velocity on the ground based observations 
are adopted for the experiment. One of these 4 data is eliminated for each star and the adjusted 
value is restored. The original data and the restored one are compared and the distribution of 
the restored errors is studied.

Key words: Adjusted value, Imperfect data, Principal Component Analysis

1 Introduction 

If we analize, using PCA(Unno and Yuasa 2000), 
the dynamical system which is given by a large 
number of observational data constituted by the 
many physical quantities with respert to many 
stars, we should adopt the data as much as pos-
sible concerning not only physical quantities but 
also the number of stars to increase the accuracy 
statistically. From this point of view, imperfect 
data should be included in the analysis if the im-
perfectness is small and the adjusted values are 
supplemented by the valid method. 
In this paper, the preliminary study for the sup-
plementation of adjusted values to the imperfect 
data using the method based on PCA(Unno and 
Yuasa 1992) is executed. 
We have examined the data concerning the mass 

losing-stars (Yuasa et al 1999). IRAS 3 colors 
and the expanding velocity which is observed on

the ground are adopted as four physical quanti-
ties and the number of stars is 121. Only one 
physical quantity is eliminated for each star and 
the adjusted value for it, is restored by using all 
the remained data (121 x 4 — 1 = 483 data) 
based on PCA. Finally the eliminated original 
values and the restored values are compared.The 
restored error, the absolute value of the differ-
ence between the original data and the restored 
(adjusted) data, is rather small for the region 
where the absolute value of the normalized data 

is smaller than 1. 

2 Method of Restoration 

The method of restoration which is adopted in 

this study is written in the paper Unno and 

Yuasa(Unno and Yuasa 1992). Here, we sum-



 marize the method. Let Q(i2) and wY) be the j-th 
observed physical quantity of the i-th star and 
its weight respectively, where j = 1, • • • , n and 

i = 1, • • • , N. If a quantity is not observed the 
weight of it is equal to zero. 

The normalized data qY) for applying PCA are 
defined by

where (Q3) and a) 
dard deviation of 

given by
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Qj respectively and they are

introduce virtual added data x(jZ) and 

ht vC2) for each observed quantity qC2) of 
as fnllnws-

Equations (4) are the constraints that the mean 
value of virtual data is zero and the standard de-
viation of them is 1 for each quantity ((xi) = 0 
and o = 1). Then, the correlation coefficient 
between the j-th quantity and the k-th quantity 
is defined by

3 Application and Results

To test the above mentioned method, we adopt 

the data used in the previous paper concern-

ing the mass-losing stars (Yuasa, Unno and 
Magono 1999). Using flux intensity at 12, 25, 
60 and 100 bon by IRAS observation (IRAS 
Science Team 1986;Beichman et al. 1988;Joint 
IRAS Science Working Group 1988), we adopt 
three colors Q(ii) = 2.5log{F5)/F2)}, (Ai) = 
2.5 log{ F0~/F5)}, and Q(32) = 2.5 log{ F 10io/F60)}. 
Besides these three colors,we adopt Q(42) = 
log Ve(Z), where Ve expresses the expanding ve-
locity of the circumstellar gas observed by the 
emission lines of CO and/or HCN on the ground 

(n = 4). In the previous paper (Yuasa, Unno and 
Magono 1999), the 183 mass-losing stars were di-
vided into two groups, namely groupl (121 stars) 
and group2 (62 stars). In this paper the groupl 
(121 stars) is adopted for the analysis (N = 121). 
We have applied the method of the previous 

section to the case of only one data, Q(1s), is 
elimnated. Namely we have considerd the case 

wis) = 0 and all other weight wi(Z) excepting for 
wis) are equal to 1. In this simple case the com-
plicated simultaneous linear algebraic equations 
(6) are reduced to separated equations:

After the above preparation, most probable val-
ues of xC2) are given by solving the following n 
simultaneous linear algebraic equations:

''°J,l"l 

where A/ is the l-th eigen value of PCA and µlj 
represents the j-th component of the l-th eigen 

vector of PCA. 
Finally the adjusted value for the normalized j-th 

quantity of the i-th star is given by

We can solve equation (8) easily to get the value 
x(1s) for the restored (adjusted) value qis) 
By exchanging the original data Q(1Z) and (X2), we 
can compute the restored (adjusted) value As) for 
supplementing the eliminated value qs). In the 

same manner, we can get the restored (adjusted) 
values x3s) and x(4s) for the eliminated values q3s) 
and q4s ) 
The results are shown in Fig.1 Fig.4, where the 

horizontal axis is the original normarized data q3 

(mean value is 0 and the standard deviation is 1) 
and the vertical axis is the absolute value of the



 difference between the original data and the re-

stored (adjusted) data, I qj — xj I, in each figure. 
These figures show the difference (restored error) 
becomes larger as the absolute value of qj be-
comes larger. 
This tendency is plausible because our method 
supplements the restored (adjusted) values by the 
correlation between the eliminated quantity and 

the other three quantities, namely by the aver-

aged virtual star. 

