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A Helmholtz free energy density functional is developed to describe the vapor-liquid interface of
associating chain molecules. The functional is based on the statistical associating fluid theory with
attractive potentials of variable range~SAFT-VR! for the homogenous fluid@A. Gil-Villegas, A.
Galindo, P. J. Whitehead, S. J. Mills, G. Jackson, and A. N. Burgess, J. Chem. Phys.106, 4168
~1997!#. A standard perturbative density functional theory~DFT! is constructed by partitioning the
free energy density into a reference term~which incorporates all of the short-range interactions, and
is treated locally! and an attractive perturbation~which incorporates the long-range dispersion
interactions!. In our previous work@F. J. Blas, E. Martı´n del Rı́o, E. de Miguel, and G. Jackson, Mol.
Phys.99, 1851~2001!; G. J. Gloor, F. J. Blas, E. Martı´n del Rı́o, E. de Miguel, and G. Jackson, Fluid
Phase Equil.194, 521 ~2002!# we used a mean-field version of the theory~SAFT-HS! in which the
pair correlations were neglected in the attractive term. This provides only a qualitative description
of the vapor-liquid interface, due to the inadequate mean-field treatment of the vapor-liquid
equilibria. Two different approaches are used to include the correlations in the attractive term: in the
first, the free energy of the homogeneous fluid is partitioned such that the effect of correlations are
incorporated in the local reference term; in the second, a density averaged correlation function is
incorporated into the perturbative term in a similar way to that proposed by Toxvaerd@S. Toxvaerd,
J. Chem. Phys.64, 2863~1976!#. The latter is found to provide the most accurate description of the
vapor-liquid surface tension on comparison with new simulation data for a square-well fluid of
variable range. The SAFT-VR DFT is used to examine the effect of molecular chain length and
association on the surface tension. Different association schemes~dimerization, straight and
branched chain formation, and network structures! are examined separately. The surface tension of
the associating fluid is found to be bounded between the nonassociating and fully associated limits
~both of which correspond to equivalent nonassociating systems!. The temperature dependence of
the surface tension is found to depend strongly on the balance between the strength and range of the
association, and on the particular association scheme. In the case of a system with a strong but very
localized association interaction, the surface tension exhibits the characteristic
‘‘ s shaped’’ behavior with temperature observed in fluids such as water and alkanols. The various
types of curves observed in real substances can be reproduced by the theory. It is very gratifying that
a DFT based on SAFT-VR free energy can provide an accurate quantitative description of the
surface tension of both the model and experimental systems. ©2004 American Institute of Physics.
@DOI: 10.1063/1.1807833#

I. INTRODUCTION

There has been a great deal of effort in developing equa-
tions of state that can be used to describe the thermodynam-

ics and bulk phase equilibria of fluids and fluid mixtures. The
early perturbative and integral equation approaches accu-
rately describe relatively simple systems of spherical mol-
ecules with isotropic attractive interactions such as the
Lennard-Jones fluid.1 Analytical theories have now been de-
veloped to provide a quantitative description of bulk fluids
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comprising molecules with more complex interactions such
as associating systems, amphiphiles, polymers, and electro-
lytes ~the reader is directed to the excellent reviews in the
collection by Sengerset al.2!. A very successful modern
equation of state for complex fluids is the statistical associ-
ating fluid theory~SAFT! ~Refs. 3 and 4! which is based on
Wertheim’s first-order perturbation theory~TPT1! for associ-
ating systems.5–8 The SAFT approach and its many exten-
sions have been shown to be very versatile, describing the
fluid phase behavior of systems ranging from small strongly
associating molecules such as water, to long-chain alkanes,
polymers, and electrolytes~see the comprehensive reviews
by Müller and Gubbins9,10!.

Though the study of inhomogeneous fluids has a long
history from the early mechanical treatment of Laplace and
Young,11 through the square gradient approach of van der
Waals,11,12 to the present day molecular density functional
theories~DFTs!,13 a quantitative description of the interfacial
properties of inhomogeneous fluids such as the interfacial
thickness, adsorption, wetting, and the surface tension is
relatively rare, particularly in the case of molecules with
complex interactions. Interfacial systems are ubiquitous in
living systems~cell membranes are interfaces which control
molecular transport and biological function! and are of fun-
damental industrial importance in areas as diverse as deter-
gency ~surfactants and solubilization!, food production
~emulsions and colloids!, cosmetics~structures phases!, and
optoelectronic devices~liquid crystals!. The development of
quantitative theories of inhomogeneous systems comprising
nonspherical molecules with anisotropic interactions is there-
fore particularly timely.

The molecular statistical mechanics of interfaces is now
very well developed. In the case of inhomogeneous systems
the free energy becomes a functional of the spatially varying
density. The most popular and successful molecular descrip-
tion of interfacial systems invariably involves a DFT treat-
ment. The DFT approach has been described in detail
by a number of authors including Evans,13 Davis,14 and
Winkelmann,15 who have discussed the general formalism
and the various approximations including perturbation ex-
pansions, the local density approximation~LDA !, and the
weighted density approximation~WDA!. The latter is neces-
sary when dealing with highly oscillatory density profiles, as
found in fluids close to a solid surface or in a confined ge-
ometry. In our case we are interested in the vapor-liquid in-
terface, and the LDA treatment is expected to provide a good
description of the interfacial profile and surface tension for
temperatures away from the triple point. Standard DFTs are
based on a perturbation about a reference system, and the
long-range dispersion interactions are included as a perturba-
tive term. If correlations are neglected in this attractive term,
the DFT reduces to a mean-field~van der Waals! treatment.16

Compared to the effort devoted to the development of an
accurate description of the reference term~e.g., with the use
of WDAs!,13,15 less attention has been placed on the incor-
poration of correlations in the perturbative term since the
early work of Toxvaerd.17–19 An adequate treatment of the
correlations in the attractive term is crucial for an accurate
description of both the fluid phase equilibria and the interfa-

cial properties. Toxvaerd performed a full integration over
the hard-sphere reference system using an average pair dis-
tribution function of the inhomogeneous system. Similar av-
eraging procedures for the inhomogeneous correlation func-
tion of the reference system have now been employed by
Carey et al.,20 Tang et al.,21 Sokolowski and Fischer,22

Winkelmann and co-workers,15,23 and by Tang and Wu.24

Inhomogeneous systems of associating molecules have
received particular attention in recent years. Chapman25 was
the first to suggest that the Wertheim TPT1 free energy could
be used naturally in a DFT treatment of inhomogeneous as-
sociating fluids. Most of the subsequent studies have fo-
cussed on confined associating systems~see Ref. 26 for a
short review!. The effect of association on the surface ten-
sion of the vapor-liquid interface is a rich and relatively un-
explored area of study. The link between the highly direc-
tional attractive interactions at the molecular level and the
interfacial properties is still poorly understood. In their clas-
sic monograph, Rowlinson and Widom11 give a brief discus-
sion of the ‘‘s shape’’ behavior of the surface tension as a
function of temperature exhibited by strongly associating flu-
ids such as water: here the anomalous behavior is seen as a
‘‘pale reflection’’ of the unusual density and compressibility
effects found in water. An alternative explanation is given by
Yanget al.27 in terms of the surface entropy. Their argument
for the orientational ordering of water molecules at the inter-
face is a strong one, but the relationship between this order-
ing and the surface tension is less clear. The mean-field
theory used by Yanget al. includes the polar interactions
explicitly, but cannot reproduce the ‘‘s shape’’ behavior in
the surface tension of water. An extended van der Waals
treatment has also been used to describe the interfacial prop-
erties of water where the effect of hydrogen bonding is in-
cluded in an approximate way by counting the bonded states
within a square gradient approach.28 Though an anomalous
curvature can be introduced into the temperature dependence
of the surface tension of water close to the triple point, the
inflection found at intermediate temperatures is not repro-
duced.

Mean-field versions of Wertheim’s theory of association
have also been incorporated into density functional theories
in studies of the vapor-liquid interface of associating
compounds.26,29–34Borowko et al.29 have examined the ef-
fect of dimerization on the density profile of a fluid with a
single bonding site; as was also found by Blaset al.,26 the
profile of the fraction of molecules not bonded is found to be
shifted slightly towards the vapor phase. Pizioet al.31 under-
took a study with a similar theory to examine the effect of
confinement on the vapor-liquid interface for two-site asso-
ciating Lennard-Jones molecules which bond to form chain-
like structures. In our previous papers26,34 an inhomogenous
van der Waals DFT based on the mean-field SAFT free en-
ergy ~SAFT-HS! ~Refs. 35–37! was used to examine the ef-
fect of association on the density profiles and surface ten-
sion. We concluded that molecular association sharpens the
interface and leads to an increase in the surface tension. The
curve of the surface tension with temperature was also found
to be bounded between the nonassociating and associating
limits; the range of the dispersive interactions is the key pa-
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rameter in determining the slope of the curve.34 Talanquer
and Oxtoby30 have used essentially the same free energy
functional to study the nucleation of liquids of single-site
dimerizing spherical molecules by examining the surface
tension of the system. In another relevant paper, Peery and
Evans32 have studied a system of hard-core Lennard-Jones
spheres with a single associating site using Wertheim’s
theory within a local square gradient approximation. They
concluded that although molecular association has little ef-
fect on the density profile, it has a significant effect on the
surface tension. Peery and Evans also suggest that the sur-
face tension can decrease with increasing association, a
counterintuitive conclusion that is a result of examining the
behavior of the surface tension in terms of a scaled tempera-
ture ~cf. Ref. 26!. We will return to this subtle but important
point later. The square gradient treatment11,12,20,38–40has also
been employed with the SAFT free energy to examine the
interfacial properties of a number of real molecules.41–44

Though the square-gradient SAFT approach has been shown
to provide a good representation of the surface tension of a
number of pure fluids and mixtures, this requires the use of
empirical adjustable parameters~the so-called ‘‘influence’’
parameters! which limits the predictive capabilities of the
method.

