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Abstract This paper proposes modifications to the phenomenological model formulation 
called CDPM2, developed by Grassl et al. [1]. The proposed modifications are designed to 
enhance model performance with coupling to temperature effects. A very strong coupling 
between nonlinear elasticity, plasticity, nonlocal damage evolution and temperature gradient 
is used to simulate arbitrary crack propagation. The use of FVM to model solid damage is a 
numerical challenge. This approach presents some advantages such as: ensuring that 
discretization is conservative even when the geometry is changing; providing a simple 
formulation that can be obtained directly from a difference method; and employing 
unstructured meshes. Most authors have neglected the nonlinearity of concrete in the elastic 
domain from the start of loading to the plastic domain. In this paper we confirm that concrete 
rheology is not linear even under low loading. Also, since the so-called fracture energy is a 
key parameter needed to determine the size of cracks and how they propagate in space, we 
consider that the fracture energy is both material and geometrical parameter dependent.  For 
this reason, we developed a new approach which includes adaptive mesh, nonlinear rheology 
and thermal effects to re-calculate fracture energy at each time step. Many authors use a 
constant value obtained from experiments to calculate fracture energy; others use a 
numerical correlation. In this study, the fracture energy parameter is not constant and can 
vary with temperature or/and with a change in geometry due to concrete failure. As is well 
known, the mesh quality of complex geometries is very important for making accurate 
predictions. A new meshing tool was developed using the C++ programming language. This 
tool is faster, more accurate and produces a high-quality structured mesh. The predictions 
obtained were compared to a wide variety of experimental data and showed good agreement.  
 
1. Introduction  
 

Concrete is difficult to model because of its quasi-fragility, heterogeneity, porosity 
and thermal dilation. The literature contains several constitutive models developed to 
simulate crack formation and propagation. Among them is CDPM2, developed by Grassl et 
al. [1], which combines damage mechanics and plasticity theory in order to analyze the 
failure of concrete structures. In the present study, the concept of inelasticity is used instead 
of plasticity. Inelasticity is close to reality and contains the plastic, elastic and thermal 
strains, as well as strains due to the effect of time, such as creep. Concrete degradation 
models are based on the concept of damage, which is often formulated on the basis of 
mechanical tests on a macro level. However, damage is only one physical parameter and 
cannot adequately represent crack behavior and random propagation. Crack behavior 
depends mainly on the damage, crack number and size, mechanical and thermal loading, the 
initial concrete mix, its age, and the dimensions of the structure. To date, no constitutive 
models have included all these parameters in the formulation of the damage variable.  
In theory, concrete stress has two main causes: damage (highly solicited zones, cracks, 
microcracks, coalescence problems, aggregate segregation) and plasticity, a mechanism that 
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is not well understood, especially since plasticity theory was developed from models applied 
to hyper elastic materials such as plastic and metal. Damage and plasticity are described by 
continuum mechanics, and their coupling is necessary for concrete degradation modeling. 
When the thermal gradient is added, the coupling becomes more complex in terms of the 
discretization of differential equations using, for example, the finite-element method. In the 
present study, an open-source tool based on the finite-volume method was developed by 
integrating an algorithm for solving a set of mathematical equations. This tool, coded in 
OpenFOAM, is in the form of a solver that uses a new library developed specifically for 
concrete degradation problems.  
The finite volume method, recommended by Fryer et al. [2], Demirdzic and Muzaferija [3], 
Ivankovic et al. [4], Maneeratana [5], and Tukovic et al. [6] for problems related to solid 
mechanics, was used in the present study to discretize the calculation domain and differential 
equations. It was chosen because of the complexity of the problem, i.e., the appearance of 
cracks, their random propagation and the subsequent damage to the structure. Originally 
developed for fluid mechanics, the finite-volume method has been adapted, with several 
modifications, to solid mechanics. The work of Menétrey [7]; Grassl et al. [8] and Cervenka 
and Papanikolaou [9] explains plasticity models based on stress and fracture mechanics. 
However, as shown in testing, plasticity models are not capable of representing the 
material’s loss of rigidity after cracking. Other researchers, in particular Mazars [10,11]; 
Grassl and Jirasek [12]; Cicekli et al. [14]; Voyiadjis et al. [13]; and Grassl et al. [1,8], have 
combined plasticity models with damage mechanics. The present study is based mainly on 
the work of Grassl et al. [1]. This model is complete enough to be applied to cases involving 
lower loads (compression or traction) while considering isotropic damage during the 
deformation process. The damage model, used by Grassl and Jirasek [12], is based on a 
single parameter for both load types (compression and traction). Those authors nevertheless 
recognized that their model was inadequate for dealing with a deformation following biaxial 
compression-traction tests, and recommended using other damage models with several 
parameters. Recently, Grassl et al. [8] used the model known as CPDM1 (Concrete Plasticity 
Damage Model 1) to develop an improved version by adding a two-parameter isotropic 
damage model. In the present work, a damage law was developed based on the work of 
Mazars [10, 11] and Oliver et al. [15].  
 
