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Abstract. The concept of representative directions allows one to generalize one-
dimensional uniaxial material models to more general constitutive equations, suitable
for arbitrary multi-axial loading scenarios. The procedure preserves the thermodynamic
consistency and the resulting material model satisfies the principle of objectivity. In the
current paper, the concept is modified by the introduction of new kinematics. Some fea-
tures of the resulting constitutive equations as well as the applicability of the extended
concept to real materials are discussed. For demonstration purposes, the plastic behaviour
of an electrospun polymer is modelled under large strain non-monotonic loading.

1 INTRODUCTION

The development of advanced material models is a multifaceted task, since a number of
requirements must be met. First, the developed model must satisfy the general principles
of constitutive mechanics, like objectivity, thermodynamic consistency, and preservation
of material symmetries. Second, the model must describe the real stress response with a
sufficient accuracy for a broad spectrum of loading conditions. Third, a robust identifica-
tion of material parameters must be possible based on a limited number of experiments.
Finally, the model must allow for an efficient and reliable numerics. At the conceptual
stage of constitutive modelling one may develop a simplified one-dimensional version of
the model which is suitable for uniaxial loading scenarios only. Classical examples are the
uniaxial Hooke law in elasticity and the Masing rule in cyclic plasticity [12]. Unfortunately,
these one-dimensional laws can not be used for the analysis of general application involv-
ing multi-axial loading conditions. To generalize the one-dimensional model, a number of
techniques were developed. The current paper focuses on the concept of representative
directions (see [16, 4, 15, 5]). It is based on the assumption that for each material particle
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the stress power is equal to the sum of stress powers of individual material directions (see
Section 2.1). Dealing with one-dimensional laws of hyperelastic type, this assumption
is equivalent to the “angular integrations approach” from [9] (see also [3], [10], [7], [11],
[8]). In the hyperelastic case the overall free energy is assumed as a sum of energies of
individual material directions. In order to obtain a stress tensor as a function of the strain
history, an integration over all possible directions is required which is equivalent to the
integration over a unit sphere (semi-sphere). Other approaches which also involve the
integration over a unit sphere are the micro-plane approach from [2] and the micro-sphere
approach [13], [14], [6].

In the current contribution, a modified version of the concept of representative direc-
tions is discussed. The main difference from the classical concept lies in a new definition
of the strain for each representative direction. Just as for the original approach, the
extended concept preserves the thermodynamic consistency and objectivity. It is shown
that if the representative directions are equipped with the one-dimensional Hooke law,
the new concept yields the well-known Hencky material. The applicability of the concept
to real materials is demonstrated; the behaviour of an electrospun polymer subjected to
non-monotonic loading is modelled.

2 CONCEPT OF REPRESENTATIVE DIRECTIONS

2.1 Classical method: C-approach

For simplicity, all the considerations are restricted to incompressible material be-
haviour.

det(F) ≡ 1 ⇒ detC ≡ 1 ⇒ Ċ : C−1 = 0. (1)

By C(t), t ∈ [0, T ] we denote the local deformation history described in terms of the
right Cauchy-Green tensor. Assume that each material particle consists of N fibres. In
this subsection the term “fibre” will be used along with the term “representative material
direction”. For each fibre we introduce a unit vector eα (α = 1, 2, ..., N) which is directed
along the fibre in the reference configuration. The stretch of each fibre α is computed
through

λα =

√
C : (eα ⊗ eα), C = (detC)−1/3 ·C. (2)

Assume that a one-dimensional uniaxial constitutive law is given, which provides uniaxial
true stress σα(t) as a function of the stretch history λα(t

′), t′ ∈ [0, t].
Since the true stress σα is power conjugate to the true strain εα = ln(λα) in incom-

pressible case, σα · ε̇α equals the stress power of the fibre. By T̃ we denote the second
Piola-Kirchhoff stress tensor. We assume that the stress power of the material is equal to
the average of individual stress powers of the fibres:

T̃ :
1

2
Ċ =

1

N

N∑
α=1

σα ·
d

dt
(lnλα), for all Ċ, such that Ċ : C−1 = 0. (3)

Obviously,

ε̇α =
d

dt
(lnλα) =

1

2λ2
α

(eα ⊗ eα) : Ċ. (4)
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Combining this equation with (3) we obtain the second Piola-Kirchhoff stress in the
following form

T̃ =
1

N

N∑
α=1

σα

λ2
α

(eα ⊗ eα) + p̃C−1, (5)

where p̃ ∈ R is a real number; the term p̃C−1 naturally appears due to the incompress-
ibility constraint Ċ : C−1 = 0. The method based on (5) will be called C-approach, since
the stretches λα of individual fibres are calculated using the right Cauchy-Green tensor
C.

