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Abstract. Comprehensive studies on the modelling and numerical simulation of the
mechanical behaviour under tension, bending and torsion of single-walled carbon nanotubes
and their heterojunctions are performed. It is proposed to deduce the mechanical properties of
the carbon nanotubes heterojunctions from the knowledge of the mechanical properties of the
single-walled carbon nanotubes, which are their constituent key units.

1 INTRODUCTION

Systematic research has been conducted for studying nano-materials such as carbon
nanotubes (CNTs) that are efficient components for designing new materials with required
electronic and mechanical properties [1] and building blocks for optical and electronic
nanodevices [2]. The CNT heterojunctions (two connected CNTs) are necessary constituents
for such nanodevices as circuits, amplifiers, switches and nanodiodes [3]. The understanding
of the CNTs’ mechanical properties is indispensable in order to design composites reinforced
with CNTs and CNT-based devices, since their stability and efficiency are dependent on the
mechanical properties of the constituents, i.e. CNTs and CNT heterojuctions.

The elastic properties of CNTs can be assessed using experimental techniques (atomic
force microscopy (AFM) and transmission electron microscopy (TEM) [4]) and
computational approach. There are three main groups of methodologies for the modelling of
CNTs mechanical behaviour: the atomistic approach, the continuum mechanics approach and
the nanoscale continuum mechanics approach. In case of the nanoscale continuum modelling
approach (NCM) each carbon-carbon (C-C) bond is replaced by a solid element, e.g. a beam
element, whose behaviour is described by elasticity theory (see, [5, 6]).

A considerable part of the theoretical investigations has been devoted to the predicting of
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the Young’s modulus of single-walled carbon nanotubes (SWCNTs) [5, 6]. Less attention has
been paid to understanding the mechanical behaviour of nanotube heterojunctions.

The present work is focused on the characterisation of mechanical properties of SWCNTSs
in a wide range of chiral indices, diameters as well as SWCNT cone-heterojunctions by
modelling their structure and mechanical behaviour, using nanoscale continuum approach [5].

2 ATOMIC STRUCTURE OF CNTS AND THEIR HETEROJUNCTIONS

An ideal single-walled nanotube can be seen as a rolled-up graphene sheet, whose surface
is composed by the repeated periodically hexagonal [2]. The symmetry of the atomic structure
of a nanotube is characterized by the chirality, which is defined by the chiral vector Cj:

Ch =naq + ma, (l)

where n and m are integers, and a, and a, are the unit vectors of the hexagonal lattice.

The length of the unit vectors is defined as a = v3a._ with the equilibrium carbon-carbon
(C-C) covalent bond length a._. usually taken to be 0.1421 nm [2]. The nanotube
circumference, L., and diameter, D,, are:

L. = |Cp| = ayn? + nm + m? 2

D, = =< (3)

The chiral angle, 6, is defined by the angle between the chiral vector Cj, and the direction
(n, 0) [2] and it is given by:

6 = sin-1 Yo )
2Vn? + nm + m2

Three major categories of carbon nanotubes can be defined based on the chiral angle 6:
zigzag (6 = 0°), armchair (@ = 30°) and chiral (0° <8 < 30°) SWCNTs. Three main
symmetry groups can be also defined based on the chiral indices. In this case for armchair
structure n = m, for zigzag structure m = 0, and for chiral structure n # m.

The CNT heterojunction can be represented as two CNTs that are connected by
introducing an intermediate region with Stone—Wales defects [7]. Similarly to SWCNT
structures, the geometrical parameters of heterojunctions (HJs) are the chirality, and diameter.
There are two main heterojunction configurations [7]: (i) cone-heterojunctions (HJs of
nanotubes with a given chiral angle but different radii) as armchair — armchair and zigzag —
zigzag HJs, and (i1) radius-preserving heterojunctions (HJs preserving the radii, but with
different chiral angles of the constituent nanotubes) as armchair — zigzag or chiral — armchair
(or zigzag) HJs. According to the study of Yao ef al [8] most HJs (>95%) are cone-
heterojunctions type.

