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Balanced Cy-Bowtie Designs

Kazuhiko USHIO*

In graph theory, the decomposition problems of graphs are very important topics. Various types of
decompositions of many graphs can be seen in the literature of gaph theory.

We show that the necessary and sufficient condition for the existence of a balanced Cy-bowtie decom-
position of the complete multi-graph AK,, is A(n — 1) =0 (mod 16) and n > T.

This decomposition is called a balanced Cy-bowtie design.

Key words: Balanced Cy-bowtie decomposition, Complete multi-graph, Graph theory

1. Introduction

Let K, denote the complete graph of n vertices.
The complete multi-graph AK, is the complete
graph K, in which every edge is taken A\ times.
Let C4 be the cycle on 4 vertices. The Cy-bowtie
is a graph of 2 edge-disjoint C4's with a common
vertex and the common vertex is called the cen-
ter of the Cy-bowtie.

When MK, is decomposed into edge-disjoint sum
of Cy-bowties, we say that AK,, has a Cy-bowtie
decomposition. Moreover, when every vertex of
MKy appears in the same number of Cy-bowties,
we say that AK,, has a balanced Cy-bowtie de-
composition and this number is called the repli-
cation number. This balanced Cy-bowtie decom-
position of AK,, is called a balanced Cy-bowtie
design.

In this paper, it is shown that the necessary
and sufficient condition for the existence of a
balanced Cj-bowtie decomposition of MK, is
An —1) =0 (mod 16) and n > 7.

2. Balanced Cs-bowtie decomposition
of \K,,
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We use the following notation for a Cy-bowtie.

Notation. We denote a Cj-bowtie passing
through vy — vy —v3 —v4 —v] —v5 —vg —v7 — vy
by {(v1,v2,v3,24), (v1,v5,v6,v7)}.

We have the following theorem.

Theorem 1. If AK,, has a balanced Cs-bowtie
decomposition, then
A(n —1) =0 (mod 16) and n > 7.

Proof. Suppose that AK,, has a balanced Cy-
bowtie decomposition. Let b be the number
of Cy-bowties and r be the replication number.
Then b = An(n — 1)/16 and r = 7TA(n — 1)/16.
Among r Cy-bowties having a vertex v of AK,,
let 7 and ry be the numbers of Cy-bowties in
which v is the center and v is not the center, re-
spectively. Then ry +ry = r. Counting the num-
ber of vertices adjacent to v, 4r14+2ry = A(n—1).
From these relations, r; = A(n — 1)/16 and
r2 = 3X(n — 1)/8. Thus, A(n — 1) = 0 (mod
16). Since a bowtie is a subgraph of AK,,, n > 7.

Note. The condition A(n—1) = 0 (mod 16) and
n > 7 in Theorem 1 can be classified as follows:
(i) » = 1 (mod 16), n > 17 for A =
1,3,5,7,9,11,13,15 (mod 16), (i) n = 1 (mod
8), n > 9 for A = 2,6,10,14 (mod 16), (iii) n = 1
(mod 4),n > 9 for A = 4,12 (mod 16), (iv) n = 1
(mod 2),n > 7 for A = 8 (mod 16), and (v) n > 7
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for A =0 (mod 16).
We have the following theorem.

Theorem 2. If AK,, has a balanced Cj4-bowtie
decomposition, then sAK, has a balanced Cjy-
bowtie decomposition for every s.

Proof. Obvious. Repeat s times the balanced
Cy-bowtie decomposition of MK, .

We have the following theorems.

Theorem 3. Whenn = 1 (mod 16) and n > 17,
MK, has a balanced C4-bowtie decomposition for
every A.

Proof. Put n = 16t + 1.
bowties as follows:
{Gyi4+1,i+10t+2,i+8t+1),(i,i +2,5+ 10¢ +
4,7+ 8t +2)},

{(t,i+ 3,1+ 10t +6,i+8t+3), (4,5 +4,1+ 10t +
8,1+ 8t+4)},

{(4,1+2t— L,i+ 14t — 2,7+ 10t — 1), (4,4 +2¢,1 +
14¢,i+10t)} (1 = 1,2,...,n).

Then they comprise a balanced Cj-bowtie de-
composition of K,. Applying Theorem 2, AK,,
has a balanced C4-bowtie decomposition.

Construct tn Cj-

Note. We consider the vertex set V of AK, as
V ={1,2,...,n}. The additions i + x are taken
modulo n with residues 1,2, ..., n.

Theorem 4. When A = 0 (mod 2), n = 1 (mod
8) and n > 9, AK, has a balanced Cy-bowtie
decomposition.

Proof. We consider 2 cases.

Case 1. n = 9. Construct 9 Cy-bowties as fol-
lows:

{(6,8 + i + 4,0+ 7),(6,i + 2,1 + 6,i + 5)}
=1,2,...mn).

Then they comprise a balanced Cy-bowtie de-
composition of 2K,,. Applying Theorem 2, AK,
has a balanced Cy-bowtie decomposition.

Case 2. n =1 (mod 8) and n > 17. Put
n=8t+1 (¢ > 2). Construct tn Cy-bowties as
follows:

{(i,i+1,i+5t+ 2,0 +4t+1),(i,0+ 2,1+ 5t +
4,044t +2)},

{(i,i+ 3,3+ 5t+6,i+4t+3),(i,i+4,i+5t+

8,1+ 4t +4)},
{(,i+t,9+7t,1+5t), (1,1+1,1+5t+2,1+4t+1)},
{(i,i+2,i+5t+4, 0+ 4t +2), (4,1 + 3,i + 5t +
6,1+ 4t +3)},
{(i,i+ 4,9+ 5t+8,1+4t +4),(i,i + 5,1+ 5t +
10,i + 4t +5)},

{G,i+t—1,i+Tt—2,045t—1),(i,i+ti+
Tti+5t)) (i=1,2,...,n).

Then they comprise a balanced Cy-bowtie de-
composition of 2K,,. Applying Theorem 2, AK,
has a balanced Cjs-bowtie decomposition.

Theorem 5. When A =0 (mod 4), n = 1 (mod
4) and n > 9, MK, has a balanced Cj-bowtie
decomposition.

Proof. Putn = 4¢+1. Construct tn Cs-bowties
as follows:

{(@,i4+1,94+2¢ 42,942t +1), (¢, 14+2t, 1461, 1+4¢) },
{(G,i+2,0+2t+4,0+2t+2),(5,i+2t - 1,1+
6t — 1,1+ 4t — 1)},

{(i,i+3,1+2t+6,i +2t+3),(5,1 +4,i + 2t +
8,i+2t+4)}

{(4,24+ 5,1+ 2t + 10,7 + 2t +5), (4,0 + 6,7 + 2t +
12,i+ 2t +6)},

{(tyi+2t —3,i+ 6t — 3,7+ 4t —3),(z,¢ + 2t —
2,1+6t—2,i+4t-2)} (: = 1,2,...,n).

Then they comprise a balanced Cs-bowtie de-
composition of 4K;,. Applying Theorem 2, AK,
has a balanced C,-bowtie decomposition.

Theorem 6. When A =0 (mod 8), n = 1 (mod
2) and n > 7, AK,, has a balanced Cj-bowtie
decomposition.

Proof. We consider 5 cases.

Case 1. n =1 (mod 4) and n > 9. By
Theorem 5 and Theorem 2, AK,, has a balanced
Cy-bowtie decomposition.

Case 2.1. n = 7. Construct 21 Cy-bowties as
follows:
{(,i+1,i+2,1+4),(6,t+6,i+5,i+3)},
{(3,3+2,i+4,i+1),(5,i+5,i+ 3,9+ 6)},
{(i,i + 3,4 + 6,0 + 5),(¢,7 + 4,4 + 1,7 + 2)}
(1=1,2,...,n).

Then they comprise a balanced Cy-bowtie de-
composition of 8K;,. Applying Theorem 2, AK,,
has a balanced C4-bowtie decomposition.

