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Abstract

Propositional proof complexity studies the hardness of certifying that
propositional statements are tautologies. One of its most important con-
cerns is to answer the following question: is it possible to specify what
counts as a proof of a tautology in such a way that all proofs are polynomial-
time checkable and for every tautology there exists a proof of polynomial
size? The negative answer to this question would imply the separation of
complexity classes coNP and NP and, therefore, P and NP. Proof sizes
have been extensively studied for various proof systems and for a number
of weak systems the question above has been answered negatively. Many
known examples of hard formulas, for which superpolynomial lower bounds
on sizes of proofs in weak systems were obtained, are based on counting
principles such as, for example, the Pigeonhole Principle or unsolvable
linear systems. This is one of the reasons why exploration of the power of
stronger proof systems that, loosely speaking, “can count” is one of the

central topics in proof complexity.

In the first part of the thesis we develop new lower bounds techniques for
resolution over linear equations and extend existing ones to work over dif-
ferent rings. We obtain a host of new lower bounds, separations and upper
bounds, while calibrating the relative strength of different sub-systems.
We first establish, over fields of characteristic zero, exponential-size dag-
like lower bounds against resolution over linear equations refutations of
instances with large coefficients. Specifically, we demonstrate that the
subset sum principle ayzy + - -+ + ax, = B, for § not in the image of
the linear form, requires refutations proportional to the size of the image.
Moreover, for instances with small coefficients, we separate the tree and
dag-like versions of Res(ling), when F is of characteristic zero, by employing
the notion of essential covering of the hypercube from [48], among other

techniques.



We then study resolution over linear equations over different finite fields,
extending the work of Itsykson and Sokolov [40] who developed tree-
like Res(ling,) lower bounds techniques. We obtain new lower bounds
and separations as follows: (i) exponential-size lower bounds for tree-
like Res(ling,) refutations of Tseitin mod ¢ formulas, for every pair of
distinct primes p, g. As a corollary we obtain an exponential-size separation
between tree-like Res(ling,) and tree-like Res(ling,); (ii) exponential-size
lower bounds for tree-like Res(ling, ) refutations of random k-CNF formulas,
for every prime p and constant k; and (iii) exponential-size lower bounds
for tree-like Res(ling) refutations of the pigeonhole principle, for every field

F.

Another important aspect of proof complexity is the study of weak “count-
ing” proof systems, for which exponential lower bounds are already known,
and specifically algebraic proof systems based on Hilbert’s Nullstellensatz
and semi-algebraic proof systems. Algorithms for certain central problems
give rise to proof searching algorithms for these systems. For example,
Groebner basis computation is dual to Polynomial Calculus (PCg) proof
search, while the branch-and-cut algorithm for integer programming is

dual to Cutting Planes proof search and so on.

The so-called Sum-of-Squares (SoS) (meta-)algorithm, which is in duality
with the SoS proof system, has become a cornerstone in the study of the
complexity of optimization problems due to its conjectured optimality for
a large class of problems. Analysis of the SoS algorithm often reduces to
finding proofs of statements from, say, Boolean analysis in small degree SoS,
which is a propositional proof system. Propositional proofs are complicated

combinatorial objects and they can be hard to construct and understand.

In the second part of the thesis we investigate a formulation of first-order
theories TPCxr and TSoS that would correspond, via translation a la Paris-
Wilkie, to constant degree PCr and SoS, respectively. We define these
theories and show, that proofs in TPCyr admit propositional translation
to constant degree PCg if R is a field of positive characteristic. For all
other rings R we define a translation to the constant degree Pngd, which

extends PCr with the radical rule.
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Chapter 1

Introduction

1.1 Background

A fundamental concept, arising in many areas of science and engineering, is that of an
algorithm. Informally, an algorithm is a sequence of steps, required to perform certain
task. A simple example — the task of multiplication of natural numbers. There is an
elementary algorithm, learned by school children - a sequence of shifts and additions
of digits (with carry), resulting in the product. If it starts with two n-digit numbers,
the number of steps would be proportional to n?, that is O(n?). But is there a better
algorithm, performing less amount of shifts and additions of digits? It turns out, that
there exists non-elementary algorithm, based on Fast Fourier Transform, performing
O(n - logn - log(logn)) steps [30]. There are number of algorithms, which slightly
improve on this bound, but never do better than O(nlogn). Thus, it is reasonable to
ask whether we can prove that any other algorithm would perform at least Q(n - logn)
steps.