The overall length of the heterojunction is defined as follows:

LH] =L1+L2+L3 (5)

where L4, L, are the lengths of the narrower and wider SWCNTSs regions, respectively, and L3
is the length of the connecting region (see, Fig. 1).
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Figure 1: Geometry of cone armchair — armchair (10, 10) — (15, 15) HJ, obtained by using academic software
CoNTub 1.0 © [7]

When the heterojunction consists of two SWCNTs with different diameters (i.e. cone-
heterojunction), the diameter of HJ can be characterised by the average of the narrower and
wider diameters (see for example: [7]):

— 1
Dyy = 5 (Dn1 + Drz) (6)
And the aspect ratio of the cone-heterojunction is defined as [9]:
Ls
n==— (7
DH]

The length of the connecting region, L, can be deduced basing on geometrical analysis

[9]:
_ V3 —
Ly = 2(Dnz = Dny) = 2.7207(Dnz — Dn1) ®

where D,; and D,,, are diameters of the narrow and wider nanotubes, respectively.

Other relationship for the connecting region, which follows a linear function with (D, —
D,1), for armchair — armchair and zigzag — zigzag cone-heterojunctions was previously
proposed [10]:

L3 = 29157(DTL2 - Dnl) (9)

3 NUMERICAL SIMULATION AND ANALYSIS

3.1 Finite element modelling of CNTSs’ structures

The NCM approach that replaces the carbon-carbon bonds of CNT by equivalent beam
elements is used for modelling SWCNTs and SWCNT HJs. The finite element (FE) method
uses the coordinates of the carbon atoms for generating the nodes and their suitable
connection creates the beam elements. The relationships between the inter-atomic potential
energies of the molecular CNT structure and strain energies of the equivalent continuum
structure, consisting of beam elements undergoing axial, bending and torsional deformations,
are the basis for the application of continuum mechanics to the analysis of the mechanical
behaviour of SWCNTs and SWCNT HJs [5].

The meshes of the SWCNTs and SWCNT HlJs structures to be used in the FE analyses,
were built using the CoNTub 1.0 software [7]. This code generates ASCII files, describing
atom positions and their connectivity that enter as input data in available commercial and in-
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house FE codes. A previously developed in-house application, designated InterfaceNanotubes
[6], was used to convert the ASCII files, acquired from the CoNTub 1.0 software, into the
format compatible with the ABAQUS®™ commercial FE code. The geometrical characteristics
of the SWCNTs used in the current FE analyses are summarized in Table 1. The nanotube
length used in the numerical simulations was 30 times bigger than the outer diameter, so that
the mechanical behaviour can be independent of the length [11].

Table 1: Geometrical characteristics of SWCNTSs under study.

SWCNT SWCNT

type (n,m) D,, nm 0° type (n,m) D,, nm 0°
(5,5) 0.678 (14, 0) 1.096
(10, 10) 1.356 (23,0) 1.802
(15, 15) 2.034 (32,0) 2.507
(20, 20) 2.713 (41,0) 3212
E, (25, 25) 3.390 0 (50,0) 3.916
2 (30, 30) 4.068 30 B (59,0) 4.618 0
5 (35, 35) 4.746 N (77,0) 5.323
(40, 40) 5.424 (68,0) 6.027
(45, 45) 6.101 (86,0) 6.732
(50, 50) 6.780 (95.0) 7436

(55, 55) 7457 :

The geometrical characteristics of SWCNT HJs used in the present FE analyses are
summarized in Table 2. The HJs were constructed such that the lengths of the constituent
nanotubes are almost equal to each other and their value is about two orders of magnitude of
the length of the junction region.

Numerical simulations of conventional tensile, bending and torsion tests were carried out
in order to study the mechanical properties of the SWCNTs and SWCNT HJ. In the latter
case, two loading conditions, which consist of fixing the narrower and the wider side of the
HJ structure, were considered.

3.2 Molecular interactions and equivalent properties of beam elements

The NCM approach uses the direct relationships between the structural mechanics
parameters, 1.e. tensile, E,4,, bending, E, I, and G/, torsional rigidities, and the bond force
field constants, k,., kg, and k., as follows [5]:

EblAb — kr (10)
Eyl

bl > = ko (an
Golo _ . (12)

where [ is the beam length equal to 0.1421 nm; E}, and G, are the beam Young’s and shear
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moduli, respectively; A is the beam cross-sectional area; [, and J, are the beam moment of
inertia and polar moment of inertia, respectively; and k,., kg, and k., are the bond stretching,
bond bending and torsional resistance force constants, respectively.

Table 2: Geometrical characteristics of SWCNT HlJs under study.