2. Mathematical modeling  
 
The general formulation for elasto-plastic with damage is written as follows:   
 

�̇�𝜎 = (1 − 𝐝𝐝)�̇̅�𝜎 = (1 − 𝐝𝐝)𝐃𝐃𝐞𝐞: (𝜀𝜀̇ − 𝜀𝜀�̇�𝑝)    (1) 

Where �̇�𝜎 and �̇̅�𝜎 represent the total and effective stresses, respectively, and (d) is the isotropic 
damage variable (d=0: healthy structure; d=1: damaged structure). In OpenFOAM, d is 
written as follows: 

𝐝𝐝 = d[cell]       (2) 

The term “cell” defines the index of a finite volume in the mesh. Effective stress is expressed 
by the following equation:  

�̇̅�𝜎 = 𝐃𝐃𝐞𝐞: (𝜀𝜀̇ − 𝜀𝜀�̇�𝑝)       (3) 

The terms (𝜀𝜀̇) and (𝜀𝜀�̇�𝑝) represent the total and plastic deformation rates, respectively. Plastic 
deformation, 𝜀𝜀�̇�𝑝 , is determined using the concept of plasticity governed by a set of equations 
and conditions, as follows:  

𝜀𝜀̇ = 𝜀𝜀�̇�𝑒 + 𝜀𝜀�̇�𝑝 , �̇̅�𝜎 = 𝐸𝐸𝜀𝜀�̇�𝑒 , 𝜀𝜀�̇�𝑝 = �̇�𝜆𝑝𝑝𝑚𝑚(�̇̅�𝜎, �̇�𝜅𝑝𝑝) , �̇�𝜅𝑝𝑝 = �̇�𝜆‖𝑚𝑚‖
�̇�𝑋ℎ(�̅�𝜎)

(2𝑐𝑐𝑐𝑐𝑐𝑐�̅�𝜃)2        (4) 
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Where 𝐸𝐸 is the initial Young modulus, 𝑚𝑚(�̇̅�𝜎, �̇�𝜅𝑝𝑝) represents the plastic flow vector, and �̇�𝜆𝑝𝑝 is 
the plastic multiplier rate calculated under the following conditions: 

𝐹𝐹𝑝𝑝(𝜎𝜎, 𝜅𝜅𝑝𝑝) ≤ 0,      �̇�𝜆𝑝𝑝 ≥ 0,    et   �̇�𝜆𝑝𝑝𝐹𝐹𝑝𝑝(𝜎𝜎, 𝜅𝜅𝑝𝑝) = 0       (5) 

2.1 Failure interface function  
 
Function 𝐹𝐹𝑝𝑝(𝜎𝜎, 𝜅𝜅𝑝𝑝) defines the failure interface, which is a line separating the elastic domain 
and the cracked area.  

