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When Is Hyponormality for 2-Variable Weighted
Shifts Invariant under Powers?

RAUL E. CURTO & JASANG YOON

ABSTRACT. For 2-variable weighted shifts W(xg) = (T3, T2)
we study the invariance of (joint) k-hyponormality under the
action (h,€) — Wlkp) = (T}, TH) (€ = 1). We show

that for every k > 1 there exists W4,g) such that W&ﬁ; is k-

hyponormal (all h > 2, £ > 1) but W(q4,g) is not k-hyponormal.
On the positive side, for a class of 2-variable weighted shifts
with tensor core we find a computable necessary condition for
invariance. Next, we exhibit a large nontrivial class for which
hyponormality is indeed invariant under 4/l powers; moreover,
for this class 2-hyponormality automatically implies subnormal-
ity. Our results partially depend on new formulas for the deter-
minant of generalized Hilbert matrices and on criteria for their
positive semi-definiteness.

1. INTRODUCTION

Given a pair T = (T1, T2) of commuting subnormal Hilbert space operators, the
Lifting Problem for Commuting Subnormals (LPCS) calls for necessary and suf-
ficient conditions for the existence of a commuting pair N = (N1, N2) of normal
extensions of T; and T,. In previous work ([CLY1], [CLY2], [CLY3], [CLY4],
[CuYol], [CuYo2], [CuYo3]) we have studied the relevance of (joint) k-hyponor-
mality to LPCS. In particular, one asks to what extent the existence of liftings for
the powers T"9 = (TP, Tf) (h,£ > 1) can guarantee a lifting for T. For the
class of 2-variable weighted shifts W(«,p), it is often the case that the powers are

less complex than the initial pair; thus it becomes especially significant to unravel

the invariance of k-hyponormality under the action (h,¥) — W&'ﬁ)) (h,€=1).
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998 RAUL E. CURTO ¢ JASANG YOON

Our aim in this paper is to shed new light on some of the intricacies associ-
ated with LPCS and k-hyponormality for powers of commuting subnormals. To
describe our results we need some notation; we further expand on our terminol-
ogy and basic results in Section 2. We use $ (respectively, Heo) to denote the
set of commuting pairs of subnormal operators (respectively, subnormal pairs) on
Hilbert space. For k > 1, we let $i denote the class of k-hyponormal pairs in $o.
Cleatly, $w € - S Sk S -+ S H2 S H1 S Ho. The main results in [CuYol]
and [CLY1] show that these inclusions are all proper. In our previous research
we have shown that detecting these proper inclusions can be done within classes
of 2-variable weighted shifts with relatively simple weight structure, as we now
describe.

For a sequence & = {&k}p.q € € (Z;) of positive numbers, we let Wy =
shift(axo, &1, ... ) denote the unilateral weighted shift on £2(Z.) given by Wxey :=
oex+1 (k = 0). We also let U, := shift(1,1,...) (the (unweighted) unilateral
shift), and for 0 < a < 1 we let S, := shift(a, 1,1,...). Multivariable weighted
shifts are defined in an analogous manner. For instance, on £2(Z2) we let W4 5) =
(T1, T) denote the 2-variable weighted shift associated with weight sequences «
and B, defined by Tiex := akex+e, and Trek := Bxex+s, (k € Z_z,,)

For an arbitrary 2-variable weighted shift W« ), we let M; (respectively, N;)
be the subspace of £%(72%) which is spanned by the canonical orthonormal basis
associated to indices k = (kj,k;) with k; > 0 and k; > i (respectively, ki > j
and k; = 0). We will often write M; simply as M and N; as N. The core
c(Wa,p)) of Wiq,p) is the restriction of W(q,g) to the invariant subspace M n N
A 2-variable weighted shift W(q,g) is said to be of zensor form if it is of the form
(I ® Wy, Wg ® I). The class of all 2-variable weighted shifts W(x,8) € $o whose
core is of tensor form will be denoted by T C; in symbols, T C := {W(x,p) € 9o :
c(Wa,p)) is of tensor form}.

We now consider the class S := {Wxp) € H0 @ Xk;,0) = X(k;+1,0) and
Bk, = Boky+1) for some k; > 1 and k; = 1} and we let S; := SN 9.
From propagation phenomena for 1- and 2-variable weighted shifts (see [CuYo2],
[CLY4]), we observe that, without loss of generality, we can always assume that
the restriction of each W(x,g) € Si to the invariant subspace M (respectively, N')
is of the form (I ® S;, U ® I) (respectively, (I ® Uy, Sy ® I)); cf. Figure 6.1.
In particular, the core ¢(W(q,p)) of a 2-variable weighted shift in S is always the
doubly commuting pair (I ® U, U, ® I); as a result, W(qg) € T C. Observe also
that if Wy g) € Si, then W(qp) is completely determined by the three parameters
X := &), ¥ := B and a := &g,1). Thus we shall often denote a 2-variable
weighted shift W« g) € S1 by (x,y,a).

Between S; and 7 C there is a class that provides significant information about
LPCS, and we now define it. Let A := {W(p) € TC : c(W(q,p)) is 1-atomic}.
Clearly S; ¢ A ¢ T C. In [CLY3] we solved LPCS within the class TC, and in
particular we gave a simple test for subnormality within A.
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When Is Hyponormality Invariant under Powers? 999

To prove that the k-hyponormality of all powers need not guarantee the k-
hyponormality of the initial pair, we build an example that uses weights related
to those of the Bergman shift. The reader will recall that the moment matrix
associated with the Bergman shift is the classical Hilbert matrix. Thus to deal with
our situation we need to describe positivity and the calculation of determinants for
generalized Hilbert matrices; we do this in Theorem 3.1. Although Section 3 has
intrinsic and independent value since it deals with matrices that arise in various
contexts, the main reason for including it here is that it contributes a basic tool for
producing some of the examples in subsequent sections.

It is well known that for a general operator T on Hilbert space, the hyponor-
mality of T does not imply the hyponormality of T? [Hal]. However, for a uni-
lateral weighted shift Wy, the hyponormality of Wy (detected by the condition
®j < &j4 for all j > 0) does imply the hyponormality of every power W2
(n = 2). It is also well known that the subnormality of T implies the subnor-
mality of T" (all n > 2), but the converse implication is not true, even if T is a
unilateral weighted shift [Sta]. Since k-hyponormality lies between hyponormality
and subnormality, it is then natural to consider the following problem.

Problem 1.1. Let T be an operator and let k > 2.

(i) Does the k-hyponormality of T imply the k-hyponormality of T??

(ii) Does the k-hyponormality of T?* imply the k-hyponormality of T?

At the beginning of Section 4 we consider this problem, and we subsequently
study its multivariable analogue. It is worth noting that, in the multivariable case,
the standard assumption on a pair T = (T, T») is that each component T; be

subnormal (i = 1,2). With this in mind, comparing the k-hyponormality of a
2-variable weighted shift W(,g) € $o to the k-hyponormality of its powers W&’g;
is highly nontrivial. We now formulate the relevant problems in the multivariable
case.

Problem 1.2. Given k = 1 and Wag) € Sk, does it follow that W((:""g; € Hx
forallh,£ = 1?

In Section 5 we establish that subclasses of the class $x (k = 1) are often

invariant under powers. Concretely, we prove that there exists a rich collection
of 2-variable weighted shifts W(«,g) € $, such that W&}g)) € 9 (Theorem 5.4).

Conversely, we can ask the following question.

Problem 1.3. Givenk = 1, assume that forallh > 2 and £ > 1, W((O’:,'g)) € Hi.
Does it follow that Wap) € Hk?

In Theorem 4.8 we answer Problem 1.3 in the negative; that is, for each k > 1

we build a 2-variable weighted shift W4 g) € $0 \ $x such that W&’é’); € 9 (all
h>2and € >1).

Next, for k = 1,2, we find a computable necessary condition for the k-hypo-
normality of W« g) to remain invariant under all powers (Theorem 5.1). We then
show that this necessary condition is not sufficient (Remark 5.3 (ii)).
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1000 RAUL E. CURTO & JASANG YOON

Section 6 is devoted to the study of the class S;. We show that for (x,y,a) €
S1, all powers (x,y,a)"® are hyponormal (Theorem 6.6). Moreover, a shift
(x,y,a) € S is 2-hyponormal if and only if it is subnormal.

As we mentioned before, for single operators it is an open problem whether
the 2-hyponormality of T implies the 2-hyponormality of T2. Although this prob-
lem is intimately related to Theorem 5.4, we observe that the latter does not pro-
vide an answer to Problem 1.1 when k = 2, since our pairs consist of commuting
subnormal operators.

Problem 1.2 is a special case of a much more general problem, that of de-
termining necessary and sufficient conditions for the weak k-hyponormality of a
commuting pair. We say that a pair T € $§q is weakly k-hyponormal if

p(T) := (p1(T1, T2), p2(Th T2))

is hyponormal for all polynomials p1,p, € Clz,w] with degp;,degp, < k,
where p = (p1,p2). To verify that T is weakly k-hyponormal is highly nontrivial.
Thus Problems 1.2 and 1.3 can be regarded as suitably multivariable analogues of
[Shi, Question 33]: If T is a hyponormal unilateral shift and if p is a polynomial,
must p(T) be hyponormal? If T is subnormal, the answer is clearly yes, but
we note that polynomial hyponormality is strictly weaker than subnormality, as
proved in [CuPu].