HJ (n;, m;)— (n, m;)  Dyj, nm n L;, nm L,, nm L;, nm
= (5,5)—(10, 10) 1.018 1.940 100.01 99.95 1.97
;; (10, 10) — (15, 15) 1.696 1.166 100.06 100.00 1.98
e (15, 15) - (20, 20) 2.375 0.833 100.00 100.01 1.98
(5,0)—(10,0) 0.588 1.950 99.92 99.96 1.15
%ﬁ (10,0)—(15,0) 0979  1.177  100.14  100.12 1.15
) (15, 0) — (20, 0) 1371 0843  100.03  100.00 1.16

Equations 10 — 12 are the base for the application of continuum mechanics to the analysis
of the mechanical behaviour of SWCNTs and SWCNT HJs. The input material and
geometrical parameters of the beam element (see refs. [36, 37] from [12]) for the numerical
simulations was previously summarised by the authors (see, for example [6, 10 — 12]).

4 ELASTIC PROPERTIES OF THE SINGLE-WALLED CARBON NANOTUBES

4.1 Rigidities of SWCNTSs

The values of the tensile, EA, bending, EI, and torsional, G/, rigidities were obtained
from the respective numerical simulation tests results as described in the following. The
tensile rigidity, EA, of SWCNT is determined as:

E.L
EA =2 (13)
ux
where F,, is the tensile axial force applied at one nanotube end, leaving the other end fixed, L
is the nanotube length and u, is the axial displacement taken from the FE analysis.
Similarly, the bending rigidity of the nanotube, E1, is represented as:
F,L3
El =2 (14)
3u,
where F, is the transverse force applied at one end of the nanotube, leaving the other fixed, u,,
is the transverse displacement, taken from the FE analysis. Finally, the torsional rigidity of the
nanotube, G/, is determined as:
TL

G =— (15)
@
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where T is torsional moment applied at one end of the nanotube, leaving the other fixed and ¢
is the twist angle, taken from the FE analysis. In case of torsion, the nodes under loading, at
the end of the nanotube, are prevented from moving in the radial direction.

The evolutions of the tensile, EA, bending, EI, and torsional, GJ, rigidities with the
nanotube diameter, D,,, were studied for the SWCNTs presented in Table 1. These evolutions
are shown in Fig. 2. In previous studies [6, 12], the evolutions of the rigidities with nanotube
diameter, D,,, were represented by a linear function for the case of the tensile rigidity, EA, and
by a cubic power function for the cases of bending, EI, and torsional, GJ, rigidities, for
armchair, zigzag and chiral SWCNTs, with diameters up to 2.713 nm. The fitting equations
were expressed as follows, regardless of the nanotube chirality:

EA = a(D,, — D) (16)
El = B(D,, — Dy)? (17
GJ] = y(Dn — Do)* (18)

The wvalues of the fitting parameters [6, 12] were: «a = 1131.66 nN/nm,
f = 143.48 nN/nm, y= 130.39 nN/nm and D, = 3.5- 1073 nm.

Figure 3 shows that the current results, up to nanotube diameters equal to 7.457 nm, also
follows the trends described by Eqs. 16 — 18. The values of the fitting parameters calculated
based on the results of the Fig. 3 are: ¢ = 1121.20 nN/nm, f = 140.25 nN/nm and y =
130.39 nN/nm, which are close to those above mentioned. Given that the value of D, is
negligible when compared with D,,, it was discarded in the fitting of the equations (i.e. D, was
considered equal to zero).

b)

©)

Figure 2: Evolution of: (a) the tensile, EA, (b) bending, EI, and (c) torsional, G/, rigidities as a function of the
nanotube diameter, D,,, for armchair and zigzag SWCNTs.
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b)

c)

Figure 3: Evolution of: (a) the tensile, EA, rigidity as a function of D,, — D, and (b) bending, EI, and (c)
torsional, GJ, rigidities, as a function of (D,, — D)3 for armchair and zigzag SWCNTs.

