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Abstract

We consider the initial boundary value problem for a fully-nonlinear parabolic equation in a half
space. The boundary condition we study is a degenerate one in the sense that it does not depend on the
normal derivative on the boundary. A typical example is a stationary boundary condition prescribing
the value of the time derivative of the unknown function. Our setting also covers the classical Dirichlet
boundary condition. We establish a comparison principle for a viscosity sub- and supersolution under a
weak continuity assumption on the solutions on the boundary. We also prove existence of solutions and
give some examples of solutions under several boundary conditions. We show among other things that,
in the sense of viscosity solutions, the stationary boundary condition can be different from the Dirichlet
boundary condition which is obtained by integrating the stationary condition.
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1 Introduction

Equation and Goals. We consider the initial boundary value problem for a second order parabolic equa-
tion of the form

ug(z,t) + F(z, t,u(z,t), Vu(z,t), Viu(z,t)) =0 in Qx(0,7), (1.1)
(IBV) { B(a',t,u(z,t), V'u(x,t),u(z,t)) =0 on 90 x (0,7), .
u(z,0) = up(x) in Q. (1.3)

Here u = u(z,t) : 2x[0,T) — R is an unknown function and u; = dyu, Vu = (9, u)jy, VU = (Op,0,u)} j
are its derivatives. Besides, T > 0 and Q := {z = (2/,z,) € R"! x R | z,, > 0} is the half space of R™.
Throughout this paper, the prime ’ and the index n denote the first (n — 1) components and the last
component of a vector in R™, respectively. We write V'u = (Bmu)f;ll.

The goal of this paper is to establish a unique existence of viscosity solutions to (IBV), especially a
comparison principle for a viscosity subsolution and a viscosity supersolution to (IBV). A typical boundary
condition in our mind is a degenerate dynamic boundary condition:

u(z,t) = g(2',t) on 02 x (0,T), (1.4)

and its special case
ug(x,t) =c on 00 x (0,T), (1.5)

where ¢ € R is a constant. In this paper we call (1.5) a stationary boundary condition. If B is strictly
monotone with respect to the normal derivative —u,, of u on the boundary (see (1.12) below), the com-
parison principle is well-known in the literature (2, 3]). Our boundary condition (1.2) does not satisfy this
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monotonicity. In this sense we say that (1.2) (and hence (1.4)) is degenerate. The known comparison results
cannot be applied to (IBV).

When the boundary condition is degenerate, the comparison principle does not hold for semicontinuous
viscosity solutions. This is known when the boundary condition is of the Dirichlet type:

u(x,t) = h(x',t) on 9Q x (0,T), (1.6)

which our boundary condition (1.2) covers. Our comparison result is thus established under a suitable (weak)
continuity of solutions on the boundary.

Background. 1. Asymptotic problem for a non-degenerate boundary condition. A typical non-degenerate
dynamic boundary condition is a linear one

ug(x,t) — Bug, (2,t) =0 on 9N x (0,T) (1.7)
with 5 > 0. When g — 0, the boundary condition
ug(z,t) =0 on IQ x (0,T) (1.8)

naturally appears. This is the stationary boundary condition (1.5) with ¢ = 0. Thus the solutions for (1.7)
are expected to converge to the solution for (1.8). To make this convergence assertion rigorous, we need a
uniqueness result under (1.8). The comparison principle for (1.8) therefore plays an important role to study
the asymptotic analysis for a non-degenerate boundary condition. See Sections 4.4-4.6 for the details.

2. Crystal growth problem: The boundary condition of the type (1.4) is considered to describe the two-
dimensional nucleation in crystal growth ([5, Part III], [20, Section 2], [21]). This crystal growth is started
by external supply of crystal molecules at a step source. Let u(x,t) be the height of the crystal surface at a
position x and a time ¢. Suppose now that the step source is located on the boundary of 2. For example,
in one-dimensional case where Q = (0, 00), the step source is = 0. If crystal molecules are supplied at a
rate of ¢ > 0 on 91, then the height function u should satisfy (1.5). The height function u is thus obtained
by solving the initial value problem of an evolution equation in £ under (1.5). In [22], instead of (1.5) the
Dirichlet boundary condition

u(z,t) = ct +up(z) in 9N x (0,T) (1.9)

is imposed when Q = (0, c0).

In [12] another approach is presented to understand the two-dimensional nucleation. There, instead of
imposing the boundary condition, a source term is added into the equation. More precisely, the equation
studied in [12] is

ug(x,t) + H(z, Vu(z,t)) = cl(x) in R" x (0,T) (1.10)

when the step source is located at = 0 and the supplying rate is c¢. Here I(x) is defined by

_J1 (==0),
I(z) = {0 (5 £0). (1.11)

Since (1.10) has a discontinuous source term, the classical viscosity solution theory cannot be applied; in fact,
solutions are not unique. We thus introduced a new notion of viscosity solutions called envelope solutions,
and proved the unique existence of envelope solutions when the Hamiltonian H is coercive. In Section 5,
we will give some examples of the solution u to (IBV) in the one-dimensional case and compare it with the
envelope solution % of (1.10). It turns out that they are the same solution in the sense that u(x,t) = a@(|z|, ).
See Remarks 5.8 and 5.11. A natural question is whether these two solutions are the same for more general
setting, but the author does not know any nice answer so far.



Literature overview. We below give some known results in the viscosity solution theory related to dy-
namic boundary value conditions such as (1.4) and (1.7). The list is not exhaustive at all.

1. Non-degenerate case: A unique existence result for a fully nonlinear parabolic equation with a general
dynamic boundary condition is established by Barles ([2, 3]). The boundary condition is of the form

ug(xz,t) + B(x, t,u(z,t), Vu(z,t)) =0 on U x (0,T),

where U is a bounded domain in R™ with smooth boundary. The function B is assumed to be non-degenerate,
that is, for any R > 0 there exists ur > 0 such that

B(z,t,r,p+ Mv(x)) — Bz, t,7,p) = prA (1.12)

for all z € U, t € (0,T), r € R with |[r| £ R, p € R" and A > 0. Here v(z) denotes the unit outward
normal vector to OU at x. The comparison principle is established for a upper semicontinuous subsolution
and a lower semicontinuous supersolution. Note that our boundary condition (1.2) does not satisfy (1.12)
since B is independent of u,,.

In [1] the asymptotic behavior of solutions to the initial value problem of the eikonal equation

eu(z,t) + |[Vu(z,t)| =1 inU x (0,00) (g>0)
is studied under a linear boundary condition
ug(x,t) + (v(z), Vu(z,t)) =0 on oU x (0,00). (1.13)

Here | - | and (-, -) denote the usual Euclidean norm and inner product, respectively. The comparison results
are presented not only for (1.13) but also for the stationary boundary condition

ug(x,t) =0 on OU x (0,00) (1.14)

provided that both a subsolution and a supersolution are Lipschitz continuous ([1, Lemma 3.2]). The idea
of the proof for (1.14) is to reduce it to (1.13) with a small coefficient on (v, Vu). Since the same idea works
for our (IBV), we later give the comparison result for Lipschitz continuous solutions of (IBV) (Theorem 2.9).

Unfortunately, Lipschitz continuous solutions of (IBV) may not exist under (1.5) even if the initial datum
is zero. We give such an example in Section 5.3 for some first order equation with a non-coercive Hamiltonian.
For this problem, a continuous solution w exists but it is not Lipschitz continuous. Thus Theorem 2.9 does
not imply the uniqueness of u. We need our main comparison result, Theorem 3.2, to deduce the uniqueness
of such w.

Recently, in [13] the authors established a uniqueness and existence of viscosity solutions to possibly
singular geometric evolution equations such as the level-set mean curvature flow equation. There the linear
dynamic boundary condition (1.7) is imposed on the boundary of the half space Q2. Some convergence results
as  — +0 are also obtained.

In [14] the authors proposed deterministic discrete game-theoretic interpretations for fully nonlinear
equations with nonlinear dynamic boundary conditions. To study fast evolution asymptotics of solutions
to parabolic equations, a comparison principle for elliptic equations with dynamic boundary conditions is
established ([14, Theorems 2.5 and 5.5]). See also [15] for a game-theoretic approach to the level-set curvature
flow equation under dynamic boundary conditions.

2. Degenerate case: A typical boundary condition of degenerate type is the Dirichlet boundary condition.
For a stationary Hamilton-Jacobi equation

H(z,u(z),Vu(z)) =0 inU, wu(z)=h(xz) on dU,

the comparison principle is established in [16] for a bounded U and [6] for a unbounded U. The continuity
of solutions is assumed in both the results.
In [9] the initial value problem for a Hamilton-Jacobi equation

ug(x,t) — F(z,t)\/{ug(z,0)}2+~+2=0 1in (0,L) x (0,T)



is studied under the degenerate boundary condition
ug(x,t) — F(z,t)a(z,t) =0 on {0,L} x (0,T).

The comparison principle is established with the aid of an equivalent notion of viscosity solutions. To prove
the equivalence, continuity of solutions on the boundary is used. More precisely, the continuity guarantees
that (2.,t.) — (L,%) as € — 0 in the proof of [9, Lemma 2.5]. Although the continuity of solutions on the
boundary is not explicitly assumed in the statement of the comparison result [9, Theorem 3.1], it is implicitly
assumed due to this lemma.

The theory of viscosity solutions for junction (network) spaces was recently developed under possibly
degenerate dynamic boundary conditions. A typical junction problem is given by

ug(x,t) + H;y(Ou(z,t)) =0 in J x (0,7),
ut(x,t) + F(O1u(z,t),...,0nyu(z,t)) =0 on {0} x (0,7).
Here J is a junction space defined as the union of the half-line J; = [0,00) (i = 1,..., N) whose boundaries

{0} are identified as a junction point. In [17] Hamiltonians H; are assumed to be quasi-convex and coercive,
and F' is non-increasing with respect to all variables. The comparison principle ([17, Theorem 1.5]) is
established when a subsolution v satisfies a weak continuity condition at the junction point given by

u(t,0) = lim sup u(s,y) foralli=1,...,N.
(s,9)—(¢,0), y€ J:\{0}

The reader is also referred to [18] for multi-dimensional junction spaces and [10] for the case where H is
non-convex.

In [19] junction problems with Kirchhoff-type boundary conditions are studied without convexity as-
sumptions of Hamiltonians. It is shown that there is a unique viscosity solution in the class of bounded and
uniformly continuous functions ([19, Theorem 2.1]), and as stated in [19, Section 2], the arguments apply to
more general boundary conditions of the form G(d1u,...,0nu,u) which are strictly increasing with respect
to all the variables. In the proof of the theorem, solutions are regularized by the sup- and inf-convolutions.
The same regularization procedure also plays an important role in the proof of our main comparison theorem.

Relation to the Dirichlet boundary condition. One may think that the stationary boundary condition
(1.5) is equivalent to the Dirichlet boundary condition (1.9). However, they are not equivalent in the sense of
viscosity solutions. Namely, the unique solution of (IBV) with (1.5) can be different from that with (1.9). We
will give such an example in Section 5.2. See also [9, Section 5] and [12, Section 5.3] for such non-equivalence.
For the example presented in Section 5.2, from physical point of view, the solution u; under (1.5) seems to
be properer than the solution us under (1.9) in the sense that solutions for (1.9) do not possess a semi-group
property. It also turns out that the solution u® under (1.7) converges not to uy but to u; as 8 — 0.

Results. 1. Comparison principle: The main result of this paper is a comparison principle for a viscosity
subsolution u and a viscosity supersolution v to (IBV) being continuous on the boundary 9 x (0,7') in the
sense of (3.1) and (3.2). The idea of the proof is as follows:

Let us explain the idea when the boundary condition is the simplest one (1.5). First, we regularize a
subsolution u and a supersolution v by the sup- and inf-convolutions with respect to =’ and ¢. As is well
known, the regularized functions u® and v, solve (IBV) with a small error of €, which we neglect here for
simplicity. Moreover u® and —v. are semiconvex. As in the standard proof of the comparison principle,
we suppose by contradiction that the function u®(x,t) — v.(z,t) (with additional terms) attains a positive
maximum at (., t,). Our main concern lies in the case where x, belongs to the boundary 9.

From the semiconvexity it follows that both u® and v, are differentiable at (x,,t,) with respect to ¢. By
maximality we then have u$ (z.,t.) — (ve)¢ (24, t«) > 0. This in particular implies that either u® or v. does not
satisfy the boundary condition. In fact, otherwise we would have 0 < u§ (24, t4) — (Ve)(Ts,t4) Lc—c =0, a
contradiction. Let us suppose that u¢ does not satisfy the boundary condition, i.e., u§(z.,t.) > ¢. We now
double the variables to set ® = u¢(x,t) — ve(y, s) — ¢(x,t,y,s) and let o = (£astas Ja» o) be a maximum
point of ®, where « is a coefficient of a penalty term of ¢. The smooth function ¢ is chosen so that g,



belongs to . This is possible in a way similar to the case of the Dirichlet boundary condition. Since g, € €,
we have a viscosity superinequality —¢S(Za) + F =0 for (1.1).

Using the continuity of the solutions on the boundary, we see that Za converges to (T, s, Tu,tx) a8 @ —
00. The point Z, may lie on the boundary 02, but when there are infinitely many such «, it turns out that
the semiconvexity of u¢ implies that ¢;(Z,) converges to us (2,,t.) as @ — oo. This comes from the fact that
derivatives of semiconvex functions converge (Proposition 2.15 (3)). We thus have ¢(Z,) ~ ug (T4, ts) > ¢,

i.e., the boundary condition is violated at (Z4,tq). Accordingly, a viscosity subinequality ¢.(Z,) + F £ 0
holds. Finally, subtracting the two viscosity inequalities yields a contradiction.