𝐹𝐹𝑝𝑝(𝜎𝜎, �̇�𝜅𝑝𝑝) = {[1 − 𝑞𝑞ℎ1] ( �̅�𝜌
√6𝑓𝑓𝑐𝑐

+ �̅�𝜎𝑉𝑉
𝑓𝑓𝑐𝑐

)
2

+ √3
2

�̅�𝜌
𝑓𝑓𝑐𝑐

}
2

+ 𝑚𝑚0𝑞𝑞ℎ1
2 (𝜅𝜅𝑝𝑝)𝑞𝑞ℎ2(𝜅𝜅𝑝𝑝) [ �̅�𝜌

√6𝑓𝑓𝑐𝑐
𝑟𝑟(𝑐𝑐𝑐𝑐𝑐𝑐�̅�𝜃) + �̅�𝜎𝑉𝑉

𝑓𝑓𝑐𝑐
] − 𝑞𝑞ℎ1

2 (𝜅𝜅𝑝𝑝)𝑞𝑞ℎ2
2 (𝜅𝜅𝑝𝑝)

                (6) 
With  �̅�𝜎𝑉𝑉 = 1

3
𝑡𝑡𝑟𝑟(𝜎𝜎)          

  
The work of Grassl et al. [1] provides more detail about the CDPM2 model.  
 
2.2 Concrete elasticity 
 
Figure 2 shows the change in the Poisson coefficient and Young modulus based on the work 
of Ottosen [16]:  
 
 
 
 
 
 
 
 
 
                              (a)                                   (b) 

Figure 1 : Change in rheological properties of concrete: (a) Poisson coefficient (b) Influence of 
parameters A and B (Ottosen [16]) 
 

L'évolution du coefficient de Poisson, 𝜈𝜈, est donnée par la relation suivante: 

𝜈𝜈 = {
𝜈𝜈0                                                    𝑐𝑐𝑠𝑠 𝛽𝛽 ≤  𝛽𝛽0              

        
𝜈𝜈𝑓𝑓 − (𝜈𝜈𝑓𝑓 − 𝜈𝜈0)√1 − (𝛽𝛽−𝛽𝛽0

1−𝛽𝛽0
)

2
          𝑐𝑐𝑠𝑠 𝛽𝛽 >  𝛽𝛽0                    

        (7) 

For any type of concrete or load 𝜈𝜈𝑓𝑓 = 0.36 and 𝛽𝛽0 = 0.8. Parameter 𝜈𝜈0 represents the initial 
Poisson coefficient. Variable 𝛽𝛽 defines the ratio of the equivalent stress over the 
compression withstand limit:  

𝛽𝛽 = 𝜀𝜀𝑒𝑒𝑒𝑒
𝑓𝑓𝑐𝑐′

        (8) 

Absence of a load (𝜀𝜀𝑒𝑒𝑒𝑒 = 0) implies that 𝛽𝛽 = 0, and only in that case is the concrete 
response considered elastic-linear. The variation in the elasticity modulus is expressed by the 
following non-linear equation: 

𝐸𝐸𝑛𝑛𝑛𝑛 = 1
2 𝐸𝐸0 − 𝛽𝛽 (1

2 𝐸𝐸0 − 𝐸𝐸𝑓𝑓) + √[1
2 𝐸𝐸0 − 𝛽𝛽 (1

2 𝐸𝐸0 − 𝐸𝐸𝑓𝑓)]
2

− 𝛽𝛽𝐸𝐸𝑓𝑓
2[𝐴𝐴(1 − 𝛽𝛽) − 1]      (9) 

If 𝛽𝛽 = 0, equation (33) will give: 𝐸𝐸𝑛𝑛𝑛𝑛 = 𝐸𝐸0 (linear response).  
The term 𝐸𝐸𝑓𝑓 represents the Young modulus at the fracture point, and is defined as follows: 
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𝐸𝐸𝑓𝑓 = 𝐸𝐸0

1+4(𝐵𝐵−1)(√𝐽𝐽2
𝑓𝑓𝑐𝑐

− 1
√3)

        (10) 

