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This paper deals with the following equation m,=(1/2)(1/m"),..—(1/2)(1/m"),,
which is proposed by Z. J. Qiao [J. Math. Phys. 48, 082701 (2007)] and Qiao and
Liu [Chaos, Solitons Fractals 41, 587 (2009)]. By adopting the phase analysis
method of planar dynamical systems and the theory of the singular traveling wave
systems to the traveling wave solutions of the equation, it is shown that for differ-
ent k, the equation may have infinitely many solitary wave solutions, periodic wave
solutions, kink/antikink wave solutions, cusped solitary wave solutions and break-
ing loop solutions. We discuss in a detail the cases of k=-2,— 2 .5 L 2, and paramet-
ric representations of all possible bounded traveling wave solutions are given in the
different (c, g)-parameter regions. © 2010 American Institute of Physics.
[doi:10.1063/1.3385777]

I. INTRODUCTION

The investigation of the traveling wave solutions to nonlinear evolution equations plays an
important role in the mathematical physics. For example, the wave phenomena observed in fluid
dynamics, plasma, and elastic media are often modeled by the bell shaped or kink shaped traveling
wave solutions. Since 1970s, much significant progress has been made in the development of
theory and approach, such as inverse scattering transformation method,' Darboux and Bicklund
transforrnation,%4 Hirota bilinear method,5 phase analysis Inethod,6’7 and so on. In this paper, we
study the following equation proposed in Refs. 8 and 9:

(1) () N
mt_2 mk e 2 m~ x’

where k € R, k# —1,0. Apparently, when k=1 3, (1) reads as a Harry Dym type equation, which is
actually the first member in the positive Camassa—Holm hrerarchy O The Harry Dym equation is
an important integrable model in soliton theory % and is related to the classical string problem and
has many applications in theoretical and experimental physics.13 Here in our paper, we shall use
the phase analysis method of planar dynamical systems and the theory of the singular traveling
wave s.ys.tems67 " to find all possible bounded traveling wave solutions of Eq. (1) and their
parametric representations for the cases of k=—2,— 2 - ,2 respectively.

Let us start from the traveling wave setting in the form m(x,r)=@(&), é=x—ct, where ¢
denotes the wave speed. Substituting this form into (1) and integrating on both sides of Eq. (1)
with respect to &, we arrive at
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kpd' = kik+1)(¢")* + 2c 4 = 2g 42 ~ &7, 2)

where g is an integral constant and “ " stands for the derivative with respect to & Equation (2) can
be equivalently rewritten as the following planar dynamic system:

d¢ dy klk+1)y*+24%(cdt - g~ ) -
dg - y’ dg - k¢) s
with the first integral
y? 4c 4g 1
Hi(¢,y) = 2 + k-1~ Rt 12 =h, k#1, (4)
and
2
y 1 4
H (¢,y)=——————4cln|gb, k=1.
‘ ¢ & ¢
Actually, system (3) is able to be cast in the following canonical Hamiltonian system:
oH,
q) = J_9 CD = ’ T7
£ oD (¢.y)
where
0 1¢2k+2 a_I—Ik
- 2 aH, _| 0
_ l¢2k+2 0 ’ b ﬁ_FIk
2 dy
Notice that for k<0, k# -1, letting n=—k>0, system (3) becomes
d¢ dy —nln=1)¢ 2’ +(¢"-2ch+2g)
— =y, .= 1 . if n=2
dé dé ng (3
d dy —n(n-1)y*"+ ¢ "(¢"—2chp+2
dp_dy a2 P 2edr20) o
dé dé ne
with the first integral
— 4C 71 4g 71 l n !
H,(¢.y) =y ¢*" 2+ ——— ¢ = = ' = ¢ =h. (4"
nn+1) n n

Clearly, system (3) is a singular dynamical system.7_9 The phase portraits produced by the vector
fields of system (3) determine all possible traveling wave solutions ¢(£). In what follows, we shall
first investigate the dynamical behavior of the function ¢(£) determined by system (3). Then, by
using the first integral (4), we try to obtain parametric representations of all possible bounded
traveling wave solutions of Eq. (1) in (c¢,g)-parameter plane.

Our paper is organized as follows. In Secs. II and III, we will discuss the bifurcations of phase
portraits of (3) for the case k>0 and k<0, k# —1, respectively. In Secs. IV-VII, we will give
the parametric representations for all possible bounded traveling wave solutions of Eq. (1) with

k=—2,—%,%,2. Conclusions will be presented in Sec. VIIL

Il. BIFURCATION OF PHASE PORTRAITS FOR SYSTEM (3) WHEN k>0

System (3) can be converted to the following associated system:
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@ — d_y — 2 2( k+1 _ k_ l)
dg—kyda dg—k(k+1)y *2¢7\ ™ —gdt - ). (5
Both systems have the same invariant curve solutions. Here dé=k¢d{ for ¢+ 0.

When k is not a rational number or k=«/2[, where the integers « and 2/ have no common
factor, we only consider the case of ¢=0 in systems (5) and (3).

Obviously, the origin 0(0,0) is a high-order equilibrium point of (5) for k>0. By the quali-
tative theory of planar dynamical systems, there are two elliptic areas and four parabola areas of
the orbits of (5) in a neighborhood of the origin if & is a rational number, but k # «/2l.

In the case of k=1, because the first integral H,(¢,y) contains a term of In|¢|, we cannot use
the first equation of (3) to give the parametric representations of the traveling wave solutions of
(1). But the phase portraits of (3) may be gotten by using the procedure similar to other &’s.

Let f(¢p)=cd*'—gdf~1, then f'(¢)='[(k+1)cdp—kg]. Apparently, ¢.=kg/(k+1)c is a
critical number of f(¢) and f(¢p.)=—(g/(k+1))(kg/(k+1)c)*~1/2. Thus, when gM'=—(k
+ 1)1k 2k f(,)=0.