2. Existence results: We also give some existence results of solutions. By the standard Perron’s method ([8,
Section 4]), we are able to construct viscosity solutions to

(1.1), (1.3),

(IBV.n) { B(:At,u(:c,t),vlu(fﬂat)ﬂt(m,t)) — Bug, (x,t) =0 on 00 x (0,T) (1.15)

with 8 = 0. Thanks to the term —fu,, (z,t), the boundary condition (1.15) is not degenerate if 8 > 0, so
that (IBV.n) admits a unique, continuous viscosity solution. When 5 = 0, to obtain the uniqueness and
continuity of solutions, we need to construct solutions being continuous on the boundary in order to apply
our comparison principle. To do this, we consider the limit of solutions u” to (IBV.n) as 8 — +0 and prove
that the limit function possesses the desired continuity if there exist suitable barrier functions or if F is
a first order coercive operator. Barrier assumptions similar to the ones in this paper can be found in [13,
Section 6] and [14, Sections 4, 5], where the asymptotic behavior of solutions is studied.

All of the results in this paper are presented for the half space €2, and almost the same methods apply
to a domain of layer type {z = (2/,2,) € R""! xR |0 < z,, < L} with L > 0. Extension of the results to
a domain with non-flat boundary is left for future work.

Organization. This paper is organized as follows. Section 2 is devoted to preliminaries. In Section 3 we
establish our main comparison result, while we prove existence of solutions in Section 4. Several examples
of solutions are given in Section 5.

2 Preliminaries

2.1 Assumptions

We list assumptions on the functions F' = F(z,t,r,p,X) : Q x (0,7) x R x R®" x S — R in (1.1) and
B =B t,r,p,7) : R" 1 x(0,T) x RxR" 1 xR — R in (1.2). Here S™ stands for the space of real n x n
symmetric matrices with the usual ordering. Namely, for X, Y € S™ we write X <Y if (Y — X)£,£) =20
for all £ € R™. Also, set || X|| := sup,crn |p|<1 |Xp| for X € S™. We define

M :={w e C([0,00)) | w(0) =0, w > 0 in (0,00) and w is non-decreasing in [0, c0)}.
Our assumptions on F' are as follows:
(F1) (Continuity) F' is continuous in Q x (0,7) x R x R™ x S™.
(F2) (Uniform continuity in (z,t,p, X)) For every R > 0 there exists wg € M such that
|F(z,t,r,p, X) = Fly,5,7,¢,Y)| S wr(lz —y[ + [t = s|+ [p—q| + | X =Y
forall z,y € Q, t,s € (0,T), r € R with |[r] £ R, p,g € R" and X,Y € S™.

(F3) (Monotonicity in r)
F(l‘7ta/raan) g F(J},t787p,X)

forallz € Q,t € (0,T), r,s € Rwithr <s,pe R" and X € S™.



(F4) (Degenerate ellipticity)
F(l’,t, T7p7X) g F(l‘,t,?",p, Y)

foralz € Q,t€ (0,T),reR,pe R” and X,Y € S® with X LY.
We assume that B satisfies
(B1) (Continuity) B is continuous in R"™! x (0,7) x R x R"~! x R.
(B2) (Uniform continuity in (2’,¢,p’)) For every R > 0 there exists pg € M such that
[B(z',t,r,p',7) = By 5,10, 7)| < pr(l2” = /[ + [t = s| + |p — ')
for all 2,y € R" 1, t,5€ (0,T), r € Rwith |[r| < R, p',¢ € R" ! and 7 € R.
(B3) (Strict monotonicity in r or 7) There exists some ¢ € M such that
((min{s —r, o —7}) < B(2/,t,s,p',0) — B(a', t,r,p',T)
forall 2/ e R* !, t€(0,T), r,s € Rwithr <s,p' e R" ! and 7,0 € R with 7 < 0.

Throughout this paper we assume all of the above conditions (F1)-(F4) and (B1)—(B3).

Remark 2.1. Tt is easy to see that the degenerate dynamic boundary condition (1.4) and the Dirichlet
boundary condition (1.6) satisty (B3).

Remark 2.2. By (B1), sending o — 7 + 0 in (B3) implies
(B3)" (Monotonicity in )
B(x/7t’ r’p/77—) g B(I/7t7 S,p/, T)
forall 2/ €e R* !, ¢t € (0,T), r,s € Rwithr <s,p' € R" ! and 7 € R.

2.2 Definition of viscosity solutions

Let K C RY be a subset. For a function h : K — R, we define the upper semicontinuous envelope h* and
the lower semicontinuous envelope h, by

hH(z) = 1i h ho(z) = 1i inf  h K).
(z) S A W), hele):=lm nf 0@ (@ek)

Here B,.(z) denotes the open ball of radius r centered at .
~ We next introduce a notion of the parabolic semi-jets ([8, Section 8], [11, Chapter 3.2.1]). For u :
Q% (0,T) = R and (x,t9) € 2 x (0,T), we define

P2’+U(l’0,t0) = {(V(b(l'mt()),(bt(fbo,to), V2¢(x0,t0)) cR" xR xS" |
¢ € C*HQ x (0,7)), u— ¢ attains a maximum at (zg,p) over Q x (0,T)},

where C%1(Q x (0,T)) is the set of functions of C?-class in x and C'-class in ¢ over Q x (0,7)). Similarly,
P2~ u(xg,to) is defined by replacing “maximum” by “minimum” in the above. The following extended
parabolic semi-jets will also be used:

fliu(xo,to) ={(p,7,X) € R" x R x 8" | there exist {(z,t,)}_; C Q x (0,T) and

{(Prms Tons X)) Y2, € R™ x R x 8™ such that (P, T, Xm) € PPFu(2mm,, ty) and
(xmvtm) — (Jio,to), (pmaTmaXm) - (p; T, X) and u(xm, tm) - U(antO) as m — OO}



Definition 2.3 (Viscosity solution). Let u : Q x [0,7) — R be bounded from above (resp. from below).
We say that u is a viscosity subsolution (resp. viscosity supersolution) of (1.1) and (1.2) if for all (xq,tg) €

Qx (0,7) and (p, 7, X) € P>Hu*(xg,t0) (resp. (p,7,X) € P%u,(z0,1)), we have
T+F($Q,t0,u*(xo,t0), ) 0 (21)
) (vesp. T + F(zg, to, ux(x0, to), p, X) = 0) ifxgeQ, (2.2
*
7+ F(xo,t0,u™ (20, t0),p, X) <0 or Bl(xo, to, u"(xo,t0),p',7) <0 (2.3)
(resp. T+ F(xo,to, ux(70,t0),p, X) =20 or B(xo,to,us(xo,t0),p’,7) = 0) if xg € 0. (2.4)

If u further satisfies u*(,0) < ug (vesp. u«(-,0) = ug) in 0, then we say that u is a viscosity subsolution (resp.
viscosity supersolution) of (IBV). A wviscosity solution is a function which is both a viscosity subsolution and
a viscosity supersolution.

We often call the inequality in (2.1) (resp. (2.2)) a viscosity subinequality (resp. viscosity superinequality)
for the equation (1.1). Similarly, the second inequality in (2.3) (resp. (2.4)) is called a viscosity subinequality
(resp. viscosity superinequality) for the boundary condition (1.2).

Remark 2.4. By definition, a viscosity solution is always supposed to be bounded in € x [0, T)) in this paper.
In Section 3 we establish a comparison principle for a bounded viscosity sub- and supersolution, and hence
it follows that bounded viscosity solutions are unique. In the literature, however, comparison results in
unbounded domain often apply to possibly unbounded solutions such as solutions with linear growth. It is
a possible extension of our result for (IBV), but we do not pursue the issue of unbounded solutions in this

paper.

Remark 2.5. From the continuity assumptions (F1), (B1) and the definitions of 52’i, the following fact
immediately follows: Assume that u is a viscosity subsolution (resp. viscosity supersolution) of (1.1) and (1.2).

Then (*) holds for any (p, 7, X) € fz’+u*(m0,t0) (resp. (p,7,X) € 52’_11*(:50,150)) with (x9,t0) € Q x (0,7).

Example 2.6. Viscosity solutions can be discontinuous and may not be unique under the stationary bound-
ary condition and the Dirichlet boundary condition. Let us give such an example. In Section 5, we again
give examples of discontinuous solutions and non-uniqueness, but we now provide a very simple one.

Let n = 1 and consider the equation

u(z,t) + F(ug(z,t)) =0 in Q x (0,7T) (2.5)

with the initial condition -
u(z,0) =0 in Q. (2.6)

Here we assume that F' is uniformly continuous in R, F(0) = 0 and F = 0 in (—00,0]. Let ¢ > 0 be a
constant, and we consider the stationary boundary value problem

(2.5), u(0,) =c on 0N x (0,T), (2.6), (St0)
and the Dirichlet boundary value problem
(2.5), wu(0,t)=ct on 90 x (0,T), (2.6). (Di0)

Let us define

wlof) e 0 (z > 0),
() {f(t) (z = 0),

where f € C([0,7)) NC*((0,T)) satisfies f(0) = 0 and
0 f(t)<et, f'(t)<c forallte(0,T). (2.7)

Then u is a solution to both (St0) and (Di0) whatever f satisfying (2.7) is chosen. To check this, we first
note that u* = u and u, = 0. Since u* = u, = 0in Q x (0,7") and F(0) = 0, we see that u is a solution of
(2.5). At the initial time, we have u*(x,0) = u.(z,0) = 0 in Q, and so (2.6) is satisfied. On the boundary



00 x (0,T), we have u*(0,t) = f(t) £ ct and u,(0,t) = 0. If u* — ¢ attains its maximum at (0,¢) for
¢ € CL(Q x (0,T)), then ¢;(0,t) = f/(t) < ¢ and u*(0,t) < ct. Namely, the viscosity subinequality for the
boundary condition is satisfied for both (St0) and (Di0). Assume next that u, — ¢ attains its minimum at
(0,t) for ¢ € CL(Q x (0,7T)). Then ¢;(0,¢) = 0 and ¢,.(0,t) < 0, and thus we have ¢;(0,t) + F(¢.(0,t)) = 0.

We therefore conclude that solutions are not unique for both (St0) and (Di0). By Corollary 3.3 established
later, we see that u = 0 is a unique continuous solution of (St0) and (Di0). However, the solution does not
satisfy the boundary condition in the classical sense. Namely, u:(0,t) # ¢ and u(0,t) # ct for t € (0,T).
When F takes negative values in (—o0,0), there is a chance that the unique continuous solution satisfies
u(0,t) = ct + up(0) for t € (0,T). See Section 5.1 for the details.

2.3 Some relevant comparison results

We first state a comparison and uniqueness result for (IBV.n) with 8 > 0. The unique, continuous solution
u” of (IBV.n) is used in Section 4 to construct solutions of (IBV).

Theorem 2.7 (Comparison principle for (IBV.n)). Let § > 0. Assume that u and v are respectively a
viscosity subsolution of (IBV.n) and a viscosity subsolution of (IBV.n). If u*(-,0) < v.(-,0) in €, then
u* L, in Q x[0,7).

When Q is a bounded domain, this comparison result is established in [2, Theorem II.1], whose proof is
essentially given in [2, Proof of Theorem 1.2]. Here we only state how to modify the argument in [2] so that
it applies to a unbounded domain Q.

Sketch of proof. We argue by contradiction. The argument of [2, Proof of Theorem 1.2] (adapted for the
case of [2, Theorem II.1]), where Q is a bounded set, begins with taking a maximum point (xg, %) of

M = max (u*(z,t) —vi(z,t)) > 0.
Qx[0,T]

Due to the classical comparison principle ([8, Theorem 3.3, Theorem 8.2]), we may assume that the maximum
is achieved only at a point on the boundary. Namely, (xg,t0) € 92 x (0,T). We then introduce a suitable test
function ¢(x, t,y, s) with the doubled variables and study a maximum point of u*(x,t) —v.(y, s) — ¢(z, t, y, s).
The maximum point approaches to (xo, to, Zg, to), and so the proof reduces to the one in a bounded set around
(z9,to). We obtain a contradiction by subtracting two viscosity inequalities for the equation (1.1).
When € is the half-space, instead of the above M, we consider
o

where 0,7 > 0 are small constants and f(z) = /1 + |z|2. This maximum is attained, and again we may
suppose (xg,tg) € 90 x (0,T). Since the argument is local near (xg, %), we can discuss as if {2 were bounded.
After subtracting two viscosity inequalities for (1.1), we get a contradiction for o,~ small enough. O

Theorem 2.7 immediately gives the following uniqueness result:

Corollary 2.8 (Uniqueness of solutions for (IBV.n)). Let 8 > 0. Then (IBV.n) admits at most one viscosity
solution. If u is a viscosity solution of (IBV.n), then it is continuous in Q x [0,T).

Proof. Assume that u and v are viscosity solutions of (IBV.n). Then Theorem 2.7 implies that v* < v, and
v* < u, in Q x [0,7). Combining these, we obtain u* < v, < v* < u, < u* in Q x [0,T), and so every
inequality should be an equality. We thus conclude that u and v are continuous and v = v. O

Following the same argument as [1, Lemma 3.2], we next prove that Lipschitz continuous solutions of
(IBV) are unique. Our main result, Theorem 3.2, generalizes the following theorem except that Theorem
3.2 requires extra conditions (3.3) and (3.4) near the initial time. We assume (B5) given in Section 4.1.