Case 2.2. n = 11. Construct 55 Cy-bowties as



mE ®E39

Jaf

29

follows:

{(G,i+ 1,9+ 2,0+4),(4,i +10,i + 9,2+ 7)},
{(i,i+2,1+4,1+8),(i,i +9,i+ 7,1+ 3)},
{(,i+3,2+ 6,4+ 1), (i, + 8,1+ 5,i + 10)},
{(i,i+4,1+8,i+5),(1,1 + 7,2+ 3,1 +6)},
{(G,¢ + 5,5 + 1,4 + 2),(4,s + 6, + 1,4 + 2)}
(t=1,2,...,n).

Then they comprise a balanced Cjy-bowtie de-
composition of 8K,,. Applying Theorem 2, AK,
has a balanced Cs-bowtie decomposition.

Case 2.3. n = 15. Construct 105 C4-bowties
as follows:

{Gyi+ 1,0+ 8,6 +7),(4,i + 3, + 5,5+ 2)},
{(1,e 4+ 2,2+ 3,i+1),(¢, + 5,2+ 9,1 + 4)},
{(4, 4+ 3,2+ 5,i +2),(2,i+1,i + 8, + 7)},
{(#,i+4,1+7,i+3),(3,i + 6,1+ 11,i + 5)},
{(4,i+5,2+9,i+4),(5,i + 7,1+ 13,1 + 6)},
{(i,+6,i+ 11,1 +5), (4,3 +4,i +7,i+ 3)},
{(i,2 + 7,9 + 13,2 + 6), (4, + 2,4 + 3,7 + 1)}
(8= 185 wsi)e

Then they comprise a balanced Cj-bowtie de-
composition of 8K,,. Applying Theorem 2, AK,
has a balanced Cs-bowtie decomposition.

Case 2.4. n =3 (mod 4) and n > 19. Put
n =4t +3 (t > 4). Construct (2t + 1)n Cy-
bowties as follows:

{Gi4+ 1,0 +2t+2,i+2t+1),(5,i +t+ 2,0+
A+3,i+t+1)},
{(hi+7,44+27-1,e4+75-1),(5, e +5+t+ 1,2+
2j+2t+1,i+j5+18)} (F=23,..1),
{(Gi+t+1,i4+2t+1,i41), (4,14 2,4 3,i+1)},
{(@i+t+2,i+2t+3,2+t+1),(5,+ 1,2+ 2t +
2,1+ 2t+1)},
{Gyi+7,0+25 - 1,i+5—1),(¢,s+5—t, 0+ 25 —
2-1,i+j—t-1)} (G=t+3,t+4,..,2t—1),
{Gi+2t,i+4t—-1,i+2t—1), (i, i+t + 1,i +
2+ 1,1 +1)},

{(t,i4+2t+1,i+4t+ 1,1+ 2t), (4,5 + t,5 + 2t —
Li+t—1))

(i = 1,2,.:,0):

Then they comprise a balanced Cy-bowtie de-
composition of 8K,,. Applying Theorem 2, AK,
has a balanced C4-bowtie decomposition.

Theorem 7. When A =0 (mod 16) and n > 7,
AK, has a balanced Cy-bowtie decomposition.

Proof. We consider 7 cases.

Case 1. n =1 (mod 2) and n > 7. By
Theorem 6 and Theorem 2, AK,, has a balanced
Cy-bowtie decomposition.

Case 2.1. n = 8. Construct 56 Cy-bowties as

follows:

{(i,i+ 1,0+ 5,1+ 6),(¢,i + 4,1+ 7,1+ 2)},
{(i,+ 2,1+ 3,1+ 1),(¢,i+ 5,1+ 6,i +4)},
{(i,i+3,i+1,i+5), (¢, i+ 6,1 +4,i+7)},
{(G,1+4,i+7,i+2),(5,i+ 3,1+ 1,1+ 5)},
{(i,1+5,i+6,i+4),(1,i+7,i+2,i+3)},
{(i,0+6,i+4,01+7), (4, +2,i+3,i+ 1)},
{G,e + 7,8+ 2,0+ 3),066,i + L, + 5,4 + 6)}
(i=1,2,...,n).

Then they comprise a balanced Cj-bowtie de-
composition of 16 K,,. Applying Theorem 2, AK,,
has a balanced Cy-bowtie decomposition.

Case 2.2. n = 10. Construct 90 Cy-bowties as
follows:

{(z,e+ 1,0+ 6,1+ 2),(¢,e + 5,1 +4,i+7)},
{(G,i+2,0+ 8,2+ 1),(¢,2+6,1+7,i+4)},
{(i,0+ 3,0+ 5,24+ 9),(¢,i +8,i+ 1,1+ 6)},
{G,i+4,i+2,i+3),(5,i+7,i+9,i+ 8)},
{(G,i+5,i+4,0+7),(5,i+1,i +6,i+2)},
{(i,i +6,i+T7,2+4),(5,i+9,1+3,i+5)},
{(G,i+7,i+9,i+8),(5,i+4,i+2,i+3)},
{(i,i+8,i+ 1,1+ 6),(¢,i+3,i+ 5,1+ 9)},
{(3,1 + 9,% + 3,7 + 5), (¢, + 2,7 + 8,7 + 1)}
(1=1,2,...,n).

Then they comprise a balanced Cj-bowtie de-
composition of 16 K,. Applying Theorem 2, AK,,
has a balanced C4-bowtie decomposition.

Case 2.3. n = 12. Construct 132 Cy-bowties
as follows:

{G,i+ 1,24+ 7,94+ 2), (5,2 + 6,1+ 11,2 + 10)},
{(2,e 4+ 2,0+ 3,44+ 5),(¢,7 + 11,7 + 10,7 + 8)},
{(G, e +3,0+5,2+9), (¢, +8,i+4,i+ 1)},
{Gi+4,e+ 1,4 7),(¢5,i+ 9,1+ 6,1+ 11)},
{(zyi+ 5,64+ 9,14+ 6), (5,7 + 10,2 + 8,2+ 4)},
{GG,i+6,0+11,i+10),(i,i + 1,i+ 7,2+ 2)},
{(,i+7,i4 2,4+ 3),(i,2+5,i4+9,i + 6)},
{(1,i+8,i+4,i+1),(5,i+ 7,0+ 2,0+ 3)},
{G,i+9,i+6,i+11),(d,i + 2,7+ 3,1+ 3)},
{(4,+ 10,7+ 8,i +4),(i,i +3,i+ 5,1+ 9)},
{(#,7 + 11,7 + 10,7 + 8), (4,7 + 4,e + 1,7 + 7)}
(i=1,2,..,n).

Then they comprise a balanced Cj-bowtie de-
composition of 16 K,,. Applying Theorem 2, AK,,
has a balanced Cy-bowtie decomposition.

Case 2.4. n = 14. Construct 182 Cji-bowties
as follows:
{Gi+1,8+8,i+2), (5,0 +9,i+4,i+ 7)},
{4+ 2,44+ 3,4+ 5), (4,1 + 10,0 + 6,7 + 11)},
{(i,i+ 3,4+ 5,i4+9), (2, + 11,0+ 8,4 + 1)},
{(6i+4,i+ 7,4+ 13), (4,7 + 12, 4+ 10,7 + 6)},
{(4,i+5,i+9,i+14), (¢,2 + 13,9 + 12,7 + 10)},
{(i,i+6,i+11,0+8),(5,e + 7,1+ 13,1+ 12)},



30

6,4+ 7,0+ 13,0+ 12), (3,1 + 8,1+ 2,1+ 3) },
i, +8,i+2,1+3),(4,1+ 5,1+ 9,1+ 4)},
Li+9i+4,1+7),(,i+1,i+8,i+2)},
i+ 10,44 6,i+ 11), (4,5 + 2,4+ 3,i +5)},
i+ 11,548,i+1),(5,i+3,i+5i+9)},
it 4+ 12,1+ 10,0+ 6), (4,1 + 4,9+ 7,1 + 13) },
{(G,7 + 13,4+ 12,i 4 10), (2,4 + 6,4 + 11,7 + 8)}
i=1,2,..,8)

Then they comprise a balanced Cy-bowtie de-
composition of 16 K. Applying Theorem 2, AK;,
has a balanced Cj-bowtie decomposition.