Because f(¢) has at most two zeros at 0 and ¢, and f(O)z—%. Thus, f(¢)=0 has at most three
roots. The exact number of the roots of f(¢)=0 depends on k and the zone of the (c¢,g)-parameter

plane. The curve given by
( 1><kck)1/(k+l)
=—\|1+— /| — BC
g 0\ 2 (BCy)

is a bifurcation curve of the (c,g)-parameter plane, which may have two branches.

Let ¢;, j=1,2,3 be the roots of the equation f(¢)=0. Then, E;(¢;,0), j=1,2,3 are all
equilibrium points of (5). The determinant of the linearized system of (5) at E;(¢;,0) is J;
=—k¢? '(¢;). Considering the sign of each J;, we know that E; is a center or a saddle point. In
particular, the double equilibrium point E.(¢.,0) of (5) is a cusp point.

Let us now take k=2 and k=% as two examples in order to see the dynamical behaviors of (3).

(I) The case of k=2. The bifurcation curves are g=—%c2/3 and ¢=0 in the (c,g)-parameter
plane.

When k=2, system (5) becomes

d d 1
e d—§:3y2+¢2(c¢3—g¢2—5), ©)

with the first integral,

2 D¢ 1
Sk L
¢ ¢ P 4

A qualitative analysis may yield the following results.

H2(¢9y) = (7)

(1) For g>-3c*3 ¢>0, there exists a uniquely elementary equilibrium point E;(¢;,0) of (6)
with ¢, >0, which is a saddle point. See the details of the corresponding phase portrait of (6)
in Fig. 1 (1-1).

(2) For g>—%c2/ 3, ¢ <0, there exists a uniquely elementary equilibrium point E,(¢,,0) of (6)
with ¢; <0, which is also a saddle point. See the details of the corresponding phase portrait
of (6) in Fig. 1 (1-2).

(3) For g=—%c2/3, ¢ <0, there exist two equilibrium points E;(¢;,0) and E.(¢.,0) of (6) with
¢, <0, ¢.>0. E| is a saddle point but E, is a cusp point. See the details of the correspond-
ing phase portrait of (6) in Fig. 1 (1-3).

(4) For g<-3¢*3, ¢ <0, there exist three equilibrium points E(¢;,0), E(¢b,,0), and E;(¢b3,0)
of (6) with ¢, <0, 0< < p.< 5. E|, E, are saddle points but E; is a center. See the
details of the corresponding phase portrait of (6) in Fig. 1 (1-4).
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0.4

0.2
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FIG. 1. The bifurcation of phase portraits of system (6) in the (c,g)-plane. (1-1) g>—%c2/3, c>0, (1-2) g>—%cm, c

<0, (1-3) g:—%cm, <0, (1-4) g<—%cm, <0, (1-5) g<—%02/3, ¢>0, and (1-6) g:—%cm, c>0.
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(5) For g<—3c¢*3, ¢>0, there exist three equilibrium points E(¢;,0), E(¢b,,0), and E;(¢b3,0)
of (6) with ¢, >0, 3 < p.<$,<0. E|, E, are saddle points while E; is a center. See the
details of the corresponding phase portrait of (6) in Fig. 1 (1-5).

(6) For g:—%cm, ¢>0, there exist two equilibrium points E,(¢;,0) and E,(¢.,0) of (6) with
>0, ¢.<0. E| is a saddle point while E, is a cusp point. See the details of the corre-
sponding phase portrait of (6) in Fig. 1 (1-6).

(I) The case of k=j3. The bifurcation curves are g=-3(|c|[/16)"* and ¢=0 in the
(c,g)-parameter plane.
=% leads system (5) to be

C:;_?=%y¢, ;%=%y2+2¢2(6¢3/2—g\’;5—%), (8)
with the first integral,
H1/2(¢,)’)=y—i— 160\@—E—i=h. (9)
¢ Vg ¢

Apparently, ¢>0 is needed for us to get real solutions. Therefore, the function f(¢)=c¢*?
—gwﬁ—% has at most two positive zeros saying ¢, ¢,, i.e., 0< d; < ;.

All the phase portraits of (8) are the same as ones shown in the right (c,g)—phase plane of
Fig. 1, but under the bifurcation parameter condition g=-3(|c|/16)"3.

lll. BIFURCATION OF PHASE PORTRAITS FOR SYSTEM (3)

System (3') can be changed to the following associated system:

d d
—d’=ny¢"-1, L -1+ (¢ - 2eh+2g), i n=2

dg dg
ié dy (10)
d—gzny(j), d—gz—n(n— Dy?+ > ("= 2chp+2g), if 0<n<2.

Both systems have the same invariant curve solutions.

When 7 is not a rational number or n=a/2l, where the integers a and 2/ have no common
factor, we only consider the case of ¢=0 in system (10) and (3').

Let f1(p)=¢"'~2ch+2g, then f](p)=n¢"'~2c. Apparently, ¢.=(2¢/n)""V is a critical
number of f,(¢) and f(¢.)=—[2c(n—1)/n](2c/n)""*V+2g. Thus, when g=[(n—1)c/n].,
f1(¢.)=0. Because f|(¢) has at most two zeros and f,(0)=2g, f1(¢)=0 has at most three roots.
The exact number of the roots of f,(¢)=0 depends on n and the zone of the (c,g)-parameter
plane. The curve given by

_ 1/(n-1)
o= 1)C<£) (BCn)
n n

is a bifurcation curve of the (c,g)-parameter plane.

Let ¢;,j=1,2,3 be the three roots of the equation f|(¢)=0. Then, E;(¢;,0) are all equilibrium
points of (10). The determinants of the linearized system of (10) at E;(¢;,0) are J;
=-n ¢}H f1(¢;) (for n=2) and J j=—n<bj3-_” 1(¢)) (for 0<n<2), respectively. Considering the sign
of each J;, we know that E; is a center or a saddle point. In particular, the double equilibrium point
E.(¢.,0) of (10) is a cusp point.