This kind of questions are addressed by computational complexity theory, which
studies resources necessary for algorithms that solve a computational problem and
classifies the problems accordingly. The mathematical study of computation is based
on rigorous formulation of what an algorithm is. There is a number of mathematically
precise definitions, that turn out to be equivalent to each other [37]. The most
prominent of them is that of Turing machine, which closely matches the intuition:
it consists of an infinite tape', where symbols from a finite alphabet can be read
and written in line by the head, and a finite number of states, each of which contain
specification either of whether the execution should halt or of what should be done by

the head at the current step and which other state to jump to depending on what

LOr several tapes.



has been read at the current position of the head [7]. At the start, the tape contains
an input of a computational problem and the output of the execution is defined to
be the content of the tape once the execution has halted or is undefined in case the
execution never halts. This simple mathematical abstraction is powerful enough to
capture informal descriptions of algorithms as well as anything that can be written in
programming languages as expressive as, for example, Kotlin or C.

Typically a computational problem is either a decision problem or can be efficiently
reduced to one. A decision problem is a problem of the following form: given an input
encoded as a finite bit string x € {0, 1}*, decide whether z satisfies some property and
output 1 or 0 if the answer is “yes” or “no”, respectively. Clearly, the statement of a
decision problem is just a subset £ C {0,1}*, called language, and can be identified
with it.

One of the main goals of complexity theory is to determine for a given decision
problem £ whether efficient algorithms exist for £ according to some measure of
complexity of algorithms. The most important such measure is the worst-case time
complezity of an algorithm A — the function f(n) such that the maximal number of
steps the Turing machine, corresponding to A, performs on inputs of length n is f(n).

Consider the following problem. Suppose there are n cities and we are given
distances between any two of them. The Traveling Salesman Problem asks to find
a circular path of minimal length such that it passes through all the cities at most
once [6]. It is easy to see, that this search problem can be reduced to the decision
problem of checking whether there exists a path as above of length at most L by using
binary search on L. The trivial brute force algorithm, just enumerating all paths and
comparing their lengths, is of enormous time complexity O(n!), clearly, it is highly
infeasible. There are a bit smarter algorithms of complexity O(2") [6], but they still
can hardly be called feasible: already for 100 cities 210 2 1030 steps seem too much
even for modern supercomputers to be performed in a reasonable time.

It is a common agreement in complexity theory to classify an algorithm as feasible if
its time complexity f(n) grows polynomially, that is f(n) = O(n) for some ¢ € N. For
that reason the class P of all decision problems, that can be solved by some polynomial-
time Turing machine, plays an important role in complexity theory. Whether defined
above TSP decision problem is solvable by a feasible algorithm is thus the question
of whether TSP € P. The answer is not known and this question is of tremendous
importance as we explain below.

Whether TSP € P is not an isolated question, there is a vast number of important

decision problems that admit polynomial-time reductions to and from TSP [32].



Although these problems are seemingly unrelated, they bear the following similarity:
for each such problem L there exists a notion of effectively checkable “solution” such
that © € L iff there exists a “solution” y € {0,1}* that can be checked in time
polynomial in |z|. For example, for TSP a solution is any circular path of length
at most L passing through all the cities at most once. Formally, the class NP of
decision problems with a notion of effectively checkable “solution” or certificate can
be defined as follows: £ &€ NP iff there exists a polynomial-time Turing machine
M (z,y) and ¢ € N such that x € L iff there exists y € {0,1}*, |y| = O(|x|°) such
that M (z,y) = 1. It is easy to see that P C NP. Also, TSP € NP and it possess the
property, called NP-hardness, that every problem in NP is polynomial-time reducible
to it. A decision problem L is called NP-complete iff L € NP and £ is NP-hard.
Thus, TSP is NP-complete and, as mentioned above, there are many other important
problems that are NP-complete. If any of these problems is shown to be in P, then
P = NP and therefore, informally, whenever a solution to a problem can be checked
effeciently it can be also found effeciently. Apart from the common sense, stating
that it should be much more hard to find a solution than just to check it, there is a
plenty of evidence in complexity theory that supports the conjecture P # NP. Proving
P # NP is one of the major open problems in complexity theory [7].

The canonical NP-complete problems are: CIRCUIT-SAT - satisfiability of a
formula (or circuit) of propositional logic, and (k-)SAT - satisfiability of a (k-)CNF
formula, k > 3. There are rather trivial reductions from CIRCUIT-SAT to (k-)SAT
and vise versa. On the one hand SAT has rather simple statement, on the other hand
it is universal, because it is often easy to reduce a specific NP problem to SAT. These
two qualities of SAT have been motivating an active development of SAT-solving

algorithms [51].

1.1.1 Proof Complexity

The connection of computational complexity to propositional proof complexity becomes
apparent once we turn our attention to the class coNP := {£ | £ € NP} - the class dual
to NP. Consider the language of all unsatisfiable CNF formulas UNSAT = SAT € coNP
and the language TAUT € coNP of all tautological DNF formulas. Clearly, these two
languages are coNP-complete and reducible to each other via ¢ — —¢.