Theorem 2.9 (Comparison principle for Lipschitz continuous solutions). Assume (B5). Let u,v : Q x
[0,T) = R be Lipschitz continuous functions in Q x [0, T). Assume that u is a viscosity subsolution of (IBV)
and v is a viscosity supersolution of (IBV). If u(-,0) L v(-,0) in Q, then u < v in Q x [0,7T).



Proof. Fix 3 > 0. Let M be the maximum of the Lipschitz constants of u and v, and define u”(z,t) =
u(w,t) — (BMt)/k and v?(x,t) = v(x,t) + (BMt)/k. It is then easy to see that u” and v are respectively a
subsolution and a supersolution of (IBV.n). Here we only check the boundary condition for u”. Assume that
(p,7,X) € P>tul(z,t) for (z,t) € OQ x (0,T). Then (p,7 + (BM/k), X) € P>Vu(z,t). If 7+ (BM/k) +
F(z,t,u(x,t),p, X) <0 holds, it is clear that 7+ F(x,t, u(z,t),p, X) £ 0. We consider the other case. Note
that the Lipschitz continuity of v implies |p,| £ M. Then, by (B3)" and (B5) we have

B t,uf (2,t),p',7) — Bpn < B(2,t,u(x,t),p',7) + BM
< —BM + B(2',t,u(z,t),p', 7+ (BM/k)) + M < 0.

Thus u” satisfies the boundary condition  (1.15).
Theorem 2.7 implies that u® < v? in Q x [0, T). The proof is complete if we send 3 — +0. O

We therefore conclude that Lipschitz continuous solutions of (IBV) are unique. Unfortunately, Lipschitz
continuous solutions may not exist even if the initial datum is Lipschitz continuous. We give such an example
in Section 5.3. In order to deduce the uniqueness of solutions to such problems, we need our comparison
result, Theorem 3.2.

Remark 2.10. The Lipschitz continuity of solutions assumed in Theorem 2.9 can be relaxed. In fact, it is
enough to assume that there is M > 0 such that, for every ¢t € (0,7),

(p,7,X) € P2Hu*(0,t) implies p, = —M, (p,7,X) € P> v,(0,t) implies p, < M.

2.4 Tangential sup-/inf-convolution

We next introduce a sup-convolution and inf-convolution ([4, Chapter II, Section 4.2], [7, Section 3.5]),
which will be used to regularize solutions to (IBV). Usually, the convolution is taken with respect to all the
variables of a function, but we here exclude the normal variable x,, and define the convolutions as follows.
For a function u : Q x [0,7] — R and ¢ > 0, we define a sup-convolution u® and a inf-convolution u. as

1 1
us(z, xp, t) = sup {u(y’,xn,s) e A V4 p— 3)2} , (2.8)
y’ €R"—1 s€[0,T) 2e 2¢e
ue (2, g, t) 1= inf u(y' @ s)+i|x’—y'\2+i(t—s)2 (2.9)
e\ s Tn,l) - yER-1,5€[0,T] s Lny 2 % .
for (x,t) € Q x [0,T]. If u is bounded, i.e., |lul := SUpPg (o7 [ul < 0o, then u® and u. are real-valued and

—|Jul| L ue £u<Lu <ul| in Qx[0,7].
We will give some properties of these convolutions. In what follows, we only consider u® since statements

for u. are parallel. First, the following facts are well-known:

Proposition 2.11. Let ¢ > 0 and u : Q x [0,T] — R be bounded and upper semicontinuous. Set Cy :=
2/ full-

(1) For every x,, 2 0, the function (z',t) — u®(z', z,,,t) is semiconvez and Lipschitz continuous in R"~! x

[0,T]; more precisely,

1 1
(@', t) = u (2, 2, t) + —|2'|> + —t> is convex in R x [0,T]
2e 2e
and

)
NG
for all (2/,t),(y',s) € R"~! x [0,T].

|UE($/7xn’t)_ua(y/amms)‘ < (‘xl—y/|+|t—8‘)



(2) For every (x,t) € Q x [0,T], there exists some (y},s0) € R"™1 x [0,T] such that |2’ — yj| £ Cov/E,
|t — so| £ Cov/e and

1 1
u (2, T, t) = u(Yh, Tn, So) — 2—€|z’ - y€)|2 - %(t - 50)2.

For the proofs, see, e.g., [4, Lemmas 11.4.11, I1.4.12]. The same proofs as in [4] work even if the z,-variable
is fixed.

We next show that the convolutions keep viscosity properties. Although the assertions of this type are
known ([4, Proposition 11.4.13]), we provide the proofs in order to show that fixing the variable does not
cause any problems for the proofs.

Proposition 2.12. Let ¢ > 0 and u : Q x [0,T] — R be bounded and upper semicontinuous. Set Cy :=
2y/|lull, R:=|ul|l and I := (Cov/e, T — Cov/e). We suppose that € satisfies 2Co\/e < T so that I. # 0.

(1) Assume that

_max (u° —¢) = (u° — §)(&', &n, 1)
Qx(0,T)

for some (&,%) € @ x I. and ¢ € C*1(Q x (0,T)). Then

max(u — ¢) = (u— @) (&' +ep', n, L +e7), (2.10)
Qx1I.

where (p',7) == (V'¢, ¢¢)(Z,1) and qg(x’,xn,t) = o(a! —ep’,xpn,t —eT). Moreover,

. . € 5
us (2, &, t) = uw(@ +ep’, &n, t +e7) — §|p'|2 — 57'2. (2.11)

(2) If u is a viscosity subsolution of (1.1) and (1.2), then u® is a viscosity subsolution of

ug(z,t) + F(z, t,u(z,t), Vu(z, t), Viu(z, t) = wr(2CoVE) in Qx I, (2.12)
Bz’ t,u(z,t), V'u(z,t),u(z,t) = pr(2CoVe) on 09 x I, (2.13)

where wr and pr are respectively the functions in (F2) and (B2).

Proof. (1) Set m := (u — ¢)(4',4y,t). By assumption we have

1 1
uly/n, ) = 5o~ 9P = (= 9~ 6, 1) S (214)
for all (z,t) € % (0,T) and (y', s) € R"1x[0,T]. By Proposition 2.11 (2) there exists (v}, so) € R"~1x[0,T]
such that

NP . 1. 1 .
u® (2!, &, t) = uw(ygy, Tn, S0) — 2—€|:17’ —yol? — Q—E(t — 50)2. (2.15)

Since the maximum of the left-hand side on (2.14) is attained at (&, 1,0, so), we see that the map

. 1 1 .
(@', t) = u(yy, Tn, S0) — 2—€|x’ T 2—€(t —50)% — o(2, &p, 1) (2.16)

attains a maximum at (2/,%). This shows that

I . f_
_x c Y —V/QS(.’IA?/,.')ACTL,t) 207 - %

- ¢t(i'/7:%n7£) = 07

g

that is, y), = 2’ +ep’ and sg = £ 4+ e7. Substituting these for (2.15) implies (2.11). Also, since the maximum
value of (2.16) is m, we have

) 1 1. o
m = U(y(/)7.’17n,80) - 275‘3;/ - y6|2 - %(t - 50)2 - ¢($/,$n,t)
g

N 13 A ~
= U(y(/)71'n,80) - §|p/|2 - 57—2 - (]5(.’1,'/71'n,t).
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Using this equality, we see

(u— @) (& 4 ep',in,t +e7) =u(@ +ep,in, t +e7) — (&', &, )
= u(yé,:ﬁn, 50) - (b(i’/vinai)
€12, € 2
_ € €2 9.17
m+ '+ 57 (2.17)

We also note that the result of Proposition 2.11 (1) implies that
) )
Ve G

Let us fix (z,7) € Q x I., and then choose 2’ = 2/ —¢ep/, x,, = 2,, ¥ =2/, t =7 —e7 and s = r in (2.14).
Here, since |eT| < Cp+/e by (2.18), we have t =r —e7 € (0,T). Then

' < 7| < (2.18)

€ €
m 2 u(z, zn,7) — §|p’|2 — 57'2 — (2" —ep', zn, 7 —e7)

o / &2 € 2
= (4= ), 2m) — Sl — 577

Hence, we conclude by (2.17) that (u — ¢)(2/, zn,7) < (4 — @) (& + ep/, &, t + 7).

(2) Assume that maxg, o 7)(u® —¢) = (u° — ¢)(&,t) for some (2,%) € Q x I. and ¢ € C*1(Q2 x (0,T)).
Set (p/,7) := (V'$, ¢¢)(&,1). Since u is a viscosity subsolution of (1.1) and (1.2), it follows from (2.10) that,
if ,, > 0,

T+ F(&' +ep,in,t +erm,u(d +ep,&n,t +e7),Vo(2,1), Vie(i,1)) <0, (2.19)

while, if &,, = 0, then we have (2.19) or
B(#' +ep/,t +er,u(@ +ep, i, t+e71),p,7) 0. (2.20)

By (2.11) and the monotonicities (F3) and (B3)’, we see that (2.19) and (2.20) respectively yield

T+ F(& +ep 2, + e, u’(8,1), Vo(d,1), VZo(2,1)) <0,
B3 +ep,t +er,uf(2,),p',7) <0.
Since |u®(z,)| < ||ul| = R and |ep/| + |eT| £ 2Co+/€ by (2.18), we conclude the proof. O

We next study (semi)continuity with respect to x,. Since the definitions of our convolutions exclude
Tn-variable, such a continuity is not a direct consequence of well-known results in the literature. For this
reason, we give the proofs again.

Proposition 2.13. Let ¢ > 0 and u: Q x [0,7] — R be bounded and upper semicontinuous.
(1) u® is upper semicontinuous in Q x [0,T).

(2) Let (2',t) € R x [0,T] and assume that

! < limi ! . .
u(z',0,t) < Llirig_lgu(m y T, t) (2.21)
Then
u®(2',0,t) < liminf u® (2, 2, t), (2.22)
Ty ——40
and hence
u®(2',0,t) = lm u®(2',zy,t).
Ty, —40

11



Proof. (1) Fix (x,t) € Q x [0,T], and let {(x;,2;)};2; C Q x [0, T] be a sequence such that (z;,t;) — (x,1),
(xj,t;) # (z,t) and u®(z;,t;) = o as j — oo for some o € R. We have to show that o < u®(z,1).

For every j we see by Proposition 2.11 (2) that there is (y},s;) € R" ™" x [0, T] such that |z —y}| < Co\/e
with Cp = 24/]Ju| and
1 1
— —(t; — s;)°. 2.23
= (b5~ 5) (2:23)

Since {y}}; is bounded, it contains a convergent subsequence. We let y;(k) — ¢ and s;() — 5 as k — oo.

/ /|2_

U (2, (25)no ty) = w(y), (25)n, 55) — 5= |25 — U

Then, taking limsup in (2.23) along this subsequence, we get

1
o _ - 112 2
hgibolip U (@ )5 (T Ins i) S (Y5 Ty ) — ?E|$/ -y - E(t -35)%,

where the upper semicontinuity of u has been applied. The left-hand side equals « while the right-hand side

is dominated by u®(a’, x,,t) by its definition. Thus we obtain a < u®(z’, 2, t).

(2) We only need to prove (2.22) since uf is upper semicontinuous. Fix (z/,¢) € R"™! x [0,T] and let
x, > 0. Again, by Proposition 2.11 (2) there is (y, s9) € R"™1 x [0, 7] such that

1 1
u®(z',0,t) = u(yp, 0, s0) — £|3:' - y(')|2 - Z(t - 50)2. (2.24)

By the definition of u®(2’, x,,t), we have

1 1
us(xlyxTLat) g u(yéaxnvso) - 27E|$/ - y6‘2 - ?g(t - 80)2-

Taking liminf, _ .o, we see by (2.21) that

1 1
i (! > ! _ r_a 2 _ 2
liminf u*(a", n,t) 2 u(yo, 0, 50) — 5|’ = yol” = 5 (t = 50)".

Since the right-hand side is equal to u®(2’,0,t) by (2.24), we conclude the proof. O

The next proposition shows the behavior of u®(z,t) near t = 0. In what follows, BUC(K) denotes the
set of bounded and uniformly continuous functions in K ¢ RV.

Proposition 2.14. Let u: Q x [0,7] — R be bounded and upper semicontinuous. Let e > 0, ug € BUC(L),
a € M and define

1
wayi= s fualy' ) = b~y
y/e n—

(1) u§ converges to ug uniformly in Q as e — 0.
(2) Assume that, for some T' € (0,T],
u(z,t) L up(x) +alt) for all (z,t) € Q x [0,T]. (2.25)
Then, for all 8 > 0, there exist eg > 0 and k > 0 such that
ut(z,t) Sug(x) +60 for alle € (0,20) and (x,t) € Q x [0, &].

Proof. (1) Let w € M be a modulus of continuity of ug, i.e, |uo(z) — uo(y)| < w(lz —y|) (z,y € Q). Set
Co := 24/||ugl||- By Proposition 2.11 (2), for all x € €,

1
0 i) —ule) = s {ulfsen) — uole'sn) = oole’ 2}
y' €eR™L 9
o'~y | £Co/E
< s el ) - 0) =w (CovE).
y/ERn—l
o’ —y'|<Cov/eE
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This shows the uniform convergence.