Let us now take n=2 and n=% as two examples in order to see the dynamical behaviors of
3.

(IIT) The case of k=—2(n=2). The bifurcation curves are g=—%cz, ¢=0, and h,=0 (see below)
in the (c,g)-parameter plane.
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In this case, system (10) is reduced to

d¢ dy ) )

— =2 S — =—2y° 4+ -2 +2 5 11

dl By I Yo+ (¢ =2cd+2g) (11)
with the first integral,

H y(hy) = ¢*y* + Scd® —gd* - o' = h. (12)

Assume ¢>0 and let A=c>-2g. Then, when A=c?>-2g<0, system (11) has no equilibrium.
When A>0, there ex1st two different equilibrium points E;(¢,;,0) and E,(¢,,0) of (11), where
b= c—\A dr=c+ VA When A=c?-2g=0, there is a double equilibrium pomt If g>0, then
there are also two different equilibrium points S-(0,Y.) of (11) with Y.= = Vg. They are two
saddle points. Let

A

hy=H_5(¢;,0) = 3¢* = $3VA - 2gc? + S geVA + g

and

hy=H_»(¢,,0) = 3(: + CVA 2gc —3gC\rA+g

Using the analysis procedure similar to the case of k=2, we can get the bifurcations of phase
portraits of (11), which are shown in Fig. 2.

When ¢ <0, the phase portraits of (11) are just the symmetric images of the phase portraits in
Fig. 2 with respect to y-axis.

(IV) The case of k=—% (n=%) The bifurcation curves are g=—1/16¢ and ¢=0 in the
(c,g)-parameter plane.

In this case, system (10) reads as

dp 1 dy 1 ~
=2 d—§=1y2—¢3/2(20¢—V’¢—2g), (13)
with the first integral,
16
Hop(dy) =" + 5o~ 16g\¢p—4cp=h. (14)

3

When ¢>0, g>0, there is only one positive equilibrium point E,(¢,,0) of (13) with ¢,
=(1/16¢2)(1+V1+16¢g)%. When ¢>0, —1/16c=g<0, or ¢<0, —1/16¢=g>0, there exist two
positive equilibrium points E,(¢;,0) and E,(¢,,0) of (13), where ¢;=(1/16¢?)(1-\1+16¢g)>.
When ¢=0, g <0, there is only one positive equilibrium point E;(¢;,0) of (13).

Let hj=H_y5(¢;,0), j=1,2. Using the analysis procedure similar to the case of k=2, we can
get the bifurcations of phase portraits of (13), which are shown in Fig. 3.

IV. DYNAMICS OF THE LEVEL CURVES AND PARAMETRIC REPRESENTATIONS OF
SOLUTIONS FOR SYSTEM (3) WITH k=2

Let us consider the dynamics of the level curves determined by H,(¢,y)=h. It is easy to see
from Fig. 1 that figures (1-1) and (1-2), (1-3) and (1-6), and (1-4) and (1-5) are symmetric with
respect to the y-axis, respectively. So, we just discuss the cases of Fig. 1, (1-1), (1-3), and (1-4).

Let h;=H,(;,0), j=1,2,3 and h,=H,(¢.,0)=(3c*/4g)(1-27c*/16g"), where H, is defined
by (7). For any real number #, along the level curves H,(¢,y)=h we have

V= (3 + g —2c4> +hot), (15)

which implies that the level curves H,(¢,y)=h are sextic when i # 0.
Taking integration of (15) yields
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(e) (f)

FIG. 2. The bifurcation of phase portraits of system (11) in the (c,g)-plane. (2-1) g=c?/2. (2-2) 0<g<c?/2, hy<h,
<0. (2-3) 0<g<c?/2, hy<hy=0. (2-4) 0<g<c?/2, h; <0<h,. (2-5) g=0. (2-6) g<0.

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



042703-8 J. Liand Z. Qiao J. Math. Phys. 51, 042703 (2010)

] 0.2
Y 104
0 de
_104
_o0-
0.2 10
Y 0.1 Yy 5

6 104

—24

—4

-6 -10

FIG. 3. The bifurcation of phase portraits of system (13) in the (c,g)-plane. (3-1) ¢>0, g=0 (3-2) ¢>0, —1/16¢<g
<0. (3-3) ¢>0, g==1/16¢. (3-4) ¢>0, g<-1/16¢. (3-5) ¢=0, g<0. (3-6) c=0, g=0.

& de

%0 ¢\/j—1 + e -2’ +h’

=&, (16)

where ¢, is any real number as an initial value of ¢. The left hand side of (16) is an elliptic
integral (see Ref. 15). In principle, we can use (16) to get all parametric representations of
infinitely many smooth traveling wave solutions of system (1) with k=2. But, in general, ¢ is not
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able to be explicitly expressed in terms of functions of & However, in very special cases of
relationship between ¢ and g, we may get explicit peakon solutions.®’

Suppose g>—%cm, ¢>0. Then, Hy(¢;,0)=h,;>0. We see from Fig. 1 (1-1) that the follow-
ing results hold.

When h=h,, the level curves H,(¢,y)=h, consist of six orbits of (6). Two of them are
heteroclinic orbits connecting 0(0,0) to E;(¢,,0), and the remaining four are open curves [see
Fig. 4 (4-2)].