The direct simulation of the vapor-liquid surface tension
of associating fluids is comparatively rare. Alejandreet al.33

have examined a one-site dimerizing Lennard-Jones system,
and determined the surface tension from the mechanical
route by calculating the pressure tensor. The effect of asso-
ciation on the density profile and surface tension is consistent
with the findings of Blaset al.26 An examination of the den-
sity profile of the unbonded molecules~monomers! revealed
the presence of a small peak which suggests that the mono-
mers tend to accumulate at the interface; this appears to be
related to the shift of the profile for the fraction of monomers
to the vapor side of the interface,26 but the effect was not
noted in subsequent work. Tapia-Medinaet al.45 also com-
pared the density profiles and surface tension for dimerizing
Yukawa fluids with the results determined with the SAFT-HS
mean-field DFT;26 though qualitative agreement is found the
theory does not provide an accurate description of the sur-
face tension~as expected for a mean-field theory!. In a
complementary and interesting simulation study, Singh and
Kofke46 have used the transition-matrix grand-canonical
Monte Carlo technique to provide a particularly thorough
examination of the effect of association on the surface ten-
sion of dimerizing square-well molecules for different ranges
and strengths of the association interaction. The behavior of
the fraction of monomers along the coexistence curve and
the surface tension does not appear to follow some of the
predictions of Blaset al.26 One should note, however, that
the intermolecular parameters of the two studies are differ-
ent; the fraction of monomers is very sensitive to both the
strength of the interaction and the bonding volume~see Ref.
35!. At this stage it is important to reemphasize that DFTs
formulated at the mean-field level@such as the SAFT-HS
DFT ~Ref. 26!# only provide a qualitative description of the
bulk fluid phase equilibria~e.g., see Refs. 15, 24, and 47!. As
a consequence the limiting behavior of the density profile

away from the interface~which corresponds to the bulk co-
existing vapor and liquid states! is not correctly represented,
and surface tension can only be described at the qualitative
level within the mean-field approach.

One of the main goals of the present work is to improve
on the mean-field description of both the bulk phase behavior
and the interfacial properties by incorporating correlations in
the attractive term. In this paper we follow a standard per-
turbative DFT approach13 to develop a free energy functional
for inhomogeneous associating chainlike fluids based on the
SAFT-VR free energy for chains formed from spherical seg-
ments with attractive interactions of variable range.47,48 We
opt for the SAFT-VR description of the reference bulk fluid
as it has already been shown to provide an excellent quanti-
tative description of the vapor-liquid and liquid-liquid fluid
phase equilibria of a wide variety of systems including al-
kanes and perfluoroalkanes,47,49–52 replacement
refrigerants,53 water,54 hydrogen chloride,55 hydrogen
fluoride,56,57 carbon dioxide,58,59 xenon,60–64 boron
trifluoride,65 aqueous electrolytes,54,66 and polyethylene
polymers.67–69 An adequate treatment of the correlations in
the attractive term is crucial for an accurate description of
both the bulk fluid phase equilibria and the interfacial prop-
erties~cf. Ref. 15!. The correlations are included in the DFT
using an average bulk pair distribution function similar to
that employed by Toxvaerd.19 An accurate theory for the
vapor-liquid interfacial profiles and surface tension of asso-
ciating molecules with dispersion interactions of variable
range can be obtained in this way. The adequacy of the
theory is assessed by comparing the interfacial properties
obtained from the SAFT-VR DFT with recent simulation re-
sults for square-well spherical molecules of variable
range.70,71 We also provide a detailed examination of the
effect of association on the surface tension for different types
of association schemes~dimerization, chain formation, and
network structures!. The development of a DFT based on the
SAFT-VR description of bulk associating fluids is essential
in providing a predictive platform for the calculation of the
surface tension of real compounds. This is seen as the first
step in developing a general theory of vapor-liquid and
liquid-liquid interfaces of multicomponent systems and mi-
cellization.

The rest of the paper is organized as follows: in Sec. II
we present the most relevant features of the molecular model
and theory; the results and discussion are presented in Sec.
III; and the conclusions are made in Sec. IV.

II. THEORY

In this work we consider chains ofm tangent spherical
segments of diameters which can interact through pair-wise
repulsive, attractive, and associative contributions. The re-
pulsive and attractive interactions acting on each spherical
segment are described by a simple square-well potential:

f~r !5H ` r<s

2« s,r<ls

0 r .ls

, ~1!
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wherer denotes the distance between the centers of the two
segments, andls denotes the range of the attractive interac-
tion of depth2«. In the SAFT-VR approach the variable
range of the attractive interactions plays an important role in
describing the interactions of molecules with varying degrees
of polarity.47 The association~hydrogen bonding! contribu-
tion is modeled by considering additional off-center sites
~placed a distancer d from the center of a given segment!
which interact through a square-well potential of shorter
ranger c ; the interaction of a siteA on one segment with a
site B on another is given by

fAB~r !5H 2«AB r AB,r c

0 r AB.r c
. ~2!

In spite of its simplicity, this model includes the relevant
features found in associating chain molecules: repulsive, at-
tractive, and associative interactions.

A. Homogeneous fluid of associating chain
molecules „SAFT-VR…

Within the SAFT-VR approach the Helmholtz free en-
ergyA of the homogeneous fluid is written as a perturbation
expansion which takes into account the varios types of inter-
actions. In the case of associating molecules,A can be ex-
pressed as a sum of an ideal contributionAideal, a monomer
term Amono ~which takes into account the attractive and re-
pulsive forces between the segments that form the mol-
ecules!, a chain contributionAchain ~which accounts for the
connectivity of the segments in the molecules!, and a contri-
bution due to associationAassoc:47

a5
A

NkBT
5

Aideal

NkBT
1

Amono

NkBT
1

Achain

NkBT
1

Aassoc

NkBT
, ~3!

whereN is the number of chain molecules~each comprising
m spherical segments!, T is the temperature, andkB is the
Boltzmann constant.

1. Ideal contribution

The ideal term is given in the standard form as72

aideal~r![
Aideal

NkBT
5 ln~rL3!21, ~4!

wherer5N/V is the number density of chain molecules, and
L is a thermal de Broglie wavelength which contains the
translational and rotational contributions to the partition
function of the ideal chain; the kinetic contributions do not
have to be specified explicitly as they do not contribute to the
fluid-phase equilibria and interfacial properties.

2. Monomer contribution

The term Amono combines the repulsive and attractive
contributions to the free energy of the monomeric spherical
segments making up the chain molecules. A high-
temperature Barker and Henderson73,74 perturbation expan-
sion ~truncated at second order! about a hard-sphere refer-
ence system is used to describe the free energy of the
monomers:

amono~r![
Amono

NkBT
5m~ahs1a11a2!. ~5!

The factorm appears in the expression because the monomer
free energy is given in terms of the number of chain mol-
ecules N and not of the number of spherical segments
Ns5mN.

The reference hard-sphere term is obtained from the
Carnahan-Starling expression,75,76

ahs~r![
Ahs

NskBT
5

4h23h2

~12h!2 , ~6!

whereh5ps3rs/65ps3mr/6 is the usual packing fraction
andrs5Ns /V is the number density of segments.

The mean-attractive energya1 is defined as

a1~r![
A1

NskBT
52

2prs

kBT E
s

`

dr r 2f~r !ghs~r ;r!, ~7!

whereghs(r ;r) is the pair radial distribution function of the
reference hard-sphere fluid. One can factorize the pair distri-
bution function out of the integral by employing the mean-
value theorem, and write the expression in terms of a contact
value of the system at an effective densityreff ~or effective
packing fraction,heff5ps3mreff/6):47

a15a1
vdWghs~s;reff!. ~8!

The prefactora1
vdW is the van der Waals attractive free energy

~representing the long-range contribution for a system with-
out correlations! and is given by

a1
vdW52

2prs

kBT E
s

`

dr r 2f~r !, ~9!

which for the square-well potential becomes

a1
vdW5

2

3

prs

kBT
s3«~l321!. ~10!

The contact value of the pair distribution for the hard-sphere
fluid at the effective densityreff ~or correspondingly at the
effective packing fractionheff) is given by47

ghs~s;reff!5
12heff/2

~12heff!
3 . ~11!

The dependence ofheff on the actual packing fractionh and
the range of the square-well potentiall is obtained by using
a very accurate description of the structure of the hard-sphere
reference system with the following parametrization,

heff5c1h1c2h21c3h3, ~12!

where the coefficientscn are obtained from the matrix

S c1

c2

c3

D 5S 2.258 55 21.053 49 0.2494 34

20.692 70 1.400 49 20.8277 39

10.1576 215.0427 5.30827
D S 1

l
l2
D .

~13!

As it will become clear in Sec. II B 2, it is useful to
partition the mean-attractive energya1(r)5a1

sr(r)1a1
lr(r)
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into short-range (a1
sr) and long-range (a1

lr) parts. The short-
range contribution is written in terms of the total correlation
function hhs(r ;r)5ghs(r ;r)21 as

a1
sr~r!52

2prs

kBT E
s

`

drr 2f~r !hhs~r ;r!, ~14!

and is seen to incorporate the local structure of the fluid. The
long-range contribution is simply represented by the van der
Waals attractive terma1

lr[a1
vdW @cf. Eq. ~9!#.

The second-order perturbation~fluctuation! term is ex-
pressed in terms of the local compressibility approximation
~LCA! of Barker and Henderson77 where the fluctuation of
the energy is related directly to the compressibility of the
system by

a2~r![
A2

NskBT
5

1

2

«

kBT
Khsha18 . ~15!

In this relationa18(r)5 ]a1 /]h represents the density de-
rivative of the mean-attractive energy, andKhs is the Percus-
Yevick expression for the hard-sphere compressibility factor
given by76

Khs5
~12h!4

114h14h2 . ~16!