2.2 Extended method: H-approach

By H := 1
2
ln(C) we denote the referential Hencky strain measure (logarithmic strain

tensor). Within the extended approach, we abandon the straightforward definition of the
stretch previously adopted for individual directions. A generalized true strain pertaining
to certain direction is now defined using H:

εα := HD : (eα ⊗ eα) = H : (eα ⊗ eα)
D. (6)

Now the term “representative direction” is not identical to the term “fibre” in the common
sense since material fibres and representative directions experience different strains.

The generalized true strain rate for each representative direction equals

ε̇α = (eα ⊗ eα)
D : Ḣ = (eα ⊗ eα)

D :
1

2

∂ ln(C)

∂C
: Ċ. (7)

Since the fourth-rank tensor ∂ ln(C)
∂C

exhibits the full symmetry, we have

ε̇α =
1

2

(∂ ln(C)

∂C
: (eα ⊗ eα)

D
)
: Ċ. (8)

Just as in the previous subsection, assume that σα is the uni-axial stress of a fibre-like
object and σα is power-conjugate to the generalized true strain εα. Following the general
concept, we assume that the stress power per unit volume of the material equals the
average of individual stress powers of representative directions:

T̃ :
1

2
Ċ =

1

N

N∑
α=1

σα · ε̇α, for all Ċ, such that Ċ : C−1 = 0. (9)

Combining this with (8), we obtain the second Piola-Kirchhoff stress in the form

T̃ =
∂ ln(C)

∂C
:
( 1

N

N∑
α=1

σα(eα ⊗ eα)
D
)
+ p̃C−1. (10)

Here, just as in the classical concept, p̃C−1 appears due to the incompressibility constraint;
this term stands for the unknown hydrostatic component of the stress tensor. Since the
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generalized true strains of individual representative directions are computed now using
the Hencky strain, we call this method H-approach.

In a general plastic (viscoplastic) case, σα(t) depends on the strain history εα(t
′), t′ ≤ t:

σα(t) = σ(εα(t
′), t′ ≤ t). (11)

Note that in both approaches the second Piola-Kirchhoff stress T̃ depends on the his-
tory of the right Cauchy-Green tensor C. Therefore, the objectivity constraint is a priory
satisfied. Another advantage of both methods is the automatic preservation of thermo-
dynamic consistency, if the used one-dimensional material laws are thermodynamically
consistent as well (for the C-approach it was already shown in [15]).

3 SPECIAL CASE OF LINEAR ELASTICITY

In this section we analyze the performance of the H-approach when the one-dimensional
material behaviour is governed by the linear relation between the generalized true stress
σα and the corresponding true strain εα:

σα = E · εα. (12)

Here, E ≥ 0 is the Young modulus of generalized fibres (representative directions). For
each direction we introduce the corresponding free energy function ψα. In order to ensure
that the stress power σα · ε̇α equals ψ̇α for arbitrary processes, it is necessary and sufficient
to assume that

σα =
dψα(εα)

dεα
, ψα(εα) =

1

2
Eε2α. (13)

In other words, the linear relation (12) is of hyperelastic type. Next, recall that the overall
stress power equals the average of stress powers of representative directions. Thus, we
obtain for all isochoric deformation processes

T̃ :
1

2
Ċ =

1

N

N∑
α=1

σα · ε̇α =
1

N

N∑
α=1

ψ̇α = ψ̇, where ψ =
1

N

N∑
α=1

ψα. (14)

Thus, the H-approach yields in this case a hyperelastic material with the free energy

ψ =
1

N

N∑
α=1

ψα =
1

N

N∑
α=1

1

2
Eε2α =

E

2N

N∑
α=1

(HD : (eα ⊗ eα))
2. (15)

Assume that the representative directions eα are (nearly) equally spaced and the number
of directions is large. Thus, in the limiting case as N → ∞, the right-hand side of (15)
is an isotropic quadratic form of HD. Using the representation theorem for isotropic
quadratic forms, and taking into account that tr(HD) = 0, the free energy simplifies to

ψ =
µ

2
HD : HD, (16)

where µ is a suitable constant (shear modulus). Thus, in the special case of linear elastic-
ity, the H-approach yields the well-known hyperelasticity of Hencky type, where the free
energy is a quadratic function of HD.
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Figure 1: Experimental results taken from [17] on the uniaxial deformation of the electrospun material
and corresponding simulation results obtained using the H-approach.
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rate body-independent Maxwell

stress-
dependence

Figure 2: Rheological explanation of the uniaxial material model, used to capture the mechanical
response of the electrospun polymer.