Case 2.5. n=0,2 (mod 6), n > 18. We con-
sider 3 subcases.

Subcase 2.5.1. n = 2,6,14,18 (mod 24),
n > 18. Put n = 24t +4a+ 2 (¢t > 0). Then
a=4,6,7,9.

Construct (24t + 4a + 1)n Cy-bowties as follows:
{(1,i4+1,i+ 12t +2a+2,i+2), (i, + 12t + 2a +
3,i+4,i+7)},
{(4,i+2,i+3,1+5), (i, i+12t+2a+4,i46,i+11)},
{(i,i+3,i+5,i+9), (¢, i+12t+2a+5,i+8,1+15)},
{(4,2+4,e+7,1+13), (5,412t +2a+6,i+ 10,1+
19)},

{(
{(
{(
{(
{(
{(

{G,i+6t+a—2,i+12t+2a—5,i+ 24t +4a -
11), (i, i+18t+3a,i+12t+2a—2,i+24t+4a—5)},
{(i,i+6t+a—1,i+12t+2a—3,i+24t +4a —
7),(i,i+18t+3u+1,i+12t+2a,i+24t+4a—1)},
{(4,i+6t+a,i+12t+2a—1,i+24t+4a—3), (i,i+
18t +3a+2,i+ 12t +2a+2,i + 1)},
{(Gi+6t+a+1,i+12t+2a+ 1,0+ 241 +4a+
1), (i,i+ 18t +3a + 3,5+ 12t + 2a + 4,1 + 6) },
{(h,i +6t+a+2,i+ 12t +2a+3,i+4),(5,7+
18t + 3a + 4,7 + 12t + 2a + 6,1 + 10)},

{(i,i+ 6t +a+3,1+ 12t +2a+ 5,1+ 8),(21+
18t + 3a + 5,1 + 12t + 2a + 8,1 + 14) },

{(,i +6t+a+4,i+12t+2a+7,i+12), (4,0 +
18t + 3a + 6,1 + 12t + 2a + 10,2 + 18)},
{(i,i+12t+2a—2,i+24t+4a— 5,1+ 24t +4a—
12), (i,i+24t +4a,i+24t+4a—2,1+24t +4a—6)},
{(i,z’+12t+2u—1,i+24t+4a—-3,z’+24t+4a—
8), (i,i+24t +4a+1,i+24t+4a,i+24t +4a—-2)},
{(¢,i + 12t + 2a,1 + 24t + 4a — 1,7+ 24t + 4a —
4), (i,i+12t+2a+1,i+24t+4a+1,1+24t+4a) },
{(4,i + 12t +2a + 1,i + 24t +4a + 1,1+ 24¢ +
da), (1,1 + 12t +2a+2,i+ 2,1+ 3)},
{(i,i+12t+2a+2,i4+2,i+3), (1,1 +12t +2a,i+
24t + da — 1,1 + 24t + 4a — 4)},
{(i,i+12t+2a+3,i+4,i+7), (5, + 1,1+ 12t +
2a+ 2,1+ 2)},

{(4,i+12t+2a+4,i+6,i+11), (i,i+2,i+3, i+5)},
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{(i,i+12t4+2a+5,i+8, i4+15), (i,1+3,1+5,i4+9)},
{(i,i + 12t + 2a + 6,0 + 10,2 + 19), (¢,7 + 4,7 +
7,i+13)},

1,1+ 18t + 3a,i + 12t + 2a — 2,1 + 24 + 4a -
, (4, i+6t+a—2,1+12t+2a—5, 1424t +4a—11)},
i,i+ 18t + 3a + 1,0 + 12t + 2a,i + 24t + 4a —
,(i,i+6t+a—1,i+12t+2a—3,i+24t+4a~T)},
{G,i+18t+3a+2,i+ 12t +2a +2,i+1), (4,0 +
6t +a,i+ 12t +2a — 1,1 + 24t + da — 3)},
{G,i+18t+3a+ 3,2+ 12t +2a 4+ 4,1+ 6), (1,5 +
6t+a+1,i+12t+2a+ 1,1+ 24t +4a+ 1)},
{(i,i+18t+3a+4,1+12t+2a+6,i+10), (4,5 +
6t +a+2,i+12t+2a+3,i+4)},
{(i,i+18t+3a+5,1+12t+2a+ 8,1+ 14), (3,2 +
6t +a+3,i+ 12t +2a + 5,1 + 8)},
{(i,1+18t+3a+6,1+12t+2a+10,1+18), (4,1 +
6t +a+4,1+ 12t +2a+ 7,1+ 12)},

{(1,i4 24t +4a,1 + 24t + 4a — 2,1 + 24t +4a -
6), (4,1 + 12t + 2a — 2,7+ 24t + 4a — 5,1 + 24t +
da — 12)},

{(G,i + 24t +4a + 1,7+ 24t + 4a,i + 24t + 4a —
2), (4,14 12t + 2a — 1,7+ 24t +4a — 3,1 + 24t +
4a — 8)}

(i=1,2,..,n).

Then they comprise a balanced Cy-bowtie de-
composition of 16 K,. Applying Theorem 2, AKy
has a balanced Cy-bowtie decomposition.
Subcase 2.5.2. n = 0,8 (mod 24), n > 24.
Put n = 24t + 8a (¢t > 0). Then a = 3,4.
Construct (24t + 8a — 1)n Cy-bowties as follows:
{G,i+ 1,1+ 12t +4a+1,i+2), (5,0 + 12t + 4a +
2,i+4,i+7)}

{(4,4+2,i+3,i+5), (i,1+12t+4a+3,7+6,7+11)},
{(4,143,i+5,i+9), (i,1+12t+4a+4,1+8,i+15)},
{(4,i4+3t+a,i+6t+2a—1,i+12t+4a-3), (1,1 +
15t +5a + 1,1+ 6t +2a+ 2,1+ 12t + 4a + 3)},
{(,i+3t+a+1,i+6t+2a+1,i+1),(i,i+
15t +5a+2,i+ 6t +2a+4,i+12t +4a+ 7)},
{(4,i+3t+a+2, i+6t+2a+3, i+12t+4a+5), (1,14
15t 4+ 5a + 3,1+ 6t + 2a + 6,1 + 12t + 4a + 11)},
{(4, i+3t+a+3, i+6t+2a+5, i+12t+4a+9), (i, i+
15t + Ba +4,i+ 6t + 2a + 8,1 + 12t + da + 15)},

(
5)
{(
1)

{(i,i+6t+2a—1,i+12t+4a—3,i+ 24t + 8a —
7), (i,1+ 18t + 6a,i+ 12t +4a,i + 24t +8a - 1)},
{(¢,7 + 6t + 2a,1 + 12 + 4a — 1,1 + 24t + Ba —
3), (3,4 + 18t + 6a + 1,1 + 12t + da + 2,i +4)},
{(i,i+6t+2a+ 1,54+ 1,0+ 12t +4a+ 1), (i, i+
18t + 6a + 2,0 + 12t + 4a + 4,1 + 8)},
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{(t,i+6t+2a+2,i+ 12t +4a+ 3,1+ 6), (i,7 +
18t + 6a + 3,1 + 12t + 4a + 6,7 + 12)},
{(3,i+6t+2a+3,i+12t+4a+5,i+10), (4,i +
18t + 6a + 4,1+ 12t + da + 8,i + 16)},