A and B are parameters of the model (A=1 and B=2 according to Desayi and Krishnan [17]). 
𝑓𝑓𝑐𝑐 is the compression withstand limit, and 𝐽𝐽2 represents the plasticity criterion defined by: 

𝐽𝐽2 = 1
3 (𝐼𝐼1

2 − 3𝐼𝐼2)        (11) 

2.3 Concrete plasticity 
 The deformations resulting from mechanical loading are shown in Figure 3.  
 
   
 
 
 
 
 
 
 
 
 
 
 

   
 Figure 3: Change in concrete deformation under compression 
 

It can be seen that there are several mathematical formulations in terms of equivalent 
deformations and in the form of increments for small displacements: 

𝜀𝜀̇ = 𝜀𝜀�̇�𝑒 + 𝜀𝜀�̇�𝑖        (12) 

𝜀𝜀�̇�𝑖 = 𝜀𝜀�̇�𝑝 + 𝜀𝜀�̇�𝑑        (13) 

𝜀𝜀�̇�𝑖 is the increment of inelastic deformation; 𝜀𝜀�̇�𝑑 is the increment of deformation due to elasto-
plastic damage. In analyzing concrete structure performance, the use of inelastic deformation 
is the approach closest to reality. Based on Figure 3, deformation due to elasto-plastic 
damage can be defined. This new parameter is expressed by the following equation:  

𝜀𝜀�̇�𝑑 = 𝜀𝜀�̇�𝑑,𝑒𝑒 − 𝜀𝜀�̇�𝑒        (14) 

With  𝜀𝜀�̇�𝑑,𝑒𝑒 = 1
(1−𝑑𝑑) 𝜀𝜀�̇�𝑒            

 �̇�𝜀𝑑𝑑,𝑒𝑒 define the deformation after concrete damage while remaining in its elastic domain. 
Finally, Equations (13) and (14) give this result: 

𝜀𝜀�̇�𝑑 = 𝑑𝑑
(1−𝑑𝑑) 𝜀𝜀�̇�𝑒        (15) 

By definition, elastic deformation is given by the following equation: 

𝜀𝜀�̇�𝑒 = �̇�𝜎
𝐸𝐸0

          (16) 

The increment of total stress is expressed as a function of inelastic deformation, as follows: 
�̇�𝜎 = 2𝜇𝜇(𝜀𝜀̇ − 𝜀𝜀�̇�𝑖 − 𝜀𝜀�̇�𝑇) + 𝜆𝜆𝐈𝐈𝑡𝑡𝑡𝑡(𝜀𝜀̇)        (17) 

Parameters 𝜇𝜇 and 𝜆𝜆 are the Lamé coefficients, defined by the following equations: 

{
𝜇𝜇 = 𝐸𝐸

2(1+𝜈𝜈)          

𝜆𝜆 = 𝜈𝜈𝐸𝐸
(1+𝜈𝜈)(1−2𝜈𝜈)

        (18) 
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Consequently, Equations (12), (14) and (15) give the following analytical solution:  

𝜀𝜀�̇�𝑝 = 𝜀𝜀̇ − 1
1−𝐝𝐝 𝜀𝜀�̇�𝑒         (19) 

Equations (12) to (19) are expressed in terms of equivalent deformations in order to calculate 
the equivalent plastic deformation, which is approximately equal to the plastic multiplier �̇�𝜆𝑝𝑝.  
The following equation may therefore be concluded: 

𝜀𝜀�̇�𝑒𝑒𝑒
𝑝𝑝 ≅ �̇�𝜆𝑝𝑝         (20) 

Equations (4) and (20) therefore yield this equivalence:  
𝜀𝜀̇𝑝𝑝 = 𝜀𝜀�̇�𝑒𝑒𝑒

𝑝𝑝 𝑚𝑚(𝜎𝜎, 𝜅𝜅𝑝𝑝)        (21) 
The plastic normal (or plastic flow vector), 𝑚𝑚(𝜎𝜎, 𝜅𝜅𝑝𝑝), is defined by:  