The two heteroclinic orbits give rise to a kink and an antikink wave solutions of (1) with k
=2. In order to obtain the parametric representations of the two solutions, we change Eq. (15) to

P N o 22
y=\h ¢~ HVA+ B+ ¢,
Taking integral from ¢, to ¢ yields

4AD

d= = %X+ AjeX - 2BD,
0= —| \/g 1n(sz‘i<A+B¢(>o+ $00) + Bldy - ¢<x>)+zx> vl
P NARy A 1= d(x)

(17)
where A, B are two constants, 0< ¢y< ¢;, A=A+Bd,+ ¢, B=—(B+2¢,), A,=B>*~4A<0, ®,
=(2\A(A+ byt &) +Bebg+24) . and W, =2 In(2VA(A+Beby+ )+ By~ ) +28) /(o
=)

When h € [0,h,), there is a family of homoclinic orbits determined by H,(¢,y)=h [see Fig. 4
(4-3)]. These homoclinic orbits lead to infinitely many smooth solitary wave solutions of Eq. (1)
(k=2) with positive amplitudes [see Fig. 5 (5-1)]. The maximum of solitary waves ¢(€) is not
more than ¢;.

When & € (—©,0), there are two families of homoclinic orbits with “co-shape” determined by
H,(¢,y)=h [see Fig. 4 (4-4)]. Corresponding to these orbits, there exist infinitely many smooth
solitary wave solutions, see Fig. 5, (5-1) and (5-2). As h— o, the amplitudes of waves tend to
Z€r0.

Suppose g=—2¢??, ¢<0. Then, hj=H,(¢$;,0)>0 and h,=—3¢*3<0.

When h=h,, the level curves H,(¢,y)=h, consist of six orbits of (6). Two of them are
heteroclinic orbits, which connect 0(0,0) to E;(¢,;,0), and the remaining four are open curves
[see Fig. 6 (6-2)]. The two heteroclinic orbits lead to a kink and an antikink wave solutions of (1)
with k=2, which possess the following parametric representations:

4AD,
D2eX + AeX—2BD,’

o)==

&x) =

A (NAXA + B0 + F00) + Bl - dx) + 24 )
X+ — In -V, |,

1= d(x)

S

¢l\/A_hl
(18)

where ¢ < ¢,<<0 and other constants are the same as (17).

When h € (0,h)), there exists a family of homoclinic orbits determined by H,(¢,y)=h [see
Fig. 6 (6-3)]. These homoclinic orbits yield infinitely many smooth solitary wave solutions of (1)
(k=2) with the negative amplitudes [see Fig. 5 (5-1)]. The maximum of solitary waves ¢(£) is not
more than |¢,|.
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FIG. 4. The level curves defined by H,(¢,y)=h of system (6).
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t
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FIG. 5. (Color online) The profiles of solitary waves and periodic waves of (1) with k=2. (5-1) When g=2, c=1,
uncountably infinite many solitary wave solutions of peak type of (1). (5-2) When g=2, ¢=1, uncountably infinite many

3

solitary wave solutions of valley type of (1). (5-3) g==3, c=1, uncountably infinite many solitary wave solutions of peak
type of (1). (5-4) g=-2, ¢c=-1, a periodic wave solution.
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FIG. 6. The level curves of defined by H,(¢,y)=h of system (6).
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When £ € (h.,0), there exist two families of homoclinic orbits determined by H,(¢,y)=h [see
Fig. 6 (6—4)]. For a given h, the orbit in the right phase plane is a larger loop while the one in the
left phase plane is a smaller loop. Corresponding to these orbits, there are infinitely many smooth
solitary wave solutions with positive and negative amplitudes, see Fig. 5, (5-3) and (5-2).

When h=h,, the level curves H,(¢,y)=h, consist of three orbits of (6). Two of them are
heteroclinic orbits, which connects O(0,0) to E.(¢.,0), and the third one is a homoclinic orbit in
the l/eﬁphase plane [see Fig. 6 (6-5)]. The two heteroclinic orbits determined by H,(¢,y)=h., i.e.,
y=\|h,|p(h.— p)VA+Bp— ¢p* give rise to a kink and an antikink wave solution of (1) with k=2,
which have the parametric representations,

4AD

= + 4
¢ %X+ AjeX - 2BD,

) =—F—| x+ \/E m(zﬁ(/* +Bo(x) + ¢’ (X)) + B(¢. — dlx)) + 24 ) v
VAR i $.— $X) “I
(19)
where A, B are two constants, 0 < ¢y < ¢., A=A+B¢*+ ¢Z, E:—(B+2 ), A =B>-4A>0, ®,
=(2\VA(A+by+ ¢g)+ By +2A)/ dy, and \Ifa=\/§1n((2 A(A+Bdy+ ¢3) +B(b.— ) +2A)/ (b,
- ).

When & € (-, h,), the level curves determined by H,(¢,y)=h are two families of homoclinic
orbits of (6) with “co-shape” [see Fig. 6 (6—6)]. Corresponding to these orbits, there exist infinitely
many smooth solitary wave solutions with positive and negative amplitudes, see Fig. 5, (5-1) and
(5-2).

Suppose g <—-3¢*3, ¢<0. Then either hy<h,<h, <0<, or hy<h,<0<h,<h,. We con-
sider the former: a3 <<h,<h,<0<h,. The latter is similar.

When h=h,, the level curves H,(¢,y)=h, still consist of six orbits of (6). Two of them are
heteroclinic orbits, which connects 0(0,0) to E;(¢,,0), and the remaining four are open curves
[see Fig. 7 (7-1)]. The two heteroclinic orbits yield a kink and an antikink wave solutions of (1)
with k=2, which possess the same parametric representations as (11).

When % € (0,h,), there exists a family of homoclinic orbits of (6), which is determined by
H,(¢,y)=h to the origin 0(0,0) [see Fig. 7 (7-2)]. These homoclinic orbits lead to infinitely
many solitary wave solutions of (1) (k=2) with negative amplitude [see Fig. 5 (5-1)]. The maxi-
mum of solitary waves ¢(&) is not more than |¢,]|.