The SAFT-HS monomer contribution to the Helmholtz
free energy is simply obtained from the SAFT-VR free en-
ergy by ignoring the correlations between the spherical seg-
ments@which amounts to settingghs(r ;r)51 in the expres-
sion for the mean-attractive energy given by Eq.~7!#, as well
as ignoring the fluctuations of the attractive energy (a2

50). This corresponds to the well known van der Waals
mean-field approximation.

3. Chain contribution

The contribution to the free energy due to the formation
of a chain molecule ofm square-well segments is given in
the standard Wertheim TPT1 form as78

achain~r![
Achain

NkBT
52~m21!ln ysw~s;r!, ~17!

whereysw(s;r)5exp(2«/kBT)gsw(s;r) is the contact value
of the background~cavity! pair correlation function for a
system of square-well monomers. In the SAFT-VR approach
the contact value of the pair radial distribution function
gsw(s;r) is obtained from a first-order high-temperature ex-
pansion about a hard-sphere reference system:47

gsw~s;r!5ghs~s;r!1
1

4 F]a1

]h
2

l

3h

]a1

]l G . ~18!

The contact valueghs(s;r) of the correlation function for
the hard-sphere system is represented by the Carnahan and
Starling expression:75,76

ghs~s;r!5
12h/2

~12h!3 . ~19!

In the case of the SAFT-HS approach the monomer contact
pair radial distribution function that is used in the chain con-
tribution to the free energy@Eq. ~17!# is approximated simply

by that of the hard-sphere system@gsw(r ;r)'ghs(r ;r), i.e.,
the first term of Eq.~18!#. The contribution to the free energy
that is described here is obtained from the Wertheim treat-
ment of an associating system in limit of complete
bonding.36,79

4. Association contribution

The association contribution to the free energy, which
constitutes the core of all SAFT equations of state, is de-
scribed with the Wertheim theory of association.5–8 This
term can be expressed as a function of the fraction of mol-
ecules not bonded at given sites as35

aassoc~r![
Aassoc

NkBT
5F (

A51

n S ln XA2
XA

2 D1
1

2
nG , ~20!

whereXA is the fraction of molecules not bonded at a given
site A and n is the total number of sites on each molecule.
The fraction of molecules not bonded at each site is calcu-
lated by solving the following set of coupled mass-action
equations,

XA5
1

11(B51
n XBrDAB

, ~21!

whereB denotes the set of sites capable of bonding with site
A. The association interaction parameterDAB is determined
from the Mayer functionFAB5@exp(«AB /kBT)21#, the vol-
umeKAB available for bonding between sitesA andB, and
the contact value of the monomer pair radial distribution
function:

DAB5FABKABgsw~s;r!. ~22!

The explicit dependence of the bonding volume on the dis-
tancer d* 5r d /s of the site from the center of the spherical
segment and the ranger c* 5r c /s of the site-site interaction
can be expressed analytically as35

KAB5
4ps3

72r d*
2 @ ln~r c* 12r d* !~6r c*

3118r c*
2r d* 224r d*

3!

1~r c* 12r d* 21!~22r d*
225r c* r d* 27r d* 28r c*

2

1r c* 11!#. ~23!

In the case of the SAFT-HS description the contact value of
the monomer pair radial distribution function appearing in
Eq. ~22! is again approximated by the hard-sphere value,
gsw(s;r)'ghs(s;r).

The free energy that has been described for the homoge-
neous fluid of associating chain molecules can be used to
determine the bulk vapor-liquid equilibria in a straightfor-
ward fashion. The densities of the coexisting vapor and liq-
uid states at a fixed temperature are determined numerically
by requiring that the pressureP52(]A/]V)T,N , and chemi-
cal potentialm52(]A/]N)T,V of the two phases are equal.

Now that the contributions to the free energy of the bulk
fluid of associating chain molecules have been defined we
are in a position to construct the perturbative free energy
functional for the inhomogeneous fluid.
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B. Inhomogeneous fluid of associating chain
molecules „SAFT DFT…

We consider an open system at temperatureT and
chemical potentialm in a volumeV. In the absence of exter-
nal fields, the grand potential functionalV@r(r )# of an in-
homogeneous system is given by13

V@r~r !#5A@r~r !#2mE drr~r !, ~24!

whereA@r(r )# is the intrinsic Helmholtz free energy func-
tional. The minimum value ofV@r(r )# is the equilibrium
grand potential of the system and the corresponding equilib-
rium density profile req(r ) satisfies the following
condition:13

dV@r~r !#

dr~r !
U

eq

5
dA@r~r !#

dr~r !
U

eq

2m50. ~25!

In essence this Euler-Lagrange equation is equivalent to re-
quiring that the Helmholtz free energy functional be a mini-
mum subject to a constraint of constant number of particles;
the undetermined multiplier corresponds to the chemical po-
tential m of the bulk coexisting phases.

Following a standard perturbative approach13,15 the free
energy is partitioned into a reference term~which includes
the ideal, hard-sphere, chain, and associative contributions!,
and a perturbation attractive term~which includes the disper-
sive interactions between the monomeric segments!. In this
work we consider three different levels of approximation to
account for the description of the vapor-liquid interface. In
the first approach~SAFT-VR DFT!, both the bulk vapor-
liquid equilibria and the interfacial properties are described
with a perturbation theory in which correlations are included
in the reference and attractive terms. In the second approxi-
mation scheme~SAFT-VR MF DFT!, the bulk fluid is treated
at the SAFT-VR level~a second-order perturbation theory
which incorporates the correlations of the hard-sphere refer-
ence system!, while the interfacial properties are treated at
the mean-field level~the correlations are neglected in the
attractive term!. Finally, in the third approach~SAFT-HS MF
DFT! both the bulk and interfacial properties are described at
the mean-field level as far as the attractive dispersive forces
are concerned. The latter approximation corresponds to the
SAFT-HS free energy functional described in Refs. 26 and
34.

1. SAFT-VR DFT

The reduced Helmholtz free energy functional in the full
SAFT-VR treatment of associating chain molecules describes
both the bulk vapor-liquid equilibria and the interfacial prop-
erties within a perturbation approach. Correlations are taken
into account explicitly both in the reference and attractive
terms. The full SAFT-VR free energy functional is given by

ASAFT-VR@r~r !#5Aideal@r~r !#1AVR
ref @r~r !#1AVR

att @r~r !#.
~26!

It is convenient to examine the grand potential func-
tional in terms of reduced free energy densities
f @r(r )#[ A@r(r )#/VkBT [r(r )a@r(r )#, where
a@r(r )#[A@r(r )#/(NkBT).

The reduced ideal Helmholtz free energy of an inhomo-
geneous system of nonspherical particles can be written
as13,76

Aideal@r~r !#5kBTE dr f ideal~r~r !!

5kBTE drr~r !aideal~r~r !!, ~27!

where the form of the density dependence ofaideal(r(r )) is
given by Eq.~4!.

As in our previous work26,34 the reference termAVR
ref is

taken to incorporate all of the contributions to the free energy
due to ‘‘short-range’’ interactions such as the repulsive hard-
sphere term, the chain term, and the association term:

AVR
ref @r~r !#5Ahs@r~r !#1Achain@r~r !#1Aassoc@r~r !#

1A2@r~r !#. ~28!

The hard-sphere interaction is short ranged and is usu-
ally treated locally in a perturbative DFT treatment of the
vapor-liquid interface;13,15 such functionals based on the
LDA of the reference term provide a good description of the
vapor-liquid interface, although the approach fails for fluids
close to their triple points or for confined systems where a
WDA has to be used. In our SAFT-VR DFT the hard-sphere
LDA free energy functional is given by

Ahs@r~r !#5kBTE dr f hs~r~r !!

5kBTE drr~r !mahs~r~r !!, ~29!

where the expression forahs(r(r )) is written as a function of
the packing fraction profileh(r )5(mps3/6)r(r ) in the Car-
nahan and Starling form@cf. Eq. ~6!#. The factor ofm was
erroneously omitted from Eq.~8! in Ref. 26.

Both the hard-chain@cf. Eq.~17!# and the association@cf.
Eq. ~20!# contributions to the SAFT free energy can be writ-
ten in terms of the contact value of the pair radial distribution
function of the reference monomer system; this is clearly a
short-range contribution and can also be approximated by a
local functional. The contribution to the reference free en-
ergy functional for the formation of a chain ofm square-well
segments is written at the LDA level as

Achain@r~r !#5kBTE dr f chain~r~r !!

5kBTE dr r~r !achain~r~r !!, ~30!

where achain(r(r )) is the function of density given by Eq.
~17!. The LDA treatment of long chains may appear to be
rather drastic. As will be shown later, it nonetheless provides
a good description of the vapor-liquid surface tension of
moderately long alkanes. In essence this approximation
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amounts to determining the average density profile for the
segments making up the chain without specifying which
chain the segments belong to. A more sophisticated WDA
treatment, such as that developed by Kierlik and
co-workers,80–82in which the position of each segment of the
chain is treated explicitly, can be used to improve the de-
scription of long chains. This is, however, beyond the scope
of the current work.

In a similar way we can write the contribution due to
molecular association at the LDA level as

Aassoc@r~r !#5kBTE dr f assoc~r~r !!

5kBTE dr r~r !aassoc~r~r !!, ~31!

where aassoc(r(r )) is given by Eq.~20!. The perturbation
theory of Wertheim5–8 was originally developed in the gen-
eral case of inhomogenous systems; the fractionXA@r(r )# of
molecules not bonded at a given siteA at a pointr in the
fluid can be expressed as a set of mass-action equations:

XA@r~r !#5
1

11(B*dr 8dv8r~r 8!XB@r~r 8!#FABgsw@r ,r 8;r~r !,r~r 8!#
. ~32!