𝑚𝑚(𝜎𝜎, 𝜅𝜅𝑝𝑝) = 𝜕𝜕
𝜕𝜕�̅�𝜎 𝐺𝐺𝑝𝑝(𝜎𝜎, 𝜅𝜅𝑝𝑝)       (22) 

2.4 Influence of temperature on concrete degradation   
Temperature variations affect rheological parameters (E, ft, and fc) as well as the dilation 
coefficient and thermal conductivity. In this study, the correlations established by Shoukry et 
al. [23] were incorporated into the numerical tool as follows:     

𝑓𝑓𝑡𝑡(𝑇𝑇) = 0.55√�́�𝑓𝑡𝑡 − 0.018(𝑇𝑇 − 20),  𝑓𝑓𝑐𝑐(𝑇𝑇) = 𝑓𝑓�́�𝑐 − 0.13(𝑇𝑇 − 20) and 𝐸𝐸(𝑇𝑇) = 𝐸𝐸0 − 0.10627(𝑇𝑇 − 20) 

The concrete dilation coefficient was assumed to be fixed at 𝛼𝛼 = 6.8×10-6 1/Co according to 
ACI (2019). The rheological parameters are in MPa for (ft, fc) and in GPa for Young’s 
modulus. To determine thermal conductivity, the model of Kim et al. [24] was used.  

𝑘𝑘𝑐𝑐 = 𝑘𝑘0[0.293 + 1.01𝑉𝑉𝑔𝑔] [0.8 (1.62 − 1.54 (𝑊𝑊
𝐶𝐶 )) + 0.2𝑅𝑅ℎ]     (23) 

                                        × [1.05 − 0.0025𝑇𝑇][0.86 + 0.0036𝑉𝑉𝑠𝑠]            

Where 𝑘𝑘0 is the reference conductivity of concrete (at T=20Co), 𝑉𝑉𝑔𝑔 the volume fraction of the 
large aggregate, (w/c) the water/cement ratio, 𝑅𝑅ℎ the humidity and 𝑉𝑉𝑠𝑠 the volume fraction of 
the sand. Thermal damage is calculated according to the following correlation, Jirasek and 
Bazant [25]:  

𝐷𝐷𝑇𝑇 = 1 − (0.03931 + exp (−0.002𝑇𝑇))      (24) 

Equation (24) does not take elastic or plastic deformation into account. This equation is used 
to correct mechanical damage, as follows:      

𝐷𝐷𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = (1 − 𝐷𝐷𝑀𝑀)(1 − 𝐷𝐷𝑇𝑇)       (25) 

2.5 Analytical solution proposed to determine plastic deformation 
The iterative algorithms proposed in the literature [11,12,27] to calculate the plastic 
multiplier and deduce the plastic deformation have a number of disadvantages, including 
high effort calculation and high residuals. The contribution of the present study is of a 
theoretical nature; it is based on a mathematical development for determining plastic 
deformation. For concrete, the inelastic definition is used, in which plastic deformation is 
implicitly included. Figure 3 shows the definition of each variable in terms of stress-
deformation curve. Moreover, the following condition was developed and verified:  

1
2 𝜀𝜀̇ ≤ 𝜀𝜀�̇�𝑝 ≤ 𝜀𝜀̇        (26) 

Thus, based on the following equations:   
𝐸𝐸𝑝𝑝 = (1 − 𝐝𝐝)𝐸𝐸        (27) 
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And 

𝜀𝜀̇ = 𝜀𝜀�̇�𝑒 + 𝜀𝜀�̇�𝑝        (28) 

Using the total stress rate applied as follows: 
�̇�𝜎

𝐸𝐸𝑒𝑒𝑒𝑒
= �̇�𝜎

𝐸𝐸 + �̇�𝜎
𝐸𝐸𝑒𝑒

         (29) 

From Equation (29) it may be deduced that:  

𝐸𝐸𝑒𝑒𝑝𝑝 = 𝐸𝐸𝐸𝐸𝑒𝑒
𝐸𝐸+𝐸𝐸𝑒𝑒

        (30) 

Given that: 