The linear dependence of Eq. 16 can be understood on the base of the linear relationship
between cross-sectional area and the nanotube diameter:

A= %[(Dn + tn)z - (Dn - tn)z] = nDntn (19)

where t,, is the value wall thickness, which in the current study is 0.34 nm, equal to the
interlayer spacing of graphite. In a similar way, the cubic dependences of Eqs. 17 — 18 can be
understood based on the quasi-cubic relationships between the moment of inertia or the polar
moment of inertia and the nanotube diameter (neglecting the value of (t,/D,,)? in the following
equations):

nD3 ty

_T 4 _
I = o1 [(Dy, + t)* = (D, — t)*] (20)

1_”
[+D

nD3
tn [1 +

] [(D +tn) - (D _tn) (21)

b|:

4.2 Young’s and shear moduli of SWCNTSs

The Young’s modulus of the SWCNT is calculated, taking into account the tensile, EA,
and bending, EI, rigidities, using the following expression [6]:
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EA EA
El
mt, |8 (ﬁ) —t2
The shear modulus of the SWCNT is calculated, taking into account the tensile, EA,
bending, EI, and torsional, G/, rigidities by following equation [12]:

_Y_ G

J El EI
2t (£7) 8 (72) — o
The relationships 16 — 18 and the knowledge of the values of the parameters a, S, y allow
the easy evaluation of the Young’s and the shear moduli as a function of the nanotube
diameter, without resorting to the numerical tests (D, was neglected in these equations):

(22)

¢ (23)

E= aD,
NI (24)
nt, SgDﬁ —t2
YDy

2nt, (£) [sL0z - 5)

In the Fig. 4 (a, b) the values of the Young’s modulus and shear modulus calculated by
Eqgs. 22 and 23, are plotted as a function of the nanotube diameter, D,,. The evolutions of the
Young’s modulus and shear modulus, obtained by Eqgs. 24 and 25, are also shown in Fig. 4.
The Young’s modulus of SWCNTs decreases with increase of the nanotube diameter, and
with further increase of the nanotube diameter, the Young’s modulus tends to an
approximately constant value as it is shown in the Fig. 4a. The same trend is observed for the
evolution of the shear modulus with D, (see, Fig. 4b). These trends in the evolution of the
Young’s and shear moduli with nanotube diameter extend up to diameters of about 7.5 nm,
the trends already described for SWCNTSs with diameters up to about 2.7 nm [6, 12]. Egs. 24
and 25 allow obtaining acurate evolutions of the Young’s and shear moduli, respectively,
without resorting to the numerical simulation.

a) b)

Figure 4: Evolution of: (a) Young’s modulus, E, and (b) shear modulus, G, of SWCNTs as a function of the
nanotube diameter, D,,.
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5 ELASTIC PROPERTIES OF THE SINGLE-WALLED CARBON NANOTUBES
HETEROJUNCTIONS

5.1 Rigidities of SWCNT HJs

The analysis of the mechanical behaviour of the armchair — armchair and zigzag — zigzag
HIJs, pointed out the occurrence of redundant bending deformation during the tensile test,
making it difficult to analyse this test [10]. Therefore, we analyse the mechanical behaviour
under bending and torsion.

The bending rigidity, (EI)y;, is obtained from the respective numerical simulation tests
results as follows:

3

E, LH]
(EI)H] =2

6
3u (26)

y

where Ly; is the heterojunction length, F, is the transverse force applied at one end of the
nanotube, leaving the other fixed, u, is the transverse displacement, taken from the FE
analysis. The torsional rigidity, (G])y;, is determined by:

TLy
¢

where T is torsional moment applied at one end of the nanotube, leaving the other fixed and ¢
is the twist angle, taken from the FE analysis. The nodes under loading, at the end of the
nanotube, are prevented from moving in the radial direction.

The (EI)y; and (G])y; rigidities for armchair-armchair and zigzag-zigzag HJs were plotted
in Fig. 5 as a function of the heterojunction aspect ratio, n = L3/Dy; (see Fig. 1). Both
rigidities, (EI)y; and (GJ)y; for armchair-armchair and zigzag-zigzag HJs increase with the
increasing of the 7. The bending and torsional rigidities for armchair-armchair HJs are higher
than those for zigzag-zigzag HJs. The difference between the (ET)y; values for armchair —
armchair HJs and zigzag — zigzag HJs is more significant when the force is applied to the
narrower nanotube. On the contrary, the evolution of the torsional rigidity with the aspect
ratio, # 1s not sensitive to the loading condition: the (G/)y; values are at about the same
whether the torsional moment is applied to the wider or narrower nanotube.