Observe, that, by definition of NP, a language £ € NP iff there is a way to certify
x € L by some polynomial-time checkable proof 7 of size bounded by a polynomial on
|z|. In [28] Cook and Reckhow suggested to define a proof system for a language L as

a polynomial-time Turing machine V' such that x € L iff there exists a V-proof 7 for x,



namely 7 such that V(z,7) = 1. For example, standard propositional proof systems
like the sequent calculus PK or Hilbert-style systems are Cook-Reckhow systems for
TAUT. Also, Cook-Reckhow proof system for UNSAT, which are called refutation
systems, can be trivially interpreted as propositional proof systems via a trivial
bijection between UNSAT and TAUT. The condition that £ € NP is then equivalent
to the existence of a proof system V for £ such that any x € £ can be certified
by a polynomial-size proof m in V. In this case V is called polynomially bounded
proof system. Thus, in particular, TAUT € NP iff there exists polynomially bounded
propositional proof system. The negation of the latter condition implies TAUT ¢ NP,
therefore coNP # NP and P # NP. This means that by proving superpolynomial lower
bounds on lengths of proofs in stronger and stronger propositional proof systems we

get supposedly closer to proving P # NP.

1.1.1.1 Resolution and Its Extensions

The resolution refutation system is among the most prominent and well-studied
propositional proof systems, and for good reasons: it is a natural and simple refutation
system, that, at least in practice, is capable of being easily automatized. Furthermore,
while being non-trivial, it is simple enough to succumb to many lower bound techniques.

Formally, a resolution refutation of an unsatisfiable CNF formula is a sequence
of clauses Dy, ..., D; =, where ) is the empty clause, such that each Dj is either a
clause of the CNF or is derived from previous clauses D;, Dy, j < k < ¢ by means of
applying the following resolution rule: from the clauses C'Vx and DV —x derive C'V D.
The general, unrestricted resolution refutations are refered to as dag-like refutations.

The tree-like version of resolution, where every occurrence of a clause in the
refutation is used at most once as a premise of a rule, is of particular importance,
since it helps us to understand certain kind of satisfiability algorithms known as DPLL
algorithms. DPLL algorithms are simple recursive algorithms for solving SAT. The
transcript of a run of DPLL on an unsatisfiable formula is a decision tree, which
can be interpreted as a tree-like resolution refutation. Thus, lower bounds on the
size of tree-like resolution refutations imply lower bounds on the run-time of DPLL
algorithms.

Modern SAT-solvers are quite sophisticated and employ advanced techniques,
which are beyond the scope of DPLL algorithms. For example, CDCL algorithms
try to avoid deriving same clauses several times by using clause learning techniques.

Such algorithms produce dag-like resolution refutations on unsatisfiable formulas and,



thus, dag-like resolution lower bounds imply lower bounds on the run-time of these
algorithms (cf. [51]).

In contrast to the apparent practical success of SAT-solvers, a variety of hard
instances that require exponential-size refutations have been found for resolution during

the years. Many classes of such hard instances are based on principles expressing some

m

sort of counting. One famous example is the pigeonhole principle, denoted PHP]",

expressing that there is no (total) injective map from a set with cardinality m to a set
with cardinality n if m > n [36]. Another important example is Tseitin tautologies,
denoted TS, expressing that the sum of the degrees of vertices in a graph GG must be
even [64].

Since such counting tautologies are a source of hard instances for resolution, it is
useful to study extensions of resolution that can efficiently count, so to speak. This
is important firstly, because such systems may become the basis of more efficient
SAT-solvers and secondly, in order to extend the frontiers of lower bound techniques
against stronger and stronger propositional proof systems. Indeed, there are quite a few
works dedicated to the study of weak systems operating with De Morgan formulas with
counting connectives; these are variations of resolution that operate with disjunctions
of certain arithmetic expressions.

One such extension of resolution was introduced by Raz and Tzameret [60] under
the name resolution over linear equations in which literals are replaced by linear
equations. Specifically, the system R(lin), which operates with disjunctions of linear
equations over Z and which contains Boolean axioms for variables x; = 0V x; = 1, was
studied in [60]. This work demonstrated the power of resolution with counting over
the integers, and specifically provided polynomial upper bounds for the pigeonhole
principle and the Tseitin formulas, as well as other basic counting formulas. It also
established exponential lower bounds for a subsystem of R(lin), denoted R°(lin).
Subsequently, Itsykson and Sokolov [40] studied resolution over linear equations over
Fy, denoted Res(®). They demonstrated the power of resolution with counting mod
2 as well as its limitations by means of several upper and tree-like lower bounds.
Moreover, [40] introduces DPLL algorithms, which can “branch” on arbitrary linear
forms over [y, as well as parity decision trees, and showed a correspondence between
parity decision trees and tree-like Res(®) refutations. In both [60] and [40] the dag-like

lower bound question for resolution over linear equations remained open.