2. NOTATION AND PRELIMINARIES

Let H be a complex Hilbert space and let B(H) denote the algebra of bounded
linear operators on H. For S, T € B(H) let [S,T]:= ST — TS. We say that an
n-tuple T = (Ti,..., Tn) of operators on H is (jointly) hyponormal if the operator
matrix
(T, 1] [TF,Th] --- [T, Th]
[T, 1] [T, T2] -« [T}, T2l
[T*,T]:= . . :

[T1*,Tn] [Tz*uTn] tee [T‘;:) Tn]

is positive on the direct sum of 1 copies of H (cf. [Ath], [CMX]). The n-tuple T
is said to be normal if T is commuting and each T; is normal, and T is subnormal
if T is the restriction of a normal n-tuple to a common invariant subspace. For
k > 1, a commuting pair T = (T, T2) is said to be k-hyponormal ([CLY1]) if

T(k) := (T), To, T}, T 11, T3, ..., T, TLTF L, ..., TX)
is hyponormal, or equivalently

[T(k)*, T(k)] = ([(Tfrf)*,T;"Tr])%snmsk > 0.

<p+q=<k
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When Is Hyponormality Invariant under Powers? 1001

Clearly, normal = subnormal = k-hyponormal. The Bram-Halmos criterion es-
tablishes that an operator T € B(H) is subnormal if and only if the k-tuple
(T, T?,...,T*) is hyponormal for all k > 1.

For & = {atn}p-o @ bounded sequence of positive real numbers (which are
called weights), let Wy : 42(Z,) — £*(Z,) be the associated unilateral weighted
shift, defined by Wyen := onens1 (all n > 0), where {en}y-¢ is the canonical
orthonormal basis in €2(Z.). The moments of « are given as

e ifk =0,
Vi = Vi) := od---0d_, ifk>0.

It is easy to see that Wy is never normal, and that it is hyponormal if and only if
oo < o < - - -. Similarly, consider double-indexed positive bounded sequences
o, Bk € €°(Z2), k = (ky,ky) € 7% := Z, X Z, and let £2(Z2) be the Hilbert
space of square-summable complex sequences indexed by Z%. (Recall that £2(72)
is canonically isometrically isomorphic to £2(Z,) ® €%(Z,).) We define the 2-
variable weighted shift Wq,g) = (T3, T2) by

Tiex := Okex+e,, Thex := Bxex+e,,
where &1 := (1,0) and & := (0, 1). Clearly,
(2.1) TiTr = ToTi < Biee, Ok = Ok+s, Pk (allk € Z2).

In an entirely similar way one can define multivariable weighted shifts. Trivially,
a pair of unilateral weighted shifts W, and Wp gives rise to a 2-variable weighted
shift Wix,p) = (Th, T2), if we let &k, k,) := O, and Bk, k,) := Bk, (all ki,k; €
Z,). In this case, W(qp) is subnormal (respectively, hyponormal) if and only if
Ty and T; are subnormal (respectively, hyponormal); in fact, under the canonical
identification of £2(Z2) with £2(Z,) ® £*(Z,), wehave Ty = I®@ Wy and T =
Wg ® I, and Wy p) is also doubly commuting. For this reason, we do not focus
attention on shifts of this type, and use them only when the above mentioned
triviality is desirable or needed.
Given k € 72, the moment of (&, B) of order k is

Yk = Yk (e, B)
1 ifk=0,
&%00) " Xir_1.0) ifk; > 1and k; = 0,
| Blow - Bloks-n ifk; =0Oand ky 2 1,

2 2 2 2 .
X00) " * * Xty -10Bk1,0) * * * Bk k-1 if k1= 1and ka 2 1.

We remark that, due to the commutativity condition (2.1), yx can be computed
using any nondecreasing path from (0,0) to (kj, k3).
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1002 RAUL E. CURTO & JASANG YOON

We now recall a well-known characterization of subnormality for multivari-
able weighted shifts [JeLu], which in the single variable case is due to C. Berger
(cf. [Con, II1.8.16]) and was independently established by R. Gellar and L.J.
Wallen [GeWa]: W(4,g) admits a commuting normal extension if and only if there
is a probability measure p (which we call the Berger measure of W« p)) defined
on the 2-dimensional rectangle R = [0,a;] X [0,a,] (where a; := || T;||?) such
that yx = [ t&du(t) = [ thtk du(u), forall k € Z%. Observe that U, and
Sa are subnormal, with Berger measures 61 and (1 — a?)8, + a6, respectively,
where 6, denotes the point-mass probability measure with support the singleton
set {p}. Also, a 2-variable weighted shift W4 g) € S has a core with Berger
measure 01 X 01.

3. THE DETERMINANT OF A GENERALIZED HILBERT MATRIX

Given positive real numbers x and h, and an integer k > 1, we define the gener-
alized Hilbert matrix Ay (x, h) as follows:

X fi=j=1,

(Ak(x,h))ij :={ 1 ) (I1<i,j<k+1).
Gii onel TonT1 otherwise

(Observe that Ag(1,1) is the classical Hilbert matrix.) In this section we calculate
the determinant of, and establish positivity properties for, the generalized Hilbert
matrix Ag(x, h).

To describe our results, we need some notation. We let 0! := 1, k! := k(k—1)!,

and k' := 1%, i!. We also let

So:=x,
f£’+1

((k #)h+1) 2(k €)h+21 0<l<k-1),

) 1 Jj+1
G ghi):= (m) l:[((Jh+1)(2kh Jh‘*‘l)) ’

and
(3.2) f(x,h,k)

() () O () ()

_ (2(kh)+1)((k—l)h+1)2___<3h+1)2(2h+1)2(h+1)2

(kh)? (k-1h 3h 2h h
_ _ 2 2 2 2
- (M) Cazame) - ) () &5
_ (2@h) +1\ (h+1)* (2h+1
( (2h)? ) h ( h )
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When Is Hyponormality Invariant under Powers? 1003

Theorem 3.1. For x,h > 0 and k > 1, we have
det Ag(x, h) = h** D (kNY2g(h, k) fi,

(3.3)
where fi = fie1((h + 1)/h)% = (2h + 1)/ h?. Moreover,
S = f(x,h,k).
Proof. Consider the (k + 1) x (k + 1) matrix
x 1 _1 1 _1_
h+1 2h+1 (k-1)h+1 kh+1
1 1 1 1 1
h+1 2h+1 3h+1 kh+1 (k+1)h+1
1 1 1 1 1
2h+1 3h+1 4h+1 (k+1)h+1 (k+2)h+1
Ax(x,h) = . . . . .
1 1 1 . 1 1
(k-=1)h+1  kh+1 (k+1)h+1 (2k-2)h+1 (2k-1)h+1
1 1 1 1 1
kh+1  (k+Dh+1 (k+2)h+1 ~~° Q2k-)h+1  2kh+1

Let us first subtract the (k + 1)-st row from each row above it. The entry in the
Jj-th column of the i-th row becomes

- i, 7) = (1,1),
1 ~ 1
(i+j-2)h+1 (k+j-1Dh+1
~ (k—i+1h
Ti+j-2h+11[(k+j-1)h+1]

if (i, 7) = (1,1).

The new (k+1)x (k+ 1) matrix is

By (x,h)
x — 1 kh . kh kh
kh+1 [h+11[(k+1)h+1] [(k-1)h+1][(2k-1)h+1] [kh+1]1[2kh+1]
(k=Dh (k=1h L (k=1)h (k=Dh
[h+11[kh+1]  [2h+1][(k+1)h+1] [kh+1][(2k-1)h+1] [(k+1)h+1][2kh+1]
h h L h h
[(k=1)h+1][kh+1] [kh+1][(k+1)h+1] [2k-2)h+1][(2k-1)h+1] [(2k—-1)h+1][2kh+1]
1 1 1 1
kh+1 (k+1)h+1 (2k-1)h+1 2kh+1

Note that det Ak (x, h) = detBx(x, h). To compute det By (x, h), one can factor
out (k= (i—1))h from the i-throw (1 <i<k)and 1/((k + j— 1)h + 1) from
the j-th column (1 < j < k + 1) in the matrix Bx(x, h). Hence we obtain

1 L -detCx(x,h),

kh+1 (k+1)h+1'

1
= klnk. ..
det Ax(x,h) = k'h Kh 1

This content downloaded from 129.113.53.71 on Thu, 19 Dec 2019 19:21:16 UTC
All use subject to https://about.jstor.org/terms



1004 RAUL E. CURTO & JASANG YOON

where
(x 1 ) kh+1 1 1
kh+1 kh h+1 kh+1
1 1 1
h+1 2h+1 777 (k+Dh+1
Cx(x,h) := s :
1 1 . . 1
(k—=Dh+1 kh+1 2k-1)h+1
1 1 ... 1

Next, let us subtract the last column from each of the preceding columns in the
(k +1) x (k + 1) matrix Cx(x, h). We obtain