The bending, (EI)y, and torsional, (G])y/, rigidities of the HJ structures can be calculated
knowing the rigidities of the constituent SWCNTSs. In fact, using Eq. 26 (or more suitably the
equation of beam deflection) and Eq. 27, it is possible to obtain both rigidities for the HJs
structures, considering that the respective transverse displacement (bending test) or the twist
angle (torsion test) are equal to the sums of the corresponding transverse displacements or
twist angles of each SWCNT constituent of the HJs:

L3
Hj
L 3LgLs +3LaL} + L} (28)
(EDa (EDf

(GDuy = 27

(EI)H] =
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LH]
(1) 9)
(G Gy
where Ly, is the overall length of HJ; (EI), and (EI); are the bending rigidities of the
constituent SWCNTs and (GJ), and (GJ)s are their torsional rigidities; L, and L; are the

lengths of the constituent SWCNTSs; the letters a and f refer to the nanotubes to which the
force is applied and is fixed, respectively.

(G])H] =

a) b)

Figure 5: Evolution of: (a) (EI)y; rigidity and (b) (GJ)y, rigidity with the heterojunction aspect ratio, 7, for
armchair — armchair and zigzag — zigzag HJs.

Figure 6 compares the values of the rigidities ((EI)y; — Fig. 6a; (G])y; — Fig. 6b) obtained
from FE analysis (Eqs. 26 and 27) and those calculated with help of Eqgs. 28 and 29. The
results of the Fig. 6 evidence the accuracy of the proposed analytical solutions for evaluation
of the bending and torsional rigidities of armchair — armchair and zigzag — zigzag
heterojunctions. The mean difference between the values of rigidities, evaluated by Egs. 28
and 29 and those obtained from FE analysis, is 1.22% for the (EI)y; rigidity and 1.74% for
the (G])y; rigidity.

2500

(El)y, analytical= 1.0167* (Ey,numerical &

_ R?= 0.9998
& 2000 |
g ,
- 1500 | b d

]

Q *
2 1000 [

] *

£
s

~ 500 |

] /
-
w ,
~ 0 ' L

) 500 1000 1500 2000 2500

(El)yy, (numerical, Eq. 26) a) b)

Figure 6: Comparison of: (a) bending, (ET)y; and (b) torsional, (GJ)y; rigidities obtained from FE analysis and
evaluated by Eqgs. 28 and 29, for armchair — armchair and zigzag — zigzag HJs.
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5.2 Young’s and shear moduli of SWCNT HJs

The bending and torsional rigidities obtained from FE analysis were used for the
evaluation of the heterojunction Young’s, Ey;, and shear, G;, moduli equivalent to a SWCNT

with diameter given by Dy; = %(Dm + D,,,), respectively:

oDy (EDxy .
H] = = — —
luy % [(DH] +t,)" = (D - fn)4]
e = GDuy _ (GD)ny
H] = = (€2))

Jup 55| (D + tn)" = (Dyy — tn)4]

where t,, = 0.34 nm is the value of the nanotube wall thickness.

The Young’s modulus and shear modulus of armchair-armchair and zigzag-zigzag
SWCNT HlJs were plotted as a function of the heterojunction aspect ratio, n (Fig. 7). Both,
Young’s modulus and shear modulus decrease with increasing of the HJ aspect ratio. Also,
the Young’s modulus of HJs is sensitive to the loading condition: the value of Ey; is higher
when the force is applied on the narrower nanotube. The difference between the Ey; values of
armchair — armchair HJs and zigzag — zigzag HJs is less significant when the force is applied
on the narrower nanotube. On the contrary, shear modulus of HJs is insensitive to the loading
condition: the value of Gy; does not change when the torsional moment is applied on the
wider or narrower nanotube. The difference observed between shear modulus of armchair HJs
and zigzag HJ is relatively small.

a) b)

Figure 7: Evolution of the Young’s modulus (a) and shear modulus (b) with the heterojunction aspect ratio for
armchair — armchair and zigzag — zigzag HJs.

6 CONCLUSIONS

- Equations 16 — 18 establishing relationships between each of three rigidities and the
nanotube diameter allowing the easy evaluation of the Young’s modulus and shear
modulus of SWCNTs by using Equations 24 and 25, without resorting to numerical
simulation;

- Equations 28 and 29 allow the easy evaluation of the bending and torsion rigidities of
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HIJs structures, from the respective rigidities of the constituents SWCNT. These
allows the accurate evaluation of the Young’s and shear moduli of the SWCNTs,
equivalent to the HJs structures.
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