𝐸𝐸𝑒𝑒𝑝𝑝 = �̇�𝜎
�̇�𝜀         (31) 

Equations (27) and (30) give: 

𝜀𝜀�̇�𝑝 = 𝐸𝐸
𝐸𝐸+𝐸𝐸𝑒𝑒

𝜀𝜀̇         (32) 

By combining Equations (27) and (32), the following result was obtained: 

𝜀𝜀�̇�𝑝 = 1
2−𝐝𝐝 𝜀𝜀 ̇        (33) 

Using extreme conditions of damage, the following system is found: 

{𝜀𝜀�̇�𝑝 = 1
2 𝜀𝜀̇   𝑠𝑠𝑠𝑠 𝑑𝑑 = 0

𝜀𝜀�̇�𝑝 = 𝜀𝜀̇      𝑠𝑠𝑠𝑠 𝑑𝑑 = 1
       (34) 

Based on equation system (34), it may be deduced that the following equation is true at all 
times:  

1
2 𝜀𝜀̇ ≤ 𝜀𝜀�̇�𝑝 ≤ 𝜀𝜀̇         (35) 

This new condition was implemented into the numerical toolbox developed in the present 
study. Computational stability and convergence are observed during simulation.    
  

2.6 Components of damaged concrete  
Mazars’ two damage laws [10,11], in their original and modified versions, have been widely 
used in the study of concrete degradation. In the present work, an exponential law was 
incorporated into the numerical code (please see those studies for more details). 
Mathematically, Mazars’ laws have exponential form; however, in this model, the 
exponential law is written explicitly as follows:  

𝐝𝐝𝐭𝐭 = 1 − 𝑒𝑒𝑒𝑒𝑒𝑒 (− 𝜀𝜀𝑒𝑒𝑒𝑒,𝑡𝑡
𝜀𝜀𝑓𝑓

)        (36) 

𝐝𝐝𝒄𝒄 = 1 − 𝑒𝑒𝑒𝑒𝑒𝑒 (− 𝜀𝜀𝑒𝑒𝑒𝑒,𝑐𝑐
𝜀𝜀𝑓𝑓

)         (37) 

This new formulation makes implicit use of fracture energy in the term 𝜀𝜀𝑓𝑓 = 𝐺𝐺𝑓𝑓/(𝑓𝑓𝑡𝑡ℎ𝑒𝑒). 
Mazars’ laws do not use this important parameter, considered to be both a physical and 
geometric property of the material. The overall damage rate is given by the same equation as 
the one developed by Mazars [10]: 

𝐃𝐃 =  ∝𝑡𝑡 𝐝𝐝𝑡𝑡 + (1 −∝𝑡𝑡)𝐝𝐝𝑐𝑐        (38) 

The present work uses the following equation from Grassl et al. [1]: 

∝𝑐𝑐= ∑ �̅�𝜎𝑐𝑐,𝑖𝑖(�̅�𝜎𝑡𝑡,𝑖𝑖+�̅�𝜎𝑐𝑐,𝑖𝑖)
‖�̅�𝜎𝑒𝑒‖2

3
𝑖𝑖=1              (39) 
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Where 
𝛼𝛼𝑡𝑡 = (1 − 𝛼𝛼𝑐𝑐) ;  𝜀𝜀𝑒𝑒𝑒𝑒,𝑡𝑡 = √∑ < 𝜀𝜀𝑖𝑖 >+

23
𝑖𝑖  ; 𝜀𝜀𝑒𝑒𝑒𝑒,𝑐𝑐 = √∑ < 𝜀𝜀𝑖𝑖 >−2

3
𝑖𝑖  ;  𝜎𝜎𝑝𝑝 = 1

3 𝑡𝑡𝑡𝑡(𝜎𝜎) 𝜎𝜎𝑡𝑡,𝑖𝑖 =< 𝜎𝜎𝑖𝑖 >+  ; 𝜎𝜎𝑐𝑐,𝑖𝑖 =< 𝜎𝜎𝑖𝑖 >−   

Equations (36) and (37) are based on the work of Oliver et al. [53], whose model had limits 
in terms of biaxial and shear loading. Equivalent deformation is uniform, whether for mode I 
or mode II. The concept of this development is based on the use of Mazars’ laws [10,11], 
because of their advantages in biaxial tests, and on the exponential law of Oliver et al. [53], 
which includes fracture energy. Combining these two laws yielded Equations (36) and (37).     