Dy (x,h)
(x— 1 )kh+1 1 (k=Dh o h 1
kh+1) kh " KR+l (hDIkh+1] [(k-Dh+1][kh+1] kh+1

kh (k-Dh L h 1
(FDIk+DR+1] @R D(k+DA+1] [Rh1I[(k+Dh+1]  (k+DR+1

kh (k=Dh o h 1
[(k—Dh+1I[(2k-Dh+1] [Kh+11[(2k-Dh+1] [(Ck—2)h+1I[(2k-Dh+1] (2k-Dh+1

0 0 e 0 1

Note that det Cx (x, h) = det Dx(x, h). As we have done before, let us factor out
(k= (j—1))h from the j-th column (1 < j <k)and 1/((k+i-1)h + 1) from
the i-th row (1 < i < k) in the matrix Dy (x, h). Let

kh+1\> 2kh+1
fr= file b = x (Sg=) - S

Then we have

det A (x, h) = (k!)?hZ* (khl+ 1)2 ((k + 11)h + 1)2

B ((Zk— i)h+ 1)2 (Zkhl+ ])detAk—l(fl;h),

where

f 1 1

1 h+1 (k—Dh+1
1 1., 1

h+1 2h+1 [kh+1]

Ax-1(f1,h) := . .
1 1 CERCIN 1

[(k=1)h+1] [kh+1] (2k-2)h+1
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When Is Hyponormality Invariant under Powers? 1005

is now a k x k matrix. Continuing in this way we have

det Ax(x, h)

= GGk — 1A ((k - ll)h T 1)2 (kh1+ 1)2 ((k T ll)h n 1)4

o ((2k—;)h+ 1)4((2k—;)h+ 1>3((2’<— :)’” 1>2(2"h1+ 1)
x det Ak—2(f2, h),

where

(k—l)h+1)2_(2(k—l)h+1>

f2§f2(x’hrk) :=f1( (k—l)h (k_1)2h2

In general, we see that the determinant of Ay (x, h) can be expressed in terms of
dCtAk_e_l (f,g+1, h), where

(k—#)h+1)2_2(k—£’)h+1

B4  fea =fe( - On (—onz Ost=<k-1.

Thus, by direct calculation we have
det Ax(x, h) = (K')2hk®+D g(R, k) fi,
where g (h, k) is given by (3.1) and

h+1 )2 _2h+1
h h? -’
On the other hand, careful inspection of the recursive definition of fi (cf. (3.4),

(3.5)) and of the formula for f(x, h, k) (see (3.2)) shows that fx = f(x, h, k) (all
x,h > 0and k = 1). The proof is now complete. O

Corollary 3.2. Fork > 1 andh = 1,

(3.5) fi = det Ao(fi h) = firr (

detAx(x,h) < det Ax_1(x, h).

Proof. We consider two cases.
Case 1: k = 1. Note that

x 1 )2
detAg(x,h) = x and detAl(X,h)=2h+l_(h+1)'

Thus we have
detA;(x,h) 1

deiA e ) Same1 b

This content downloaded from 129.113.53.71 on Thu, 19 Dec 2019 19:21:16 UTC
All use subject to https://about.jstor.org/terms



1006 RAUL E. CURTO & JASANG YOON

Case 2: k = 2. Consider the quotient

decAx(x,h) _ RMMD () gk i h*k2g(h, k) fi
detAg_1(x,h)  hk*k-1 (k= 1) g(h,k-1)fxic1 9 k—=1)fi

and observe, using (3.1), that

1 j+1
g(h,k) (k ) ((Jh+ 1)(2kh - jh + 1))

(h,k-1)
- (W)k

(2kh+l)lj((k+1) )2'

I
[

1 Jj+1
((Jh+1) (2(k —1)h—jh+1))

Hence

detAk_l(x,h)—h . (2kh+1)l:[ k+j)+1) feo

1V feei((h+ 1)/h)? = Qh + 1) /2
2
<k (Zkh)n<(k+1)) ( e )

k-1
<k!2(2lih)££((k4l-j)) (h;l-l)zsi(zh)(h;l) <1

whenever h > 1. Therefore, we have det Ax (x, h) < det Ax—1(x,h) (all h, k = 1),
as desired. O

Remark 3.3. As we have mentioned before, the matrix Ax (1, 1) is the classical
Hilbert matrix. Specializing the above results to the case x = h = 1 in Theorem
3.1, we obtain

FLLK) =(k+1)2={Qk-1)+(2k=3)+---+(2-2+ 1)+ (2-1+ 1)}
6+ (k-1)2

- 2 _ -
=(k+1)" -k > 1
and
(1k) = 0! i 2! - 3¢ k-1 K
gihK = 2k + 1! (2k)! (2k-1)! (2k-2)! (k+2)! (k+1)!
o o 2! 3 (k=D K &'
CQk+ 1! (2k)! k-1 (2k-2)! (k+2)! (k+1)! K
B (k!)2
2k + 1)V
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When Is Hyponormality Invariant under Powers? 1007

We now use (3.3) and we recover the classical identity

RN
2k+ D)

cf. [PoSz, Part VII, Problem 4; Choi, Solution to Problem 1].

Theorem 3.4. Assume x > 0 and h,k = 1. The following statements are
equivalent:
(i) Ax(x,h) =0
(i) detAg(x,h) = 0;
(iii) fx = f(x,k,h) = 0;
(iv) x = b(k,h), where

detAx(1,1) =

b(1,h) = 2h+12,
(3.6) (h+1) it o2
b(j,h):= [b(j— L,h) + {jh;-z ] . (ﬂi+ 1) (1<j<k).
Proof:

(1) = (ii) This is trivial.

(i) = (i) Since 0 < detAx(x,h) < detAx-1(x,h) < --- < detAo(x,h) (by
Corollary 3.2), it follows from Choleski’s Algorithm [Atk] that Ax(x, h) = 0.

(i) « (iii) This follows easily from the identity

det Ax(x, h) = h¥®*D (kY25 (k, h) fi

in Theorem 3.1, since g(h, k) is cleatly positive.

(iii) « (iv) Fork = 1, note that f1 > 0 & detA;(x,h) 20 & x = fy = b(1,h).
For k = 2, recall that

L (k=Dh+1\ 2k-Dh+1
Thus
fx,kh)=fr=0
2h +1
ka—l—(h Dz = =b(1,h)
2(2h) +1 2h \*

© fiaz b0+ 2h)? |Grr) =pem

2kh + 1 kh
ce fox [bk-10)+ o ]'(kh+1)2 = b(k,h)

e x = fo =2 b(k,h).
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1008 RAUL E. CURTO & JASANG YOON

(Observe in passing that b(k,h) > 0 (all h,k > 1) and that limy_ b(k,h) = 0
(all k = 1).) O

4. THE CLASS 9« (k = 1) Is NOT INVARIANT UNDER POWERS

For a general operator T on Hilbert space, it is well known that the subnormality
of T implies the subnormality of T™ (m > 2). The converse implication, however,
is false; in fact, the subnormality of all powers T™ (m > 2) does not necessarily
imply the subnormality of T, even if T is a unilateral weighted shift [Sta, p. 378].
Consider for instance Wy = shift(a, b, 1,1,...) where 0 < a < b < 1. Clearly
W is not 2-hyponormal (and therefore not subnormal), but Wi is subnormal for
all m = 2. Thus it is indeed possible for a weighted shift Wy to have all powers
Wg (m = 2) k-hyponormal without Wy being k-hyponormal. The example
above illustrates the case k = 2. When k = 1, it suffices to consider Wy =
shift(1,1-x,y,y,...) where0 < x < 1 < y. Then W (m = 2) is hyponormal,
but Wy is not hyponormal.

In the multivariable case, the standard assumption on a pair T = (T3, T2) is
that each component T; is subnormal (i = 1,2). With this in mind, comparing
the k-hyponormality of a 2-variable weighted shift W(«,p) € $o to the k-hyponor-

mality of its powers W((:"g)) is highly nontrivial. In [CLY2] we first considered this
problem, for the case of 1-hyponormality. Specifically, if we let W4 g) denote the
2-variable weighted shift whose weight diagram is given in Figure 4.2, we proved
in [CLY2, Theorem 2.7] that (see Figure 4.1)
(i) W(,p) is hyponormal and W((i',;;)) is not hyponormal if and only if aine <
a < 4/3/5and hy;(a) <y < hi(a); and
(i) W(«,p) is not hyponormal and W((i',;i)) is hyponormal if and only if 0 <
a < Aint and h](a) <y = hzl(a).

W«,) hyponormal and W(((i’,}i)) ¢ 91

- ~(2,1)
I:V(Mm ¢ 5:31 an.d w(q,ﬂ) hyponormal for (a, k) in this region
1.0/ for (a, k) in this region h

0.9

0.8

0.7

0.6
0 0.2 0.4 0.6 0.8 T a
Aint

FIGURE 4.1. Graphs of h; and h3; on the interval [0, 4/3/5]
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When Is Hyponormality Invariant under Powers? 1009

In this section we extend the above-mentioned result to k-hyponormality (for
arbitrary k > 2) and we also give a negative answer to Problem 1.3. Our main

result, Theorem 4.8, gives necessary and sufficient conditions for W« g) as above

to have the property Wq,g) ¢ 9k and W&’g; € 9%, for each k = 2.