As it happens, resolution over linear equations, holds a special place in the
theory of proof complexity: it can be viewed as a natural “minimal” subsystem

of important propositional proof systems, as we now explain. Resolution operates



with clauses, which are De Morgan formulas (-, unbounded fan-in V and A) of a
particular kind, namely, of depth 1. Thus, from the perspective of the theory of proof
complexity, resolution is a fairly weak version of the propositional-calculus, where
the latter operates with arbitrary De Morgan formulas. Under a natural and general
definition, propositional-calculus systems go under the name Frege systems: they can
be (axiomatic) Hilbert-style systems or sequent-calculus style systems. The task of
proving lower bounds for general Frege systems is notoriously hard: no nontrivial
lower bounds are known to date. Basically, the strongest fragment of Frege systems,
for which lower bounds are known are AC’-Frege systems, which are Frege proofs
operating with constant-depth formulas. For example, both PHP]" and TS do not
admit sub-exponential proofs in AC’-Frege [1, 55, 47, 15]. However, if we extend
the De Morgan language with counting connectives such as unbounded fan-in mod p
(AC°[p]-Frege) or threshold gates (T'C°-Frege), then we step again into the darkness:
proving super-polynomial lower bounds for these systems is a long-standing open
problem on what can be characterized as the “frontiers” of proof complexity. In
this sense, resolution over linear equations over prime fields and over the integers is
interesting as a first step towards AC°[p]-Frege lower and T'C°-Frege lower bounds,
respectively. Works by Krajicek [43], Garlik-Kotodziejczyk [33] and Krajicek-Oliveira
[44] had suggested possible approaches to attack dag-like Res(ling,) lower bounds.

1.1.1.2 Algebraic and Semi-algebraic Proof Systems

Algebraic proof systems arise as ways of certifying unsolvability of systems of polyno-
mial equations over a ring or a field. One of such ways to certify unsolvability of a
system F ={f1 =0,..., f,, = 0} of polynomial equations over a field F is based on a
weak version of Hilbert’s Nullstellensatz Theorem [9]. It follows from this theorem that
F has no solutions over algebraic closure of F iff there exist polynomials g1, ..., g
over F such that f1 - g1 + ...+ fin - gm = 1. These tuples of polynomials (g1, ..., gm)
are thus proofs of unsolvability of F and the corresponding proof system NSg is called
Nullstellensatz system [13]. It is naturally a Cook-Reckhow proof system for the
coNP-complete language of unsolvable systems of polynomial equations over .

NSr is also a Cook-Reckhow propositional proof system for (k-)UNSAT: if ¢ =

{C1,...,Cn} is a set of clauses with variables x4, ..., z,, then ¢ is unsatisfiable iff the

2

system of polynomial equations a(C;) =0,...,a(Cy,) =0, 22—z, =0,..., 22—z, =0
is unsolvable over the algebraic closure of F, where a(¢; V 12) = a(vy) - a(is),

a(x;) := x; and a(—xz;) = 1 — z;.



Another related algebraic proof system is the Polynomial Calculus (PCr), where R
is a ring. A refutation of F in PCg is a sequence of polynomials (py,...,ps = 1), where
every polynomial p; is either from F or is obtained from previous polynomials as a
linear combination of two of them or by multiplication by a variable. In contrast to the
static form of NSg refutations, where all coefficients in a decomposition of 1 through
fi,..., fm are written at once, PCy refutations dynamically derive consequences from
F line-by-line. This makes PCy stronger than NSy because of the possibility to cancel
the monomials [25].

The size S(m) of a NSp or PCx refutation = is the total number of monomials in it
and the degree d(7) is the maximal degree of monomials in it. The size and degree of
refutations 7 : F = 1 = 0 in these systems are related: d(7) — d(F) = O(log S(7)),
where d(F) is the maximal degree of polynomials in F (][25]). A number of linear
lower bounds on degree and, thus, exponential lower bounds on size have been proven
in [61, 38, 25, 23].

Consideration of unsolvability proofs for systems H = {h; > 0,...,hy > 0} of
polynomial inequalities leads to much stronger propositional proof systems. One of the
most prominent such systems has its roots in real algebraic geometry and is based on the
Positivstellensatz Theorem [20]. It follows from this theorem that whenever a system
F, H of real polynomial equalities and inequalities is unsolvable there exist ay, ..., a,, €

R[z1,...,2,) and {Ua}aeqo3r C Y2[x1,. .., %], where Y2[z1,. .., x,] denotes the set

of sums of squares of real polynomials, such that > uq-h{"-...-h3™+> a;-fi = —1.
ac{0,1}¥ i=1
The proof system PS for unsatisfiable systems (F,H), where proofs are tuples of

polynomial coefficients {a;}icim), {ta tacfo1yx as above, is called Positivstellensatz
proof system. A resricted version of PS, where u, = 0 whenever o contains more than
one 1, is called Sum-of-Squares proofs system (SoS) [34].