(2) By changing a in an appropriate way, we may assume that 7/ = T. Taking the sup-convolution of
both the sides of (2.25), we have

ut(z,t) S uf(z) +a°(t) for all (z,t) € Q2 x [0,T], (2.26)

where

() = sup {a(s)—l(t—s)g}.

s€[0,7] 2e
Fix 6 > 0. By (1) there is €; > 0 such that u§ —up < 6/3 in Q for all ¢ € (0,1). Similarly, for some g5 > 0,
we have a® —a £ 60/3 in [0, T] whenever ¢ € (0,e2). Thus (2.26) implies that
26 —
uf(x,t) L upx) + alt) + 3 for all (z,t) € Q x [0,T].

Since a(0) = 0 and a is continuous at 0, the above inequality shows the desired result. O

Finally, we recall some properties of sub-/superdifferentials of semiconvex functions. For K C RY,
f: K — R and zg € K, we define

DY f(xo) := {V(zo) € RN | € CY(K), f — ¢ attains a maximum at 2 over K},
D™ f(x0) == {Ve(xg) € RN | ¢ € CYK), f — ¢ attains a minimum at zo over K }.

Proposition 2.15. Let U C RN be an open set and f : U — R be a semiconvex function. Let x € U and
p € RN. Then

(1) D™ f(x) #0.
(2) Either DT f(x) =0 or f is differentiable at x.

(3) Let {(zpn,pn)}, CU X RN, If p, € DY f(24), (Tn,pn) — (z,p) as n — oo and f is differentiable at
x, then p =V f(x).

The proofs of (1) and (2) are given in [4, Proposition I1.4.7 (a), (b)] while (3) is found in the argument
in [4, Proof of Proposition 4.8]. Obviously, similar assertions hold for a semiconcave function f when D*
are replaced by DF.

3 Comparison principle

For the comparison principle, we will assume that a viscosity subsolution u and a viscosity supersolution v
of (IBV) are continuous in z,-direction on the boundary. More precisely,

u*(2,0,t) < lim i}rlgu*(x’,zn,t) for all (2/,t) € R*! x (0,7), (3.1)
Ty —>

v (2,0,1) = limsup v, (2/, x,,t) for all (2/,t) € R"! x (0, 7). (3.2)
Tp—4+0

These conditions are weaker than the usual continuity. We also impose conditions which control the behaviors
of u and v near the initial time:

There exist a € M and T” € (0,T] such that u*(z,t) < ug(x) + a(t) for all (z,t) € Q x [0,T"], (3.3)

There exist a € M and T € (0, T] such that v, (z,t) = ug(z) — a(t) for all (x,t) € Q x [0,T"].
These are not restrictive conditions in the sense that, when uy € BUC(Q), there always exist barrier

functions satisfying (3.3) and (3.4). Thus we are able to construct viscosity solutions satisfying (3.3) and
(3.4) by Perron’s method; see Section 4 for the details.
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X ={u } u:Qx[0,T) — R is a viscosity subsolution of (IBV) satisfying (3.1) and (3.3)},

Xt :={v]v:Qx[0,T) = R is a viscosity supersolution of (IBV) satisfying (3.2) and (3.4)},

and X := X" NXT.
Remark 3.1. One of typical classes of functions satisfying (3.1)—(3.4) is BUC(R" x [0,T)).

Theorem 3.2 (Comparison principle). Let u,v : Q x[0,T) — R be bounded. If ue€ X~ andv € X, then
u* Lo, in Qx[0,7T).

Proof. 1. Preliminary arguments. To simplify notation we write u for ©v* and v for v,. Also, we define
R = max{|Jull, [[v]|}, f(@) := /1 + |z[? and | := sup,egrn [|[V2f(2)]| < cc. B
Suppose by contradiction that My := u(xg,to) — v(2o,t0) > 0 for some (xg,t9) € Q x (0,T). Let o > 0
be a constant satisfying
Mo(T —t
<o < %7

and then choose v € (0, 1) such that
0<r< s pp) < (S min(T. 1)) wa(r(14+1412) < 5

where pg, ¢ and wg are the functions in (B2), (B3) and (F2), respectively. By (3.3), (3.4) and Proposition
2.14 (2), there are gg > 0 and x > 0 such that

uf(z,t) < up(z) + 7

g —
5T ve(x,t) 2 ug(x) — o for all € € (0,e9) and (z,t) € Q x [0, &].

Here u¢ and v, are the convolutions defined by (2.8) and (2.9), respectively. In particular, for such ¢ and
(z,t), we have

uf(x,t) —ve(z,t) £ —. (3.5)

NI Q

Hereafter we take € € (0,¢0) small so that

T o
Cive < min{, K, },
277 [Jull + ol

2pr(2C1Ve) < ¢ (% - min {T, 1}) —pr(7), 2wgr(2C1Ve) < 7

7z ~wr(Y(1+1+1),

where C; := 2V/R.
Let us recall Proposition 2.12 (2), which guarantees that u® is a viscosity subsolution of (2.12), (2.13)
with Cy instead of Cy and I, = (C1v/e, T — C1+/e) # 0. Similarly, v. is a viscosity supersolution of

vi(z,t) + F(z, t,v(z,t), Vo(z,t), V2u(z,t) = —wr(201V7) in Qx I, (3.6)
B(z' t,v(z,t), Vu(z,t),v(z, 1)) = —pr(2C1VE) on 09 x I..

We now set
M = max (ua(:r,t) —ve(z,t) — 7
Qx[0,T] T—1t

~£@). 37)

Here we interpret o /(T —t) = oo for t = T. By the boundedness of u® and v,, the maximum is attained and
M is finite. Also, the choices of o and ~ implies that
My My M,

_’Yf($0>>MO—T—T:77

o
c to) — ve(2o,to) —

u® (29, t0) — ve(2o, to) Tt

and so M > 0. From this positivity of M it follows that the maximum in (3.7) is attained over Q x [k, T 7],

where
g

T =T — ————.
[l + [lv]l
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Indeed, if 0 £ ¢ < k, then (3.5) is valid and

W () — v ) = o = f (@) S 2 = 2 —0=0
For T~ <t < T, we see that
w (1) = vele, 1) = 5 = 1f (@) < Jull + vl — 5 —0 =0,
T—t T-T
Thus the maximizer of (3.7) lies in Q x [k, 7~]. Recall that the convolutions u® and v. possess viscosity

properties in Q x (C14/z,T — C14/€) in view of Proposition 2.12 (2), and by the choice of ¢, we now have
[k, T7] C (Cy14/e, T — C1+/2). This guarantees that we are able to apply the definitions of viscosity sub- and
supersolutions to u° and v, near the maximum point of (3.7).
If
o

max (us(x,t) — v (x,t) — T3

Q% [0,T]

- vf(:v)> <M, (3.8)

the proof is classical. In fact, in this case we use a test function ¢ in (3.16) with § = 0. It then follows
that a maximum point Z, = (Za, fa, Ja, 8a) of ® converges to some (Z,f, , ) with (Z,) € Q x [, T~]. The
fact T € Q) is a consequence of (3.8), and by this we do not need to take the boundary condition (1.2) into
account when we apply the definitions of viscosity sub- and supersolutions after penalization.

For this reason, we have to consider the case where the maximum in (3.8) is equal to M. We let

(T4, ts) = (24,0,t) € OQ X [k, T~] be a point attaining the maximum, i.e.,

M= max (UE(x,t) — () — o — ﬁ@))

a0x[0,T) T—t
=u° *;t* - *7t* - - * ). .
Wt = e t) = T = f(2) (3:9)
Note that o
uH(@e, 1) = Ve(@a, 1) > o+ f (@) (3.10)
We also remark that, by Proposition 2.13 (2) and (3.2),
’ T ’
ve(a',0,t) = mnh_r)r}s_ovg(x y T,y t). (3.11)

2. Differentiablity of u® and v. at (z.,t.). Let us define

U(.TI’t) = u8($/7 Oat)7 U((L‘/,t) = U(JJI’t) - % - ’Vf(x/a O) - M7 V(.’L'/,t) = UE(‘T/’ Ovt)

Then, by Proposition 2.11 (1), U and U are semiconvex and V is semiconcave in R"! x [0,T]. Also,

U-V)=U-V)',t,)=0. 3.12
Rn?fi’[%ﬂ( )=( ) (2%, ts) (3.12)

We claim that U and V are differentiable at (z,,t,). First, it follows from (3.12) that 0 € DY(U — V) (2, t.).
Since U — V is semiconvex, Proposition 2.15 (2) guarantees that U — V is differentiable at (z,,%,). By (3.12)
again, we see that V touches U from above at (', t,), which shows that D~U (z,,t.) € D~V (', t.). Recall
D~U(x!,t.) # 0 by Proposition 2.15 (1), and therefore D~V (x,,t,) # §. Proposition 2.15 (2) thus implies
that V is differentiable at (z’,t,), and so the sum (U — V) 4+ V = U is differentiable at (z,,t,) too. The
proof of the claim is now complete.

The claim implies that u® and v. are differentiable at (z.,%.) in the directions of 2’ and t. Since
(V,0)(U = V) (z,,ts) = (0,0), we have

VU (24, t) — V'O (T4, ti) = YV f24), (3.13)
s (s ta) — (V)1 (T, b)) = m (3.14)
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Since |V f| £ 1, we deduce from (3.13) that
IV'uf (24, ts) — Vv (2, 1) < 7. (3.15)
We now divide the situation into the following three cases:
() B(@l, b, u (4, 1), VU (4, 1), uF (24, £4)) > pr(2C1VE);
(i) B}, b, ve(2s; t), Vive (s, 1), (02)1(24, 1)) < —pr(2C1VE);
(iii) Neither (i) nor (ii) holds.

Among these three possibilities, the case (iii) is easy to derive a contradiction. In fact, if (iii) were true, we
would have

L= B(.’E;,t*,ua(aﬁ*, *) V'u (2, *)7u§($*7t*)) - B(m;,t*,vg(m*7t*),V’ve(x*,t*), (Ue)t($*7t*))
< 2pp(2C1Ve).

Let us estimate L. First, by (B2) and (3.15) we have
L2 Bt 0 (0, £2), VU (0, ), (0, ) — B0y 02 (@0, £2), VU (@, 1), (020, £2)) — p():

Next, from (B3), (3.10) and (3.14) it follows that

p2¢ (min{ 77 +s ) T ) - ent) 2 (win{Z. Z}) - pale).

We therefore have

0<¢ ( -min {T, 1}) — pr(Y) < 2pr(201V/3),

which contradicts the choice of €.
Hereafter we discuss the case (i); the proof for the case (ii) is parallel.

3. Doubling the variables. Assume (i). Let us define a function ® : (2 x [0,7])? — RU {—oc0} by

(I)(mvtaya 8) = us(m,t) - UE(y7 S) - ¢(x7t7ya S)

with
5 2
L o a2
(,ZS(II?,t,y,S) A O[{ € y+ \/ae’n +(t 5) }
+6dlz—zP+|y—z _ 9 2+(t—t)2 + =T vy f(x) (3.16)
T — Ty Y X \/56" * T 1 Y ) .

where a > 1, 0 < § < min{v/M /2, 1} are constants and e, = (0,...,0,1) € R™. This choice of § guarantees
that

@(,’I)*7t*,$*,t*) %

| 5

(3.17)
Indeed, by the definition of ®
D( Xy by Ty bs) = U (T, ) — Ve (T, i) — O(Ts, b, T,y i)
:M—62—6—3>M—52—§:M—252>M—M:%
o 1 2 2

)

which gives (3.17).
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Let Z% = (2a,ta, Ja, 8a) be a maximum point of ® over (2 x [0, 7])2. Since u¢ and v, are bounded, the
maximum is attained on a compact set (B4(0) x [0,7])? with some large d > 0 independent of a. We thus

have &, o € Ba(0) and i,,3, € [0,T). Note also that (3.17) gives
. M
D(Zy) 2 Ok, by Ty ) 2 -

For later use we compute the derivatives of ¢:

vw¢(x7taya 8) = 20&(.’1) - y) + 2\/&(56»” + 26(3: - .’E*) + VVf(x%

5
Vyb(z,t,y,s) = —2a(x —y) — 2y/ade, + 26 (y — Ty — \/aen) ,

g

=2 — 20(t — ty —_,
(bt(x)tvy? S) Oé(t 8) + 5(t t ) + (T _ t)2

¢S($>taya 8) = —20é(t - S)a
2 _ (2ad + 261 + V2 f(x) —2al

V(w7y)¢(x7t7yas) - ( —2al ZCVI+ 201 ) °
In particular, by (3.21) and (3.22),
g g

4. Behavior of the maximum point Za Let us prove that

Zo = (Zartas Jar 8a) = (Tx, e, Tuy ts)  as a — 00.

First, since o, o € Ba(0) and t, 34 € [0,T), it follows that, up to a subsequence

(£Q7£a7ga;§a)_>(j7{7g7§) as @ — o0

(3.18)

(3.19)

(3.20)

(3.21)
(3.22)

(3.23)

(3.24)

(3.25)

for some Z, j € B4(0) and £, 5 € [0, T]. Next, rearranging the inequality ®(Zy) = ®(2y, t, 2, + (8 //Q)en, t),

we have

Too — Yo+

g

< us(iaafa) - Us(gou §oz) -0 {ia - 33*|2 +

4]
Ya — Tk — ﬁen

g
T —1{,

o 5
—7f(Za) —u (@4, ts) + ve (x* + \/aenat*> +

Since the right-hand side is bounded from above as a — co, we see that £ = ¢ and ¢
limsup,,_, ., in (3.26) to see that, by (3.11), (3.7) and (3.9)

s .
@a—ga+ﬁ +(ta—§a)2}
§ ua(ja{) 71}5(:%7{) 75{2|ji‘r*|2 + (tﬁ*t*)z}

o o
- ,—vf(a’s)—ue(x*,t*)—i—vs(x*,t*)-l-Tit

T —t,

€n
a—00

0 limsupa{

T3 +7f(zs)
< {27 — w2+ (F— 1))

This shows that = x,, t = t, and

a|To — Yo +

+ (tAa - t*)Q}

+ v f ().