The mass-action equations are seen to be nonlocal in nature,
i.e., the property at a pointr depends on an integral over
neighboring pointsr 8. The integral over orientationsv8 for
the site-site association interaction is also undertaken. In our
local LDA treatment we assume that the density does not
vary appreciably over the range of the site-site association
interaction,r(r 8)'r(r ); this is expected to be a good ap-
proximation for hydrogen-bonding association where the
range of the interaction is very short. The LDA form of the
set of mass-action equations defined by Eq.~32! can be writ-
ten as

XA~r~r !!5
1

11(Br~r !XB~r~r !!DAB
. ~33!

The correlations are included in the termDAB where we have
invoked the additional approximation thatr 2gsw@r ;r(r )#
does not vary appreciably over the range of the site-site
interaction:35

DAB5KABFABgsw@s;r~r !#. ~34!

In the SAFT-VR description of the thermodynamics of
the fluid, the high-temperature perturbation expansion of the
free energy is taken to second orderA2 . The LCA is used to
approximate the fluctuation termA2 of the homogeneous
system in terms of the compressibility of the hard-sphere
fluid. This contribution is also treated locally in our reference
term,

A2@r~r !#5kBTE dr f 2~r~r !!

5kBTE dr r~r !ma2~r~r !!, ~35!

wherea2(r(r )) is given by Eq.~15!. The slope of the profile
for the mean attractive energy turns out to be fairly constant
over the interfacial region,70 which suggests that the fluctua-
tion term is reasonably constant and can be treated locally
sincea18(r(r ))}a2(r(r )). At this stage we should point out
that the second-order term has to be included in the full free
energy functional of the inhomogeneous system in order to

recover the SAFT-VR expressions of the homogeneous bulk
phase. This term did not have to be taken into account in our
previous mean-field description.26,34

Before we end our description of the reference free en-
ergy functional it is instructive to note that within the LDA
treatment the free energy densityf ref(r(r )) is given as a
simple function, not a functional, of the local density~which
is represented by that of the homogeneous system!.

The usual form of the attractive term in a perturbative
DFT treatment of an inhomogeneous fluid of spherical par-
ticles is13–15

AVR
att @r~r !#5

1

2 E dr r~r !E dr 8r~r 8!

3gref@r ,r 8;r~r !,r~r 8!#fatt~ ur2r 8u!. ~36!

The functionalgref@r ,r 8;r(r ),r(r 8)# denotes the pair corre-
lation function of the reference inhomogeneous system~usu-
ally a hard-sphere fluid!, and the potentialfatt(ur2r 8u) is the
attractive part of the intermolecular potential. An extension
of Eq. ~36! to deal with chainlike molecules can be written as

AVR
att @r~r !#5

1

2 E dr rs~r !E dr 8rs~r 8!

3gss
hsc@r ,r 8;rs~r !,rs~r 8!#fatt~ ur2r 8u!.

~37!

The attractive contribution is now expressed in terms of the
average segment density profilers(r ), the average segment-
segment pair radial distribution function of the inhomoge-
neous reference hard-sphere chaingss

hsc@r ,r 8;rs(r ),rs(r 8)#,
and the segment-segment interaction defined in Eq.~1!. This
corresponds to the inhomogeneous version of the attractive
term described by Gross and Sadowski.83 If we further ap-
proximate the segment-segment pair radial distribution func-
tion by that of the equivalent unbonded hard-sphere system,
i.e., gss

hsc@r ,r 8;rs(r ),rs(r 8)#'ghs@r ,r 8;rs(r ),rs(r 8)#, and
express the functional in terms of the molecular density pro-
file ~where we assume thatr(r )5rs(r )/m), the attractive
contribution becomes
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AVR
att @r~r !#5

1

2 E dr mr~r !E dr 8mr~r 8!

3ghs@r ,r 8;r~r !,r~r 8!#fatt~ ur2r 8u!. ~38!

A further approximation is required in Eq.~38!, as little
is known of the pair distribution function of the inhomoge-
neous hard-sphere fluid. Here, we assume that the correla-
tions can be described with the pair distribution function of a
homogeneous fluid of hard spheres evaluated at an appropri-
ate mean densityr̄. This way of treating the correlations in
an inhomogeneous system dates back to the work of
Toxvaerd.17–19 Though a mean-field treatment~in which the
correlations are ignored! is more common, the approach has
now been used by a number of other groups.15,20–24We con-
sider a simple arithmetic average of the densityr̄5@r(r )
1r(r 8)#/2 ~also see Ref. 84!. Other choices could have been
used to definer̄, but we found little quantitative difference.
Toxvaerd19 has emphasized that the averaging scheme em-
ployed for the correlations in the perturbative term must be
invariant under particle interchange; this condition is satis-
fied with our simple averaging of the density. In line with the
SAFT-VR treatment of the bulk fluid,47 the pair distribution
function can then be approximated by that at contact for an
equivalent system with an effective densityghs(ur2r 8u; r̄)
'ghs(s; r̄eff). The final expression of the attractive term used
in the SAFT-VR DFT approach is given by

AVR
att @r~r !#

5
1

2 E dr mr~r !E dr 8mr~r 8!ghs~s; r̄eff!f
att~ ur2r 8u!.

~39!

The relationship between the actual number densityr̄ and
the effective densityr̄eff ~which depends on the range of the
potentiall! is taken to be the same as for the homogeneous
system and follows from the corresponding expressions for
the packing fractionsh and heff , Eqs. ~12! and ~13!. The
advantage of using this type of free energy functional is that
integrations are easier to perform and as a result the method
is less computationally demanding. It is also clear that the
free energy given by Eq.~26! reduces to the bulk SAFT-VR
expression@cf Eq. ~3!# for homogeneous systems@with
r(r )5rbulk].

As was mentioned earlier the equilibrium interfacial pro-
file is the one that minimizes the grand potential@cf. Eq.
~25!#. In the case of the SAFT-VR DFT that has just been
described, the corresponding Euler-Lagrange equation is ob-
tained as

dV@r~r !#

dr~r !
U

eq

5
dA@r~r !#

dr~r !
2m

5
dAideal@r~r !#

dr~r !
1

dAVR
ref @r~r !#

dr~r !

1
dAVR

att @r~r !#

dr~r !
2m50. ~40!

The variation of the ideal and reference contributions
with respect tor~r ! correspond to the local chemical po-

tentials m ideal(r(r ))5 dAideal@r(r )#/dr(r ) and m ref(r(r ))
5 dAVR

ref @r(r )#/dr(r ) ~which can be obtained from the cor-
responding expressions for the homogeneous system,
throughm5kBT$a1r]a/]r%), while the variation of the at-
tractive term requires a knowledge of the density derivative
of the correlation function. The equilibrium profile can thus
be determined by solving the equation

m5m ideal~r~r !!1mVR
ref ~r~r !!1E dr 8m2r~r 8!

3H ghs~s; r̄eff!1
1

2
r~r !

dghs~s; r̄eff!

dr~r ! J fatt~ ur2r 8u!,

~41!

which ensures that the chemical potential at each point in the
profile is equal to the bulk chemical potentialm ~see Ref.
15!.

2. SAFT-VR MF DFT

It is convenient to have a general approach for the de-
velopment of an accurate free energy functional where one
does not have to treat the correlations in the perturbative
attractive term; this would allow one to construct a DFT
from any engineering equation of state of the bulk fluid
which is not explicitly cast in terms of the correlations be-
tween the particles. In this section we develop such an ap-
proach within the SAFT-VR description of homogeneous
fluid, though the method is not restricted to SAFT-like equa-
tions of state. One can define a free energy functional in
which the bulk fluid is treated at the full SAFT-VR level~a
second-order perturbation theory which incorporates the cor-
relations of the hard-sphere reference system!, and the inter-
face is treated at the mean-field level of van der Waals~the
correlations are neglected in the attractive term!.

As in the preceding section the Helmholtz free energy
functional is expressed in terms of an ideal, a reference, and
an attractive contribution@cf. Eq. ~26!#:

Amf
SAFT-VR@r~r !#5Aideal@r~r !#1AVR,mf

ref @r~r !#

1AVR,mf
att @r~r !#. ~42!

As before the ideal termAideal@r(r )# is given by Eq.~27!.
The reference termAVR,mf

ref @r(r )# is again treated locally, but
is now defined as

AVR,mf
ref @r~r !#5Ahs@r~r !#1Achain@r~r !#1Aassoc@r~r !#

1A1
sr@r~r !#1A2@r~r !#, ~43!

where the full expressions forAhs@r(r )# @Eq. ~29!#,
Achain@r(r )# @Eq. ~30!#, Aassoc@r(r )# @Eq. ~31!#, and
A2@r(r )# @Eq. ~35!# are used. The contribution due to the
short-range part of the correlations in the attractive term is
contained inA1

sr@r(r )#, which is defined in terms of the bulk
term a1

sr @Eq. ~14!#. As this represents a short-range interac-
tion it can be treated locally as
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A1
sr@r~r !#5kBTE dr f 1

sr~r~r !!

5kBTE dr r~r !ma1
sr~r~r !!. ~44!

The mean-field dispersive termAVR,mf
att @r(r )# is de-

scribed at the level of the van der Waals mean-field approxi-
mation in which the correlations due to attractive interactions
are neglected. By making the approximation
ghs@r ,r 8;r(r ),r(r 8)#51 in Eq. ~38!, the attractive term can
be written in the familiar mean-field form as

AVR,mf
att @r~r !#5

1

2 E dr mr~r !E dr 8mr~r 8!fatt~ ur2r 8u!.

~45!

This is the form of the attractive free energy functional used
in our previous mean-field SAFT-HS DFT;26,34 note that the
factor ofm2 was omitted in error from Eq.~5! of Ref. 26. In
contrast, however, the full free energy given by Eq.~42!
reduces to the bulk SAFT-VR expression defined in Eq.~3!
for a homogeneous system@at constant densityr(r )5rbulk].