To study k-hyponormality of multivariable weighted shifts, we first recall that,
in one variable, the n-th power of a weighted shift is unitarily equivalent to the
direct sum of n weighted shifts. Something similar happens in two variables, as
we will see in the proof of Theorem 4.8 below. First, we need some terminology.

Let H = £%(Z,) = Vj-olej}. Givenintegersiandm (m = 1,0 < i <
m — 1), define H; := Vi olemj+i}; clearly, H = D H,. Following the

notation in [CuPa], for a weight sequence & = {&tn}5—o we let

m-1 )

(4.1) Wamsi) := Shift( [ O(mj+i+n) ;

n=0 ]

that is, Wx(m.i) denotes the sequence of products of weights in adjacent packets
of size m, beginning with ; - - - ®;1m—1. For example, given a weight sequence
& = {0n} -0, we have

Wa20) = shift(xootr, a3, .....),
W(x(Z:l) = Shift(O(l K2, 304y )s

and
Wa(3;2) = Shift(O(zO(3(X4, K5 XXy, )

Lemma 4.1 ([CuPa, Corollary 2.8]).
() Letk = 1; then Wi is k-hyponormal if and only if Wa(m.iy is k-hyponormal
for0<i<m-1
(i) W is subnormal if and only if Wam.i) is subnormal for0 <i <m - 1.
We now introduce a key family of examples. Given 0 < k < 1, we let x =
{xn}n=o be given by

K % ifn=0,
(4.2) Xn =
.
«/(n(+nll(3+3) s L

It is easy to see that Wy = shift(xg, x1,X2,...) is subnormal, with Berger measure
supported in [0, 1] and given by

2 2
dEx(5) = (1 — k) o (s) + % ds + % d8,(s) ([CLY1, Proposition 4.2]).

This content downloaded from 129.113.53.71 on Thu, 19 Dec 2019 19:21:16 UTC
All use subject to https://about.jstor.org/terms



1010 RAUL E. CURTO & JASANG YOON

0,3)
1 1 1
0,2) a 1 1
T2 1 1 1
©0.1) a 1 1
y i Rox
X0 X1 X2
(0,0) (1,0) (2,0) (3,0)
Ty

FIGURE 4.2. Weight diagram of the 2-variable weighted shifts
in Theorem 4.2, 5.1, 5.4.

1 1 1
a 1
£
T2 |9{0_0 1 1 1
a 1 1
4y a4y
P/ N Vo
Yon Y3h
\/W Yh Y2h
(0,1) (1,1) (2,1)
—_—
h
Iy I-’*fo,o

FIGURE 4.3. Weight diagram of the 2-variable weighted shift W&’ﬁ;.
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When Is Hyponormality Invariant under Powers? 1011

Consider now the 2-variable weighted shift given in Figure 4.2, where Wy =
shift(xo, x1,X2,...) and ¥ := K.
Theorem 4.2 ([CLY1])). ForO <a <1/+/2,0 < k <1, xy, as in (4.2) and

i= K, let Wag) = (T1, T2) be the 2-variable weighted shift given by Figure 4.2.
Fork =2, let

(k+D?
_ 2k(k +2)
(4.3) F(a,k) := 5, (k+1)2 2k2+4k+3

4 _ 2
At kk+2) T Tdk+1)2

Then
() T and T, are subnormal;
(i) Wia,p) € 91 © 0 <k < hi(a) := \/(32 - 48a4)/(59 - 72a2);
(iii) Wixp) € 9% © 0 < k < hi(a) := F(a, k) (k = 2);
(iv) Wp) € H © 0 <K < hw(a) := m

In particular, W(w,p) is hyponormal and not subnormal if and only if

[ 1 <k < /32—48a4
2-a? ~ V59 -72a%

We now recall that, by (3.6),

2
bik,h) = [b(k—l,h)+22‘:h;l] () and b(l,h)=(ih+—+1;2.

Using mathematical induction we can see that

_k(k+2)
(4.4) b(k1) =

Remark 4.3. If x = 2(1 —k2)/k? in Theorem 3.4, then forh > 1and k > 1,

2
detAk(x,h) 20 & x 2 bk, h) & K <\ [5—0—s-

Lemma 4.4. Forh > 1 andk > 1, we have b(k,h) < b(k,1).

Proof We fix h = 1 and use induction on k. First, observe that, on the
interval [1,+00), b(1,h) = (2h + 1)/(h + 1)? is a decreasing function of A, so
we clearly have b(1,h) < b(1,1). For the induction step, assume now that k > 2
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1012 RAUL E. CURTO ¢ JASANG YOON

and that b(k ~ 1,h) < b(k - 1,1). Then

b(k,h) = :b(k—l,h)+2kh+1] ( kh )2

(kh)? kh +1
i 2kh + 1 kh \?
< |blk- LD+ =003 ]'(kh+1)

'(k—l)(k+1)+2kh+l]_( kh
| k2 (kh)2 kh +1
_(kh+1)2—h? _k(k+2)
(kh+1)2 = (k+1)2°

2
) (by (4.4))

since the next-to-the-last expression is a decreasing function of h on the interval

[1, + ). We therefore have b(k,h) < k(k +2)/(k + 1)? = b(k, 1). O
Corollary 4.5. Forh > 1 andk = 1,

1 2 2
4.5) F (\g") - \/2+b(k,1) = \/2+b(’<’h)'

Proof From Lemma 4.4 we know that b(k,h) < b(k, 1). Thus it suffices to
establish in (4.5). A direct calculation using (4.3) shows that

2
1.\ 2k+1?
F(\ﬁ"‘) =316k 2’

and from (4.4) we know that b(k,1) = k(k + 2)/(k + 1)2. It follows that

2
_ 2 g \ﬁ" _ 2 2k +1)?
2+ b(k,1) 2’ T 2+k(k+2)/(k+1)2 3k2+6k+2
~ 2(k +1)2 _2(k+1)? 0
T 2k+1)2+k(k+2) 3k2+6k+2

as desired. O

Remark 4.6. From Lemma 4.4 and Corollary 4.5 we see at once that for
h = 1 and k 2 1, the following statements are equivalent:

(i) b(k,h) <b(k,1);

(i) F(V/1/2,k) < v2/(2+ b(k,h)).

Lemma 4.7. Let G(h) := (2h3 + 7h? + 8h + 3)/(2h3 + 7h? + 10h + 4).
Then G is an increasing function of h on [1,), G(1) = 33 and limp—e G(h) = 1.
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When Is Hyponormality Invariant under Powers? 1013

Proof. That limp— G(h) = 1 is clear. To establish that G is increasing, ob-
serve that

2 (4h® +10h? + 7h + 1)
(2h3 + 7h2 + 10h + 4)2

G’ (h) = >0 on/[l,o). O

We are now ready to prove our main result of this section.

Theorem 4.8. Let Winp) = (T1,Ta) be the 2-variable weighted shifs whose
weight diagram is given in Figure 4.2 (where a = \[1/2 and Wy, is as in (4.2)). Then
givenk, £ > 1andh > 2,

(h,£)
W(o(,B) € 5’(’

,/%<Ks,/g—z ifk =1,

W) € Sk
[2k+1)2 2 e,
3k2 + 6k +2 “\V2+b(k,h) -

Proof. From Lemma A.2, we recall that a 2-variable weighted shift W(q g is
k-hyponormal if and only if

but

(4.6) My (k) = (Yk+(mmn)+(p.@))o<n+ms<k = 0,
0<p+q<k

forallk € 72.

We first let Hm,n) := Vij=ol€nismejsm) : h,€ 2 1}, for0 <m < h -1
and 0 <7 < £ - 1. Then we have £2(22) = @, @fl;t) Hmny. Observe that
Hmn) reduces T} and Tf. Thus if a 2-variable weighted shift W(q,p) is given as
in Figure 4.2, then for h, € > 1, we can write

h{) _
W((a.ﬁ; = (Tlh!ng)
h-1
= (Wao) ® IS /173), ol 5,) © D (Wainiy ® 19 Us), T 5,),

i=1

where

- - -1
Wahi) = shift ( Y(H-l)h’ Y(l+2)h’ B ) and = @ Him
Yin Y(i+)h n=0

O0O<i<k-1).

Clearly, [[Wx(n:) |l = 1, and the Berger measure of Wiyn.i) has an atom at 1, so by
Lemma A.4 we see that (Wx(n.1) ® (I ® U,), Tal31,) (1 < i < h— 1) is subnormal.
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1014 RAUL E. CURTO & JASANG YOON

Thus, for k > 1, the k-hyponormality of W&'g)) is equivalent to the k-hyponor-
mality of (Wx(h:0) © (I ® S\/m), T 11,). Observe that

<
—

Wano) ® I8 S 72, T | 5,,,)

n=0

(Wano) ® (I® 5m),T2|3{0) =

and
£-1
@(Wa(h:O) (e Sm), Tfl?{(o.n))
n=0
£-1

= (Waho) (I®S\/77§),T2€|5{(0'0,) & @(I®Sm, U, eI).

n=0

Observe that the second summand is clearly subnormal; thus, for h,€ > 1, the
k-hyponormality of (T}, TY) is equivalent to the k-hyponormality of the first
summand, (Wxno) ® I® S \/1_/—2)’ Tf| Hog)- Observe also that

(Wotnoy © I®S_/i75), T | 500) = (Wano) ® (I ® S ji) T2l 3644

Thus
W((;’:g; € Hix (W(x(h:O) e (I® Sm), T2|}[(0’0)) € Hi.