{(i,1+ 12t + da — 2,1 + 24t + 8a — 5,1 + 24t +
8a —10), (,i+ 24t +8a — 1,71+ 24t + 8a — 2,7 +
24t + 8a — 4)},
{(4,e+12t+4a—1,i+24t+8a—3,i+ 24t +8a —
6), (1,i+12t +4a,i+24t+8a—1,i+24t+8a—2)},
{(3,i + 12t 4 4a,i + 24t 4+ 8a — 1,i + 24t + 8a —
2), (4,0 + 12t + da + 1,1+ 2,i + 3)},
{Gyi+12t+4a+ 1,44+ 2,0+3), (4,1 + 12t + 4a —
1,1+ 24t + 8a — 3,7 4+ 24t + 8a — 6) },
{G,i+12t+4a+2,5+4,i+7), (G, i+ 1,i+ 12t +
da +1,i+2)},
{(3,14+12t+4a+3, 146, i+11), (2,9+2,7+3,1+5) },
{(i,i+12t+4a+4,i+8,i+15), (4,i+3,i+5,i+9)},
{(3,i+15t+5a,i+6t+2a,i+ 12t +4a—1), (i,i+
dt+a—1,i4+6t+2a—3,i+ 12t +4a—T)},
{(z,+ 15t +ba+1,i+6t+2a+2,i+ 12t +4a +
3),(i,i+3t+a,i+6t+2a~1,i+12t+4da—3)},
{(d,e+15t+5a+2,i+6t+2a+4,i+ 12t +4a +
7),(i+3t+a+ 1,946t +2a+ 1,1+ 1)},
{(5,i4+15t+5a+3,i4+6t+2a+6,i+ 12t + da +
11), (¢,1+3t+a+2, i+6t+2a+3,1+12t+4a+5)},
{(i,i+ 15t +5a+4,i+6t+2a+8,i+ 12t + 4a+
15), (,1+3t+a+3,14+6t+2a+5,i+12t+4a+9) },

{(i,i+18t+6a,i+ 12t +4a,i+24t+8a—1), (i, i+
6t +2a 1,1+ 12t +4a — 3,1 + 24t 4+ 8a — 7)},
{(5,i+18t+6a+1,i+12t+4a+2,i+4), (i,i+
6t + 2a,i + 12t + 4a — 1,7 + 24t + 8a — 3)},
{(i,i+18t+6a+2,i+ 12t +4a+4,i+8), (i,i +
6t+2a+1,i+1,i4+ 12t +4a+ 1)},
{(G,i+18t+6a+3,i+ 12t +4a+6,i+12), (i,i+
6t +2a+2,i+ 12t +4a + 3,1+ 6)},
{(i,i+18t+6a+4,i+ 12t +4a+8,i+16), (i,i+
6t +2a + 3,7 + 12t + 4a + 5,1 + 10)},
{(i,i+24t +8a — 1,7 + 24t + 8a — 2,i + 24t +
8a—4),(1,1+ 12t +4a — 2,1 + 24t + 8a — 5,1 +
24t + 8a — 10)}

(z=1,2,...,n).

Then they comprise a balanced Cj-bowtie de-
composition of 16 K,,. Applying Theorem 2, MK,
has a balanced Cs-bowtie decomposition.
Subcase 2.5.3. n = 12,20 (mod 24), n > 20.
Put n =24t 4+ 8a+4 (t > 0). Then a = 2,4.
Construct (24t + 8a + 3)n C4-bowties as follows:
{Gyi+1,i+ 12t +4a+3,i+2), (4,i+ 12t + da +

4,i+4,i+7)},

{(i,i+2,i+3,i43), (¢, i+12t+4a+5, i+6,i+11)},
{(z,143, 145, i+9), (i, 1+12t+4a+6,i+8,i+15)},
{({,i+3t+a—1,i+6t+2a— 3,2+ 12t + 4a —
7), (4,i+15t+5a+2,i+6t+2a,i+ 12t +4a—1)},
{(4,i+3t+a,i+6t+2a—1,i+12t+4a—3), (i,i+
15t + 5a + 3,1 + 6t + 2a + 2,7 + 1)},
{(i,i+3t+a+1,0+6t+2a+ 1,7+ 12t + 2a +
1), (4, i+15t+5a+4, i+6t+2a+4,i+12t+4a+7)},
{(i,i+3t+a+2, i+6t+2a+3, i+12t+2a+5), (i,1+
15t +5a + 5,1 + 6t + 2a + 6,7 + 12t + 4a + 11)},

{(3,i+6t+2a,i+12t+4a—1,¢+24t+8a—3), (7,i+
18t +6a + 3,1 + 12t + 4a + 2,1 + 24t + 8a + 3)},
{(i;i+6t+2a+1,i+12t +4a+ 1,1+ 24t + 8a +
1), (¢,3+ 18t + 6a + 4,1 + 12t + 4a + 4,i + 4)},
{(i,i+6t+2a+2,i+ 1,1+ 12t +4a+3), (i,i +
18t + 6a + 5,1+ 12t + 4da + 6,1 + 8) },
{(i,i+6t+2a+3,i+ 12t +4a+5,i +6), (i,i +
18t + 6a + 6,1 + 12t + 4a + 8,i + 12)},
{(t,i+6t+2a+4,i+12t+4a+7,i+10), (¢,i +
18t + 6a + 7,4 + 12t + da + 10,7 + 16)},

{(4,5+ 12t + 4a,i + 24t + 8a — 1,7 + 24t + 8a —
6), (1,424t +8a+3,1+24t+8a+2,i+ 24t +8a)},
{(2,24+ 12t + 4a + 1,7 + 24¢ + 8a + 1,4 + 24t +
8a—2),(i,1+ 12t +4a + 2,71 + 24t + 8a + 3,1 +
24t + 8a + 2)},

{(i,3 + 12t + da + 2,7 + 24t + 8a + 3,i + 24t +
8a+2),(1,i + 12t +4a + 3,i + 2,5+ 3)},
{(4,i+12t +4a+3,i+ 2,1 +3), (i,i + 12t + da +
1,6+ 24t +8a + 1,4 + 24t + 8a — 2)},
{(i,i+12t+4a+4,i+4,i+7), (4, +1,i+ 12t +
da +3,i +2)},

{(4,i+12t+4a+5,i+6,1+11), (1,i+2,i+3,i+5)},
{(,i+12t+4a+6,i+8,i+15), (¢,i+3,i+5,i+9)},
{(z,i + 15t + 5a + 2,7 + 6t + 2a,i + 12t + 4a —
1), (4,i+3t+a—1,i+6t+2a—3,i+12t+4a—"7)},
{(4,i4+ 15t +5a+3,i + 6t +2a + 2,0+ 1), (4,7 +
dt+a,i4+6i+2a— 1,1+ 12t + 4a — 3)},
{(2,i+ 16t +5a+4,i+6t+2a+4,i+ 12t + 4a +
7), (4,843t +a+1,i+6t+2a+1,i+12t+4a+1)},
{(¢,0+ 15t +5a+5,1+ 6t +2a+6,i+ 12t + 4a +
11), (4, i+ 3t+a+2, i+6t4+2a+3, i+ 12t +4a+5) },
{(4,5+ 15t +5a +6,i+ 6t +2a+8,i+ 12t + da +
15), (i,i+3t+a+3, i+6t+2a+5,i+12t+4a+9)},

{(2,e+18t+6a+3,i+ 12t +4a+2,1+ 24t +8a +
3), (¢,i+6t+2a,i+12t+4a—1,1+24t+8a~3)},
{Gyi+ 18t +6a+4,i+ 12t +da+4,i+4), (4,4 +



32

H#7 C,-Bowtie 71

6t + 2a + 1,1+ 12t + 4a + 1,7 + 24t + 8a + 1)},
{(Gi,i+18t+6a+5,i+ 12t +4a+6,i+8), (i,i+
6t+2a+ 2,1+ 1,1+ 12t +4a + 3)},
{(4,i+ 18t +6a+6,i+ 12t +4a+8,i+12), (1,5 +
6t+2a+3,i+ 12t +da+ 5,1 +6)},
{(3,i+ 18t +6a+47,i+ 12t +da+10,i+16), (4,i +
6t +2a+4,14 12t + da+ 7,7+ 10)},

{(i,i + 24t + 8a + 3,1 + 24t + 8a + 2,4 + 24t +
8a), (4,71 +12t+4a,1+24t+8a—1,1+24t+8a—6)}
(£ = 1,2; s}

Then they comprise a balanced Cj-bowtie de-
composition of 16 K,,. Applying Theorem 2, AK,
has a balanced Cs-bowtie decomposition.