Like NSp, systems PS and SoS are static. There is also a dynamic version of PS —

the system PC. where refutations of (F,H) are PCg derivations of >  wu, - h" -
ac{0,1}*
...~ hy™ + 1. Note that PC. is only dynamic on equalities. The full dynamic system,

which is dynamic on both equalities and inequalities, is very strong, the degree and
size lower bounds for this system seem to be far beyond existing methods.

The system PC. is also a dynamic version of SoS in case H = (). A remarkable
peculiarity of these semi-algebraic proof systems: although PCp is strictly stronger
than NSg, in semi-algebraic setting PC. is equivalent to PS [16].

Linear lower bounds on the degree of proofs in these systems are known [34],

however no non-trivial lower bounds on size are known to date. In contrast to



algebraic case, lower bounds on degrees of semi-algebraic proofs do not imply lower
bounds on sizes.

Other, weak, semi-algebraic proof systems include: the Cutting-Planes (CP) proof
system, operating with linear inequalities over integers, and the Lovasz-Schrijver (LS)
proof system, which is degree 2 fragment of the full dynamic PS[35].

Semi-algebraic systems, including weak ones for which exponential lower bounds
were proven, have been extensively studied due to their connection to integer pro-
gramming, namely to LP and SDP hierarchies [29], [49]. And the connection between
complexity of SoS proofs and approximability of NP combinatorial optimisation prob-

lems has placed SoS at the frontiers of current research in complexity theory [12].

1.1.1.3 Bounded Arithmetic

As explained above, there are close connections between propositional proof complexity
and computational complexity. These two, in turn, can be studied via weak fragments
of arithmetic. One of the key works in the origins of this approach is the work
of Buss [21], where theories S4 and T3 of bounded arithmetic were defined. These
theories are defined over the language of Peano Arithmetic (PA) plus function symbols
|z/2], |x|, z#y. The axioms of S, T4 are axioms for the new function symbols plus the
axioms of PA but for induction, which is different from that of PA and is a cornerstone
in the definition of these theories. In Si and Ti induction is restricted to X0-formulas
with not more than i alternating bounded quantifiers of the form 3(y < t(z)) and
V(y < t(x)), where t is a term, and without unbounded quantifiers. The induction
in T% is just the normal induction axiom scheme for Y¥¢-formulas and the induction

axiom scheme for S5 is:

¢(0) A (¢ ([2/2]) D d(x)) > Vad(x)

where ¢ is a X0-formula.

Theories S are intimately related to the polynomial hierarchy PH. For example,
one of the main results in [21] states that a function f is strongly Y’-definable in S%
iff f € FP™=1 (functional version of PH). In the work [46] it was proved that collapse
of the hierarchy of the theories implies a collapse of PH. Subsequently, this result was
strengthened independently in [22] and [65] by showing that Sy = |J,; S% is finitely
axiomatizable iff PH collapses and this collapse is provable in Ss.

The connection of bounded arithmetic to propositional proof complexity is made
by a propositional translation of first-order formulas with bounded quantifiers and

proofs to propositional formulas and proofs of polynomial size respectively. There



are several such translations: for example, by Paris and Wilkie [54], by Cook [26]
and by Krajicek and Pudlak [45]. These translations allow to apply thechniques from
logic, in particular, from model theory to prove upper and lower bounds on sizes of
propositional proofs. For example, one of the strongest results in propositional proof
complexity — super-polynomial lower bounds on AC’-Frege system [1] — was achived
by this method.

1.1.2 Complexity of optimization

A large class of problems, studied in theoretical computer science, is spanned by
combinatorial optimization problems. These problems have the following form: given
some disrcete structure and some set of objects, associated to it, the task is to find

the optimal object according to some measure. Consider the following examples:

1. (Minimal spanning tree). Given a connected weighted graph G = (V, E,
w: E — N), among trees T' = (V, £’ C E) such that T is connected (called

spanning trees of G) find a tree of minimal weight w(7) = > w(e).
eck’

2. (Maximal independent set). Given a graph G = (V,E), find a set V' C V
with maximal cardinality |V’| such that E(V’, V') = (), that is there is no edges

between them.

3. (Sparsest cut). Given a d-regular graph G = (V, E), find it’s expansion ¢¢g =

gné{/lgde), where ¢g(S) = %, and a set S, C V such that ¢g =
$c(Ss).