Therefore, our method to restore the missing 

data is effective if the stars whose data is partly 

lacking are similar to an averaged star. In prac-

tice, if we consider the region where the absolute 

value of the normalized data q~Z) is less than 1 
in Fig.1—Fig.4, the restored error is less than 0.5

for the most of stars. 

The frequency of the stars with respect to the 

restored error is shown in Fig.5,Fig.8. The dis-

tribution of the restored error is similar to the 

Gaussian distribution in each figure. Somewhat 

large distribution at the both ends of the horizon-

tal axis is the results of the sum effects which is 

taken to the stars exceeding the value ±2.0 with 

respect to the restored error. 

The fact that the restored error distribution is 

similar to the Gaussian distribution may support 

the validity of our method. We will apply our 

method to the another data which consists of 

more number of the physical quantities and the 

stars to investigate the detailed conditions.
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Fig.l. The restored error, the absolute value of the difference between 

adjusted data x(i2), is shown with respct to the normalized original data 

obtained under the elmination of each qii).
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Fig.2. The restored error, the absolute value 

adjusted data 4), is shown with respct to the 
obtained under the elmination of each qZ).

of the difference between the 

normalized original data qi) .
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Fig.3. The restored error, the absolute 

adjusted data x32), is shown with respct 
obtained under the elmination of each q3i)

value 

to the

of the difference between the 

normalized original data q32).
original data 

The adjusted
q3(i) and the 

data x(3i) is
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Fig.4. The restored error, the absolute value of the difference between the 

adjusted data x(:), is shown with respct to the normalized original data q4i) 
obtained under the elmination of each q(4i)

original data 
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Fig.5. The frequency (number) of stars is shown 
with respect to the restored error qii) — x(i2). At the 
both ends of the horizontal axis, the stars which ex-

ceed +2.0 are summed up.

Fig.6. The frequency (number) of stars is shown 
with respect to the restored error q2Z) — . At the 
both ends of the horizontal axis, the stars which ex-

ceed +2.0 are summed up.
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Fig.7. The frequency (number) of stars is shown 
with respect to the restored error qi) — x32~ . At the 
both ends of the horizontal axis, the stars which ex-

ceed ±2.0 are summed up.

Fig.8. The frequency (number) of stars is shown 
with respect to the restored error q4Z) — x(:) . At the 
both ends of the horizontal axis, the stars which ex-

ceed +2.0 are summed up.

4 Discussion

We have analized the data whose star number is 

121 and the observed quantity is 4. If we anal-

ize the dynamical system whose dimension (the 
number of the independent simultaneous differ-
ential equations which constitute the dynamical 
system) is d, the embedding space for data should 
be equal to or larger than d in the case of non-

complex system and be equal to or larger than 

2d + 1 in the case of complex dynamical sys-

tem (Takens 1981). In addition, to determine 
n principal component axes in the embedding 

space the number of data N should exceed at 

least 2' statistically. Then we have the inequal-

ity N > 2n,n > d in the case of non-complex 

system and N > 2', n > 2d + 1 in the case of 

complex dynamical system. 

In our data for mass-losing stars, if the dynamical 

system can be described by 4 dimensions (mass, 
age, chemical composition and environment) and 
the system is not very complex, n = 4 and N = 

121 are sufficient because of N = 121 > 2' = 16.

But there is a possibility that the dynamical sys-

tem of mass-losing star can not be described by 

4 dimensions and also it can not be recognized as 

non-complex system. 

Then, if we can adopt more number of the em-

bedding dimension n' (physical quantities) and 
the star number N' (N' > 211' ), the error of the 
restored data — x3 I may possibly have the dis-
tribution with smaller values than the results in 

this study. From this point of view other data 

should be tried to analize in the near future.
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