Case 2.6. n =4 (mod 6), n > 16. We con-
sider 4 subcases.

Subcase 2.6.1. n = 16 (mod 24), n > 16.
Put n =24t + 16 (¢ > 0).

Construct (24t + 15)n Cy-bowties as follows:
{(i,i + 1,4 + 12¢ + 9,4 + 12t 4 10), (4,7 + 24¢ +
15,4 + 12t + 6,1 + 12t + 3)},

(G, + 2,6+ 12t + 11,5 + 12t + 14), (4,4 + 12t +
8,1+ 12t + 7,0+ 12t + 5)},

{(G,i 4+ 3,7+ 12t + 13,0 + 12t 4+ 18), (2,1 + 12t +
9,7+ 12t + 10,7 + 12t + 12)}},

{G,1+4,i+ 12t + 15,1 + 12t + 22), (4,3 + 12t +
10,4 + 12t + 12,4 + 12t + 16) },

{(G,7+ 5,1+ 12t + 17,4 + 12t + 26), (3,7 + 12¢ +
11,7 + 12t + 14,7 + 12t + 20) },

{(4,1 + 3t + 2,1 + 18t + 11,2 + 24t + 14), (3,1 +
15¢ + 8,7 + 18t + 8,7 + 24t + 8)},
{(i,i+3t+3,i+18t+13,i+2),(i,i+15t+9,i+
18t + 10,7 + 24t + 12)},
{(i,i+3t+4,i+18t+15,i+6), (¢,1+ 15t +10, i+
18t + 12,7 + 12t + 8)},

{(4,i + 3t + 5,0 + 18t + 17,7 + 10), (4,4 + 15t +
11,2+ 18t + 14,7 +4)},

{(i,i + 3t + 6,7 + 18t + 19,4 + 14), (i,i + 15¢ +
12,i+ 18t + 16,7 + 8)},

{(i,% + 3t + 7,7 + 18t + 21,7 + 18), (4,4 + 15t +
13,: + 18t + 18,1 + 12)},
{(i,i+6t+4,i+24t+15,i+ 12t +6), (1,1 + 18t +
10,7 + 24t + 12,7+ 12t) },
{(i,i+6t+5,2+1,1+12t+9), (i,1+18t+11,i+
24t + 14,1 + 12t + 4)},
{(i,i+6t+6,i+3,i+12t+13), (4,0 +18t+12, 1+
12t + 8,1+ 12t + 7)},
{(4,i+6t+7,i+5,14+12t+17), (4, i+ 18t +13,1+
2,1+ 12t + 11)},
{(4,i+6t+8,1+7,1+12t+21), (1,7+ 18t +14,1+

4,i+ 12t +15)},

{(3,546t+9,i+9,i+12t+25), (i,i+18t+15,1+
6,7+ 12t +19)},
{(3,i4+9t+6,i+6t+3,i+24t +13), (41,1 + 21t +
12,1 + 68,1 + 24t + 7)},

{(d,i4+9t +7,i+6t+5,i+1), (5,1 +21t+13,i +
6t + 2,1 + 24t + 11)},

{(3,i4+ 9t + 8,7+ 6t+7,i+5), (i,i+21t 4+ 14,i +
6t + 4,1 + 24t + 15)},

{(i,2+9t+ 9,0 +6t+9,14+9), (4,2 +21t + 15,1 +
6t +6,i+3)},

{(5,% + 9 + 10,7 + 6t + 11,7 + 13), (4,2 + 21¢ +
16,i+6t+8,i+7)},

{(i,i+ 9t + 11,0 + 6t + 13,0 + 17), (4,7 + 21¢ +
17,1+ 6t + 10,1+ 11)},

{(i, i+ 12t 48, i+ 12t + 7,4+ 12t +5), (1,1 + 24t +
14,1+ 12t + 4,1+ 12t — 1)},

{(3,7 + 12t + 9,4 + 12t + 10,0 + 12¢ + 12), (4,7 +
3,4+ 12t 4+ 13,7 4+ 12t + 18)},

{(4,4+ 12t + 10,4 + 12t + 12, ¢ + 12¢ + 16), (i,2 +
4,1+ 12t + 15,3 + 12t + 22)},

{(4,d + 12t + 11,54+ 12¢ + 14,1 + 12¢ + 20), (i, +
5,1+ 12t + 17,4 + 12t + 26)},

{(4,i+ 15t +8,i+ 18t + 8,5+ 24t + 8), (1,1 + 3t +
2,1+ 18t + 11,7 + 24t + 14)},

{(4,i+ 15t + 9,7 + 18t + 10,7 + 24t + 12), (i,7 +
3t+3,i+ 18t +13,i +2)},

{(i,i + 15t + 10,7 + 18t + 12,4 + 12t + 8), (4,2 +
3t+4,1+ 186+ 15,1+ 6)},

{(3,7 + 15t + 11,i + 18t + 14,3 + 4), (i, + 3t +
5,i+ 18t + 17,1+ 10)},

{(5,7 + 15t + 12,4 + 18¢ + 16,1 + 8), (4,7 + 3t +
6,1+ 18t + 19,1 + 14)},

{(G,i+ 15t + 13,3 + 18t + 18,1+ 12), (4,5 + 3t +
7,i + 18t + 21,1 + 18)},

{(¢,i+ 18t + 10,7 + 24t + 12,1 + 12¢), (3,4 + 6¢ +
4,14 24t + 15,1 + 12t + 6)},

{(G,5 + 18t + 11,5 + 24t + 14,i + 12t + 4), (i,i +
6t + 5,1+ 1,2+ 12t + 9)},

{(G,i+ 18t + 12,0 + 12t + 8,0 + 12t + 7), (i,4 +
6t+ 6,7+ 3,1+ 12t + 13)},

{(5,1 + 18t + 13,1 + 2,4 + 12t + 11), (4,4 + 6t +
7,4+ 5,1+ 12t + 17)},

{(3,1 + 18t + 14,7 + 4,1 + 12t + 15), (1,7 + 6¢ +
8,0+ 7,1+ 12t +21)},

{(3,1+ 18t + 15,7 + 6,5 + 12t + 19), (i,i + 6t +
9,i+ 9,4+ 12t + 25)},



BN= 33

{(i, i+ 21t + 12,0+ 6t,0 + 24t + 7), (4,1 + 9t +
6,1+ 6t + 3,1 + 24t + 13)},

{(4,4 + 21t + 13,1 + 6t + 2,7 + 24t + 11), (4,2 +
9t +7,i+6t+ 5,1+ 1)},

{(4,1 + 21t + 14,1 + 6t + 4,7 + 24t + 15), (¢,2 +
9t +8,i+6t+ 7,1+ 5)},
{(¢,94+21¢4+15,i+6t+6,24+3), (3,1 + 9+ 9,7+
6t+9,i+9)},

{(¢,+21£+ 16,0 +6¢t+8,i+7), (¢,4+9t+ 10,1+
6t + 11,1 + 13)},

{(z,i + 21t + 17,7 + 6t + 10,¢ + 11), (3,2 + 9t +
11,i + 6t + 13,2 4+ 17)},

{(¢,7 + 24t + 13,7 + 12t + 2,4 + 12t — 5), (4,@ +
126 + 7,4+ 12t + 5,2+ 12t + 1)},

{(2,8 + 24t + 14,7 + 12t + 4,7 + 12t — 1), (3,7 +
1,i+12¢t4+9,i + 12t + 10)},

{(4,i + 24t + 15,4 + 12t + 6,7 + 12t + 3), (4,7 +
2,0+ 12t + 11,9+ 12¢ + 14)}

(t=1,2,...,n).