We consider two cases.

Case 1: k = 1. To check hyponormality, by Lemma A.1 and Lemma A.4 it suffices
to apply the Six-point Test at k = (0, 0). A direct calculation shows that

2h3+7h? +8h +3
HWatro0185 ) Tlogg) (0,0) 2 0 = K < G(h) = \/2h3 +7h? + 10h + 4

(cf. Lemma 4.7). Therefore, for all h, € > 1, we have
W&’fg €9H < Kk <G(h).

Since G(h) is an increasing function, we see that if y20/23 = G(1) < k <
G(2) = /63/68, we simultaneously get W&'ﬁi € H1and Wigp) ¢ 91 (all h = 2,
£>1).

Case 2: k = 2. Note that

W(‘Q;,ﬁi € % = (Wano) ® I ® S T | 31,0,)) € Dk-

To check the k-hyponormality of (Wxh0)® (I®S m), T214(,,)> We observe that
it suffices to apply Lemma A.2 (ii) at k = (0,0). Now, the moments associated
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When Is Hyponormality Invariant under Powers? 1015

with (Wen0) ® (I ® S /i) T2 131,,) are

1 ifk1=0andk2=0,

(h.0) }’klh(W(a,B)) ifk1 >1land k; =0,

(4.7) Yk(Wiag)) = 1 &2 ifk; =0andky > 1,
K2

7 ifk; > 1and ky > 1.

By direct computation (i.e., interchanging rows and columns, discarding some
redundant rows and columns, and multiplying by 2/k? in the moment matrix of
(Wan0) ® (I ® Sm), T213£,,))> we see that for 0 < k < 1and h,€ = 1,

(h,®) h,f)
Wiah) € 9 © Wich) 3100 € 9 © Wano) © 185 172), T2 | 5¢,,,) € 9

& Jrk(k,h) =20 e Ly(k,h) = 0,

where
Ji(k, h)
1 ©(h+2) 2 KQh+2) K KGRt K2(kht2)
2(h+1) 20kt 2 2(3h+)) 2(kh+1)
K2(h+2)  k*(2h+2) k2 k*Gh+2) K2 KE(4h+2) | KE((k+1)h+2)
2(h+1) 22h+1) 2 20BR+) 2 2(4hD) 2((k+Dh+1)
2 K2 2 K [ K .. L
K 2 Kk 2 ) P : 2
K2(2h+2) Kk (3h+2) k2 K2(4h+2) k*  kE(5h+2) . kE((k+2)h+2)
2h+1)  20B3h+1) 2 2(4h+1) 2 2(5h+1) 2(k+2Dh+1)
= K2 K2 K2 K2 K2 K2 K2
2 2 2 2 B 2 T 2
K2(3h+2)  K*(4h+2) K2 K2(5h+2) K2 K2(6h+2) . KE((k+3)h+2)
23h+1)  204h+1) 2 2(5h+1) 2 2(6h+1) 2((k+3)h+1)
yikh+2) y (k+Dh+2) k2 y ((k+2)h+2) k2 K2((k+3)h+2) . K2(2kh+2)
2(kh+1)  2((k+Dh+D) 2 2((k+2)h+D) 2 2((k+3)h+1) 20kh+T) / (je3)x(k+3)
and
Li(k,h)
11 11---11
12 21---11
2 1 1 1
12 o mitl o o tl ma tl
1 1 1
=[]11 mitl  matl o matl et
11| o= +1 g+l s e 1 e 4 1
k-Dh+1 kh+1 (2k-2)h+1 2k=1h+1
1 1 1 1
11 matl ot 2k-0h+1 T 1 e t1 (k+3)x (k+3)
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1016 RAUL E. CURTO & JASANG YOON

Note that det (1 1) > 0, and let

Mi(k,h)
2 1 1 1
I mitl o et matl
1 1 1 1
T 1 e T Lo e T 1 ®iDha1 T 1
e e e s e e i
(k-1)h+1 kh+1 (2k=2)h+1 (2k-1)h+1
1 1 1 1
khel T 1 Gsnra T Le-- Gk-Dh+1 T 1 ®hel T 1 (k+1)x (k+1)

Then we have

11---11\" 11\ ' f11---11
mocm (5100 1) e (12) (1)
21---11 (k+1)x(k+1) 12 21---11 (k+1)x(k+1)
=: Ax(x, h),

where x := 2(1 —k2)/k? and Ak (x, h) is as in Theorem 3.1. Thus, after we apply
the Smul’jan Lemma (Lemma A.6) to Lk (k, h), we show that for 0 < k < 1 and
h,€>1, Ly(k,h) = 0 < Ag(x, h) = 0. Therefore,
48) Wb e sk e WD, €5k Li(k,h) 2 0 e A(x,h) 2 0.

From Remark 4.6 (ii), for k, h > 2, we recall that

1\ [ 2k+1)? 2
(4.9) b(k,h)<b(k,l)=>F(\g,k)—,/3k2+6k+2<\/2+b(k’2).

By Theorem 4.2 (iii),

(4.10) Wap E ©0<k=<F (\/g, k) (k = 2).

Now, Remark 4.3 and Theorem 3.4 imply that for h > 1 and k > 2,

(4.11) detAx(x,h) =0 < Ag(x,h) =0

/ 2
@XZb(k,h)@KS m

Thus, by (4.8) and (4.11), we have that for h, € > 1,

(h8) [ 2
(412) W(a,B) EDPr & O0<kK=< m (k >2).
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When Is Hyponormality Invariant under Powers? 1017

Therefore, by (4.8), (4.9), (4.10), (4.11), and (4.12), for £ > 1 and h,k > 2, we

have
W(hg)eﬁk but Wixp) ¢ $x © F \/Ik <K< ——2———-—
(@p) % 2’ “\V2+bkh)’

as desired. O
Remark 4.9.
(i) We know that for k,h > 1,
_ k(k+2)

so that limsup, b(k,h) < 1. As an application of (4.12) we can establish that
limg b(k, h) exists. Recall that Wixp) € Hx+1 = Wia,p) € Hk, so that from (4.12)
we see that for each fixed h > 1, b(k, h) must be a nondecreasing function of k,
and therefore b(h) := limg b(k, h) = limsup, b(k,h) < 1.

(i1) We believe it is nontrivial to show that for h > 1, limg-. b(k,h) = 1. We
now provide an operator—thcorctic proof of this fact. By (4.10) and (4.12), for
k = 2, we have W) € $k & 0 < k < V22 + b(k, h)). Since b(k,h) is a
nondecreasing funcuon of k, and limk—. b(k,h) = b(h) < 1, we easily see that

(h,0) |2
(4.13) Wisp) €90 © 0<k =< T

We now let M;(0,0) denote the subspace of H(0,0) spanned by canonical or-
thonormal basis vectors with indices k = (ki,k;) with k; = 0 and k; = 1. We

have W&’g)) [Mi00) = (I ® Sa,Us ® I) € Hoo with Berger measure pim, 0,0) :=

[(1-a?)8o +a?81] x ;. Thus, by Lemma A.3 and a direct calculation, we see
that

D) )
Wiag) € Do = Wiag) | 31(0,0) € Hoo

o K2

1 2
M1(0,0))ext S Ex © 0 <K < \/j;
t L tiaty00) (IJ 1(0, ))e t gx 3

that is, for h, € > 1,

(4.14) W(;‘ﬁ)) EHo 0< k< \/g

From (4.13) and (4.14) we see at once that b(h) = 1, as desired.
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1018 RAUL E. CURTO & JASANG YOON

Example 4.10. As specific instances of Theorem 4.8, we have
i) (WR € $2and Wiap) ¢ $1)

20 2 [o025 _
© 0932505 = | [52 <k < \/2 T \/10257 = 0.938023;

(i) forh,€ =1,

W((;L,‘g; € 51 and W(o(’B) e Soo
2 2h3+7h?2+8h+3
< J;< k= C(h) = \/2h3+7h2+ 10h + 4’

(iii) for h,€ =1,

W((:(l.,g; € 52 and W(D(,B) e S’:)oo

@\/§<K< 2 _\/8h4+24h3+26h2+12h+2
3 7" T \2+b(2,h) ~ \ 8ht+36h3 +39h2 + 18h + 3

5. HYPONORMAL INVARIANCE UNDER POWERS IN THE CLASS A

In this section we study a large class C of nontrivial pairs of commuting subnor-

mals such that Wxp) € $1 " C = W((g,’gz € 9 (al h,£ >1). Theclass C is a
subclass of the class A, and it consists of 2-variable weighted shifts whose weight
diagrams are given in Figure 4.2. Motivated by the necessary condition for LPCS
found in [CuYo2] (see Lemma A.5), we observe that the Berger measure &y of the
unilateral weighted shift Wy = shift(xoo, X10, . ..) admits a unique decomposition
as

Ex =pbo+qd1+(1-p—-q)p,

where 0 < p,q < 1, p+q < 1, and p a probability measure with p({0,1}) = 0. As
a result, a 2-variable weighted shift W(4,g) € C can be parameterized as Wq,g) =
(p,q,p,y,a), with 0 < a,y < 1. In Theorem 5.1 below we characterize the
shifts W(«,g) which remain hyponormal, 2-hyponormal or subnormal under the

action (h,¥) — W&’g; (h,€=1).