The Euler-Lagrange equation for the equilibrium profile
in the case of the SAFT-VR MF DFT is now simply given by

m5m ideal~r~r !!1mVR,mf
ref ~r~r !!

1E dr 8m2r~r 8!fatt~ ur2r 8u!. ~46!

This expression is clearly obtained as a limiting form of Eq.
~41! with ghs(s; r̄eff)51.

3. SAFT-HS MF DFT

In the SAFT-HS MF DFT approach both the bulk and
the interfacial properties are treated at the mean-field level as
far as the attractive forces are concerned. The SAFT-HS free
energy functional was described in detail in previous
work26,34; note that the expressions for the various contribu-
tions were not given consistently in terms of the density of
spherical segments or that of molecules~e.g., see the cor-
rected form of the hard-sphere@Eq. ~29!# and chain@Eq.
~30!# contributions!. In our current notation the SAFT-HS
Helmholtz free energy functional is represented by

Amf
SAFT-HS@r~r !#5Aideal@r~r !#1AHS,mf

ref @r~r !#

1AHS,mf
att @r~r !#, ~47!

whereAideal@r(r )# is given by Eq.~27! and the local term
AHS,mf

ref @r(r )# is now given by

AHS,mf
ref @r~r !#5Ahs@r~r !#1Achain@r~r !#1Aassoc@r~r !#,

~48!

in which the pair radial distribution function of the monomer
fluid appearing in the expressions forAchain@r(r )# @Eq. ~30!#
and Aassoc@r(r )# @Eq. ~31!# is approximated by that of the
hard-sphere referencegsw@s;r(r )#'ghs@s;r(r )#. The
mean-field termAHS,mf

att @r(r )# is given by the van der Waals
expression for inhomogeneous systems defined by Eq.~45!,
and the corresponding Euler-Lagrange equation is equivalent
to Eq. ~46!.

C. The equilibrium density profile and surface
tension

The equilibrium density profile is the profile for which
the Euler-Lagrange condition, Eq.~25!, holds at every point
r . In this study we examine a planar vapor-liquid interface
where the density is a function of the position normal to the
interface. Assuming that the interface is perpendicular to the
z axis, the density profile depends only on the distance to the
interface, i.e.,r(r )[r(z). The Euler-Lagrange equation is
underspecified as any translation of the equilibrium density
profile in the z direction is also a solution of Eq.~25!. A
unique solution is assured by specifying thatzmax andzmin be
the boundary values equivalent to the coexistence bulk den-
sity of the liquid and vapor phases, respectively. In order to
achieve an accurate solution the region over which the den-
sity profile deviates from the vapor and liquid bulk densities
~interfacial thickness! must be narrower than the interval
over which Eq.~25! is solved. The integration region ranges
from uzmax2zminu;2s for states at a temperatureT;Tc/2
~whereTc is the critical temperature! to uzmax2zminu;15s at
0.98Tc . The integration in thez direction is performed nu-
merically by selecting the range fromzmin to zmax over which
to integrate, and the interval is discretized into a large num-
ber of pointszi ~typically 200 grid pointsper s!. A numerical
integration of Eq.~25! is then performed by starting from a
trial density profilerold with limiting densitiesr(zmax) and
r(zmin) which correspond to the vapor and liquid equilibrium
bulk densities~the initial profile could be represented by a
step profile!, and solving the Euler-Lagrange equation nu-
merically at each pointzi . This results in a new density
profile rnew and the process is repeated until the density at
each pointzi changes by no more than a specified tolerance.

Once the equilibrium density profilereq is known, the
surface tension may be determined from the simple thermo-
dynamic identity

g5
V1PV

A , ~49!

whereA is the interfacial area andP is the bulk pressure.

III. RESULTS AND DISCUSSION

We apply the SAFT-VR DFT approach outlined in the
preceding section to study the vapor-liquid interfacial prop-
erties of square-well fluids for various ranges of the poten-
tial, molecular chains of square-well segments, and associat-
ing fluids with different association schemes. Before
studying the vapor-liquid interface, we use the bulk
SAFT-VR equation of state to determine the vapor-liquid
equilibrum by solving the equilibrium conditions, i.e., the
equality of pressure and chemical potential in the vapor and
liquid phases. In what follows, the attractive interaction pa-
rameter« is chosen as the unit of energy and the hard-sphere
diameters as the unit of length. According to this, we define
the following reduced quantities: temperature,T* 5kBT/«;
density, r* 5rs3; surface tension,g* 5gs2/«; distance
from the interface,z* 5z/s; strength of the site-site associa-
tion interaction, «hb* 5«hb /«; and bonding volume,Khb*
5Khb /s3.
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The mean-field version of the SAFT theory~SAFT-HS!
presented in the previous papers26,34 can be used to describe
the vapor-liquid interfacial tension of a wide variety of flu-
ids. A good description of the temperature dependence of the
surface tension was, however, only achieved after using the
range of the intermolecular potential as an adjustable param-
eter. Though this is perfectly valid as an engineering tool, the
predictive nature of the theory is thus limited.

A mean-field approach is not generally expected to pro-
vide a quantitative description of the vapor-liquid properties
for a system with realistic interactions~see, Refs. 23, 24, and
47!. This is illustrated in Fig. 1 for a square-well fluid of
range l51.5, where the SAFT-HS~mean-field! and
SAFT-VR ~perturbation expansion! predictions are compared
with simulation data.70,71,85,86The recent simulation data70,71

were obtained from a test area Monte Carlo simulation of the
system with an interface and extends the range of the data to
lower temperatures than those accessible with the Gibbs en-
semble Monte Carlo~GEMC! technique.85 Clearly the mean-
field SAFT-HS approach underestimates the saturated liquid
density ~the whole coexistence envelop is shifted down-
wards!. The SAFT-VR description of the liquid density is
much more accurate, though it is seen to slightly overesti-
mate the critical temperature. The mean-field~SAFT-HS! ap-
proach also fails in predicting accurate density profiles. This
is shown in Fig. 2 for a square-well system at temperature
T* 50.798. The profiles obtained with SAFT-HS are broader
than those obtained with SAFT-VR, and do not provide an
accurate representation of the simulation data; as seen in Fig.
1, the mean-field profile does not yield accurate limiting co-
existing densities~particularly that of the liquid!. As ex-
pected DFTs based on the mean-field SAFT-HS approach are
not recommended for quantitative predictions.

We have used two approaches to construct a SAFT-VR

DFT which incorporates correlations in the attractive contri-
butions ~see Secs. II B 1 and II B 2!: in the SAFT-VR MF
DFT approach of Sec. II B 2, correlations are removed from
the perturbative term and the reference term is corrected to
yield the homogeneous limit@cf. Eq. ~42!#; in the full
SAFT-VR DFT approach of Sec. II B 1, the average correla-
tions are retained at first-order level in the perturbative term
@cf. Eq. ~26!#. There is only a small difference between these
two approaches as far as the interfacial profiles are con-
cerned, with a slightly better description when correlations
are included in the perturbative term~see Fig. 2!. It is impor-
tant to note that both approximations provide the same bulk
phase behavior and limiting coexistence densities. However,
after examining the surface tension, it becomes apparent that
correlations should be incorporated to provide the best de-
scription. The vapor-liquid surface tension data obtained
from molecular simulation using the thermodynamic70,71,87

and mechanical87,88approaches for a square-well fluid with a
range ofl51.5 are compared with the various versions of
the SAFT DFT in Fig. 3. The data for the surface tension
obtained with the new test area method70,71 are seen to be
consistent with the existing data. In line with our previous
comments, the corresponding values obtained from the
mean-field SAFT-HS approach deviate significantly from the
simulation results~see the paper by Winkelmann15 for a
similar analysis!. The SAFT-VR MF DFT mean-field ap-
proach provides a better description of the surface tension for
temperatures approaching the critical point, though the re-
sults are seen to deviate from the simulation data at lower
temperatures. The incorporation of correlations in the pertur-
bative term~SAFT-VR DFT approach! greatly improves the
theoretical description of the surface tension at lower tem-
peratures. The description of the surface tension with the
SAFT-VR DFTs is consistent with the description of the

FIG. 1. The vapor-liquid coexistence curve for the square-well fluid of rangel51.5, whereT* 5kBT/« and r* 5rs3 are the reduced temperature and
number density, respectively. The points correspond to Monte Carlo simulation data: white circles with error bars, Vegaet al. ~Ref. 85!; black diamonds, del
Rio et al. ~Ref. 86!; squares, Glooret al. ~Refs. 70 and 71!. The predictions of the SAFT-VR approach@Eq. ~3!# are represented by the continuous curve, while
those of the mean-field SAFT-HS approach~Refs. 35 and 37! are represented by the dotted curve.
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vapor-liquid equilibria: the theory fails by slightly overpre-
dicting the critical temperature of the system. In the remain-
ing discussion we assess the adequacy of the full SAFT-VR
DFT approach@cf. Eq.~26!# in describing the surface tension
of various systems.

The SAFT-VR equation of state, which is essentially a
second-order Barker-Henderson perturbation approach, pro-

vides a good description of the vapor-liquid fluid phase equi-
libria of square-well systems of variable range.47 The coex-
istence envelope obtained with this approach for square-well
systems withl51.25, 1.5, and 1.75 are compared with
simulated values in Fig. 4~a!. The coexisting liquid densities
obtained from direct simulations of the inhomogeneous sys-
tem with a range ofl51.75 ~Refs. 70 and 71! are slightly

FIG. 2. The vapor-liquid density profiler* (z)5r(z)s3 as a function of the distance from the interfacez* 5z/s for the square-well fluid of rangel51.5 for
a reduced temperatureT* 50.798. The results obtained from the direct Monte Carlo simulation of the inhomogeneous system~Refs. 70 and 71! are denoted
as the squares. The predictions of the various density functional theories are included for comparison: full SAFT-VR DFT@Eq. ~26!#, continuous curve;
mean-field SAFT-VR MF DFT@Eq. ~42!#, dashed curve; and mean-field SAFT-HS MF DFT@Eq. ~47!#, dotted curve.