(3.26)

Then we take

(3.27)



(3.25) has therefore been proved.
By the first fact in (3.27), we see that \/a((£4)n — (Ja)n) +9 = 0 as @ — oo. Accordingly, (Za)n < (Ja)n
for a large enough. Since (Z)n = 0, we have (Jq)n > 0, i.e.,

o € Q. (3.28)
We furthermore claim that
U (Zasta) = U (Tasts),  Ve(fas Ba) — Vel(Ts,ts) as o — oo. (3.29)

By (3.26) we have

)
U (Zy, ty) — Ve (:r* + \/aen,t*>

. )
S U (Fayta) — Ve(Ja, 8a) — 0 {i‘a — 2.2+ |9

ya—x*—ﬁ

€n

+ (fa - t*>2}

o ~ o
T4, — @) T,

+ ().

Taking lim inf, . implies that u®(z.,t.) — ve (T4, te) < Hminfo oo {u® (Za, ta) — Ve (Ja, o)} Since uf — v,
is upper semicontinuous, this shows that

lim {uf (%0, ta) — Ve(Par )} = U (Tu, te) — v (s, Ls). (3.30)

[e%mdee]

Then,

liminf u® (%o, ta) = Uminf[{u®(Za, fa) = ve(Za,ta)} + ve(@a, ta)]
2 {u (Tay b)) — Ve (Tuy )} + Ve (@, ti) = U (@, ).
Thus limg 00 U5 (Fa, ta) = U (24, t«). This and (3.30) give (3.29). Also, by (3.10) and (3.29), we have
U (Los ta) > Ve (s 8a)  for a > 0 large enough. (3.31)
5. Dividing the situation about Z,. Either (a) or (b) below or both occurs:
There is a sequence {«a;};en such that a; — co as j — oo and
(a) Tq, € Qfor all j € N;
(b) &4, € 0Q for all j € N.

In what follows we write « for «; to simplify notation. The case (a) is an easier case since we always have a
viscosity subinequality for the equation (2.12) at &, € Q.
Let us discuss the case (b). We want to prove that

B(2!,, Lo, U (2o ta), V$/¢>(Za), gbt(Za)) > pr(2C1v/€) for a > 0 large enough, (3.32)

that is, the boundary condition (2.13) is violated. Recall the function U(a’,t) = u®(2’,0,t) introduced in
Step 2. Considering a map

(@',t) = (20,8, Ja, 8a) = U(2',t) = v=(Ja, 3a) — ¢(2',0,t, Ja, 3a),

we see that . .
(vm/¢(Za)> ¢t(Za)) € D+U(‘%/on ia)'
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We also recall that U (a',t) is Lipschitz continuous. Thus, taking a subsequence of « if necessary, we may
assume that (V. ¢(Za), 9:(Za)) — (p/,7) as a — oo for some (p',7) € R"~! x R. Since (2/,,14) — (2, t.)
as a — oo and U is differentiable at (x,t,), Proposition 2.15 (3) implies that

(ﬁlﬂi) = (VI’U(mfwt*)v Ut(mfwt*)) = (Vlu8($;7t*)7u§(x;7t*))'
By this and (3.29), we see that, as o« — oo,
B(ih, ta, u (Zarta), Vir(Za), $4(Za)) = B2, b, uf (24, 1), ViUl (2, 1), uf (2, 12)).

Since we now discuss the case (i) in Step 2, the above fact shows (3.32).

6. Use of Crandall-Ishii lemma. We now apply Crandall-Ishii lemma ([8, Theorem 3.2, Theorem
8.3]) to the function ® at Z,. Then there exist X,,Y, € S™ such that

(Va(Za), 91(Za). Xa) € P u (s ), (3.33)
(~Vy8(Za): =0s(Za). —Yo) € P veliias 3a); (3.34)
(% 19& > <A+ A2 (3.35)
with A = V%w)y)gb(ZAa). Since A is of the form (3.23), operating (£,&) € R™ x R™ to (3.35) implies that
Xo+ Yo < (46 + 88°) T + {7(1 + 46)V? f(Z0) + v (VP f(£a))?} =1 6'T + G5(&a). (3.36)
Note that, since |V2f(#,)| < I, we have
1Gs(2a)]| < v(1 + 46)1 + 212 (3.37)

Set po = 20(Zo — Ga) + 2y/@dey, so that (3.19) and (3.20) at Z, are represented as

N . )
vx¢(Za) = Pa + 25(-%a - .Z‘*) + ’va(i‘a)a vy¢(Za) = —Pa + 20 (ga — Tx — \/aen> .
In Step 5, we have proved that the viscosity subinequality for (2.12) holds even if Z,, € 9 since the boundary
condition (2.13) breaks for ¢. Also, §, never lies on the boundary by (3.28). Therefore we deduce from
(3.33) and (3.34) that

¢t(ZAa)+F(-i'a>tAa7u (‘ron ) pa+25( _-T*)"_'va(i'a%Xa) éWR(2CI\£)7

- A A . )
_¢S(Za) + F (yavsaave(yavsa)apa — 26 (ya — Ty — \/aen> ;_Ya> = _WR(ch\E)-

Due to (3.31) and (F3), we are able to replace v.(fa,3) in the second inequality by uf(Z,%). Then,
subtracting the two inequalities, we see that, by (3.24), (3.36) and (F4),

2(-‘-}R(QC(I\/g) = d)t(Zoz) + ¢S(Za) + F(a?ou fayus(‘faafa)apa + 25(3?04 - 33*) + ’YVf(QA?a),Xa)

. 1)
- F (gaaéa;us(iaata)apa —26 <ga — Ty — \/aen> aYa>

2 256& te) + ﬁ + F(xa,fa,u (xaa a)sPa +28(2a — 2) + 9V f(2a), Xa)

. 0
-Fly Aa SAouozaa_2 Aoz_ * — — —bn aXa_ /I_ Aa .
(yws LU (s ta), P 5<y x \/ae > ) Gs(z ))

We next apply (F2) to obtain

QwR(QCl\@)
~ g
2 20(tq — ts) + T2
— wR <|£a — Ja| + [ta = 8a| + 20|80 — 24| + 7 + 20 |0 — T4 — ﬁe” + &' ||| + (1 + 46)! +7212) ’
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where we have used the fact that |V f] <1 and (3.37). Sending oo — 0o, we obtain
o
2wR(201VE) 2 5 = wr(y + &[T + (1 + 40)1 +~%1%),
and then letting 6 — 0 yields

g g
2wr(2C1VE) 2 5 —wr(y + 1 +7°17) 2 7z ~wr(O(L+1+ 1%)).

T

This is a contradiction to the choice of ¢. O
In the same manner as the proof of Corollary 2.8, we obtain

Corollary 3.3 (Uniqueness of solutions for (IBV)). (IBV) admits at most one viscosity solution belonging
to X. If u € X is a viscosity solution of (IBV), then it is continuous in  x [0,T).
4 Existence of continuous solutions

We construct the unique solution u € X of (IBV), especially as the limit of the solution u” to (IBV.n).
Application and examples will be given in Section 5.

4.1 Assumptions

In addition to (F1)—(F4) and (B1)-(B3), we further impose the following conditions on F' and B:
(F5) (Boundedness in (z,t,p))
Fr(r,p) :==sup{|F(z,t,r,p,ul)| |z € Q, t € (0,T), p € R" with |[p| < L} < 00

forall L>0,r € R and p € R.

(B4) (Boundedness in (z’,t,p"))
Br(r) :=sup{|B(2,t,r,p’,0)| | 2’ € R""', t € (0,T), p’ € R" ! with |p/| £ L} < 00

for all L > 0 and r € R.

(B5) (Strict monotonicity in 7) There exists some k& > 0 such that
k(o —7) < B/, t,r,p',0) — B(z', t,r,p',7)
forall2’ e R* 1, t€ (0,T),reR,p’ e R" ! and 7,0 € R with 7 < 0.

Throughout this section we assume (F5), (B4) and (B5). Furthermore we fix a constant 5o > 0 as an upper
bound of 8 in (IBV.n). Also, assume that ug € BUC(Q).

We prepare stability results for viscosity sub- and supersolutions. See, e.g., [8, Lemma 4.2] and [11,
Lemma 2.4.1] for the proof.

Proposition 4.1 (Stability). Let S be a family of viscosity subsolutions (resp. viscosity supersolutions)
of (1.1) and (1.2) which are uniformly bounded from above (resp. below) in Q x (0,T). Set u(x,t) :=
sup{w(z,t) | w € S} (resp. u(z,t) == inf{w(z,t) | w € S}). Then u is a viscosity subsolution (resp. viscosity
supersolution) of (1.1) and (1.2).
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4.2 Initial barriers

To carry out Perron’s method, we first construct barrier functions satisfying the initial condition. To do this,
we regularize the initial datum uy € BUC(2) by the standard sup-convolution u§ and the inf-convolution
ugs, which are defined as

1 . 1
wte) = s {ua() = b =i waele) = int {uo) + 5l — ol (4.1)
yeQ € yeN &

They are Lipschitz continuous in Q. Besides u§ and ug. are respectively semiconvex and semiconcave in
(Proposition 2.11). Namely, for Cy = 2+/||uol|,

< d X =—(1/e)I if Q
(p, X) € J*Tu§(z) implies pl = Co/ an =—(1/¢) 1 ve (4.2)
Ip'| £ Cy/e and p, = —Cy/e if z € 09,
< X< (1/e)I if Q
(p, X) € J* ug(x) implies Pl < Co/e and X = (1/e) 1 v (4.3)
Ip'| £ Co/e and p, £ Cy/e if z € IN.

Here, for vy : © — R, we denote by J?Tvg(x) (resp. J>~vg(x)) the set of (V(x), V3¢p(z)) € R™ x S™ such

that vg — ¢ attains a maximum (resp. minimum) at x over Q for ¢ € C?(Q).

Proposition 4.2 (Initial barriers). Let € > 0 and define
1
M i max { Ty 2 (Fluol £1/2), 1 (B2 (Fllual) + (BoCo/ VAN

where Cy = 24/ ||ug|| and k is the constant in (B5).
(1) Define
w (z,) = —[lug —uol| = M t+uf(z), wl(z,t) = |luoe —uoll+ Mt +uoe(x) for (z,t) € 2x[0,T).

Then w_ is a viscosity subsolution and wl is a viscosity supersolution of (IBV.n) for every 8 € [0, Bo).

(2) Define

v (z,t) ;== supw (z,t), v (x,t):=inf w(x,t) for (x,t) € QA x[0,T),
e>0 e>0

and
a”(r) = inf (M 7+ ||u§ —uol]), oF(r):=inf (M r+ |luge — ugl]) forr > 0.
e>0 e>0

Then v~ is a viscosity subsolution and v is a viscosity supersolution of (IBV.n) for every 8 € [0, Bo].
Moreover, a* € M and

up(z) —a~ (t) L v (z,t) Sup(z) L v (z,t) Sugz) +at(t) forall (z,t) € Q x[0,T). (4.4)
Proof. (1) We only prove that w_ is a subsolution since the proof for w7 is parallel. First, observe that
we (2,1) = =[lug = uol| + ug(x) = —{ug(2) —uo(2)} + ug(z) = uo(@). (4.5)
In particular, w (-,0) < ug in Q. In what follows, we prove that w_ is a subsolution of (1.1) and (1.15).
Let (p,7,X) € P>twZ (z,t) for (x,t) € Q x (0,T). Then 7 = —M_ and (p,X) € J>Tu§(x). If z € Q,
then we have [p| £ Cy/v/e and X = —(1/¢e)I by (4.2). Applying (F3) and (F4), we see

Fa,t,w, (2,1),p, X) = F(x,t, uoll, p, =(1/e)I) = Fey e (lluoll, =1/€).-

Therefore
T+ Pz, tw. (2,1),p, X) £ =M + Fe, ) z([uoll, —1/€) < 0.

21



Next, assume that « € 992. We then have [p/| < Cy/\/e and p, = —Cy/+/€ by (4.2). From (B3)’ and (B5),
we deduce

B(x',t,w;(x,t),p/,T) < B(xlvtv ”uO”vp/v_Ms_) < _kMs_ —|—B(:E/,t, HUOH»P/»O) < _kMs_ +BCO/\/E(”U'0H)'
This shows
B’ t,w. (z,t),p',7) = Bpn £ —kM_ + Be, sz (lluoll) + Bo - (Co/ve) 0.

We thus conclude that w_ is a viscosity subsolution of (IBV.n).

(2) The viscosity properties for v* follow from the stability (Proposition 4.1). Since |Ju§ — ugl|, ||uoe —
up|| — 0 as e — 0, we see that o™ € M. Taking sup, in the inequality w2 (z,t) = —|ju§—uo || — M t+uo(z)
implies that v~ (z,t) =2 —a~(t) + uo(x). The inequality v~ (z,t) < up(x) is a consequence of (4.5). The
remaining inequalities in (4.4) for v™ can be obtained in the same manner. O
Remark 4.3. The functions a® depend on fy, but they are independent of 3.