2. 9 Cohesive forces on the concrete-concrete interface 
According to Xu and Needleman [18], normal and tangential cohesive forces are expressed 
as follows:   
 
Normal traction: 

𝑇𝑇𝑛𝑛 = − Φ𝑛𝑛
𝛿𝛿𝑛𝑛

𝑒𝑒𝑒𝑒𝑒𝑒 (− Δ𝑛𝑛
𝛿𝛿𝑛𝑛

) {Δ𝑛𝑛
𝛿𝛿𝑛𝑛

𝑒𝑒𝑒𝑒𝑒𝑒 (− Δ𝑡𝑡
2

𝛿𝛿𝑡𝑡
2) + 1−𝑒𝑒

𝑟𝑟−1 [1 − 𝑒𝑒𝑒𝑒𝑒𝑒 (− Δ𝑡𝑡
2

𝛿𝛿𝑡𝑡
2)] [𝑡𝑡 − Δ𝑛𝑛

𝛿𝛿𝑛𝑛
]}    (40) 

Tangential traction : 

𝑇𝑇𝑡𝑡 = − Φ𝑛𝑛
𝛿𝛿𝑛𝑛

(2 𝛿𝛿𝑛𝑛
𝛿𝛿𝑡𝑡

) Δ𝑡𝑡
𝛿𝛿𝑡𝑡

{𝑞𝑞 + (𝑟𝑟−𝑒𝑒
𝑟𝑟−1) Δ𝑛𝑛

𝛿𝛿𝑛𝑛
} 𝑒𝑒𝑒𝑒𝑒𝑒 (− Δ𝑛𝑛

𝛿𝛿𝑛𝑛
) 𝑒𝑒𝑒𝑒𝑒𝑒 (− Δ𝑡𝑡

2

𝛿𝛿𝑡𝑡
2)      (41) 

The parameters are defined in Xu and Needleman [18]. However, the characteristic lengths, 
𝛿𝛿𝑛𝑛 and 𝛿𝛿𝑡𝑡, were determined using the equation proposed by Hillerborg et al. [19]:  

𝛿𝛿𝑛𝑛 = 𝛿𝛿𝑡𝑡 = 𝐺𝐺𝑓𝑓𝐸𝐸
𝑓𝑓𝑡𝑡

2          (42) 

𝐺𝐺𝑓𝑓 is the fracture energy expressed by the equation of Bazant and Becq-Giraudon [26]: 
𝐺𝐺𝑓𝑓 = (0.0469ℎ𝑒𝑒

2 − 0.5ℎ𝑒𝑒 + 26)𝑓𝑓𝑐𝑐
0.7       (43) 

2.10 Estimation of crack opening  
Based on the work of Bazant and Oh [27], crack thickness is expressed as follows: 

𝑤𝑤𝑐𝑐 = 𝑙𝑙𝑐𝑐ℎ𝜀𝜀𝑐𝑐         (44) 

𝑙𝑙𝑐𝑐ℎ is the characteristic length defined by Equation (42), and 𝜀𝜀𝑐𝑐 is the deformation in the 
crack area. By combining Equations (42) and (44): 

 𝑤𝑤𝑐𝑐 = 𝐺𝐺𝑓𝑓𝐸𝐸
𝑓𝑓𝑡𝑡

2 𝜀𝜀𝑐𝑐         (45) 

It should be noted that in the present work, the term 𝜀𝜀𝑐𝑐 has been replaced by equivalent 
deformation, 𝜀𝜀~, because of its involvement in the damage parameter calculation. In addition, 
crack thickness is proportional to equivalent deformation. The following equation was 
developed and incorporated into the numerical tool:   𝑤𝑤𝑐𝑐 = 𝐺𝐺𝑓𝑓𝐸𝐸