Theorem 5.1. Let Wi p) = (p,d,p,y,a) € C be the 2-variable weighted
shift whose weight diagram is given in Figure 4.2. The following assertions hold:

(i) Assume that W&’g; €9 @lh,£=1). Then

a(l-q)
(@-q)2+q(1-q)°

0<y<=my(a,q):= \/
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When Is Hyponormality Invariant under Powers? 1019

(i) Assume that W((g_'g)) € 9 (allh, £ =1). Then

. 1-qg q
y <my(a,q) = mm{,/l_az,\/;—;}.

(ii)) Wixp) € Ho © ¥ < Mw(a,p,q) := min{\/p/(l -a?), \/q/aZ}.
We need an auxiliary lemma, of independent interest.

Lemma 5.2. Let Wy be a subnormal unilateral weighted shift, with Berger
measure Ex = pdo + q61 + [1 — (p + q)1p, and recall that y,, is the n-th moment
of Ex; thatis, yn = [ s"dEx(s) (N 2 0). Then limp—co Yn = 4.

Proof. For n > 0, let fn(s) := s™ (0 < s < 1). Consider the sequence of
nonnegative functions {fn}ns0. Clearly fn ~ X1} pointwise, and |fn] < 1 (all
n = 0). By the Lebesgue Dominated Convergence Theorem, we have

lim [ fa(9)dp() = [ X0 dp(s) = p(111) = 0
(recall that p({0} U {1}) = 0). Thus
lim yn = fim [ 5" dEx(s) = fim [ fals) dEe(s)
—q+[1-(p+a)]- Jim [ fa(9)do(s) =4,

as desired.

Proof of Theorem 5.1. For fixed h,f 2 1,0 <m < h-1and0 < n
€ - 1, we recall that Himm) = Vi jzolehismejm : B = 1} and £2(Z2)

et DY Himmy. For W((L"’g)) |#400)> We refer to the weight diagram in Figure
4.3. In the decomposition & = pdo + 461 + [1 — (p + q)1p, we may assume,
without loss of generality, that g < 1; for, the condition g = 1 and hyponormality
immediately imply the subnormality of W(qg).

a

A

Given h,¥ = 1, we consider the moments associated with W&'g; of order k;
that is,

1 ifk; =0and k, =0,
W, ) ifk;=1landk; =0,

1 hd)y _ | Yr(Wiap)
G.1) YiWia ) y? ifk; =0and k; > 1,

a2y2 . ifkl >land k; > 1.

(i) From Lemma A.4, we observe that for h, £ > 1, W((g,'g)) Im, = (I8Ss,UL®I) €

$Hoo and W&'ﬁi |7 € $w. Thus, by Lemma A.2, to verify the hyponormality of
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1020 RAUL E. CURTO & JASANG YOON

W{j};ﬁ{ , it suffices to apply the Six-point Test (Lemma A.1) to W&'ﬁ? atk = (0,0).

We then have

1 Yn(Wap) ¥?
M(o,O)(l)(W((g,';;?) = | vn(Wap) Y2r(Wiap) a?y? |20 (allh = 1)

2 a2y? 2
1 q »
>H:=|q q a*>y?|=20 (by Lemma 5.2)
y2 a2yt y?
q(1-4q)
<0<y <mi(a,q) = )
y 1(a,q) \/(az—q)2+q(1—q)

as desired. Observe that the function m; satisfies the following properties:

(i1) 0 <mi(a,q) <1 on the square (0,1] x (0, 1);

(iz) limq_.0+ m (a,q) =0= limq..1+ ml(a,q) =0 (for all a);
(13) lima..0+ my (a,q) = ,/1- q (for all Q);

(i5) mi(1,q) = /9 (for all q); and

(is) mi(a,q) =1 < q=a’

Thus near the edges of the square the hyponormality of W&’ﬁ)) for all h and ¢
forces  to be small, while along the parabola g = a? the values of iy can reach 1.

(i) From Lemmas A.4 and A.2, and the fact that W&’g; [ M, > W&'g; [N, € Hoo» tO
verify the 2-hyponormality of W((:(’_’;; (h,€ = 1) it suffices to apply the 15-point
Test to W((g”g)) at k = (0,0). By direct computation (i.e., interchanging rows and
columns, and discarding some redundant rows and columns), it is straightforward
to observe that the positivity of the 10x 10 matrix M(g,0)(2) (W((;’,'g)) ) is determined
by that of the following 5 X 5 matrix:

1 Yn(Wiap)) ¥ y(Wiap) a?y?
Yn(Wag) Yoh(Wiap)) a’y? ysn(Wp) a’y?

P(h) := 2 aty? »2 aty?  aly?
Yoh(Wa,) ¥3n(Wiap)) aA?y? ysn(Wip)) a’y?
aty? aty? aty?  aly?  aly?
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When Is Hyponormality Invariant under Powers? 1021
Thus the assumption W;g:g € 9, (all h,€ = 1) readily implies that
1gq y* aq a*y?
a4 a’y* q a*y?
P =P(o0):= y2  aly? ¥2  aty? a2y?\ | 20,
a a a?y* q a*y?
a2y? a’y? a2y? aly? g?y?

using Lemma 5.2. Since ( 2l ) is positive and invertible, we can apply the Smul’jan
Lemma (Lemma A.6) to P:

Y@= (1-2a)y") —a*—aty) (o atys
(1-g)q
P>0e 0 0 0 =0
atyt atyt
az 2_2 0 O a2 2_Z 7
y p Y q

(1-a®)y?<1-¢q . 1-qg q
Q{azyzsq < Yy < min l—a”,E .

Therefore, W&’gg €9 @ht)=>y=< min{\/(l -q)/(1-a?), \/q/az}, as
desired. (The reader will notice that min { \/ (1-g)/(1-a?), \/q/ az} < 1; for,
ifq>a’thenl -gq<1-a2)

(iif) From Figure 4.2, we observe that W(«,g) | is subnormal with Berger measure
pm = ((1 - a?) 8o +a?61) x 61.
Note that [|1/tll11(usy = 1 and (uan)Z, = (1 - a?)8o + a?861. We now apply

Lemma A.3 to the 2-variable weighted shift W(4,g) and to the subspace M. It
follows that the necessary and sufficient condition for W4 g to be subnormal is

1
LY (pum)

or equivalently,

(l - az)yz =p,
a*y*<q.

Thus we have the desired result. The proof of the theorem is now complete. DO
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1022 RAUL E. CURTO & JASANG YOON

Remark 5.3.
() By a direct calculation, we note that

2 l-q _ a1 -4q)
1-a>" (a?-q)*+q(1-9q)

and
2 a q(1-q)
IS @il

Thus it is always true that

. a |1-q a(1-q)
mm{\/:, 1—612}S \/(aZ—q)2+q(l—q)'

(i) For h > 2 and k,¥ > 1, the necessary conditions in (i) and (ii) in Theorem
5.1 are not sufficient for power invariance. To show this, we let W(4,p) denote
the 2-variable weighted shift whose weight diagram is given in Figure 4.2, with
a = /1/2 and Wy as in (4.2). Furthermore, for given small € > 0and h = 1, we
let

20 .
Z lfk— 1,

(5.2) K:= 5
dm +£(h) lkaZ,

provided that +2/(2 + b(k,h)) + €(h) < 1 (since, for k,h = 1, b(k,h) > 0,
limk~o b(k,h) = 1 and limp—. b(k, h) = 0, it is possible to choose k given in
(5.2)). By Theorem 4.8, we note that for h > 2, k = 1,2 and ¢ > 1, W&‘ﬁ)) ¢ Dk

(k = 1,2). Observe that

a(l-q)
(5.3) 0<k= a‘*+q-2a%q
{(A’k?<q<(1-k)+a*k*}=ok=<1 ifk=2.

k=<l ifk=1,

If we choose k given in (5.2), then (5.3) is always true. Thus the 2-variable

weighted shift W« ) given in Figure 4.2 satisfies the necessary conditions in The-

orem 5.1, butforh >2and € > 1, W&‘g; ¢ 91.