When 4 € (h,,0), the level curves H,(¢,y)=h, consist of two families of homoclinic orbits of
(6) with “co-shape™ [see Fig. 7 (7-3)]. Therefore, two families of homoclinic orbits yield two
families of smooth solitary wave solutions with positive and negative amplitudes, respectively, see
Fig. 5, (5-1) and (5-2).

When h=h,, the level curves determined by H,(¢,y)=h, are two homoclinic orbits of (6)
connecting the origin 0(0,0) to E; [see Fig. 7 (7-4)]. Corresponding to the homoclinic orbit
passing through the point E5(¢,,0) in the right phase plane, there exists a smooth solitary wave
solution with positive amplitude. In fact, the current H,(¢,y)=h, can be written as y:\r’h:d)(qﬁ
— )\ (Py— D) (Pp—,,), where (p,,,0) and (¢,,,0) are the intersection points of the two ho-
moclinic orbits with the ¢-axis. Taking integral from ¢ to ¢ like Eq. (16) yields the following
parametric representation:

((¢M + |¢m|)COSh(X) - (¢M - |¢m|)) '

d(x) =
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FIG. 7. The level curves of defined by H,(¢,y)=h of system (6).
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£ = ——] [X+ [l b1
b\ | ¢m| buhy A

» (2\/g(|¢m|¢M + (P =Pl ) + #° (X)) + B(p(x) - ) + 2|A‘> ]
n _\I’b >

d(x) - ¢,
(20)

where ¢, < do< by, A=|Bul byt (b= bu) hr= b3, B=bu| bl +2¢s, and V,=\yld,|/A

XIn((B(¢hg— o) +24)/ (o= ¢b,)).

Corresponding to the homoclinic orbit passing through the origin O(0,0) in the left phase
plane, there exists a smooth solitary wave solution with negative amplitude with the following
parametric representation:

_ 2|¢m|¢M
(s + |l cosh(x) + (dps — | b

§(X)= 1 [X+ l|¢m|¢M
b\ | ¢m| duihy A

1 (2\/ﬁ(l¢m|¢M+ (= |l D) + 6°(0) + B(d(x) — ) + 2lg>
n -V, |,
d(x) — b,

d(x) =

X

21

where  ¢,<¢y<0,  A=|¢,|bu+(du—|bul) -3 B=¢uldul+2¢y, and W,
= byl bul /A In((B(by— ) +24) / (¢hg— 2)).

(20) and (21) are also kink or antikink solutions. So, two heteroclinic orbits determined by
H,(¢,y)=h, also give rise to a kink and an antikink wave solution of (1) with k=2.

When & € (hy,h,), the level curves determined by H,(¢,y)=h are two families of homoclinic
orbits of (6) with “co-shape” and one family of periodic orbits enclosing the equilibrium point
E;(¢5,0) [see Fig. 7 (7-5)]. Corresponding to the homoclinic orbits, there are infinitely many
smooth solitary wave solutions with positive and negative amplitudes. Corresponding to the pe-
riodic orbits, there exist infinitely many periodic wave solutions of (1) with k=2 [see Fig. 3 (3-1),
(3-2), and (3-4)].

When & € (=, h3), the level curves determined by H,(¢,y)=h are two families of homoclinic
orbits of (6) with “co-shape” [see Fig. 7 (7-6)]. Corresponding to these orbits, there exist infinitely
many solitary wave solutions with positive and negative amplitudes, see Fig. 5 (5-1) and (5-2).

V. DYNAMICS OF THE LEVEL CURVES AND PARAMETRIC REPRESENTATIONS OF
SOLUTIONS FOR SYSTEM (3) WITH k=%

Let us now consider the dynamics of the level curves in Fig. 1 (1-1), (1-3), and (1-4)
determined by H;»(¢,y)=h shown in Fig. 1 (1-1), (1-3), and (1-4).

Let hj=H,;5(¢;,0), j=1,2, and h,=H,;,(g/3c,0), where H;,(¢,y) is given by (9). For each
given real number £, along the level curves determined by H,,(¢,y)=h, we have

y2= ¢ (16cdp+ hep+ 168\ p—4). (22)
Taking integral on both sides of (22) leads to
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¢ d¢
f = ==& (23)
g0 N 16cdd+hp+ 16gVd—4

where ¢,>0 is an initial value.

Suppose g>-3(c/16)'3, ¢>0. Then, H,,(¢;,0)=h, <0 [see Fig. 1 (1-1)].

When h=h,, the two heteroclinic orbits determined by the level curves H; (¢, y)=h, yield a
kink and an antikink wave solutions of (1) with k=%. Let ¢=¢7. Then (22) can be rewritten as

y= W(V@l — N+ \"/(ﬁ_m’ which can be solved with the following parametric representations:

#(x) = ¢, sech*(y),

1 b ( \/\ b1+ sechz(x)))
- + - -¥
== rIn/ZV/C_1|: X+ . \ﬁ " V’_marctanh Ny > (24)

where —¢,, <0< ¢, < ¢, and

—
V.=- arctanh( %—1/1%> + iharctanh \/EO-F—\/@.
d)m V \/gl"' N ¢m v ¢1 +V ¢m

When h € (-, h,), there are infinitely many homoclinic orbits determined by H,,»(¢,y)=h and,
Eq. (1) with k=% has infinitely many smooth solitary wave solutions.

Suppose g=-3(c/16)'3, ¢<0. Then H,),(¢,,0)=h,>0 [see Fig. 1 (1-3)].

When either & € (h,,%) or h e (—»,h,), there are infinitely many homoclinic orbits deter-
mined by H;»(¢,y)=h, and, Eq. (1) with k=% has infinitely many smooth solitary wave solutions.