Then they comprise a balanced Cj-bowtie de-
composition of 16 K,,. Applying Theorem 2, AK,
has a balanced Cj4-bowtie decomposition.
Subcase 2.6.2. n =4 (mod 24), n > 28. Put
n =24t + 28 (t > 0).

Construct (24t + 27)n C4-bowties as follows:
{(tyi+ 1,2 + 12¢ + 15,4 + 12t + 16), (¢,7 + 24t +
27,1+ 12t + 12,1 + 12¢ + 9) },

{(#,24+ 2,0 +12¢ + 17,1 + 12¢ + 20), (3,7 + 12t +
14,7+ 12t + 13,7 + 12t + 11)},

{(4,94+ 3,0+ 12¢t + 19,7 + 12t + 24), (¢,i + 12t +
15,4 + 12t + 16,1 + 12t + 18)},

{(1,+ 4,2+ 12t + 21,4 + 12¢ + 28), (4,4 + 12t +
16,7 + 12t + 18,7 + 12t + 22)},

{(G,4 + 5,4+ 12t + 23,4 + 12t + 32), (2,7 + 12t +
17,1+ 12t + 20,4 + 12t + 26)},

{(3, 3+ 3t + 4,7+ 18t + 21,1 + 12t + 14), (i,i +
15t + 16,4 + 18t + 18,4 + 24t + 22)},
{(Z,1+3t+5,i+18t+23,1+4), (1,1 + 15t + 17,1+
18t + 20,2 + 24t + 26) },
{(3,3+3t+6,i+18t+25,7+8), (¢,i+ 15t + 18, i+
18t + 22,1+ 2)},

{(,e +3t+ 7,1+ 18t + 27,1 + 12), (4,7 + 15t +
19,7 + 18t + 24,7 + 6)},

{(2,4 + 3t + 8,7+ 18t + 29,¢ + 16), (¢,7 + 15¢ +
20,7 + 18t + 26,7 + 10) },

{Gyi + 6t + 7,1 + 24t + 27,1 + 12t + 12), (i, +
18t + 19,0 + 24t + 24,5 + 12t + 6)},
{(G,i+6t+8,i+1,i+12t+15), (i,i+18t+20, i+
24t + 26,i + 12t + 10)},

{(3,i4+6t+9,i+3,i+12t+19), (i,i+18t+21,i+
12t + 14,1 + 12t + 13)},
{(i,i + 6t + 10,7 + 5,7 + 12¢ + 23), (4,7 + 18t +
22,1+ 2,1+ 12t + 17)},
{(tye + 6t + 11,0 + 7,3 + 12¢ + 27), (4,7 + 18t +
23,0+ 4,1+ 12t + 21)},
{(,s +6t+ 12,5 +9,¢ + 12¢ + 31), (4,4 + 18 +
24,1+ 6,1+ 12t + 25)},

{(¢,i+9t+11,2+6t+ 7,5+ 24t +27), (i,1 + 21t +
23,1 + 6t + 4,1 + 24t + 21)},
{(G,i+9t+12,i+6t+9,:+3), (1,1 + 21t + 24,1+
6t + 6,1 + 24t + 25)},
{(G,i+9t+13,3+6t+11,7+7), (4,1 +21¢+25,1+
6t+8,i+ 1)},

{(f,i + 9t + 14,7 + 6t + 13,7 + 11), (¢,7 + 21t +
26,1+ 6t + 10,i + 5)},

{(i,i + 9t + 15,i + 6t + 15,4 + 15), (i,1 + 21t +
27,1+ 6t + 12,1+ 9)},

{(, 0+ 12t + 14,3+ 12t + 13,4 + 12t + 11), (2,2 +
24t + 26,1+ 12t + 10,3 + 12t + 5) },

{(i,i+ 12t + 15,4+ 12t + 16,4+ 12¢ + 18), (4,5 +
3,0+ 12t + 19,1 + 12t + 24)},

{(2,%+ 12t + 16,7+ 12t + 18,7 + 12¢ +22), (4,1 +
4,1+ 12t + 21,1 + 12t + 28)},

{(d,8 4+ 12t + 17,4+ 12t + 20,1 + 12¢ + 26), (4,7 +
5,0+ 12t + 23,4 + 12t + 32)},

{(i,5+ 15t + 16,0 + 18t + 18,4 + 24t + 22), (3,1 +
3t+4,1+ 18 + 21,1 + 12¢ + 14)},

{(2, 9415t + 17,7+ 181 + 20,7 + 24¢ + 26), (1,1 +
3t + 5,9+ 18t +23,i +4)},

{(i,2 + 15t + 18,1 + 18t + 22,7 + 2), (4,7 + 3t +
6,i+ 18t + 25,1 + 8)},

{(¢,2 + 15t + 19,1 + 18t + 24,7 + 6), (1,7 + 3t +
7,0+ 18t +27,i+ 12)},

{(3,% + 15¢ + 20,4 + 18t 4 26,4 + 10), (4,7 + 3t +
8,1+ 18t +29,i + 16)},

{(¢,%+ 18t + 19,7 + 24t + 24,4 + 12t + 6), (i,¢ +
6t + 7,4+ 24t + 27,1 + 12t + 12)},

{(i,9+ 18t + 20,7 + 24t + 26,7 + 12t + 10), (i, +
6t + 8,4+ 1,1+ 12t + 15)},

{(i,5+ 18t + 21,7+ 12t + 14,i + 12t + 13), (,1 +
6t+ 9,1+ 3,1+ 12t + 19)},

{(i,i+ 18t + 22,7 + 2,4 + 12t + 17), (i,7 + 6t +
10,7+ 5,7 + 12t + 23)},

{(i,1+ 18t + 23,7 + 4,4 + 12t + 21), (4,7 + 6t +
11,2+ 7,¢ + 12t + 27)},

{(i,i + 18t + 24,7 + 6,¢ + 12t + 25), (4,7 + 6t +
12,4+ 9,7 + 12t + 31)},
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{(i,7 + 21t + 23,0 + 61 + 4,1 + 24t + 21), (4,1 +
9t + 11,1 + 6t + 7,1 + 24t + 27)},

{(3,% + 21t + 24,7 + 6t + 6,7 + 24¢ + 25), (4,7 +
9t + 12,0 + 6t + 9,1+ 3)},

{(G, i +21t+25,i+6t+8,i+1), (4,i+9t+13,i+
6t+ 11,0+ 7)},
{(3,i4+21t4+26,i+6t+10,i+5), (4,1 + 91+ 14,1+
6t + 13,7+ 11)},
{(3,1+21¢427,i+6t+12,:4+9), (¢, + 9t + 15,0+
6t + 15,7 + 15)},

{(5,7 + 24¢f + 25,7 + 12t + 8,4 + 12t + 1), (4,7 +
12¢ + 13,4+ 126+ 11,1 + 12t + 7)},

{(i,7 +24¢ + 26,7 + 12t + 10,7 + 12t + 5), (4,2 +
1,7+ 12t + 15,1 + 12¢ + 16) },

{(i,i+ 24t + 27,6 + 12t + 12,5 + 12t + 9), (5,4 +
2,1+ 12t + 17,1+ 12t + 20)}

(3= 1,2, «;m)

Then they comprise a balanced Cj-bowtie de-
composition of 16 K,,. Applying Theorem 2, AK,
has a balanced Cy-bowtie decomposition.
Subcase 2.6.3. n = 22 (mod 24), n > 22.
Put n = 24t 4+ 22 (t > 0).