The complexity of the first two problems is fairly well-understood. The first one is
easy: there are well-known classical polynomial-time algorithms for finding the minimal
spanning tree, for example Prim’s or Kruskal’s algorithms [30]. And the second one
is hard: unless the exponential time hypothesis fails, there is no algorithm, which
given a graph G with n vertices and a number k checks that G has an independent
set of size at least k in time n°®) and, thus, it is impossible to beat the brute-force
algorithm of time complexity O(n*) [24]. Once we know, that we probably cannot
efficiently solve an optimization problem exactly, it is natural to ask whether at least
an efficient approximation algorithm exists with a guarantee that the ratio between
the value of a suggested solution and optimal value (approximation factor) is nicely
bounded. However, unless NP C ZPTIME(Q(IOg”)O(I)) the best approximation factor
for the maximal independent set a polynomial-time algorithm can achieve, namely

n'=°(M s close to the trivial one with approximation factor n [41].
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The status of the third problem is less clear. Certainly, as the problem is NP-
hard, it cannot be solved in polynomial time unless P=NP. And it also cannot be
approximated with arbitrarily high precision, or, formally, it is not in class PTAS,
unless SAT € BPTIME(2°) [5]. But there exist polynomial-time computable non-
trivial approximations to ¢g. For example, Cheeger inequality for ¢g implies the
existence of a polynomial-time algorithm, which finds S such that ¢ (S) = O(v/é¢q)
[3]. Alternatively, the bound ¢g(S) = O(v/Iogn - ¢¢) can be achieved by the algorithm
of Arora, Rao, Vazirani [8]. However, the best known approximation factor is given by
Cheeger inequality and it is not known, whether this bound is optimal. The precise
characterisation of approximability of this problem is yet to be discovered.

Sparsest cut is not an isolated example. Usually, if there is a polynomial-time
algorithm with non-trivial approximation factor for an optimization problem, which
is not in PTAS under certain widely believed conjectures, then there is no proof of
its optimality. In 2002 Khot formulated the Unique Games Conjecture, which is a
conjecture on hardness of the Unique Games problem [42]. Since then, in a series
of works, tightness of upper bounds have been derived from UGC for a number of
problems. In particular, UGC implies optimality of the Cheeger inequality algorithm
for the sparsest cut problem [59] and Raghavendra proved, assuming UGC, optimality
results for all Constraint Satisfaction Problems [57].

A remarkable outcome of this research is that all problems in a certain class can
be solved by a single “meta-algorithm”, whose optimality follows from UGC. This
meta-algorithm is based on semidefinite programming and, as soon as it phrased in this
terms, it suggests a natural generalisation: the SoS algorithm. It applies to problems

of the form:

min ¢(7)
where g € R[Z] and K is an algebraic set: K = {7 € R"| f1(Z) = ... = f.(T) = 0}
for some fi,..., fm € R[Z]. The degree-d Sum-of-Squares algorithm finds via binary

search the largest L(Y such that the system of polynomial equations ¢(z) — L9 =

0,/1(Z) = 0,..., fm(T) = 0 has a degree-d SoS refutation. This is a polynomial
time procedure because of automatizability of constant degree SoS via semidefinite
programming [12]. With the increase of d, the SoS algorithm gets closer and closer to
the optimal value: L®) < LW <. .. < 1%&1{1 9(T).

The best known algorithm for optimization problems, for which tightness of
approximation follows from UGC, is the degree-2 SoS algorithm. Thus, UGC implies
the optimality of degree-2 SoS algorithm on these problems and, in particular, means

that degree-d SoS algorithm for any constant d cannot beat degree-2 SoS algorithm.
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Challenging this conjecture as well as providing supporting evidence often relies on
provability of certain inequalities, say, from Boolean analysis in low degree SoS. A
good source of examples of this kind of SoS-ing results from Boolean analysis for
approximability is the paper of O’Donnell and Zhou [52].

Consider Small Set Expansion Problem (SSEP). Like Sparsest Cut, it asks to find a
set S C V of minimal expansion ¢¢(S), but under the condition that |S| < ¢ - |V| for
some 0. Recall, that in case of Sparsest Cut, Cheeger Inequality gives approximation
of ¢¢(S) via second largest eigenvalue A\y(G) of the adjacency matrix of G and thus
reduces approximation to computing eigenvalues. Although it looks similar to Sparsest
Cut, eigenvalues and similar methods do not work in this setting and, therefore,
Cheeger Inequality cannot be applied. Small Set Expansion Hypothesis (SSEH) is
equivalent to UGC and states that small set expansion is hard to approximate.

SSEP is a special case of finding “sparse” vectors in a linear space. Specifically,
for p > 1 and § € (0,1) call a vector & € R" (4, p)-sparse if (||z]|2p)?F > 617 - (||z||2)?.
Fix any p > 2 and ¢ € (0,1). Then if there exists S C V with |S| = o(|V]) and
#a(S) < ¢ then there exists an (o(1), p)-sparse vector x € Wy (1), where for every A
W<, denotes the span of eigenvectors of the Laplacian matrix of G with eigenvalues at
most A. Conversely, if there exists a (o(1), p)-sparse vector x € Wy, then there exists
S C V with S = o(]V]) and ¢g(S) < p for some constant p < 1, depending on ¢ [10].