We are now in a position to give the existence result of viscosity solutions to (IBV.n) by Perron’s method.
Set _
w:Qx[0,T) — R is a viscosity subsolution of (IBV.n)
SP=3w —
such that v~ <w < vt in Q x [0,7) ’

+

where v* are the functions in Proposition 4.2. Note that S? is not empty since v~ € SP.

Theorem 4.4 (Existence of solutions to (IBV.n)). Define u”(z,t) = sup{w(z,t) | w € S®} for B € [0, Bo].
Then u? is a viscosity solution of (IBV.n) satisfying

uo(x) —a~(t) < uf(x,t) S up(x) +at(t)  for all (x,t) € A x [0,T), (4.6)

where a™ € M are the functions in Proposition 4.2. If B € (0, By, then u® € C(Q x [0,T)) and it is the
unique viscosity solution of (IBV.n).

Proof. First, the estimate (4.6) immediately follows from (4.4). In particular, the initial condition (1.3) is
satisfied. Next, the stability result (Proposition 4.1) implies that u® is a viscosity subsolution of (1.1) and
(1.2). If u? were not a supersolution of (1.1) and (1.2), there would exist w € S” such that u®(z¢,t9) <
w(zg, to) for some (zq,t9) € 2 x (0,T), which is a contradiction to the definition of u#. For the details of this
argument, see [8, Lemma 4.4] and [11, Lemma 2.4.2]. The continuity and uniqueness of u” with 8 € (0, 5]
are consequences of Corollary 2.8. O

4.3 Boundary barriers (I)

If we know a subsolution and a supersolution which are continuous and share the same boundary value on
90 x (0,T), then Perron’s method directly gives a solution of (IBV) in X. Our assumption is

(Brl) There exist ¢~ € X, ¢7 € Xt and ¢ € C(99 x (0,T)) such that

(i) ¢T are continuous at every (x,t) € 9Q x (0,T);
(i) ¢%(z',0,t) = (2, ¢t) for all (2/,t) € R*~1 x (0,T).

We first prepare

Proposition 4.5 (Initial-boundary barriers). Assume (Brl). Let v¥ be the functions in Proposition 4.2.
Define

7 (z,t) = max{v (z,t), ¢~ (x, 1)}, 0T (x,t) = min{vT (x,t), ¢ (x,t)} for (z,t) € QA x [0,T).

Then o~ is a viscosity subsolution and vF is a viscosity supersolution of (IBV), and o~ < 9% in Q x [0,T).
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Proof. Proposition 4.1 guarantees that o~ and ©T are respectively a subsolution and a supersolution of
(IBV). Let us prove that 9~ < 9. Since v~ < v™ by (4.4), it is enough to prove

vT <ot o7 <ot inQx[0,7). (4.7)

To show the first one, let £ > 0 and w_ be the function in Proposition 4.2. Since w; € X~ and ¢t e Xt
the comparison principle (Theorem 3.2) implies that w. < (01)s £ ¢ in Q x [0,T). Taking sup,., we
obtain v~ < ¢T in Q x [0,T). Similarly, one can prove the second inequality in (4.7). O

Proposition 4.5 enables us to define a non-empty set

I R Q% [0,T) — R is a viscosity subsolution of (IBV)
T such that 9~ <w < 91 in Q x [0,7) '

Theorem 4.6 (Existence of solutions to (IBV) in X under barriers (I)). Assume (Brl). Define u(z,t) =
sup{w(z,t) | w € S}. Then u is the unique viscosity solution of (IBV) in X, and v € C(Q x [0,T)).

Proof. For the same reason as in the proof of Theorem 4.4, u is a viscosity solution of (IBV). We check that
u belongs to X. Note that, by the definition of u,

" <t Su<dt <ot inQx|[0,7).

Since ¢~ satisfies (3.4), so does wu,. Similarly, u* fulfills (3.3). Next, taking the semicontinuous envelopes in
the above inequalities, we obtain (¢~ ), < u, < u* < (¢7)* in Q x [0,T). On the boundary 99 x (0,7), by
(Brl) we have ¢ = ¢~ = (¢ )y S uy S u* < (¢7)* = ¢ = ¢b. This shows that u* = u, =1 on 9N x (0,7);
in particular, u is continuous on 9Q x (0,7). From this we deduce that, for any (x,t) € 9Q x (0,T),

u*(z,t) = u(z,t) = liminf wu(y,s) £ liminf «*(y,s),
(@) (1) (y,8)—(=,t) ) (y,8) = (,t) )

which implies that «* is continuous on 9Q x (0,7"). For the same reason, u, is continuous on 9Q x (0,T),
and hence u € X. The continuity of u follows from Corollary 3.3. O

4.4 Half-relaxed limits

We next study the asymptotic behavior of solutions u” to (IBV.n) as 8 — -+0 in order to construct a solution
wof (IBV) in X. For this purpose, we consider the upper half-relazed limit w and the lower half-relazed limit
u of u”. The definitions are as follows: for (z,t) € Q x [0,7)

u(z,t) = limsup*u® (z,t) := ;im sup{u?(y,s) | (y,5) € A x[0,T), |x —y| <6, [t —s| <6,0< B <},
B—0 —0

w(z,t) = liminf,u’(z,t) := ;ii%inf{uﬁ(y,s) | (y,8) € A% [0,T), |t —y| <4, [t—s| <5 0<B<d}.

B—0

From definitions it follows that % is upper semicontinuous and u is lower semicontinuous in Q x [0,T). By
(4.6) we have

ug(r) —a~ (t) L u(x,t) L u(z,t) < up(x) +at(t) for all (z,t) € A x [0,T). (4.8)

In particular, u and u are continuous on § x {0} and satisfy u(-,0) = u(-,0) = ug in Q. Thus, from stability
results under the half-relaxed limits ([8, Lemma 6.1, Remarks 6.2 and 6.3]), it follows that @ and u are
respectively a viscosity subsolution and a viscosity supersolution of (IBV). If & = u =: u in Q x [0,T), then
we conclude that u” converges to u locally uniformly in Q x [0, T); see [8, Remark 6.4]. Under appropriate
assumptions, we will prove that @ = u in Q x [0, T) by applying the comparison principle to them.
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4.5 Boundary barriers (II)

Assuming the existence of sub- and supersolutions approximating a common boundary value, we prove the
convergence of ©? to the unique solution u of (IBV) in X. We assume

(Br2) There exist a family of upper semicontinuous viscosity subsolutions {¢, },~0 of (IBV), a family of
lower semicontinuous viscosity supersolutions {¢, },~0 of (IBV) and ¢ € C(99 x (0,T')) such that, for
every 1 > 0,

(1) qﬁ,ﬂf are continuous at every (z,t) € 9Q x (0,T);
(i) limg, 10 ¢ (27,0,t) = ¢(a’,t) for all (2/,t) € R"~* x (0,T);
(ili) there exist some M, > 0 such that, for every (z,t) € 9Q x (0,T),

(p,7,X) € ’PQ’+¢; (x,t) implies p, = —M,,, (p,7,X) € 2 j,r(x,t) implies p, < M.

Theorem 4.7 (Existence of solutions to (IBV) in X under barriers (II)). Assume (Br2). Let u” be the
unique viscosity solution of (IBV.n) with 8 € (0,Bo]. Then uP converges to the unique viscosity solution u
of IBV) in X locally uniformly in Q x [0,T) as 8 — +0, and u € C(Q x [0,T)).

Proof. 1. Let us fix n > 0 and take the functions qb,ﬂf in (Br2). For e > 0 we define V*(x,t) := :|:€t+¢,:;: (z,t).
We claim that V= and VT are respectively a viscosity subsolution and a viscosity supersolution of (IBV.n)
when 0 < 8 < min{ke/M,, Bo}. Here k is the constant in (B5) and M, is the constant in (Br2)-(iii).

At the initial time, we have V= (-,0) = ¢, (-,0) < ug < ¢/ (-,0) = V*(-,0) in Q. Next, let (p,7,X) €
P2HV = (x,t) for (x,t) € @ x (0,T). Then (p,7 +¢,X) € P>t¢, (z,t). If z € Q, we have

T+e+ F(z,t, ¢, (2,t),p, X) < 0. (4.9)
Since V'~ (z,t) < ¢, (z,t), the monotonicity (F3) yields the desired viscosity subinequality:
T+ F(x,t, V™ (x,t),p, X) £ 0. (4.10)
We next consider the case x € 9. If (4.9) holds, then (4.10) is derived in the same manner. Assume that
B(a',t, ¢, (x,t),p, 7 +¢) 0.
Applying (B3)’, (B5) and (Br2)-(iii), we observe

B(ZE,,t, Vi(fﬁ,t),p/,T) - Bpn g B(:E/ t ¢7( ) ! 7—) - /Bpn
< —ke + B(2', t, b, (z,t),p', 7 +¢) + BM,
< —ke + M.

By the choice of 8, the right-hand side is non-positive. We thus conclude that V'~ is a subsolution of (IBV.n).
The proof for V* is similar.

2. The comparison principle for (IBV.n) (Theorem 2.7) implies that V~ < u” < V*in Qx (0,T). Taking
limsupj_,q, we get V- < a0 < (V)" = et +(¢)* in % (0,T). Then, sending e — 0 gives ¢, <7 < (¢;,1)",
and so ((b;)* <@, £u < ((bj]')* in Q x (0,7). In particular, from the continuity (Br2)-(i) of qﬁ on
the boundary, we deduce that ¢, < (7). <7 < ¢, on 9Q x (0,7T). By (Br2)-(ii), letting  — 40 yields
T = (T)x =1 on Q0 x (0,T). Similarly, one can prove that u = (u)* = ¢ on 9Q x (0,T). Thus both @ and
u are continuous on 02 x (0,T).

Since (4.8) holds, we see that 7 € X~ and u € X+, and so u < u in Q x [0, T) by the comparison principle
(Theorem 3.2). Hence u” converges to u :=u = u € C(2 x [0,7)) N X as 8 — +0 locally uniformly in

Q x [0,T). The proof is complete. O
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4.6 Coercive equations

We next consider first order equations with coercive F', instead of assuming the existence of barrier functions
from the boundary. The coercivity (F6) below guarantees that continuities of solutions u® to (IBV.n) are
uniform in 8. Accordingly, a continuous solution of (IBV) is obtained as 8 — +0.

In this subsection, we assume

(FB1) F is independent of (¢, X), and B is independent of ¢.
(F6) For every R >0

Llim inf{F(x,r,p) |z €Q,re[-R,R],pe Br(0)} =00 (4.11)
—00
or B o
Llim sup{F(z,r,p) |z € Q, r € [-R,R], p € BL(0)} = —oc. (4.12)
—00

Let us denote by BLip(K) the set of bounded and Lipschitz continuous functions in K ¢ R™. Our result
is

Theorem 4.8 (Existence in X under coercivity). Let u® be the unique viscosity solution of (IBV.n) with
B € (0,B0]. Then u’ converges to the unique viscosity solution u of (IBV) in X locally uniformly in Qx[0,T)
as B — +0, and u € BUC(Q2 x [0,T)). Moreover, if ug € BLip(Q2), then uw € BLip(2 x [0,T)).

To prove Theorem 4.8 we prepare some notations and facts. For R > 0 and m > 0 we define
Cf(m) = sup{|p| | F(x,r,p) <m for some (z,7) € Q x [-R, R},
Cr(m) :=sup{|p| | F(z,r,p) = —m for some (z,r) € Q x [-R, R]}.
Then
(4.11) < Ch(m) <ooforallm >0, (4.12) < Cx(m) < oo for all m > 0.
For L > 0 let us define

M) = o {Fi(Flal). § (BaFluol) + L) |

Here we denote Fp,(r, 1) in (F5) simply by Fr(r) since F is independent of X.
The following lemma is given in [12, Lemma A.2].

Lemma 4.9. Let u:Q x (0,7) = R be a bounded and continuous function.

(1) For anyty € (0,T),
ulx, to) —u Y, to
p i) e
T,yeN |Z‘ - y‘ o €N
z#y pED™ (uft=¢y)(w0)

(2) Assume that u satisfies
|u(z, t) — u(z, s)|

sup sup < 0.
z€Q t,5€(0,T) |t — s
t#s
Then
sup |p| = sup sup Ip|.
(ajo,to)EQX(O,T) toE(O,T) To€EQN
(p,7)eDV u(xo,to) pED+(u‘t=to)($0)

Thanks to the estimate (4.6), the solutions u” of (IBV.n) are bounded uniformly in 8 € (0, 8y]. Namely,

R:= sup |[u?| (4.13)
B€(0,B0]

is finite.
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Proposition 4.10 (Regularity results for solutions to (IBV.n)). Let u® be the unique viscosity solution of
(IBV.n) with § € (0, Bo].