Construct (24t + 21)n Cys-bowties as follows:
{G,i+ 1,40+ 12t + 12,70+ 12t 4 13), (4,7 + 24t +
21,1 + 12t + 9,7 + 24t + 17)},

{(i,i+ 2,1+ 3,1+ 12t + 16), (4,7 + 12¢ + 11,1 +
12t + 10,7 + 24t + 19) },

{(G,e+3,i+5,i + 12t + 20), (2,7 + 12t + 12,i +
12t +13,i+4)},

{(i,5 + 4,1+ 7,1+ 12t + 24), (4,7 + 12t + 13,0 +
12t +15,i+ 8)},

{(G,i+5,1+9,1+ 12t 4+ 28), (4,1 + 12t + 14,¢ +
12t + 17,i + 12)},
{(3,i+3t+3,i+6t+5,74 24t +20), (4,1 + 15¢ +
12,0 + 18t + 13,7 + 12t + 4)},
{G,1+3t+4,i+6t+7,94+2), (4,1 + 15t + 13,1+
18t + 15,7 + 12t + 8)},
{(4,+3t+5,0+6t+9,i+6), (5,0 + 15t + 14,1+
18t + 17,1 + 1)},
{(i,i+3t+6,1+6¢t+11,2+10), (4,2 + 156+ 15,4+
18t + 19,7 + 12t + 16) },
{(i,i+3t+7,2+6t+13,i+14), (4,0 + 15t + 16,1+
18t + 21,4 + 12t + 20)},
{(i,1+3t+8,i+6t+15,i+18), (4,2 + 15t + 17,2+
18t + 23,1+ 12t + 24)},

{(4,1 + 6t + 6,1 + 12t + 11,4 + 12¢ + 10), (z,7 +
18t + 15,7 + 24t + 19,7 + 24t + 16)},

{(4, + 6t + 7,i + 12t + 13,¢ + 12t + 15), (2,2 +
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18t + 16,7 + 24t + 21,1 + 24t + 20) },

{(¢yi + 6t + 8,7 + 12t + 15,4 + 12t + 19), (4, +
18t + 17,4+ 1,5 + 12t + 12)},

{(i,i 4+ 6t + 9,4 + 12t + 17,0 + 12t + 23), (4,7 +
18t + 18,4+ 3,1+ 5)},

{(4,9 + 6t + 10,1 + 12¢ + 19,1 + 12¢ + 27), (4, +
18t 4+ 19,0+ 5,7+ 9)},

{(4,i 4+ 6t+ 11,4+ 12¢ + 21,0 + 12t + 31), (4,2 +
18t + 20,1+ 7,7+ 13)},

{(3,2 + 9t + 8,¢ + 18t + 15,7 + 24t + 19), (4,¢ +
216+ 17,14+ 6t + 1,7 + 12t + 1)},
{(4,i+9t+9,i+ 18t +17 i +1), (3,i+21¢+18,i+
6t +3,i+ 12t +5)},

{(3,i + 9t + 10,4 + 18t + 19,2 + 5), (1,1 + 21t +
19,i+ 6t + 5,7 + 12t + 9)},

{(i,a+ 9t + 11,5 + 18t + 21,2 + 9), (4,¢ + 21t +
20,1+ 6t+ 7,1+ 12t + 13)},

{(4,5+ 9t + 12,1+ 18t + 23,4 + 13), (4,5 + 21t +
21,1+ 6t +9,i + 12t + 17)},

{(iyi + 9t + 13,1+ 18t + 25,1 + 17), (1,1 + 21t +
22,1+ 6t + 11,7 + 12t 4+ 21)},

{(i,1+ 12t + 9,0 + 24t + 17,0 + 12t + 1), (4,35 +
24t + 18,1+ 12t + 3,1+ 24t + 5)},

{(i,i + 12t + 10,4 + 24t + 19,4 + 12t +5), (4,¢ +
2,0+ 12t + 14,1+ 6)},

{(i,2 + 12t + 11,2 + 24t + 21,4 + 12t + 9), (4,5 +
24t + 20,1+ 12t + 7,0 + 24t + 13) },

{(Gy1 + 126 + 12,3 4+ 2,4 + 12t + 14), (4,1 + 12t +
10,7 + 12¢ + 8,7 + 24t + 15)},

{(i,7 + 12t + 13,3 + 4,5+ 12t + 18), (¢, + 1,i +
12t + 12,1+ 2)},

{(4,8 4+ 12t + 14,0 + 6,0 + 12¢ + 22), (4,4 + 24t +
19,7+ 12t + 5,1 + 24t + 9)},

{(4,%+ 12t + 15,0 + 8,1+ 12t + 26), (1,1 + 3,7 +
12t + 16,1 + 10)},

{(i,1 + 15t + 13,0 + 6t + 4,0 + 24t + 18), (i,¢ +
3t+ 1,0+ 18t + 12,1 4+ 12t + 2)},

{(i,1 + 15t + 14,0 + 6t + 6,0 + 12t + 11), (i,7 +
3t+ 2,1+ 18t + 14,1 4+ 12t + 6) },

{(G,i+ 15t +15,i +6t+8,i+4), (i,i + 3t + 3,1+
18t + 16,1 + 12t + 10)},
{(i,i+15t+16,i+6t+10,i+8), (i,1+3t+4,i+
18t + 18,1 + 12t + 14)},

{(3,4 + 16t + 17,1 + 6t + 12, + 12), (i,7 + 3t +
5,1+ 18t + 20,4 + 12t + 18)},

{(i,i + 15¢ + 18,7 + 6t + 14,7 + 16), (i,7 + 3t +
6,1+ 18t + 22,1 + 12t + 22)},

{(4,i + 18t + 16,1 + 12t + 10,4 + 12t + 8), (1,1 +



WE  F39

35

Jn

6t + 4,1+ 24t + 18,1 + 24t + 14)},

{(2,8 + 18t + 17,2 + 1,0 + 12t + 12), (i, + 6t +
5,1 + 24t + 20,7 + 24t + 18)},

{(G, i+ 18t + 18,2+ 12t + 14,1 + 12t + 17), (4,1 +
6t 46,1+ 12t + 11,4 + 24t + 21)},

{(G, ¢+ 18t + 19,7 + 12t + 16,1 + 12t + 21), (4,1 +
6t+7,1+2,1+3)},

{(i,i+ 18t + 20,7 + 12t + 18,1 + 12t + 25), (4,1 +
6t +8,i+4,i+7)},

{(G, ¢+ 18t + 21,7 + 12t + 20,7 + 12t + 29), (4,7 +
6t + 9,7+ 6,1+ 11)},

{(i,0 4+ 21t + 19,7 + 18t + 16,1 + 24¢ + 21), (4,1 +
9t +7,i+6t+2,1+ 12t + 3)},
{(4,i+ 21t + 20,7 + 18t + 18,7 + 3), (4,4 + 9t +
8,i+6t+4,i+ 12t +7)},

{(3,7 4+ 21t + 21,2 + 18t + 20,7 + 7), (4,5 + 9t +
9,46t + 6,7+ 12t + 11)},

{(G,0+ 21t + 22,0 + 18t + 22,4 + 11), (i,¢ + 9t +
10,7 + 6t + 8,7 + 12t + 15)},

{(3,5+21¢ + 23,4 + 18t + 24,4 + 15), (i,i + 9t +
11,7 + 6t + 10,7 + 12¢ + 19)},

{(G,04+ 24t + 21,0 + 24t + 20, + 12t + 7), (3,1 +
126+ 9,0 + 12t + 6,¢ + 24t + 11) }

(1 = L 2,0ss1):

Then they comprise a balanced Cj-bowtie de-
composition of 16 K,,. Applying Theorem 2, AK,
has a balanced C4-bowtie decomposition.
Subcase 2.6.4. n = 10 (mod 24), n > 34.
Put n = 24t 4 34 (¢ > 0).