Thus we can say whether minimum of ¢¢(S) is close to one or close to zero
by estimating the maximum of the norm ||z, over all unit vectors in some linear
subspace. Therefore, potentially SSEH and UGC can be resolved by estimating the
degree needed for SoS proofs to certify an inequality on ||z||s, for unit vectors x in
some linear W C R™. One such inequality is provided by the (2,4) hypercontractivity
theorem [53], which states that for every d and every polynomial f with ¢ variables
and of degree at most d the subspace Wy C R?" of evaluations of f on {—1,+1}* does

not contain (o(1), 2)-sparse vectors and satisfies for all z € Wy:
(lzlla)* < 9" (Jll2)*

The existence of constant degree SoS proofs of this inequality was used in a number

of works [58],[11] that showed that some hard instances are easy for SoS algorithm.

1.2 Contributions

This thesis contributes to the studies of the complexity of proofs, operating with

algebraic expressions. Two topics within the subject are addressed: complexity of
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proofs in resolution over linear equations and a formulation of first-order theories,
capturing the strength of constant degree PCr and SoS. Although two stories, that
underlie motivation and particular developments of these two topics, are different,
there is a unifying objective behind the work: analysis of complexity of different forms
of algebraic and semi-algebraic reasoning in propositional proof systems.

The work on resolution over linear equations focuses on elementary combinatorial
approaches to the complexity of proofs. All lower bound techniques that have been
developed for systems, operating with De Morgan formulas, like Resolution or AC’-
Frege, fail to achieve strong lower bounds even for the case of minor extension of De
Morgan formulas with algebraic expressions as simple as linear equations. This part
of the thesis seeks for novel techniques, applicable in this context.

The second part of the thesis is devoted to a conceptual analysis of strength of
constant degree SoS. The objective of this research is to formulate a first-order theory,
corresponding to constant degree SoS under propositional translation, so that it is
naturally capable of some amount of “ZFC” reasoning, used in, say, standard proofs
of hypercontractive inequalities. Somewhat similar theory has been considered in [63]
for the studies of complexity of linear algebra. Our propositional translation is defined

in flavour of the one in [14].

1.2.1 Resolution over Linear Equations

In this part of the thesis we continue the study of the power of resolution over linear
equations, while extending it to different rings R, denoted Res(ling), both finite and
infinite. We prove a host of new lower bounds, separations and upper bounds for
resolution over linear equations, including dag-like refutations. We focus mainly on
finite fields FF,, for different primes ¢, and fields of characteristic 0, most importantly
the rational numbers Q. Using our notation, R(lin) from [60] is simply Res(linz) and
Res(®) from [40] is Res(ling, ).

The refutation system Res(ling) is defined as follows (see [60]). The proof-lines of
Res(ling) are linear clauses, that is, disjunctions of linear equations. More formally,

they are disjunctions of the form:

(Zizo aii + by = 0> VeV <Zi:0 ;T + by, = 0) ,

where k is some number (the width of the clause), and aj;, b; € R. The resolution rule

is the following:

from (C'V f =0) and (D V g =0) derive (C'V DV (af + 8g) =0),

12



where a, f € R, and C, D some linear clauses. A Res(ling) refutation of an unsatisfiable
over 0-1 set of linear clauses C1, ..., (), is a sequence of proof-lines, where each proof-
line is either Cj, for i € [m], a boolean axiom (z; = 0Va; = 1) for a some variable z;, or
was derived from previous proof-lines by the above resolution rule, or by the weakening
rule that allows to extend clauses with arbitrary disjuncts, or a simplification rule
allowing to discard false constant linear forms (e.g., 1 = 0) from a linear clause. The
last proof-line in a refutation is the empty clause (standing for the truth value false).

We are interested in the following questions:

(Ql) For a given ring R, what kind of counting can be efficiently performed in
Res(ling) and tree-like Res(ling)?

(Q2) Can dag-like Res(ling) be separated from tree-like Res(ling)?

(Q3) Can tree-like systems for different rings R be separated?

In order to be able to do some non-trivial counting in tree-like versions of resolution

over linear equations we define a semantic version of the system as follows:

Tree-like Res(ling) with semantic weakening. The system Resg,(ling) is ob-
tained from Res(ling) by replacing the weakening and the simplification rules, as well
as the boolean axioms, with the semantic weakening rule (the symbol = will denote

in this work semantic implication with respect to 0-1 assignments):

C
L (kD).