When h=h,, the level curves, determined by H,,,(¢,y)=h., consist of two heteroclinic orbits
connecting the origin to E.(g/3c,0). In this case, we have a kink and an antikink wave solutions
of (1) with k=%, which possess the following parametric representations:

$(x) = b, sech*(x),

L1 14 V(1 + sech®(y))
e e M S A

m

where —¢,, <0< ¢y < ¢, and

| | 4 —

v,= arctanh( M) + Larctanh Vo + Vo
== 174 —— .
P e rearai Ay

m

Suppose g<—3(f—6)1/3, c<0. Then, y=¢* (Y- V’E)\/\%— U, 0<p <P <<y, I
=H,5(¢1,0)>Hy;5(¢h,,0)=h, >0 [see Fig. 1 (1-4)].

When either & e (h,,) or h e (—%,h,), there are infinitely many homoclinic orbits deter-
mined by H,,(¢,y)=h, and, Eq. (1) with k=% has infinitely many smooth solitary wave solutions.

When h=h,, the level curves, determined by H,,,(¢,y)="h,, consist of two heteroclinic orbits
connecting the origin to E,(g/3c,0) and one homoclinic orbit with the saddle point E,(¢;,0). In
this case, we have a kink and an antikink wave solutions of (1) with k=%, which possess the
following parametric representations:

#(X) = ¢y sech?(y),
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1 o ( ¢y tanh(x) ) ]
&x)= ¥ ——| x+ ——=garctanh| ——== |-V, |, (26)
X 111}4 \’/CTH {X \ V% - \/E e \ V/cﬁ_M - \/E

where 0 < ¢y < ¢, and

el e 1/4 e

v - arctanh( ‘ /M) AR A T Tl
e== 1/4 - — ralllrS
M VV’%-\"@ Ny — Ny

M
In addition, we also have a smooth solitary wave solution with the following parametric repre-

sentation:

B(x) =[N, + (Vobys = Vepy)sech®(x) P,

AN S )
&y = ¢](V’%_N/a)[x+ 1 b arctanh| \/1 ¢Mtanh()() , (27)

Cc

where we take ¢y= .

When & € (hy,h,), the level curves determined by H,,(¢,y)=h yield infinitely many periodic
orbits enclosing the equilibrium point E,(¢,,0). In this case, we have infinitely many periodic
wave solutions of (1) with k=%.

VI. DYNAMICS OF THE LEVEL CURVES AND PARAMETRIC REPRESENTATIONS OF
SOLUTIONS FOR SYSTEM (3') WITH n=2

In this section, we consider dynamics of the level curves in Fig. 2 (2-2)—(2-5) determined by
H_,(¢p,y)=h. For each given real number &, along the level curves, we have yz=(4h+4gd>2
~34°+ ¢*)/4¢%. Taking integration on both sides of the equation yields

¢ pddp
% \/4h+4g¢2— §¢3 +

1
= 55, (28)

where ¢, is an initial value.
Suppose 0<g<c?/2, h;<h,<0 [see Fig. 2 (2-1)], then we have the following results.
When h € (hy,h,), the level curves, determined by H_,(¢,y)=h, produce infinitely many
periodic orbits enclosing the equilibrium point E;(¢,,0). In this case, we have infinitely many
periodic wave solutions of (1) with k=—2, which possess the following parametric representations:

a(2)3(r3 — ry)sn?(x,k)
1 - ajgs sn’(x.k)

dx)=r3+

E(x) =x — ct = —————[ryx + (r3 - ry)I(arcsin(sn(x.k)), a3, k)], (29)
V(ry = r3)(ry—ry)
where a§3=(r2—r3)/(r2—r4), k*=(ry=r3)(ry=ry)/ (ry—r4)(r;—r3), I1 is the elliptic integral of the
third kind, and 4h+4g¢*— §c¢3+ ¢*=(r1—P)(ry— d)(p—r3)(h—ry).
When h=h,, the level curves determined by H_,(¢,y)=h, are the homoclinic orbit enclosing
E>(¢,,0). In this case, there exists a smooth solitary wave solution of (1) with k=-2, which has
the following parametric representation:

2(py— ) (Dr+ bs)
(¢ + bu)cosh(V(y — ) (s + B)X) + 2y — b+ )

¢7(X) =¢, -
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FIG. 8. (Color online) The profiles of periodic cusp waves and peakon wave of (1) with k=-2.

€00 =2 dox = n(b(x) + V(B(x) = b)) (D) + bs) + Bx) = 2 (b= b0)) + Doy ], (30)

where ®;=In(¢,,—3(dr—bs)) and dh+4gd?—Jed*+ b =(dr= ) (b= b,) (d+ ).

Suppose 0<g<c?/2, h;<h,=0 [see Fig. 2 (2-3)], then we have the following results.

When £ € (h;,0), the level curves, determined by H_,(¢,y)=h, are a family of periodic orbits
enclosing the equilibrium point E,(¢;,0). In this case, we have infinitely many smooth periodic
wave solutions of (1) with n=2, which possess the same parametric representation as the one
shown in Eq. (29).

Remark: Tt is easy to see k—1 as h—0, r3, r;,—0 in (29). Thus, as h approaches 0, the
periodic orbit, determined by H_,(¢,y)=h, yields periodic cusp wave solutions [see Fig. 8 (8—1)
and (8-3)].

When h=h,=0, solving H_,(¢,y)=0 for y gives y>=4g*(1-(1/¢,)¢)(=1+(1/¢,) p). Hence,
we obtain the following peakon solution [see Fig. 8 (8-2)]:

B(&) = (1 — e 28l). (31)

Suppose 0<g<c?/2, h; <0<h, [see Fig. 2 (2-4)], then we have the following results.
When & € (h,0), the level curves, determined by H_,(¢,y)=h, are a family of periodic orbits
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enclosing the equilibrium point E,(¢;,0). In this case, we have infinitely many smooth periodic
wave solutions of (1) with n=2, which possess the same parametric representation as the one in
(29).