Construct (24t + 33)n Cy-bowties as follows:
{(4,i+ 1,4+ 12t + 18,0 + 12t + 19), (4,7 + 24t +
33,1+ 12t + 15,4 + 24t + 29)},

{(,i+2,i 43,1+ 12t + 22), (¢,7 + 12t + 17,7 +
12t + 16,1 + 24t + 31)},

{(3,i+3,¢+ 5,4 + 12t + 26), (4,5 + 12t + 18,4 +
12t + 19,7 + 4)},

{G,i4+4,i4+ 7,04+ 12t 4+ 30), (4,7 + 12¢ + 19,4 +
12t + 21,7+ 8)},

{(4,i+5,i 4+ 9,24+ 12t + 34), (4,1 + 12t + 20,4 +
12t + 23,7+ 12)},

{(6,i+3t+4,i+6t+7,i 424t +30), (i,i+ 15t +
19,7+ 18t 4+ 21,7 + 12t + 8)},
{(4,44+3t+5,1+6t+9,i+ 12t +17), (i,i + 15t +
20,7 + 18¢ + 23,0 + 12t + 12)},

{G, i+ 3t+6,i+6t+11,i+4), (2,1 +15t+21,i+
18t + 25,7 + 12¢ + 16)},
{(¢,0+3t+7,1+6t+13,i+8), (4,5 + 15t +22,i+
18t + 27,7 + 12¢ + 20)},
{(¢,i+3t+8,i+6t+15,i+12), (2, +15t 423, i+

18t + 29,1 + 12t + 24)},
{(4,9+3t+9,i+6t+17,i+16), (4,1 +15¢+24,i+
18t + 31,4 + 12¢ + 28)},

{(i,i + 6t + 9,0 + 12t + 17,1 + 12¢ + 16), (4,1 +
18t + 24,1 + 24t + 31,4 + 24t + 28)},
{(i,5 + 6t + 10,5 + 12t + 19,7 + 12¢ + 21), (i, 1 +
18t + 25,7 + 24t + 33,1 + 24t + 32)},
{(G, i+ 6+ 11,4+ 12¢ + 21,4 + 12¢ + 25), (4,1 +
18t + 26,1 + 1,7 + 12t + 18)},

{(i, i+ 6t + 12,0+ 12¢ + 23,7 + 12¢ + 29), (1,1 +
18t + 27,1+ 3,i+ 5)},

{(i,i+ 6t + 13,7 + 12t + 25,7 + 12¢ + 33), (i,i +
18t + 28,1+ 5,7+ 9)},

{(i,i+ 6t + 14,14+ 12t + 27,7 + 12t + 37), (4,2 +
18t 4+ 29, + 7,1+ 13)},

{(5,5 + 9t + 13,4 + 18t + 25,4 + 24¢ + 33), (4,1 +
21t + 28,1 + 6t + 5,7 + 12t + 9) },

{(i,e + 9t + 14,7 + 18t + 27,4 + 3), (4,1 + 21t +
29,i + 6t + 7,1 + 12t + 13)},

{(4,94+ 9t + 15,1 + 18t + 29,5 + 7), (4,4 + 21¢ +
30,2+ 6t + 9,7+ 12t + 17)},

{(5,2+ 9t + 16,4 + 18t + 31,0 + 11), (4,3 + 21t +
31,4+ 6t + 11,4 + 12t + 21)},

{(i, i +9t+ 17,7+ 18t + 33,71 + 15), (3,1 + 21t +
32,i + 6t + 13,4 + 12t + 25)},

{(i,i + 9t + 18,0 + 18t + 35,7 + 19), (4,1 + 21t +
33,i+6t+ 15,4 + 12t + 29)},

{(i,2 + 12t + 15,4 + 24¢ + 29,5 + 12t + 7), (i,i +
24t + 30,e + 12t + 9,1 + 24t + 17) },

{(Z,54 12t + 16,0 + 24¢ + 31,4+ 12¢ + 11), (4,4 +
2,14 12t + 20,1+ 6)},

{(5,+12¢ + 17,1+ 24¢ + 33,4 + 12¢ + 15), (4,4 +
24t + 32,1+ 12t + 13,1 + 24t + 25) },

{(¢,% + 12¢ + 18,4 + 2,4 + 12t + 20), (4,7 + 12t +
16,¢ + 12¢ + 14,1 + 24t + 27)},

{G, e+ 12t + 19,5 + 4,4 + 12t + 24), (4,0 + 1,7 +
12t + 18,1 + 2)},

{(G,i + 12t + 20,4 + 6,1 + 12¢ + 28), (i,7 + 24t +
31,0+ 12t + 11,4 + 24¢ + 21)},

{(3,i+ 12t + 21,4 + 8,4 + 12t + 32), (¢,7 + 3,i +
12t + 22,7 + 10)},

{(i,i + 15t + 21,4 + 6¢ + 8,7 + 24t + 32), (4,1 +
3t + 3,4+ 18t + 22,7 + 12¢ 4 10)},
{(4,1+15t+22,i+6t+10,i+2), (4,0 + 3t +4,i +
18t + 24,1 + 12t + 14)},
{(4,i+15t+23,i+6t+12,i+6), (4, +3t+5,i+
18t + 26,1 + 1)},

{(i,7 + 15t + 24,7 + 6t + 14,7 + 10), (¢,7 + 3t +
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6,1+ 18t + 28,1 + 12t + 22)}},

{(4,2 + 15t + 25,7 + 6t + 16,1 + 14), (¢,7 + 3t +
7,1+ 18t + 30,7 + 12t + 26) },

{(i,% + 15t + 26,i + 6t + 18,7 + 18), (4,1 + 3t +
8,14+ 18t + 32,7 + 12t + 30) },

{(i,2 + 18t + 25,7+ 12t + 16,2 + 12¢ + 14), (3,2 +
6t + 7,1 + 24t + 30,¢ + 24t + 26) },

{(4,t + 18t + 26,4 + 1,¢ + 12t + 18), (i,1 + 6¢ +
8,1+ 24t + 32,4 + 24t + 30) },

{(4,0+ 18t + 27,2+ 12t + 20,7 + 12¢ + 23), (4,7 +
6t + 9,0+ 12¢ + 17,¢ + 24¢ + 33) },

{(4,i + 18t + 28,7+ 126 + 22,0 4+ 12t + 27), (4,71 +
6t +10,i+ 2,1+ 3)},

{(d, 1+ 18t + 29,1+ 12t + 24,7+ 12¢ + 31), (4,0 +
6t+11,i+4,1+7)},

{(4,0+ 18t + 30,7+ 12t + 26,1 + 12t + 35), (4,7 +
6t + 12,1+ 6,7 + 11)},

{(3,3+ 21t + 29,0+ 18t + 24,¢ + 24t + 31), (4,5 +
9+ 11,0 +6t+4,0+ 12t +7)},

{(2,72 + 21t + 30,7 + 18t + 26,9 + 1), (¢,¢ + 9t +
12,i + 6t + 6,7+ 12t + 11)},

{(4,4 + 21t + 31,7 + 18t + 28,i + 5), (7,2 + 9t +
13,i + 6t + 8,7 + 12¢ + 15)},

{(4,7 + 21t + 32,4 + 18t + 30,7 + 9), (4,7 + 9t +
14,7 + 6t + 10,7 + 12¢ + 19) },

{(4,a+ 21t +33,¢ + 18t + 32,4 + 13), (4, + 9t +
15,1 + 6t + 12,2 + 12t + 23) },

{(i,i + 21t + 34,2+ 18t + 34,i + 17), (4,2 + 9t +
16,1 + 6t + 14,7 + 12t + 27) },

{(i,5+24t + 33,1+ 24t + 32,0 4+ 12t + 13), (4,1 +
12¢ + 15,4 + 12t + 12, + 24t + 23)}

(i =1,2,...,n).

Then they comprise a balanced Cyi-bowtie de-
composition of 16 K,,. Applying Theorem 2, AK,
has a balanced Cj-bowtie decomposition.

This completes the proof of Theorem 7.

Therefore, we have the following main theorem
and its corollary.

Main Theorem. MK, has a balanced Cj-
bowtie decomposition if and only if A(n—1) =0
(mod 16) and n > 7.

Corollary. K, has a balanced Cj-bowtie de-
composition if and only if n = 1 (mod 16),
n > 17.
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