4 ELECTROSPUN POLYMER IN THE PLASTIC RANGE

Here we test the performance of the H-approach in terms of a special one-diemensional
plasticity model. As a motivation for the studies we start from the experimental results
presented in [17] dealing with a uniaxial deformation of an electrospun polymer, see Fig.
1. Clearly, the stress response of the analyzed material is inelastic with a complex form
of the hysteresis loops.

As a vivid explanation of the underlying uniaxial material model we use the rheological
device presented in Fig. 2. This one-dimensional rheological model consists of the friction
element which is attached in series to an elastic spring. We call the obtained elasto-
plastic element one-dimensional Prandtl-Reuss body. Next, the rate-independent dashpot
(shown as a box in the figure) is attached in series to another elastic spring. The obtained
element is referred to as the rate-independent Maxwell body. The overall uniaxial model
is a parallel connection of the Prandtl-Reuss body and the rate-independent Maxwell
body. Denote by σPR and σM the stresses which act in these bodies. Thus, we have

σ = σPR + σM. (17)

The behaviour of the Prandtl-Reuss body is governed by the following relations:

σPR = EPR · εe, (18)
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εe = ε− εp, (19)

ε̇p = |ε̇p| · sign(σPR). (20)

A linear isotropic hardening is considered:

|σPR| ≤ K0 + γs. (21)

Here, EPR, K0, and γ are material parameters; s is the accumulated plastic strain:

s(t) =

∫ t̃=t

t̃=0

|ε̇p|dt̃. (22)

Next, we use the following viscous flow rule

|ε̇p| =
1

η

〈
|σPR| − (K0 + γs)

〉
, (23)

where η is a material parameter (viscosity); �x� = max(0, x) is the Macaulay bracket.
The rate-independent case is restored as η → 0.

The equations of the rate-independent Maxwell body are the same as for the classical
rate-dependent one, the only difference is that the physical time t is replaced by the
monotonically increasing accumulated strain. Thus we have

σ̇M = EM · ε̇− b · |ε̇| · σM, (24)

where EM ≥ 0 is a fixed parameter, b ≥ 0 is a process-dependent “viscosity”. In this
study we assume

b =
b0

|σPR|2 + b1
, (25)

where b0 and b1 are fixed positive parameters. Thus, the generalized viscosity depends on
the stresses from the Prandtl-Reuss body. Simple and efficient numerical algorithms can
be constructed for the one-dimensional model (17) – (25).

Recall that within the H-approach σα and εα are (generalized) true stresses and strains.
Unfortunately, computations using the uniaxial model (17) – (25) where σ and ε are in-
terpreted as true stresses and strains were not satisfying. The accuracy of the material
modelling can be improved when σ and ε which appear in (17) – (25) are seen as engineer-
ing stresses and strains. Therefore, the following (geometric) pre- and post-processing is
used here: ε := eεα − 1, σα := σ(1 + ε).

A total number of 100 (nearly) equally spaced directions is used for testing purposes.
The unknown material parameters are identified by fitting the predicted stress response
to the available experimental data. The fitted parameters are listed Table 1. As is seen
from Fig. 1, the H-approach to the concept of representative direction reproduces the real
material behaviour with a good accuracy.
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Table 1: Identified material constants

K0 [MPa] γ [MPa] η [MPa s] EPR [MPa] EM [MPa] b0 [MPa2] b1 [MPa2]
1.38 28.9 0.0 82.5 179.9 1258.0 0.618

5 CONCLUSION

Within the classical C-approach the individual directions can be understood as fibres,
whose stretch is naturally defined by (2). Unfortunately, this simple interpretation is lost
for the generalized H-approach, since a more complex kinematics is used to define the
strain of individual directions, see Eq. (6). At the same time, this assumption is a part
of an extended approach which respects the thermodynamic consistency and objectivity.
It is shown that in the case of a linear relation between true stresses and strains in
the one-dimensional model, the H-approach yields the well-known Hencky material. It
is a hyperelastic material with the strain energy given by a quadratic function of the
referential Hencky strain. The applicability of the H-approach to a real material is tested.
The mechanical behaviour of the electrospun polymer is rendered with a good accuracy.

In the follow-up paper, second order effects like the Swift and Poynting will be discussed
and the modelling of initial isotropy will be thoroughly analyzed.
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