(1) Assume that ug € BLip(Y). Let Lo be the Lipschitz constant of ug, and define

Ly = max{M*[Lo], M [Lo]}, LX:{CE%) if (4.11) holds,

Cr(Ly) if (4.12) holds,
where R is the constant in (4.13). Then,

|uP (x,t) —uP (z,8)| < Li|t —s| forallz € Q andt,s e [0,T), (4.14)
|uP (x,t) —uP (y,t)| £ Ly|z —y| for all z,y € Q and t € [0,T). (4.15)

(2) Assume that ug € BUC(Q). Let e > 0 and u§ be the sup-convolution of ug define by (4.1). Define

CH(LE) if (4.11) holds,

¢ = max{M™+ - c = ‘
m—awuzmdemnwwLLx{%W)U@mm%

and
on(r) = inf (L5 + lug — wol}, alr) = (L5 + [[ug — wol[} for =0,

Then, ag,ax € M and

WP (z,t) —uP(z,8)| < (|t — s|) for allz € Q and t,s € [0,T), (4.16)
[uP (z,t) —uP (y, 1) < ax(|lz —y|) for all z,y € Q and t € [0,T). (4.17)

Proof. (1) 1. Let us define w® : Q x [0,7) — R by w*(x,t) = £ Lt + up(z). Then, by the same argument
as in the proof of Proposition 4.2, we see that w~ and w™ are respectively a viscosity subsolution and a
viscosity supersolution of (IBV.n). Thus, the comparison principle for (IBV.n) (Theorem 2.7) implies that
w™ v <wtin O x [0,7T).

Let h € (0,T), and define

+ if
(o, 1) = w*(z,1) 1 x,t) €
u(z,t — h) + Lih if (2,t) €

=)
=

which is continuously connected at t = h. Note that, for (x,t) € Q x [h,T), we have
W (x,t) —w (z,t) = uP(x,t — h) — Lyh — (w™ (@, t — h) — Lih) = uP(z,t — h) —w ™ (z,t — h) = 0.
We now claim that w™ is a viscosity subsolution of (IBV.n). We only need to check the viscosity subinequal-
ities at the time ¢ = h since both w™ (z,t) and u” (z,t — h) — L¢h are subsolutions. Let (p,7) € D@~ (z, h).
Then, since W~ = w™ in @ x [0, h] and W~ = w™ in Q x [h, T), we have (p,7) € DTw™(x, h). Thus the claim
follows since w™ is a subsolution. For the same reason, w™ is a viscosity supersolution of (IBV.n).
By comparison we have @~ < u” <@ in Q x [0, 7). In particular, for t € [0,7 — h)
uP(x,t) — Lih = 0~ (z,t + h) < uP(x,t + h) <@t (x,t + h) = uP(x,t) + Lih,
which shows (4.14).

2. Let us next prove (4.15). We assume that (4.11) holds in (F6). Let (zg,t0) € € x (0,T") and take any
(p,7) € DYuP(20,t0). By (4.14) we have |7| < L, and so

F(anuﬁ(mOato)7p) g —T g Lt~
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The definition of C}; thus implies that |p| < C}(Ly). Therefore

sup lp| < CE(Ly).
(Zo,to)EQX(O,T)
(p,7)ED TP (w0,t0)

By Lemma 4.9 we conclude (4.15) for z,y € Q and t € (0,7), and it is extended for z,y € Qandtc[0,7)
since u? is continuous in Q x [0, 7). The same proof works for the case of (4.12).

(2) Let u#¢ be the solution of (IBV.n) with the initial datum u§. Since u§ is Lipschitz continuous with
the Lipschitz constant less than or equal to 2+/||lug||/e, the result of (1) guarantees that u”-° satisfies the
estimates (4.14) and (4.15) with L and LS instead of Ly and Ly, respectively. We also note that

0<u?s —uf < lug —uol| inQx[0,7),

which is due to the fact that u®* — [|u§ — ug|| and u® are respectively a viscosity subsolution and a viscosity
supersolution of (IBV.n). -
Let us prove (4.16). Fix x € Q, t,5 € [0,T) and & > 0. We may assume that v”(z,t) = u”(z,s). Then

\uﬁ(ac,t) - UB(:I},S)‘ - uﬁ(x,t) - uﬁ(xas) < uﬁﬁs(xat) - uﬁ(z,s)
= P2, t) P, 5)) + (P s) — P (a,5))
< Lft — s + |lug — uoll < oxe (|t — s]).

Similarly, one can prove (4.17). O

Remark 4.11. The constants Ly, Ly and the functions oy, ay do not depend on £.

Proof of Theorem 4.8. Assume that ug € BUC(Q). Since oy and a, are independent of 3, the half-relaxed
limits % and u also satisfy (4.16) and (4.17). Accordingly, w € X~ NBUC(Qx[0,T)) andu € Xt NBUC(Q x
[0,7)). The comparison principle (Theorem 3.2) thus implies that 7 < u in Q x [0,7), and so u” converges
tou:=u=u€ XNBUC(Qx[0,T)) as B — +0 locally uniformly in Q x [0, 7). If uy € BLip(9), the limits
u and u satisfy (4.14) and (4.15). Therefore u := % = u € BLip(Q2 x [0,T)). The proof is complete. O
5 Examples

In this section we let the spatial dimension n be one, so that Q = (0,00), and give several examples of
solutions to (IBV). We mainly study the stationary boundary condition

ut(0,t) = ¢ on 0Q x (0,7) (5.1)
and the Dirichlet boundary condition
u(0,t) = et + up(0) on 9N x (0,T). (5.2)
We are especially interested in whether the solution u satisfies
u(0,t) = ct +up(0) for all t € [0,T), (5.3)

which is the Dirichlet condition in the classical sense. Throughout this section we assume that ¢ > 0.

5.1 Hamilton-Jacobi equations

We apply the existence result, Theorem 4.6, to simple Hamilton-Jacobi equations. We consider
ug(x,t) — h(Jug(z,t)]) =0 in Q x (0,T). (5.4)

Here h : [0,00) — R satisfies
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(h1) h is uniformly continuous in [0,00), h(0) = 0 and heo := liminf,_, . A(r) € (0, c0].

We remark that H(p) := —h(|p|) is uniformly continuous in R™ under (h1), and thus the comparison principle
(Theorem 3.2) can be applied to (5.4). For d € [0, hoo) we define 7(d) := max{r = 0 | h(r) = d} € [0,00).
Note that h(w(d)) = d and h(r) > d for all r > 7(d). We consider the stationary boundary value problem

(5.4), (5.1), wu(x,0)=1wup(z) in Q. (HJ)
Theorem 5.1. Assume (hl).
(1) Assume that ¢ < hoo < 00. Then, for any ug € BUC(Q) satisfying

ugp(x) < ug(0) +w(c)r  for all x € Q, (5.5)
there exists a unique solution u € C(Q x [0,T)) of (HJ) in X. Moreover, u satisfies (5.3).

(2) Assume that ¢ = hoo = lim, o0 h(r) < 0. Then, for any uo € BUC (), there exists a unique solution
ue C(Qx[0,T)) of (HI) in X. Moreover, u satisfies (5.3).

Proof. (1) We construct barrier functions ¢= in (Brl). First, by the definition of 7 and (5.5), we see that
#F (x,t) == ct +ug(0) + 7(c)x is a supersolution of (HJ). Next, define

w(r) == sup{|ug(z) —uo(y)| | 7,y € Q, |z —y| <7},
and choose wy, € M such that
Woo € C((0,0)), Wee = wy in [0, 00).

See, e.g., [11, Lemma 2.1.9 (i)] for the existence of such ws,. We then set @so (1) = woo () + 7(c)r for r = 0,
so that @, = m(c) in (0,00). From this we deduce that ¢7 (z,t) := ct + up(0) — @0 () is a subsolution of
(HJ). In fact, for (z,t) € Q x (0,T), we have

(@1 )e(x,t) = h(|(d1 )a(@,1)]) = c = (@ (2)) Sc —c =0,
and (¢7):(0,t) = ¢ on the boundary. When ¢ = 0, we have
¢1 (2,0) = uo(0) — Doo(2) = uo(0) — woo(2) < uo(0) — wo(x) < ug(x).

Accordingly, ¢; is a subsolution of (HJ).

We further prepare bounded functions ¢ (z,t) = ct = ||lug||. It is easily seen that ¢, is a subsolution and
¢3 is a supersolution of (HJ). Thus ¢~ = max{¢;, ¢; } and ¢ = min{¢], ¢5 } are respectively a bounded
subsolution and a bounded supersolution of (HJ). The functions ¢* above satisfies the conditions in (Brl)
with 9(t) = ¢t + ug(0), and therefore Theorem 4.6 gives the desired conclusion.

(2) We modify the functions ¢ in (1). Fix e € (0,¢) and choose R. > 0 such that |h(r) — heo| < € for all
r 2 R.. Using this constant R, we define @Weo (1) = woo (1) + Rer and qbfa (x,t) = (cte)t +up(0) £ Do e (),
where wy, is the function in the proof of (1). Then, as in the proof of (1), we see that ¢; _ and (;Sfe are
respectively a subsolution and a supersolution of (HJ).

We now define ¢1 = sup.¢(g,¢) ¢1,. and o = inf.c(o,¢) gbfe. Then gbI—L(O,t) = ct + up(0), and it follows
from stability that ¢; and ¢ are respectively a subsolution and a supersolution of (HJ). Moreover, they
are continuous on 99 x (0,7T). In fact, for a fixed g € (0,¢), we have

et +up(0) + weo (1) < ¢ (2,1) < (¢ + 20)t + 1o(0) + Doo ey (7).
Thus
ct +up(0) < liminf ¢f (2,t) < limsup ¢} (z,t) < (¢ + o)t + uo(0).
z—40 z—+0

Since g¢ € (0, ¢) is arbitrary, this shows the continuity. Similarly, ¢7 is continuous on 92 x (0,7). The rest
of the proof is the same as (1). O
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Remark 5.2. In both (1) and (2), the solutions satisfy (5.3). Thus they solve the Dirichlet problem
(5.4), (5.2), wu(z,0)=1wup(z) inQ

and they are the unique solutions in X. If the assumptions in the theorem does not hold, then the solution
of (HJ) may not satisfy (5.3) and it can be different from the solution of the above Dirichlet problem. We
give such an example in Section 5.2 for the initial datum up not satisfying (5.5) in the case ¢ < hso. Also,
the case ¢ > hy is discussed in Section 5.3, where the solution does not satisfy (5.3).

Eikonal equation. As an example, let us consider the eikonal equation
ug(z,t) — |ug(z,t)] =0 in Q x (0,7, (5.6)

for which h(r) = r, hoo = 00 and 7(d) = d. Since u;/|u,| represents the normal velocity of the level set of
u(+,t), the equation (5.6) describes a growth model where the height function u spreads at a uniform speed
one in the horizontal direction.

We assume that the initial datum wug is zero. Namely, our problem is

(5.6), (5.1), u(z,0)=0 in . (St1)

Since the initial datum satisfies (5.5) for any ¢ > 0, Theorem 5.1 (1) can be applied. Therefore, by Remark
5.2, the unique solution of (St1) in X is also the unique solution in X of the Dirichlet problem

(5.6), (5.2), wu(x,0)=0 in Q.
We here prove that the unique solution of (St1) is
Up(z,t) = c(t — x)+, (5.7)

where a1 = max{a, 0} denotes the positive part of a € R. The proof is straightforward, but we give it
since the solution Uy also plays an important role in an example of the next subsection, where the difference
between (5.1) and (5.2) is shown.

Theorem 5.3. Uy is the unique solution of (Stl) in X.

To prove this we prepare

Lemma 5.4. Let fi, fo € C*(U) for U C RY open, and define g := min{f1, fo}. Assume that fi(z) = fa(2)
at z € U.

(1) Let ¢ € CY(U). If g — ¢ attains a local maxzimum at z, then Vé(z) = AV f1(2) + (1 — ANV f2(z) for
some X\ € [0,1].
(2) If Vfi(2) # Vfa(2), then there does not exist € CH(U) such that g— ¢ attains a local minimum at z.

Proof. Set Y (z) := {V fi1(2), Vfa(2)}. By [4, Proposition I1.2.13], the superdifferential D" g(z) of g at z is
equal to the convex hull of Y(z), which proves (1). If V f1(2) # V fa(z), the same proposition implies that
the subdifferential D~ g(z) of g at z is empty since Y (2) is not a singleton. Accordingly, (2) holds. O

Proof of Theorem 5.3. Tt is easy to see that Up fulfills (3.1)-(3.4). At the initial time, we have Up(z,0) = 0
in €2. Moreover, since Uy(0,t) = ct, the boundary condition (5.1) is satisfied.
We check that Uy is a solution of (5.6) in Q x (0,7). In {(z,t) € Q x (0,T) | t # x}, Uy is differentiable

and
(Uo)i(z,t) = ¢, (Up)z(z,t) =—c (t<z),
(Uo)e(z,t) =0, (Up)x(z,t)=0  (t > x).

Thus (Ug)e(z,t) — [(Up)z(z,t)| =0 if ¢ # .

Let (2,2) € Q x (0,T) and ¢ € C1(Q x (0,7T)). We assume that Uy — ¢ attains its maximum at (Z,%).
Then, since Up(z,t) = max{c(t — x), 0} near (Z, Z), it follows from Lemma 5.4 (2) that there is no such ¢.
Next, suppose that Uy — ¢ attains its minimum at (£, ). In this case, Lemma 5.4 (1) implies that

(d)t(j?{)v (z)x(i'vf)) = )‘(Ca _C) + (1 - )‘)(070) = )‘(Cv _C)
for some A € [0,1]. Therefore ¢;(&,) — |¢.(2,)| = 0. O
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Remark 5.5. Let us compare the solution Uy with envelope solutions ([12]) of
ug(x,t) — |ug(z,t) =cl(z) inRx(0,T), wu(zx,0)=up(z) inR. (5.8)

Here I(x) is the function given in (1.11). Define i(x,t) = Uo(|z|,t) = c(t — |z|)4 for (z,t) € R x[0,T), which
is obtained by reflecting Uy through {x = 0}. By [12, Example 3.16], @ is the unique envelope solution of
(5.8) with ug = 0.