When h=0, solving equation H_,(¢,y)=0 for y leads to y2=i(4g—§c¢+ ¢2)=i(¢a—¢)(¢M
—¢). Taking integration, we obtain the following periodic cusp wave solution [see Fig. 8 (8-3)]:

h(é) = %(20 - \r’z cosh%f), e (0,2 mccosh(%)), (32)

where A= (4c2-9g).

Suppose ¢>0, g<<O0 [see Fig. 2 (2-6)], then we have the following results.

When h € (0,h,), two branches of the level curves determined by H_,(¢,y)=h are two open
orbits lying in the left side and right side of the straight line ¢=0. In this case, we are able to
factor 4h+4g¢2—§c¢3+ ¢*=(r;— @) (r,— ¢)(p—r3)(dp—ry). Therefore, integrating the first equa-

tion of (3') generates the parametric representations of the two breaking wave solutions of Eq. (1)

with n=—k=2,
_ (ri—ry) _
dx)=r - 1 ozf snz()(,kl)’ X € (= X10:X10)
&) = gi[r1x — (r; = r)Il(arcsin(sn(x. k))), a7, k)1, (33)
and
600 =ri+ — 2
- assn’(x.ky)’ 20 A0
&) = gi[rux + (r3 = r))(arcsin(sn(x,k,)), a3,k;)1, (34)

where  ki=(ry=ry)(ri=r)/(ry=r3)(ry=ry),  ay=(ry=r3)/(r=r3), a,=(r,=r3)/(r—r,), g
= 4/(r1—r3)(i’2—l’4), and X10 and X20 Satisfy r1+(r1—r2)/(1—a%snz()(lo,kl))=0, and r4+(r3
—r4)/ (1= a3sn*(x29,k;)) =0, respectively.

Choosing some special parameters c¢,g,h in (33) and (34), we can obtain breaking loop
solutions [graphs are shown in Fig. 9 (9-1)—(9-5), also see Ref. 16).

Vil. DYNAMICS OF THE LEVEL CURVES AND PARAMETRIC REPRESENTATIONS OF
SOLUTIONS FOR SYSTEM (3’) WITH n=%

Finally, we consider dynamics of the level curves in Fig. 3 (3—1)—(3-6), which are determined
by H_y)(¢,y)=h. —

For _each given real number h, along the level curves, we have y2=¢(h+ 16gVp+4¢
—13—60¢\'(FI>). Taking integral on both sides of the equation yields

f¢ d¢o _f”z \dy
4 — 16  ~\ Jg 3 3 X
¢ h—l6gV’¢+4¢—?c¢\J¢ 02 1—6h+3g¢+ Zﬁ—a/r

where ¢, is an initial value.

Suppose ¢ >0, g>0 [see Fig. 3 (3—1)], then in this case, 7, <0 and we have the following
results.

When & € (h,,0), the level curves H_,5(¢,y)=h take on a family of closed orbits that enclose
the equilibrium point E,(¢,,0). In this case, we may get a family of periodic smooth wave
solutions of (1) with kz—% with the following parametric representation:

=& (35)
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FIG. 9. The profiles of breaking loop solutions of two families of (1) with k=-2. Parameters: c=1, g=-5, h
=11.344 751 54, h,=59.988 581 85. (9-1) h=h;—10. (9-2) h=h,-8. (9-3) h=h,-6. (9-4) h=h,—-4. (9-5) h=h,-2.

¢(§) = [lﬁa - (% - lﬂb)snz(wlgvkl)]27 (36)

where k= (Jam )/ (hamP). =Nt 3 (38) o (3) g2 g = (= ) o) (= ),
and ¢, <0<y, <,
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When h=0, the orbit determined by H_;,(¢,y)=0 is still closed, and there is a periodic wave
solutions of (1) with kz—% with the following parametric representation:

¢(§) = [lﬂacnz(wlé’kl):P’ (37)
where ky= ¢,/ (.~ ) and 3h/16¢+(3g/ )i+ (31 4c) = = (= D) Y=, ).
Remark: In the case of h>0, we have limy_o dy/d¢

=limy 2\/h+ 16g\p+4p—(16/3)cd¥2/ /=00, which implies that the y-axis is the tangent line
of all closed orbits determined by H_;,»(¢,y)=h (h>0) at the origin 0(0,0). By the theory of
singular traveling wave systems developed in Refs. 6, 7, and 14, we know that these closed orbits
lead to infinitely many periodic wave solutions of (1) with k=—%, which have the same parametric
representation as (36) with i, <, <0<, £€(0,£),), and &,=(1/w))sn ' (\ i,/ (¥, — ) . k).

Suppose ¢>0, —1/16¢<g<0. The graph of orbits are shown in Fig. 3 (3-2), and h,, h;
satisfy 0 <h,<h,.

When & € (hy,h;), the level curves determined by H_;,(¢,y)=h are a family of closed orbits,
which enclose the equilibrium point E,(¢,,0). In this case, we also get a family of periodic wave
solutions of (1) with k——z, which have the same parametric representations as (36) with 0<,
<N ¢1 <, <\ ¢2 <4,. In particular, the family of closed orbits, tangent to the y-axis at the 0r1g1n
0(0,0), generates the parametric representations of periodic wave solutions of (1) with k= 2 as

follows:
) (i, - m} e( 1 ( = ))
d’@‘i% otk | EE\G AN T, ) (38)

where k1= \/(wa_ ‘ﬂb)/(lﬁa_ lﬁc)’ w = Vc(wa_ wc)/3a and 3h/16c+ (3g/C)¢+(3/4C)¢2— ¢3=(¢a
=) (=) (= ).