𝑓𝑓𝑡𝑡
2 𝜀𝜀̃  

 
3. Development of an open-source toolbox for concrete cracking  
As part of this study, a meshing tool was developed. The mesh generated contained two 
main volume types: hexahedron and prism. Table 1 provides some of the mesh 
characteristics in the case of beam.  
Table 1: Mesh generation and characteristics   

Geometry (cm) Number of 
FVs 

Type of mesh Time (s) Max. 
Skewness 

Max. aspect 
ratio 

Beam 20(𝑊𝑊) × 40(𝐻𝐻) ×
420(𝐿𝐿) 

0.9 × 106 Hex. (96.5%) / 
Prism (4.5%) 

         32        0.78 7.95 
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Figure 8: Flowchart of the developed toolbox  

4. Experimental validation 
To assess the validity of the proposals developed in this work, the numerical simulation 
results were compared with lab test results. In this way, the model’s ability to reliably predict 
the response of reinforced concrete to various types of loading was determined. The 
experimental results used for the validation were those of Kupfer et al. [28] in Figures 11 
and 12, of Nooru [20] in Figure 13, of Imran [21] in Figure 14, and of Mirzazadeh and Green 
[22] in Figure 15. It can be seen that the model’s results are very similar to those obtained 
experimentally, regardless of the type of loading the concrete samples were subjected to.  
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2
5

4.1 Kupfer’s biaxial tests 
 

 
      
 
 
 
 
 
 
 
 
 

            (a)               (b) 
Figure 11: Comparison between experimental result and model (a) Biaxial compression (b) Compression-
Traction  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   
               (a)                              (b) 
Figure 12:  (a) Uniaxial and biaxial compression (b) Biaxial compression: Axial deformations        
 
4.2 Nooru’s shear tests 
 
 
 
 
                        

 
 
 
 
 
 
 
 

 
  

 
 

 
 Figure 13: Nooru-Mohamed’s shear tests [20] and numerical result  

 

2

2

5
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4.3 Imran’s confinement tests 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

Figure 14: Confinement test on saturated concrete with E/C=0.75 

4.4 Mirzazadeh and Green four-point beam [22] 

                               
 
               (Experiments) 
 
 
    (Simulation)  
 
   

Figure 15: Beams with no stirrups (average temperature inside beam: 30Co) 
 
 
6. Conclusion 
 
The proposals developed were validated based on experimental results obtained from the 
literature. The mathematical model resulting from the present work may be considered 
generic and scalable for the study of concrete degradation. The model also takes into account 
concrete expansion due to thermal gradient. The effect of fracture energy on fracture 
behavior is considered to be the most important factor. A number of nonlinear laws and 
analytical solutions were introduced with the aim of simulating concrete response to 
cracking but also to reduce calculation effort. The following points were noted during the 
numerical simulations performed by means of parallel calculations: 
 The damage variable has more influence on cracks in compression mode than in strain 

mode.  
 Plastic deformations have a considerable effect on crack direction and opening.  
 Plastic deformations are more numerous in mode I (strain) than mode II (compression).  
 Nonlinear response was observed in the elastic part (see Kupfer’s biaxial tests). 
 The degradation of the concrete’s Young modulus starts well before its compression or 

traction withstand limit. 
 The following equation applied at all times, regardless of the type of loading: 
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1
2 𝜀𝜀̇ ≤ 𝜀𝜀�̇�𝑝 ≤ 𝜀𝜀 ̇

 Fracture energy depends on geometry, coarse aggregate size and the material’s 
rheological properties. 

 Some of the samples had gouges in them, which accelerated the appearance of cracking.  
 Crack thickness is strongly influenced by fracture energy.  
 The cohesive forces at the concrete-concrete interface depend on the fracture energy. 

Consequently, the fracture energy value determines whether or not new cracked surfaces 
will form.  
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