FIG. 3. The vapor-liquid surface tensiong* 5gs2/« as a function of the temperatureT* 5kBT/« for the square-well fluid of rangel51.5. The points
correspond to molecular simulation data: black circles, Henderson and van Swol~Ref. 87!; black diamonds with error bars, Oreaet al. ~Ref. 88!; squares with
error bars, Glooret al. ~Refs. 70 and 71!. Note that the value of the surface tension obtained by Henderson and van Swol~Ref. 87! at the temperatureT*
51 for a confined system with a mechanical approach appears to be slightly too large~upper black circle!. The predictions of the various density functional
theories are included for comparison: full SAFT-VR DFT@Eq. ~26!#, continuous curve; mean-field SAFT-VR MF DFT@Eq. ~42!#, dashed curve; and
mean-field SAFT-HS MF DFT@Eq. ~47!#, dotted curve.
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lower than the GEMC data,85 probably due to a system size
effect. The temperature dependence of the surface tension for
the square-well fluid of variable range is shown in Fig. 4~b!
~see Table I for a numerical comparison!. The agreement
between the SAFT-VR DFT predictions and the simulation
data70,71,89 is remarkable considering the wide range ofl
values. A change in the slope of the surface tension is ob-
servable as the potential range is reduced. This suggests that
the surface tension is a sensitive measure of the range of the

interactions, a point that will be further emphasized after
examining associating systems.

An expression for the thermodynamic properties of
chain molecules can be obtained from the Wertheim36,79

TPT1 approach in the limit of complete association; the con-
tributions for chain formation and association in the
SAFT-VR free energy are based on the Wertheim expres-
sions. It is important to recall that in our current SAFT-VR
DFT approach, the chain and association contributions are

FIG. 4. ~a! The vapor-liquid coexistence curve for the square-well fluid, whereT* 5kBT/« andr* 5rs3 are the reduced temperature and number density,
respectively. The points correspond to Monte Carlo simulation data: circles with error bars, Vegaet al. ~Ref. 85!; squares, Glooret al. ~Refs. 70 and 71!. The
predictions of the SAFT-VR approach@Eq. ~3!# are represented by the continuous curves. The specific range of the interactionl is denoted for each system.
~b! The corresponding vapor-liquid surface tensiong* 5gs2/« as a function of the reduced temperature. The points correspond to molecular simulation data:
black diamonds, Singhet al. ~Ref. 89!; squares with error bars, Glooret al. ~Refs. 70 and 71!. The continuous curves represent the predictions of the
SAFT-VR DFT @Eq. ~26!#.
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included in the reference term of the free energy functional.
The vapor-liquid bulk coexistence densities for flexible
chains formed fromm54 and 8 tangent square-well seg-
ments of rangel51.5 obtained from the SAFT-VR equation
of state and Monte Carlo simulation90 are depicted in Fig.
5~a!; the results form51 ~square-well monomers! are also
included in the figure for comparison. As it has been shown
in previous work,47 good agreement between the theory and
simulation data is found. The critical temperature is seen to
increase with increasing chain length, accompanied by a cor-
responding narrowing of the density envelope. The effect of
increasing the chain length on the surface tension is shown in
Fig. 5~b!. The surface tension curves are shifted to higher
temperatures when the chain length is increased as was
found with the SAFT-HS DFT approach.26 The limiting
curve of infinitely long chains is difficult to obtain because
the saturation pressure and density of the coexisting vapor
phase are very low for this system. We have instead deter-
mined the vapor-liquid critical temperatureTc for infinitely
long chains and assumed a Guggenheim11,91 corresponding-
states lawg5g0(12T/Tc)

1.23. The zero-temperature sur-
face tensiong0 was found to be practically constant (g0

51.9 to within 1%! for systems with chain lengths ofm
51 to 10; this value was used to estimateg(T) in the limit
m→`. Similar Wertheim DFT schemes have been used
within a WDA to study the free surfaces of long chain
molecules.31,80–82

We now turn to a detailed examination of the effect of
association on the surface tension for a number of model
systems. The first model is a dimerizing system of spherical
molecules; this corresponds to a molecule with a single
bonding site which is allowed to bond to a free site on an-
other molecule~model 1!. A one-site model of the type de-
scribed here can be used to represent the dimerization equi-
libria behavior exhibited by real systems such as carboxylic

acids; the thermodynamic properties of acetic acid are well
known to be dominated by a dimerization equilibria.
Borowkoet al.,29 Peery and Evans,32 and more recently Ale-
jandre et al.33 have studied this model using a mean-field
Wertheim DFT~cf. SAFT-HS MF DFT!. A broadening of the
density profile on dimerization is found, as well as a shift of
the profile of unbonded molecules towards the vapor side of
the interface~also see Ref. 26!; a related~slight! peak in the
density of unbonded molecules close to the interface has also
been reported.33 The vapor-liquid coexistence densities of a
dimerizing square-well fluid~model 1! with rangel51.5
obtained from the SAFT-VR theory is depicted in Fig. 6~a!
for strengths of the site-site association interaction ranging
from the non-associating limit («hb50) to the fully dimer-
ized fluid («hb5`). It is clear that for the one-site model the
fluid-phase equilibria is bounded by these two limiting cases.
This is also true for the temperature dependence of the sur-
face tension@see Fig. 6~b!#. In the case of the system with an
association site-site interaction energy of intermediate
strength («hb* 58) and a relatively small bonding volume of
Khb* 50.001~corresponding tor d* 50.25 andr c* 50.5606) the
surface tension varies from values corresponding to the fully
dimerized system at low temperatures to those of the nonas-
sociated system as the temperature is increased towards the
critical point. This provides a simple interpretation for the
characteristics shaped curve seen in some associating com-
pounds such as water or alcohols.11 As expected the surface
tension always increases with increasing association. A mis-
leading interpretation of the effect of association can be
made when the temperature is reduced by the critical tem-
perature, as the surface tension may appear to decrease when
the degree of association is increased~see Fig. 4 of both
Refs. 26 and 32!. For a relatively weak association energy
@see the curve for«hb* 54 in Fig. 6~b!# the surface tension
increases slightly with decreasing temperature when com-
pared to the nonassociating system. In the case of a strong
site-site interaction@«hb* 516 in Fig. 6~b!# the surface tension
has essentially saturated to the corresponding value of the
fully dimerized system, and the temperature dependence re-
sembles that of the nonassociating dimer. The particular be-
havior of g(T) is also very sensitive to the range of the
association interaction~bonding volume!. The surface ten-
sion for the single site square-well fluid with a larger bond-
ing volume ofKhb* 50.1 ~corresponding tor d* 50.25 andr c*
50.7631) is also shown in Fig. 6~b!. In this case the
s-shaped behavior is found to be less dramatic than for the
system with the smaller bonding volume, and the tempera-
ture dependence is very similar to that of a nonassociating
system~with the curves shifted to higher temperatures!. The
reason for this is that for large bonding volumes the system
remains dimerized over almost the entire temperature range
even for moderate association energies. The sharp change in
association for the system with a large energy and small
bonding volume produces a marked change in curvature. It is
also interesting to point out that although the systems with
«hb* 516 and Khb* 50.001 and with«hb* 58 and Khb* 50.1
have very similar critical points and low-temperature surface
tensions, a marked difference in surface tension and curva-

TABLE I. The coexisting vaporrv* 5rvs3 and liquid r l* 5r ls
3 densities

and surface tensiong* 5gs2/« for square-well fluids of rangel obtained
from MC simulation at various temperaturesT* 5kBT/« ~chosen to corre-
spond roughly to the same relative distance from the critical temperature!.
The surface tensionsgMC* obtained from a test area Monte Carlo simulation
method~Refs. 70 and 71! are compared with the predictionsgSAFT-VR* of the
SAFT-VR DFT @Eq. ~26!#.

l T* r l* rv* gMC* gSAFT-VR*

1.25 0.6090 0.8699 0.0207 0.38~5! 0.410
0.6858 0.7670 0.0616 0.19~7! 0.222
0.7239 0.6623 0.1406 0.06~5! 0.140

1.50 0.6647 0.7779 0.0010 0.82~5! 0.817
0.7977 0.7322 0.0056 0.63~5! 0.610
0.9306 0.6789 0.0186 0.41~3! 0.413
1.064 0.6030 0.0527 0.190~13! 0.234
1.196 0.4009 0.2063 0.025~11! 0.0856
1.263 0.3036 0.2812 0.002~12! 0.0306

1.75 0.9040 0.7758 0.0007 1.33~9! 1.21
1.084 0.7045 0.0038 0.98~4! 0.913
1.265 0.6350 0.0121 0.67~3! 0.643
1.446 0.5663 0.0297 0.40~3! 0.402
1.627 0.4676 0.0704 0.164~16! 0.197
1.718 0.3840 0.1297 0.066~9! 0.113
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ture is seen for intermediate temperatures. This suggests that
the surface tension does not generally follow the Guggen-
heim scaling relation in the case of dimerizing systems. By
contrast, the vapor-liquid coexistence curves for these two
systems are very similar@see Fig. 6~a!#, and conform to a
corresponding states law. This has important implications in
obtaining optimal parameters for the description of the
vapor-liquid equilibria and surface tension for real
compounds.70,92

In order to assess the adequacy of our SAFT-VR DFT in
describing the vapor-liquid interface of dimerizing fluids we

also compare our theoretical predictions with the very recent
simulation data of Singh and Kofke46 for a one-site square-
well fluid. The specific model studied by Singh and Kofke
incorporates a conical square-well bonding site of ranger c*
and angular cutoffuc on an isotropic square well; in this case
the bonding volume is defined asKhb* 5p(12cosuc)