Throughout this section, we have focused on the question of hyponormality
for shifts in the class A. We now turn our attention to 2-hyponormality, in the
hope of detecting to what extent one can expect invariance under powers in this
class. Along the way we will discover that there is a large subclass, S;, for which
things work extremely well. We will show this in Section 6.
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When Is Hyponormality Invariant under Powers? 1023

As we saw in Section 4, for a general operator T on Hilbert space and for all
m > 2, we know that the k-hyponormality of T™ (k = 2) need not imply the
k-hyponormality of T. But it is still unknown whether the k-hyponormality of T
(k = 2) implies the k-hyponormality of T™ (m > 2), even when T is a weighted
shift (see Problem 1.1). We now show that there exists a subclass of 2-variable
weighted shifts W(a,g) € A for which the 2-hyponormality of W(a,g) does imply
the 2-hyponormality of W&g).

The motivation behind the construction in Theorem 5.4 comes from Figure
4.1. Indeed, inspection of the values of a that illustrate the gap between the
hyponormality of W«,p) and that of its powers suggests that something similar
may work for k-hyponormality. We saw in Theorem 4.8 that a value smaller than
Qin; (namely, a = /1/2) did the job in separating the k-hyponormality of the
powers from the k-hyponormality of the pair. For the subclass below, however, we
do see a propagation effect; that is, the (2,1) power is 2-hyponormal whenever
the original weighted shift is.

Theorem 5.4. Let Wnp)y = (Th,T2) be the 2-variable weighted shift whose
weight diagram is given in Figure 4.2 (where 0 < a < \[1/2 and Wy is as in (4.2)).
Then

(i) W(a,B) € Ho;

99— 16a2)
157 - 360a2 + 144a*’

20 QD 225(15 — 28a?) )
(lll) W(O‘aﬁ) (S 52 S K< h2 (a) = \/6238 _ 15015“2 n 6300&4’

(v) haa) <hi*V(a) forae (o, \/g]

Proof- (i) This follows easily once we know that Wy is subnormal.
(ii) This is part (iii) of Theorem 4.2.

(iii) Recall that forn = 0,1, Hy, = Vieofeisnj 1 J =0,1,2,...} and #2(Z3) =
.7'[0 @ 5{1. Note that

(i1) W) € 92 © K < hy(a) := \/

Wiag) = (T T2) = WGE L6, Wioh) | s
By Lemma A.4, we observe that W((i?) I3, = Wa1) ® (I ® Uy), Tl g4,) is sub-
normal, because Wy(2.1) = shift(x1x2, x3x4,...) has an atom at {1}. Hence
W((f(’,}g)) € 9, if and only if W(((i:;;))l 3, = (TE, T2)|3(, € H2. Let M;(0) (respec-
tively, V1(0)) be the subspace of # spanned by canonical orthonormal basis
vectors associated to indices K = (kj, k) with k; > 0 and k; > 1 (respec-
tively, k; > 1 and k; > 0). By Lemma A.4, we note that W&BI #, on M;(0)

This content downloaded from 129.113.53.71 on Thu, 19 Dec 2019 19:21:16 UTC
All use subject to https://about.jstor.org/terms



1024 RAUL E. CURTO & JASANG YOON

(respectively, N1(0)) is subnormal, because shift(x2x3, x4xs,...) (respectively,

shift(y,1,1...)) has an atom at {1}. Thus, by Lemma A.2, to verify the 2-

hyponormality of W&;;)) it suffices to apply the 15-point Test to W((f(:;;))! H, at

k = (0,0). Note that the moments associated with (T2, T,) |, of order k are

(1 ifk; = 0and k, = 0,
ki

(W((Z,IB)) lg_[) _ l_[x%(i_l)x%i_l ifkl > 1 and k2 = 0,
«, 0 i=1

K2 ifkl =0and kzZ 1,

Ldez lfkl >1and k, > 1.

Since the third and sixth rows of M(q,0)(2)|s, are identical, if we multiply by
1/? and then apply row and column operations to M(g,0)(2)|3s,, then we have
M@0 2)3, 20 = M(O,O) > 0, where

5 7 4 3 2
15,013 .
7 9 5
Moo :=|\a2 a2 1 1 a?
2 3 1,
= - 1 — a
3 5 y?
a’ a® a? a? a?

We now apply the Nested Determinant Test to M(g,0); let d,, denote the deter-
minant of the p-by-p principal minor consisting of the first p rows and columns

ofM(o,o). Thus, di = 1/k% > 0 and d; = (27 — 20k?)/(45k?). Since k < 1,
it follows easily that d; > 0. Now, d3 = (27 — 45a% — 47k? + 60a%k?) [ (45k2),
and we conclude that d3 > 0 if kK < k3 := 3\/(3 —-5a4)/(47 — 60a?). Simi-
larly, dg = (3375 — 6300a* — 6238k2 + 6510a2k? + 2205a*k?)/(496125k2),

and ds > 0 whenever k < k4 := 15+/(15 - 28a%) /(6238 — 6510a2 — 2205a%).
Finally,

_ 3375a% — 9675a* + 6300a® — 6238a2k?

= 49612542
| 21253a’k? - 21315a°«? + 6300a°k?
496125k2 ’
and in this case we can guarantee the nonnegativity of ds if
<K '=15\/ 15 — 43a? + 28a*
- 6238 - 21253a2 + 21315a% - 63005
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When Is Hyponormality Invariant under Powers? 1025

Visual inspection of the graphs of k3, k4, ks, and h, on the common interval
[0, +/1/2] reveals that hy < k5 < k4 < k3. We thus conclude that W&;;)) is

2-hyponormal if and only if k < k5 = h$*Y, as desired. O

Corollary 5.5. Let W) be as in Theorem 5.4, let a € (0, \/1/2), and assume
that Wap) € 92. Then W((g“:;;)) € 9.

Proof. This follows straightforward from Theorem 5.4 (iv). o

Remark 5.6. Looking at Theorem 5.4, it seems natural to conjecture that a
similar result should work for k-hyponormality (k > 2). That is, perhaps one has

W(a,p) € Dk = W&’jg)) whenever 0 < a < /1/2.

6. THE CLASS S; IS INVARIANT UNDER ALL POWERS

In Section 5 we dealt with 2-variable weighted shifts that have the form W) =
(p,4q,p,y,a), and we established some results about hyponormality, 2-hyponor-
mality and subnormality. We now restrict our attention to the case p = 0, and
assume that Wixg) € 91; that is, Wi,g) € Si. Under this assumption, we will
now sharpen the hyponormality results. Recall that, without loss of generality,
every 2-variable weighted shift W4 g) € S1 is completely determined by the three
parameters X := &X(0,0), ¥ := B(0,0) and a := &X(o,1); cf. Figure 6.1. As before, we
shall denote such a shift by (x, v, a); of course, we always assume 0 < x, y,a < 1,
and moreover ay < X (since we need to ensure that shift(B10, B11, B12,...) =
shift(ay/x,1,1,...) is subnormal).

First, we wish to obtain a canonical representation for the powers (x, ¥,
as an orthogonal direct sum of 2-variable weighted shifts in S;. In what fol-
lows, we abbreviate the orthogonal direct sums of m copies of a shift (x,y,a) by
m-{(x,y,a).

Proposition 6.1. Let (x,y,a) € Sy and let h,€ = 1. Then

a) (h£)

(x,y,a)* = (x,y,a) & (h— 1) - <1% 1>
(-1 -(al,a)e(h-1){€-1)-(1,1,1).

Proof. We decompose the space £2(Z2) as the orthogonal direct sum of h¥
subspaces H(m,n), each isometrically isomorphic to #2(Z2); namely Hmn) :=
Vijzote(rismejsm} 0 <m < h-1,0 < n < £-1). This particular de-
composition allows us to write the power (x,y, a)md as the orthogonal direct
sum Do<m<h-1,0<n<t-1(% Y, a) P30 . We will now identify each of the
summands (x,y,a)(h"))b[(mm) O<m=<h-1,0<n<{-1).
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(0,3)
1 1 1
(0,2) a 1 1
Ty
1 1 1
©0.1) a 1 1
y 52 i
X 1 1
(0,0) (1,0) (2,0) (3,0)
Ty

FIGURE 6.1. Weight diagram of a generic 2-variable weighted
shiﬁ' inS 1.

82 82 8>

b b b
T,

1 b1 81
b b b

Bo % %ﬁ%‘;
oo oy o

(0,0) (1,0) (2,0) (3,0)
T

FIGURE 6.2. Weight diagram of the 2-variable weighted shift
in Lemma A.4.
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Case 1: m = 0, n = 0. Direct inspection of the weight families & and B shows
that

<x:y,a)(h'€)e(hi,t’j) =(X,¥,a)emitj),
and therefore
(7, @) "0 | 5 = (x, y,a).

Case 2: m > 0,n = 0. In this case the generic basis vector of H(m,0) is € (ni+m,¢j)»
so that (x,¥,a) "D e(piimej) = (1,4 /%, 1)ehism.ej)- It follows that

(h,®) = ay
(x,y,a) l.’}{(m,m = <1' x ’1>'

Case 3: m = 0, n > 0. In this case the generic basis vector of Ho,n) is €(ni,£j+n)>
and therefore (x,y,a)(h'e)e(hi,gjm) ={a,1,a)eipjin). It follows that

x,7,a) M0 5 = (a,1,a).