5.2 Stationary condition v.s. Dirichlet condition

We continue to study the eikonal equation (5.6). Now, impose the initial condition

u(z,t) = up(z) := 2cmin{z, 1} = {gzx EZiJi)S b, in Q. (5.9)

This ug does not satisty (5.5). We show that the unique solution under (5.1) is different from the unique
solution under (5.2).
Let T > 2. In addition to (5.1) and (5.2), we study the Neumann boundary condition

—u,(0,£) =0 on 90 x (0,7), (5.10)
and the dynamic boundary condition
ut(0,t) — Bug(0,t) = ¢ on 00 x (0,7) (5> 0). (5.11)

In particular, we are interested in the asymptotic behavior of the solution for (5.11) with respect to 8. Set

(5.6), (5.1), (5.9), (St2)
(5.6), (5.2), (5.9), (Di2)
(5.6), (5.10), (5.9), (Ne2)
(5.6), (5.11), (5.9). (Dy2)

Let us define u; : @ x [0,T) = R (i =1,2,3) and uy = v : @ x [0,T) — R by

2cmin{z +t, 1} (0<Lt<1),

2cmin{z +¢t, 1} (0<t<L1), -
ui(zx,t) := {U (rt—1)+2 (£21) uz(x,t) := < 2c (1£t<£2),
o = Us(z,t —2)+2¢ (t22),
2cmin{z +t,1} (0<t<1), 2emin{z +1, 1} (0=t=<1),
us(z,t) = N ug(z,t) == 1

Here Uy is the function give by (5.7). Note that u; = u§ if we let 3 = 0. Moreover, uf — w1 uniformly
in Q x[0,T) as 8 — +0 and uf — ug uniformly in Q x [0,7) as 8 — oo. We prove that uy,us,us, us are,
respectively, the unique solution of (St2), (Di2), (Ne2), (Dy2). See Figure 1 for the graphs of these solutions.

Theorem 5.6. (1) wuy is the unique solution of (St2) in X.
(2) ug is the unique solution of (Di2) in X.
(3) us is the unique solution of (Ne2).
(4) uf is the unique solution of (Dy2) for any 8 > 0.

In particular, we see by this theorem that the solution w; of (St2) is different from the solution ug of
(Di2). Moreover, u1(0,t) # ct for t € (0,T) and u(0,t) # ct for t € (0,2). Also, the limit of the solution u/
of (Dy2) as 8 — +0 is characterized not by (Di2) but by (St2).
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(a) The solution u; of (St2) (b) The solution ug of (Di2)

u(x,t)X u(x,t)4

(¢) The solution ugz of (Ne2) (d) The solution us4 of (Dy2)

Figure 1: Solutions of (5.6) with (5.9).
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Proof. By definitions we have u;(x,0) = ug(z) in Q for all i = 1,2,3,4. Besides, it is easily seen that u; and
ug satisfy (3.1)—(3.4). and so the uniqueness of them is a consequence of Corollary 3.3. The uniqueness of
ug and uy follows from the classical comparison result, Corollary 2.8. Let us check that u; is a solution for
every i = 1,2, 3,4. Since the assertion for u; is included in (4) by allowing 8 = 0, we give the proofs of (2),
(3) and (4) with 8 = 0. Moreover, in a similar way to the proof of Theorem 5.3, one can check that w; is a
solution of (5.6) in © x (0,7"). Thus we only check the boundary condition.

1. u; is a subsolution on JQ x (0,7). Assume that u; — ¢ attains its maximum at (0, t) € 992 x (0,7)
for ¢ € C1(2 x (0,T)). Set 7 = ¢4(0,%) and p = ¢,(0,1).

Case 1: £ € (0,1]. We prove that the equation (5.6) is satisfied in this case. Suppose first that ¢ € (0, 1).
Since w;(z,t) = 2¢(x + t) near (0,t) for every ¢ = 2, 3,4, we have 7 = 2¢ and p = 2¢. This implies that

T—1|p| £2¢—2¢=0.
Next, let £ = 1. For h > 0 small enough, we have

¢(h,1—h) — $(0,1) _ u;(h,1 —h) —u;(0,1)  2c—2c
V2h V2h - V2h

Sending h — +0 implies that p — 7 =2 0. Now, as u;(z,1) = 2¢ for x = 0, we have p = 0. Consequently,
T—|pl=7—-pZL0.

> =0 (i=2,3,4).

Case 2: t € (1,T). By the definitions of usg, u3, us we have

7=0,p=0 if1 <t<2,
R c c
(2) there}sno?uchqb ?ftA:2, 3)7=0,p20 (4)T:1+B,p§—1+6
uz(0,t) = ct if t >2
Therefore
. c —c
2)T—Ip|£0 fl<t<?2 3)t—Ip|£0 HT—-pp< — - =c.
@ 7-ll<0 i B r-ll<0 @i —f g

2. u; is a supersolution on 902 x (0,7). Assume that u; — ¢ attains its minimium at (0, t) € 99 % (0,T)
for ¢ € C1(Q x (0,T)). Set 7 = ¢:(0,%) and p = ¢,(0,£). Then, for i = 2, the boundary condition (5.2) is
satisfied wherever # lies since we have u2(0, f) > cf. Let us discuss the cases of i = 3,4.

Case 1: € (0,1]. Tt is easily seen that there is no such ¢ when ¢ = 1. Thus we may let ¢ € (0,1). For
both i = 3,4 we have u;(z,t) = 2¢(z + t) near (0,¢). This implies that 7 = 2¢ and p < 2¢, and so

3) T—|p|22c—2c=0 if0<p< 2, g [Tz 2e-2c=0 f0<p<e,
—p=0 ifp<o T—Bp=22c+0=2c ifp<O.

Case 2: € (1,7). In this case

(8)7=0,p<0 W7=115 P55
and thus
(3) —p=0 @r—fpz———f —— =c
1+3 1+
Namely, the boundary condition is satisfied. The proof is complete. O

Remark 5.7. The behaviors of u; and us and their difference can be understood as follows: Since the equation
(5.6) requires that the horizontal growth speed of the solution should be one, both u; and ugy grow in the
horizontal direction until they become flat at ¢t = 1. During the period 0 £ ¢ < 1, the value of them at x =0
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is 2¢t and the vertical growth speed is 2¢. They are beyond the prescribed boundary conditions. After they
get flat, the behaviors are different. Since the value of the solution usg is larger than the Dirichlet boundary
value at x = 0, the solution waits until it recovers the boundary condition. Once it is recovered at ¢t = 2, the
solution starts to grow again with the shape Uy as in the previous example (Theorem 5.3). Different from
ug, the solution u; of the stationary problem does not need to wait since the prescribed condition is not the
value but the speed. Thus u; immediately starts to grow after ¢ = 1.

This difference is caused by the steep slope of the initial datum near x = 0. As we have already proven in
Theorem 5.1 (1), if the initial slope is small compared with ¢, then the stationary condition and the Dirichlet
condition give the same solution.

This example also shows that solutions for the Dirichlet boundary problem do not possess a semi-group
property. In fact, as we observed in the previous example, if the initial datum is constant, the solution
immediately grows. However, the solution us does not grow during 1 < ¢ < 2 in spite that it is flat at ¢t = 1.

Remark 5.8. Let us define u(x,t) = ui(|z|,t) for (z,t) € R x [0,T), which is the reflection of the solution
uy of (St2). As shown in [12, Example 5.7 (2)], @ is the unique envelope solution of (5.8) with ug given by
(5.9).

In [12, Section 5.3], we also studied the problem

w(x,t) — lug(x,t)] =0 in (R\{0}) x(0,7), wu(z,0)=uo(z) inR, ul(0,t)=c. (5.12)

The above 4 is a viscosity solution of (5.12) but it is not a unique solution. The problem (5.12) has infinitely
many continuous viscosity solutions.

Non-uniqueness of discontinuous solutions. There are infinitely many discontinuous solutions of (St2)
and (Di2). This shows that solutions may lose continuity even if a Hamiltonian is coercive. Such discontin-
uous solutions are obtained by modifying u; and us on 9 x (0,7T). Let us define

G (2. 4) = uy(z,t) (x> 0), Gz 1) us(z,t) (x> 0),
o {f1<t> @=0, "0 {fz(t) (= 0)

with functions f; € C([0,7)) N C*((0,T)) and fo € C([0,T)) satisfying f1(0) = f2(0) = 0 and

0< f1(t) £ui(0,t), fi(t)=c forallte (0,T),
ct < fo(t) L ue(0,t) forall ¢t € (0,7).

There are infinitely many choices of such f; and f2, and examples include fi(t) = fa(t) = ct. Unless
fi(t) = u;(0,¢) for all ¢t € [0,T), the function @; has discontinuity on 92 x (0,T') for i = 1,2. Also, it is easily
seen that

w; in Q x [0,7),

b on 80X [0.7) (i=1,2). (5.13)

Proposition 5.9. 4 is a solution of (St2) and ag is a solution of (Di2). Therefore, solutions are not
unique for these problems.

Proof. By Theorem 5.6 and (5.13), we only need to check that (@;). is a supersolution on the boundary for
i =1,2. Assume first that u; — ¢ attains its minimum at (0,#) for ¢ € C*(Q x (0,T)) and # € (0,T). Then,
#¢(0,%) = f{(0,%) = c. Let us next assume that us — ¢ attains its minimum at (0,#) for ¢ € C1(Q x (0,T))
and t € (0,7). Then we have (ii2).(0,) = fa(t) = ct. O

5.3 Non-existence of Lipschitz continuous solutions

Even if the initial datum is zero, the unique continuous solution may immediately lose the Lipschitz continuity
when the equation is not coercive. We below give such an example. For such problems we cannot apply
Theorem 2.9 to show the uniqueness.
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We consider a problem similar to [12, Example 5.15]. We study the equation

|ua (2, t)

t L e S A
) = T (a0

=0 inQx(0,7). (5.14)

Here h(r) =r/(1+7) and hoo = 1. Also, note that the corresponding F'(p) = —h(|p|) = —|p|/(1 + |p|) is not
coercive. For ¢ > 0 we consider the stationary boundary problem

(5.14), (5.1), wu(z,0)=0 in Q. (St3)
Let us define

U(%t)z{(x/z@—ﬁ)j,

and

uc(x,t):{d_l—cm @s@=cft o oen, Ue(z,t) = Uz, t) if ¢ = 1.
U(z,t) (z = (1-c)?t) N

In Q x [0,T), the above u, is Lipschitz continuous if 0 < ¢ < 1, while it is not Lipschitz continuous if ¢ > 1.
The latter fact follows from

U(h,t) — U(0,1)

li =— f 7). 1
Jim - oo fort e (0,T) (5.15)
See Figure 2 for the graphs of u..

u(x,t)+

(a) The solution u. with 0 <c¢ <1 (b) The solution u. with ¢ =1

Figure 2: Solutions of (5.14) with u(x,0) = 0.

When ¢ > 1, let us define
_ _JU@,t) (z>0),
el t) = {f(t) (v =0)

with a function f € C([0,7)) N C*((0,T)) satisfying f(0) = 0 and
t< f(t), f(t)<c forallte (0,T). (5.16)
Note that @, is continuous in € x [0, 00) if and only if f(t) = t.

Theorem 5.10. (1) u. is the unique solution of (St3) in X for every ¢ > 0.
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(2) Let ¢ > 1. Then 1. is a solution of (St3).

Thus the unique solution wu. in X is not Lipschitz continuous when ¢ =2 1. If ¢ > 1 = hy (i-e, the
assumptions of Theorem 5.1 are not fulfilled), the solution u. does not satisfy (5.3) since w.(0,t) = t for
t € (0,T). Theorem 5.10 (2) asserts that there are infinitely many discontinuous solutions.

Proof. (1) It is easily seen that u,. satisfies (3.1)-(3.4) and u.(x,0) = 0 in Q for every ¢ > 0.
Case 1: 0 < c< 1. Let a(z,t) := ¢t — cz/(1 — ¢). Differentiating a and U, we find

: (Vi-vE), (Vi-Va),
;o Ulz,t) = ——=+, Ug(z,t) = ———F—.

T Vi Ve

This shows that both a and U solve (5.14) in Q x (0,T'). Moreover, they are smoothly connected on the line

{z = (1 — ¢)?*t}. Namely, u. € C1(Q x (0,T)), and thus u, is a classical (and hence viscosity) solution of

(5.14). Since u.(0,t) = ct, the boundary condition is also satisfied.

a(x,t) =c¢, ag(x,t)=—

Case 2: ¢ > 1. We have already checked that u, = U solves (5.14) in ©Q x (0,7). On the boundary
002 x (0,T), we have u.(0,t) = U(0,t) =t < ct, and so u, is a subsolution of (St3). Furthermore, due to
(5.15), there is no test functions ¢ touching u. from below at (0,t). Thus u, is a supersolution of (St3).

(2) Since t < f(t) for t € [0,T"), we have

(ﬂC)* =

{U in Qx [0,7), (i) =U i Qx[0,7).

f ondQx|0,T),
These and the second assumption f/(f) < ¢ in (5.16) give the desired conclusion. O

Remark 5.11. Set tc(x,t) = uc(|z|, t) for (z,t) € R x [0,T). In [12, Example 5.15] we studied

|ua (2, 1)

1) — el
) T (e, 0

=cl(z) mRx(0,T), u(z,00=0 inR (5.17)

and proved that 4. is the unique envelope solution of (5.17) when 0 < ¢ £ 1. If ¢ > 1, envelope solutions
are not unique.
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