2(rc*
21).35 The values for the surface tension obtained from the
simulations for association energies of«hb* 54 and 7 and a
bonding volume ofKhb* 50.001 866 ~corresponding tor c*
51.05 anduc527°) are compared with the predictions of
our SAFT-VR DFT in Fig. 7. As was found for the nonasso-

FIG. 5. ~a! The vapor-liquid coexistence curve for chains formed fromm tangent square-well segments, whereT* 5kBT/« and rm* 5rs3 are the reduced
temperature and number density of chain molecules, respectively. The points correspond to Monte Carlo simulation data: form54 and 8, Escobedo and de
Pablo~Ref. 90!; for m51, Vegaet al. ~Ref. 85! ~circles! and Glooret al. ~Refs. 70 and 71! ~squares!. The predictions of the SAFT-VR approach@Eq. ~3!# are
represented by the continuous curves.~b! The corresponding vapor-liquid surface tensiong* 5gs2/« as a function of the reduced temperature. The continuous
curves represent the predictions of the SAFT-VR DFT@Eq. ~26!#; the limit for the infinitely long chain (m5`) is shown as the dotted curve.
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ciating square-well system~see Fig. 3!, the theory slightly
overestimates the simulation data for the surface tension of
the associating system at the higher temperatures, essentially
because of an overestimate of the critical temperature. At
lower temperatures the agreement is expected to improve, as
is found for the nonassociating fluid@cf. Figs. 3 and 4~b!#,
but unfortunately the simulations for the associating system
were not carried out at low enough temperatures for us to
assess this. The surface tension of the system with«hb* 54 is
only slightly larger than that of the nonassociating system;
for a site-site association energy of«hb* 57 there is an appre-
ciable increase in the surface tension due to dimerisation. It
is difficult to make any claims about the curvature ofg(T)
again because of the relatively small temperature range con-
sidered in the simulations. According to the theoretical pre-
dictions for the dimerizing systems studied by Singh and
Kofke, ans-shaped behavior is not expected for this specific
choice of the association energy and bonding volume.

The next prototype model of association that deserves

particular attention is the two-site model, where only unlike
association is permitted~we refer to this as the 1:1 model!.
The two sites, labeledA and B, are allowed to formA-B
bonds, but noA-A or B-B association is permitted. In this
case, chainlike aggregates can form in the fluid, and the limit
of complete association corresponds to a single infinitely
long ‘‘polymer’’ chain. This type of model can be used to
represent the aggregation in a system of highly dipolar mol-
ecules such as hydrogen fluoride57 or alcohols93–95 ~when
only one of the lone pairs on the oxygen atom is assumed to
be involved in the hydrogen bonding!. The vapor-liquid co-
existence curves of the two-site square-well system~model
1:1! with l51.5 are depicted in Fig. 8~a! for site-site asso-
ciation energies of«hb* 52, 4, and 8, and a relatively small
bonding volume ofKhb* 50.001 ~corresponding tor d* 50.25
and a ranger c* 50.5606). The coexistence curve in the limit
of complete association corresponding to an infinitely long
chain has not been included in the figure due to the large
difference in scale~see the related papers by Vega and
MacDowell96 and Blaset al.97!. As the degree of association
is increased, the coexistence envelopes shift to higher tem-
peratures. The effect of association on the surface tension of
the 1:1 model is shown in Fig. 8~b!. The temperature depen-
dence that is obtained is similar to that found for the one-site
system@cf. Fig. 6~b!#: for weak association energies («hb*
52) the surface tension is only slightly higher than that of
the nonassociating fluid and the difference increases slightly
as the temperature is lowered; for a system with a large as-
sociation energy («hb* 58) and a relatively small bonding
volume (Khb* 50.001), the surface tension displays the char-
acteristics-shaped temperature dependence as it tends from
the fully associated limit at low temperatures to the nonas-
sociated limit at higher temperatures. The main difference is
that the surface tension does not saturate as rapidly to the
fully associated limit for the two-site model as it does for the
corresponding one-site model. This is expected when one
considers that much more energy is required to form a fully
associated infinite chain than a fully associated dimer. For
systems with the larger bonding volume (Khb* 50.1), there is
a larger increase in the surface tension from that of the non-
associated system than for systems with the smaller bonding
volumes (Khb* 50.001). Systems with larger bonding vol-
umes also exhibit less curvature in the temperature depen-
dence of the surface tension, so that the curves obtained for
different values of the association energy appear more paral-
lel than the corresponding curves for systems with smaller
bonding volumes. A similar temperature dependence of the
surface tension for the two-site associating system was re-
ported with the mean-field SAFT-HS MF DFT,26 where an
additional analysis of the effect of association on the average
aggregate size was made. A mean-field DFT based on the
Wertheim theory of association was also used by Pizio
et al.31 to examine the effect of confinement on a fluid of
two-site associating Lennard-Jones molecules. In their case,
however, the site-site association energy was kept fixed and
the effect of varying the pore size and strength of the
particle-wall interaction was studied.

A three-site model can be used to represent an associa-
tion scheme which involves the formation of branched as

FIG. 6. ~a! The vapor-liquid coexistence curve for a single-site associating
~dimerising! square-well fluid ~model 1 in the discussion!, where T*
5kBT/« and r* 5rs3 are the reduced temperature and number density,
respectively. The predictions of the SAFT-VR approach@Eq. ~3!# are repre-
sented by the curves: the continuous curves correspond to a small bonding
volume of Khb* 50.001 ~with r d* 50.25 andr c* 50.5606), and the dashed
curves to a large bonding volume ofKhb* 50.1 ~with r d* 50.25 and r c*
50.7631). The site-site bonding interaction is«hb* 54, 8, and 16~curves
from top to bottom!; the limiting cases of the nonassociating («hb* 50) and
fully associated dimer («hb* 5`) systems are also shown as the thick con-
tinuous curves for reference. The curves for the system with the strongest
bonding interactions (Khb* 50.1 and «hb* 516) are indistinguishable from
those of the fully associated system.~b! The corresponding vapor-liquid
surface tensiong* 5gs2/« as a function of the reduced temperature. The
curves represent the predictions of the SAFT-VR DFT@Eq. ~26!#; see part a
for details of the various systems.
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well as chainlike aggregates. Here, we examine a three-site
model in which two sites are equivalent~model 1:2!; one site
is labeledA, the two remaining sites are labeledB, and only
A-B bonding is allowed. Hydrogen bonding between the two
lone pairs on the oxygen and the hydrogen of a hydroxyl
group could be represented in such a way~e.g., see Refs. 93
and 94!; in some cases, however, steric effects~such as those
present in long-chain alcohols! prevent all three sites to be
involved in the bonding, and a two-site model is preferable.
The vapor-liquid equilibria and surface tension of model 1:2
is depicted in Fig. 9 for systems with different site-site asso-
ciation energies («hb* 52, 4 and 8!, and bonding volumes
(Khb* 50.001 andKhb* 50.1). As in the previous models, the
two-phase vapor-liquid region extends to higher densities
and temperatures with increasing association, the effect be-
coming more pronounced for the systems with the larger
bonding volume ofKhb* 50.1 @see Fig. 9~a!#. For systems
with a smaller bonding volume ofKhb* 50.001 ~correspond-
ing to r d* 50.25 andr c* 50.5606) g(T) appears to exhibit
more curvature for the three-site model than for the corre-
sponding curves of the two-site model@cf. Fig. 8~b!#; this
feature turns out to be important in describing the surface
tension of the shorter chain alkanols such as propan-2-ol.92

Interestingly, the surface tension curves all appear to be
within the upper bound corresponding to the infinitely long
chain; the number of bonds in the limit of infinite association
for the 1:2 model is the same as that of the two-site infinite
chain~1:1 model!. The TPT1 approach of Wertheim36,79can-
not be used to distinguish between different isomers of a
given chain~also see Ref. 98!, and so does not differentiate
between different branched structures. This is also true for
the asymmetric 1:3 four-site model, but not for the symmet-
ric 2:2 model which can form an aggregated network struc-
ture, as is discussed in the following paragraph.

We now examine two prototype four-site association
models. In the first~asymmetric 1:3 model!, three of the four
sites are equivalent; one site is labeledA and the restB, and
again onlyA-B bonding is allowed. The 1:3 model can be
used to describe the vapor-liquid equilibria and surface ten-
sion of molecules such as ammonia.92,94 Predictions for this
model of branched association are shown in Fig. 10. Upon
comparison with Fig. 9, both the 1:3 and 1:2 models display
similar qualitative features. The surface tension curves of the
1:3 model are again bounded by the limiting curve for the
infinitely long chain, as the number of bonds of asymmetric
1:3 systems in the limit of complete association is the same
as that of the infinitely long chain~1:1 model!. The symmet-
ric four-site 2:2 model is frequently used to model water,
where two sites represent the hydrogen atoms and the other
two represent the lone pairs on the oxygen atom~e.g., see
Refs. 37, 54, 93, 99–101!. The model now has two pairs of
equivalent sites; one pair is labeledA, the otherB, and only
A-B bonding is allowed. Because of the greater possibilities
for bonding in such a network structure, the effect of asso-
ciation on the coexistence curve is expected to be quite sig-
nificant, particularly for systems with a large bonding vol-
ume. The coexistence and surface tension curves for the 2:2
model are depicted in Fig. 11. This model is seen to exhibit
a qualitatively different surface tension behavior than the
other models examined thus far. Unlike the other models,
where the surface tension has an upper bound corresponding
to the limit of an infinitely long polymer chain, the 2:2 model
is characterized by large surface tensions. The increase in
association and surface tension with decreasing temperature
is very dramatic. At the lower temperatures the surface ten-
sion is not constrained to be lower than that of infinite chain
limit ~1:1 model!, because the 2:2 model can now form com-
plex networks in the limit of full association. In this limit the

FIG. 7. The vapor-liquid surface tensiong* 5gs2/« as a function of the temperatureT* 5kBT/« for a single-site associating~dimerizing! square-well fluid
~model 1!. The points correspond to molecular simulation data: circles, Singh and Kofke;46 squares with error bars, Glooret al. ~Refs. 70 and 71!. The curves
represent the predictions of the SAFT-VR DFT@Eq. ~26!#. In this case the bonding volume isKhb* 50.001 866 and site-site bonding energies of«hb* 50, 4, and
7 are considered.
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average number of bonds per molecule in the 2:2 model is
greater than for the other models, which in turn leads to a
large cohesive energy and surface tension.