Case 4: m > 0,n > 0. Since Hmn) S M NN, and the core of W(qp) is trivial,
it is clear that all relevant weights are equal to 1, so

(x»y:a)(h'e)e(hi+m,€j+n) =(1,1, l)e(hi+m,£’j+n)»
and therefore
o,y @)D = (1L,

mmn)

The proof is complete. o

We now recall the characterization of hyponormality, 2-hyponormality and
subnormality for 2-variable weighted shifts in S; found in [CLY4, Proofs of The-
orems 3.1 and 3.3]. Recall that $; = SN $1, S2 = SN $H2 and S = SN Hoo.

Theorem 6.2 (cf. [CLY4]). Let (x,v,a) € Sy. Then

i) (x,y,a) € 92 & falx,y,a) := (1-x%) - y*(1-a?) = 0;

(i) (x,¥,a) € $o & fa(x,¥,a) 20.

Corollary 6.3. Let (x,y,a) € S\. The following statements are equivalent:

@) (x,y,a) € H;

(ii) (x,¥,a) € H;

(i) ¥ < V(1 -x2)/(1-a?).

Corollary 6.4. Let0 < a < 1. Then{(a,1,a) € Hw.

Proof. We apply Corollary 6.3 with x := a and y := 1. Since condition (i)
is satisfied, it follows that {a, 1,a) € H«. O

Lemma 6.5. Let0 <y < 1. Then(1,y,1) € Hu.
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Proof. Here Ty = I® U, and T» = Sy, ® I, so (1,¥,1) = W(ap) is clearly
subnormal. D

Theorem 6.6. Let (x,y,a) € Si. The following statements are equivalent:

(W) (x,y,a)"D €%, forallh, £ > 1;
(i) (x,y,a)hb) g, Jfor some hy, €y > 1.

Proof: It is clearly sufficient to establish (ii) = (i). Assume therefore that
(x,y,a)Po) € §; for some ho, £y = 1. By Proposition 6.1, we know that

(x,,a) ) = (x,y,a)® (h—1) - <1,%,1>
oe(l-1)-(a,l,a)eh-1){E-1)- (1,1, 1).

An application of Corollary 6.4 and Lemma 6.5 shows that (x, v, a) € $;. Now,
let h,€ > 1 be arbitrary. A new application of Proposition 6.1 (this time using h
and ) shows that (x, y,a)"% € §;. The proof is complete. O

Corollary 6.7. Let (x,y,a) € S\, and let k > 2 be given. The following
statements are equivalent:
(i) Forsome ho, €y = 1, (x,y,a) ot e .
(ii) Forallh, =1, (x,y,a)"® e g.
(i) For some ho, €y = 1, (x,y,a) b e g,
(iv) Forallh,€ =1, {x,y,a)"?d € ¢.

Proof. The equivalence follows straightforward from Proposition 6.1 and the
proof of Theorem 6.6. o

We conclude this section with a problem of independent interest. Recall that
A = {W(a,) € T C : the Berger measure of c(W(q,)) is 1-atomic}.
Problem 6.8. Is S the largest class in A for which the implication

W((O'("(Ef‘]) € 9, forsome ho, %o 2 1= Wiap) € Hw
holds?

APPENDIX A.

For the reader’s convenience, in this section we gather several well-known auxiliary
results which are needed for the proofs of the main results in this article. First,
to detect hyponormality for 2-variable weighted shifts we use a simple criterion
involving a base point k in 73 and its five neighboring points in k + Z% at path
distance at most 2.
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Lemma A.1 (Six-point Test [Cur, Theorem 6.1]). Let Wq,p) = (T1, T2) be
a 2-variable weighted shift, with weight sequences & and B. Then

(Wikgys Wiapy] 2 0
0‘12(+51 - O‘i Ok +e,Br+e, — Xk Pk >0
Xk +e, Pr+e — Ok Pk B]2(+52 - B]2< -
(forallk € 72).

< H(ky,kp)(1) := (

Next, we present an analogous criterion for the k-hyponormality of 2-variable
weighted shifts.

Lemma A.2 ([CLY1, Theorem 2.4]). Let Wi,g) = (T1,T2) be a 2-variable
weighted shift with weight sequences & and B. The following statements are equivalent:

(i) Wiap) s k-hyponormal;

(i) M (k) := (Yk+(nm)+(p.a))osn+ms<k = 0 for allk € Z2.
0<p+q=<k

In particular, a commuting pair (Ti, T3) is 2-hyponormal if and only if the
5-tuple (T, T, T2, T\ T, T}) is hyponormal. For 2-variable weighted shifts, this
is equivalent to the condition (Fifteen-point Test)

My (2) := (Yk+(n,m)+(p.@))osn+m<2 2 0 (alk Zi);
0<p+g<2

that is,
Mx(2)

Yk, .k, Yki+1,ky  Ykiko+1  Yki+2,ky Yki+lko+1 Yk k42
Yii+1,ky  Yki+2ky Yki+lLka+1 Yki+3,ky Yki+2,ko+1 Yki+1,ko+2
Ykikotl Ykitlkotl Yhkika+2 Yki+2kotl Yki+Lko+2 Yhkiket3 | S
Yki+2,ky,  Yki+3ky Yki+2ko+1 Yki+dky Yki+3,ko+1 Yhki+2,k+2 |
Yki+1,k2+1 Yki+2,ka+1 Yki+1,ka+2 Yki+3,ka+1 Yki+2,ko+2 Yki+1,ky+3
Ykiko+2 Yki+1,k+2 Ykiko+3 Yki+2ko+2 Yki+1,ky+3 Yk ky+4

This takes into account a base point k and its 14 neighbors at path distance at
most 4.
To check subnormality of 2-variable weighted shifts, we introduce some defi-
nitions:
(i) Let u and v be two positive measures on R;. We say that u < v on
X := Ry, if u(E) < v(E) for all Borel subset E < R;; equivalently, u < v
ifand onlyif [ fdu < [ fdv forall f € C(X) such that f > 0 on R;.
(i) Let p be a probability measure on X X Y, and assume that 1/t € L!(u).
The extremal measure Py, (which is also a probability measure) on X X Y
is given by

dpext (S, 1) 1= (1 = 6o(t)) du(s, t).

1
ENL/tl
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1030 RAUL E. CURTO & JASANG YOON

(iii) Given a measure 4 on X X Y, the marginal measure u* is given by p* :=
poTrx!, where TTx : X XY — X is the canonical projection onto X. Thus
uX(E) = u(E xY), for every E ¢ X.
Then we have the following result:
Lemma A.3 (Subnormal Backward Extension [CuYol, Proposition 3.10]).
Let Wip) be a 2-variable weighted shift, and assume that W g)|m, is subnormal
with associated measure U, and that Wy := shift(xoo, 010, ...) is subnormal with
associated measure E. Then W «.p) is subnormal if and only if

(i) 1/t € L'(pm,);
(i) B3, < (/L Gupy)) ™
(ii) BBoll 1/t N1t (une) (Mo, et < Eo-
Moreover, ifB%o”l/t“L‘(uml) =1, then (Um,) Xy = Eo. In the case when Wy p) is

ext

subnormal, the Berger measure 4 of W p) is given by

du(s,t) = B(Z)O ’ d(llavtl Jext (S, )

H
ENL (upgy)

+ (d§o<s> -4, )d(uwz‘xtu)) adot).

l(u.Wl]

Lemma A.4 ([Yoon, Theorem 2.8]). Let W«,g) € Ho be a 2-variable weighted
shift whose weight diagram is given in Figure 6.2, so that

W(cx,B)|_M1 = (I®Shift(ﬁ1,ﬁ2,...),U+ ® bl).

Assume that |Wxll = b > 0, where Wy = shift(xo, o1, &2,...). Then Wixp) € 1
if and only if W(a,p) € Hw if and only if the Berger measure i of W has an atom
at b2,

Given a subnormal 2-variable weighted shift W« g) with Berger measure u, we
let Wyi» (j = 0) (respectively, Wgw (i = 0)) denote the associated j-th horizontal
(respectively, i-th vertical) slice of W(a,g). Clearly, Wy (respectively, Wgw) is
subnormal, and we let §; (respectively, n;) denote its Berger measure. We proved
in [CuYo2] that

dE;(s) := {l J £ dq>s(t)} dE(s),

Yoj
where du(s,t) = dd,(t)dE(s) is the canonical disintegration of p by verti-
cal slices (respectively, dni(t) = {(1/yio) [ st d¥;(s)}dn(t), where du(s,t) =
d¥;(s) dn(t) is the canonical disintegration of u by horizontal slices).

Lemma A.5 ([CuYo2, Theorem 3.3]). Let u, &; and n; be as above. If
W) € Deos then for every i, j = 0 we have

(A.1) &j+1 <& and ni < i
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Lemma A.6 (cf. [Smu; CuFi, Proposition 2.2]). Let M = ( é“* g) bealx?2
operator matrix, where A and C are square matrices and B is a rectangular matrix.
Then

A=0,
M > 0 < there exists Wsuch that { B = AW,
C=W*AW.
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Most of the examples and several proofs in this paper were obtained using
calculations with the software tool Mathematica [Wol).
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