When h=h,, the level curves consist of one homoclinic orbit passing through the equilibrium
point E,(¢;,0) and two heteroclinic orbits connecting the origin O(0,0) to E;. Accordingly, we
can get a solitary, a breaking kink, and a breaking antikink wave solutions of (1) with k=—%. The
solitary wave solution has the following parametric representation:

B(8) = [y + (Vb — Vpy)sech(wp) . (39)
where wo=c(Nby—\d) /3 and 3h/16¢+(3g/c) i+ (3/4c) P — = (= b)\ Ny~ . The

breaking kink and antikink wave solutions have the following parametric representation:

HE) =[Veby — (Vebys — by )eschX(woé + &), (40)

for &e (csch™' \Veby/ (Vb —\b), %) and (=, csch™!y \/a/(\r’%— \s’a)), respectively, where 0
AT T T
<<, &=ctnh™ (N, =V bp) | (N, =\ by).
When h € (h;,), the family of closed orbits, determined by H_;,(¢,y)=h, are tangent to the
y-axis at the origin O(0,0) as well as enclosing two equilibrium points E; and E,. In this case, we
can get a family of periodic wave solutions of (1) with k=—% with the following parametric

representation:
— 2A 2 1 A- V’E
T S N
a0 ¢ 1 +cn(w,yé,ky) ¢ W) A+ V@ ?

where 3h/16c+(3g/c)p+(3/4c) P — =\ qﬁa D(p+b)?+at], A>=(b,—\ ¢a)+a1, k5=(A-b,
+ ¢a)/2A and w,= 2cVA/3.

When & € (0,h,), the family of closed orbits determined by H_,,5(¢,y)=h are tangent to the
y-axis at the origin O(0,0). In this case, we can also get a family of periodic wave solutions of (1)
with k=—% whose parametric representation is the same as (41).
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Suppose ¢>0, g=—1/16¢c, then ¢;=¢p,=1/16¢* h;=h,=1/12c¢>. The graph of the corre-
sponding orbits is shown in Fig. 3 (3-3).

When h=1/12¢2, there are two heteroclinic orbits that connect the origin 0(0,0) to E, and
(E,), respectively. In this case, we obtain a breaking kink and a breaking antikink wave solutions
of (1) with kz—%, which have the following parametric representations:

_[L;]zf (\Em)d<m \@ -
(&) = 4c_c2(§—§0)2 or (e |+ o an -0, &) + A , respectively.

(42)

When he(1/12¢*,%) and he(0,1/12¢%), the two families of closed orbits determined by

H_,,,(¢p,y)=h are tangent to the y-axis at the origin 0(0,0). In this case, we get infinitely many
periodic smooth wave solutions of (1) with k—— whose parametric representations are the same
as (41).

Suppose ¢ >0, g<-1/16c, the graph of phase orbits is shown in Fig. 3 (3—4). In this case,
there is no positive equilibrium point of (13).

For each number % € (0,%), the family of closed orbits, determined by H_,,(¢,y)=h, are
tangent to the y- axis at the origin 0(0,0). In this case, we get a family of periodic wave solutions
of (1) with k—— whose parametric representations are the same as (41).

Suppose ¢ < O g <0, then i, >0 and the graph of phase orbits is shown in Fig. 3 (3-5). In this
case, there exists only one equilibrium point E;(¢,,0).

When h=h,, there are two heteroclinic orbits connecting the origin O(0,0) to E I In this case,
we obtain a breaking kink and a breaking antikink wave solutions of (1) with k—— , which have
the following parametric representations:

B(&) = [+ (Voby + ) tanh>(wsé + &) I, (43)

for £e ((1/w3)arctanh\/|¢/lc|/(\' )=£y,%) and §e (=, (1/w3)arctanh\/|1/fc|/(w¢1 )= &),
respectively, where wg—\/c(wﬁl z,bé)/3 &= arctanh\/(\¢0 (//L)/(wﬁ] W), 3h/16¢c+(3g/c)p

+(3/4c)P - =(\ ¢1 W (p—,), and 1, <0<~ ¢0< V d)l
When 4 € (0,h,), the family of closed orbits, determined by H_,,,(¢,y)=h, are tangent to the

y-axis at the origin 0(0,0). In this case, we obtain a family of periodic wave solutions of (1) with
k:—%, which have the following parametric representation:

) wh—kiwasnz(w@,ks)r ( 1 ( [w, ))

¢(§)_i dn*(wyé,ks) ke O’0048 K, s 4
where wy=c\(Y, =) 13, K= (=) (=), 3h1 160+ (3g/ )b+ (314)0P == (=) (y
_lr//)(lr/, lr/,c) and 11[/(<O<¢b<v¢l<¢/a

VIIl. CONCLUSIONS

In this paper, by using the method of planar dynamical systems and the theory of the singular
traveling wave systems developed by the authors in Refs. 6, 7, and 14, we have discussed dy-
namical behavior for all possible traveling wave solutions of Eq. (1) for the cases of k=—%,

-2, 5 2.
The main results are concluded as follows.

(1) For Eq. (1) with k=— 2 .3 12, all classical traveling wave solutions are smooth. In different
(c,g)-parameter regions, we obtain all possible parametric representations of the bounded
classical traveling wave solutions ¢(&) of (1), including infinitely many smooth solitary
wave solutions, periodic wave solutions, as well as kink and antikink wave solutions.

(i)  The most interesting case is k=—2 in Eq. (1). Because there exist two equilibrium points
S+(0,Y~) of (11) on the straight line ¢=0, Eq. (1) with k==2 has a cusp solitary wave
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solutions (peakon), and breaking loop solutions according to the theory developed in Refs.
6, 7, and 14. The parametric representations of these solutions have been provided.

To sum up, we give 25 parametric representations of the traveling wave solutions of (1) for
k==*2,+ % For all other k’s, the dynamical behavior of traveling wave solutions can similarly be
discussed by using the traveling systems (3) and their first integrals (4).
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