It is instructive to compare the surface tension curves for
some of the models examined in the preceding discussion
with more realistic values of the parameters~see Refs. 70
and 92 for details!. The surface tension curves of ethane
~nonassociating model!, the refrigerant 1,1,1,2-
tetrafluoroethane or R134a~chain forming two-site 1:1
model!, ethanol ~branched chain forming three-site 1:2
model!, ammonia ~branched chain forming four-site 1:3
model!, and water~network forming 2:2 four-site model! ob-
tained from the SAFT-VR DFT approach are presented in
Fig. 12. The intermolecular potential parameters are opti-
mized to provide the best description of the experimental
vapor-liquid equilibria and surface tension data;102,103in the
case of ethane the parameters obtained from vapor-liquid
equilibria alone give a good description of the surface ten-
sion. As one would expect, the surface tension becomes pro-
gressively larger as the degree of molecular association in

the system is increased from the nonassociating system
~ethane! to the four-site associating system~water!. Further-
more, the curvature ofg(T) is very sensitive to the mecha-
nism of association in the fluid. In the case of the nonasso-
ciating ethane system the curvature is always positive
~concave up! and will conform to Guggenheim scaling; the
slight departure of the theoretical description from the ex-
perimental data is due to an overprediction of the critical
temperature~see Ref. 47!. The curvature of the surface ten-
sion curve for ethanol~described with the three-site 1:2
model! is negative~concave down! for most of the fluid
range. In the case of water~described with the four-site 2:2
model!, the surface tension curve exhibits a clear point of
inflection at intermediate temperatures where the curvature
changes sign and the characteristics-shaped behavior is
seen. In all cases, the description of the experimental surface
tension by the SAFT-VR DFT is very good considering the
fundamental differences in the molecular interactions of the
systems involved. A more detailed examination of the ad-
equacy of the approach in describing the interfacial proper-

FIG. 8. ~a! The vapor-liquid coexistence curve for a two-site associating
~chain forming! square-well fluid~model 1:1!, whereT* 5kBT/« and r*
5rs3 are the reduced temperature and number density, respectively. The
predictions of the SAFT-VR approach@Eq. ~3!# are represented by the
curves: the continuous curves correspond to a small bonding volume of
Khb* 50.001 ~with r d* 50.25 andr c* 50.5606), and the dashed curves to a
large bonding volume ofKhb* 50.1 ~with r d* 50.25 andr c* 50.7631). The
site-site bonding interaction is«hb* 52, 4 and 8~curves from top to bottom!.
~b! The corresponding vapor-liquid surface tensiong* 5gs2/« as a func-
tion of the reduced temperature. The curves represent the predictions of the
SAFT-VR DFT @Eq. ~26!#; see part a for details of the various systems. The
limiting cases of the nonassociating («hb* 50) and fully associated dimer
(«hb* 5`) systems are also shown as the thick continuous curves for refer-
ence.

FIG. 9. ~a! The vapor-liquid coexistence curve for a three-site associating
~branched chain forming! square-well fluid~model 1:2!, whereT* 5kBT/«
andr* 5rs3 are the reduced temperature and number density, respectively.
The predictions of the SAFT-VR approach@Eq. ~3!# are represented by the
curves: the continuous curves correspond to a small bonding volume of
Khb* 50.001 ~with r d* 50.25 andr c* 50.5606), and the dashed curves to a
large bonding volume ofKhb* 50.1 ~with r d* 50.25 andr c* 50.7631). The
site-site bonding interaction is«hb* 52, 4, and 8~curves from top to bottom!.
~b! The corresponding vapor-liquid surface tensiong* 5gs2/« as a func-
tion of the reduced temperature. The curves represent the predictions of the
SAFT-VR DFT @Eq. ~26!#; see part a for details of the various systems. The
limiting cases of the nonassociating («hb* 50) and fully associated dimer
(«hb* 5`) systems are also shown as the thick continuous curves for refer-
ence.
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ties of a wide variety of pure compounds is presented in a
separate contribution.92

IV. CONCLUSION

We have developed an accurate Helmholtz free energy
density functional theory~DFT! to describe the vapor-liquid
interface of associating chain molecules, based on the statis-
tical associating fluid theory for attractive potentials of vari-
able range~SAFT-VR!. The motivation of this work was to
improve on the mean-field description of the attractive inter-
actions employed in our earlier work.26,34 One can incorpo-
rate the segment-segment correlations in the attractive per-
turbation term by using an average correlation function of
the reference hard sphere system, and treat the other
SAFT-VR contributions locally as a reference contribution.
The resulting SAFT-VR DFT is shown to provide an excel-
lent description of the vapor-liquid equilibria, interfacial pro-
files, and surface tension of square-well fluids of variable
range. We have also compared the surface tension of a
dimerizing square-well fluid obtained from the SAFT-VR

DFT with recent simulation data and have found good agree-
ment. As an alternative to the SAFT-VR DFT, one can treat
the inhomogeneous fluid at the full SAFT-VR level and treat
the attractive perturbation term at the mean-field level by
including the short-range contribution to the attractive term
in the reference term. Though the resulting SAFT-VR MF
DFT approach does not provide as good a description of the
interfacial properties as the full SAFT-VR DFT treatment, it
represents a more general method. The mean-field treatment
of the perturbation term in such an approach allows one to
develop a general theory for the interfacial properties using
an arbitrary engineering equation of state of the bulk fluid. In
future work we plan to extend the SAFT-VR DFT to describe
vapor-liquid and liquid-liquid interfaces in multicomponent
mixtures.

The effect of different association schemes~dimeriza-
tion, straight and branched chain formation, and network for-
mation! on the interfacial properties has been examined in
detail. The vapor-liquid surface tension of the associating
fluid is found to be bounded between the nonassociating and

FIG. 10. ~a! The vapor-liquid coexistence curve for an asymmetrical four-
site associating~branched chain forming! square-well fluid~model 1:3!,
whereT* 5kBT/« and r* 5rs3 are the reduced temperature and number
density, respectively. The predictions of the SAFT-VR approach@Eq. ~3!#
are represented by the curves: the continuous curves correspond to a small
bonding volume ofKhb* 50.001 ~with r d* 50.25 andr c* 50.5606), and the
dashed curves to a large bonding volume ofKhb* 50.1 ~with r d* 50.25 and
r c* 50.7631). The site-site bonding interaction is«hb* 52, 4, and 8~curves
from top to bottom!. ~b! The corresponding vapor-liquid surface tension
g* 5gs2/« as a function of the reduced temperature. The curves represent
the predictions of the SAFT-VR DFT@Eq. ~26!#; see part a for details of the
various systems. The limiting cases of the nonassociating («hb* 50) and fully
associated dimer («hb* 5`) systems are also shown as the thick continuous
curves for reference.

FIG. 11. ~a! The vapor-liquid coexistence curve for a symmetrical four-site
associating~network forming! square-well fluid~model 2:2!, where T*
5kBT/« and r* 5rs3 are the reduced temperature and number density,
respectively. The predictions of the SAFT-VR approach@Eq. ~3!# are repre-
sented by the curves: the continuous curves correspond to a small bonding
volume of Khb* 50.001 ~with r d* 50.25 andr c* 50.5606), and the dashed
curves to a large bonding volume ofKhb* 50.1 ~with r d* 50.25 and r c*
50.7631). The site-site bonding interaction is«hb* 51, 2, and 4~curves from
top to bottom!. ~b! The corresponding vapor-liquid surface tensiong*
5gs2/« as a function of the reduced temperature. The curves represent the
predictions of the SAFT-VR DFT@Eq. ~26!#; see part a for details of the
various systems. The limiting cases of the nonassociating («hb* 50) and fully
associated dimer («hb* 5`) systems are also shown as the thick continuous
curves for reference.
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fully associated limits, except for systems that associate into
networks which exhibit a qualitatively different behavior.
The shape of the temperature dependence is very sensitive to
the balance between the strength and range of the associa-
tion, and the precise association scheme. In the case of a
system with a strong but very localized association interac-
tion, the characteristic s-shaped surface tension curve seen in
fluids such as water and alkanols can be reproduced. The
various types of curves observed in real substances can be
reproduced by the theory.

The adequacy of the SAFT-VR DFT in describing the
vapor-liquid surface tension has been assessed briefly for a
small number of real compounds. In the case of nonassoci-
ating molecules such as ethane, the intermolecular potential
parameters obtained by optimizing the description of the
bulk vapor-liquid phase equilibria~vapor pressure and satu-
rated liquid density! also provide a good description of the
surface tension. This indicates that a reasonably accurate sur-
face tension can be obtained with a DFT approach of this
kind without having to take into account the contributions
due to capillary waves. This is in contrast with the findings
of Winkelmann15 who finds that the effect of capillary waves
has to be included to adequately describe the surface tension
of argon and nitrogen. The contribution of capillary waves to
the interfacial tension is expected to be too small to be no-
ticeable in three dimensions.104 It is possible that the effect
seen by Winkelmann is due in part to the specific intermo-
lecular potential that were used. In the case of the associating
compounds the magnitude of the surface tension will be
dominated by the association and the effect of capillary
waves will be even smaller in relative terms. A more com-
plete comparison of our SAFT-VR DFT calculations with the
vapor-liquid surface tension of a number of real compounds
is given in Ref. 92.
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