Let k = char(R) be the characteristic of the ring R. In case k ¢ {1, 2,3}, deciding
whether an R-linear clause D is a tautology (that is, holds for every 0-1 assignment
to its variables) is at least as hard as deciding whether a 3-DNF is a tautology
(because over characteristic k ¢ {1,2,3} linear equations can express conjunction of
three conjuncts). For this reason Resg, (ling) proofs cannot be checked in polynomial
time and thus Resg,(ling) is not a Cook-Reckhow proof system unless P = coNP
(namely, the correctness of proofs in the system cannot necessarily be checked in
polynomial-time, as required by a Cook-Reckhow propositional proof system [28]).
The reason for studying Resg, (ling) is mainly the following: Let I" be an arbitrary
set of tautological R-linear clauses. Then, lower bounds for tree-like Resg, (ling) imply
lower bounds for tree-like Res(ling) with formulas in I" as axioms. For example, in case

F is a field of characteristic 0, the possibility to do counting in tree-like Res(ling) is
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quite limited. For instance, we show that 2z; + ...+ 2z, = 1 requires an exponential-
size in n refutations. On the other hand, such contradictions do admit short tree-like
Res(ling) refutations in the presence of the following generalized boolean axioms (which

is a tautological linear clause):

m():=V i = A (1.1)

where ims(f) is the image of f under 0-1 assignments. Similar to the way the Boolean
axioms (z; = 0) V (x; = 1) state that the possible value of a variable is either zero or
one, the Im(f) axiom states all the possible values that the linear form f can take. If
a lower bound holds for tree-like Resg, (ling) it also holds, in particular, for tree-like
Res(ling) with the axioms Im(f), and this makes tree-like Resg, (ling) a useful system,

for which lower bounds against are sufficiently interesting.

Lower bounds and separations in characteristic zero. First, we show that
for Q, whenever ayzy + - -+ + oz, + 5 = 0 is unsatisfiable (over 0-1 assignments),
it has polynomial dag-like Res(ling) refutations if the coefficients are polynomially
bounded and it requires exponential dag-like Res(ling) refutations if coefficients are
exponential. Note that ayxy + -+ 4+ oz, + 5 = 0 expresses the subset sum principle:
a1xy + -+ - + o, = —f iff there is a subset of the integral coefficients «; whose sum

is precisely —(3. The lower bound is stated in the following theorem:

Theorem (Theorem 23; Dag-like lower bound). All Res(ling) refutations of xq + 2w+
ce 27z, +1 =0 are of size 290,

The proof of this theorem introduces a new lower bound argument. Specifically,
we show that every (dag- or tree-like) refutation 7 of a subset sum principle of the
form xy +2z9 + - -+ 2"z, + 1 = 0 can be transformed without much increase in size
into a derivation of a clause C); from Boolean axioms. We ensure that every disjunct
g = 0 of C} has at most 2°" 0-1 satisfying assignments for some ¢ < 1. Because C; is
derived from Boolean axioms, it must be a Boolean tautology and therefore it must
contain at least 219" disjuncts. As our constructed derivation is not much larger
than the original refutation, the size of the original refutation must be 29,

This proof essentially relies on the fact that coefficients of the linear form are
exponential: every contradiction of the form f = 0 can be shown to admit polynomial
size dag-like Res(ling) refutations whenever coefficients of f are polynomially bounded.
A natural question is whether in case of bounded coefficients f = 0 can be effeciently
refuted already by tree-like Res(ling) refutations. The question turnes out to be

non-trivial, we prove that the answer is negative:
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Theorem (Theorem 35). Let f be any linear polynomial over Q, which depends on n
variables. Then tree-like Res(ling) refutations of f =0 are of size 202Vn).

The proof is in two stages.

First, we use a transformation analogous to the one used for dag-like bound to
reduce lower bound problem for refutations of f = 0 to lower bound problem for
derivations of clauses of certain kind. Namely, we transform any tree-like refutation m
of f =0 to a tree-like derivation of C; from Boolean axioms without much increase in
size. The only difference is that this time we ensure that in every disjunct g = 0 of
Cx linear polynomial g depends on at least 3 variables.

Second, we prove that tree-like Res(ling) derivations of such C; are large:

Theorem (Theorem 33). Any tree-like Res(ling) derivation of any tautology of the

form \/ g; =0, where each g; is linear over Q and depends on at least 5 variables,
JE[N]

is of size 290V

To prove this, as well as some other lower bounds, we extend the Prover-Delayer
game technique as originated in Pudlak-Impagliazzo [56] for resolution, and developed
further by Itsykson-Sokolov [40] for Res(ling, ), to general rings, including characteristic
zero rings. We define a non-trivial strategy for Delayer in the corresponding game and
prove that it gurantees y/n coins using a bound on size of essential coverings of the
hypercube ([48]). The relation between Prover-Delayer games and tree-like Res(ling)
refutations allows to conclude that the size of tree-like Res(ling) refutations must be
28Uv/n)

Also, as a corollary of Theorem 33 we obtain a lower bound on tree-like Res(ling)

derivations of Im(f)

Corollary (Corollary 34). Let f be any linear polynomial over Q, which depends on

n variables. Then tree-like Res(ling) derivations of Im(f) are of size 22(V1).

We also use Prover-Delayer games to prove an exponential-size 2% lower bound
on tree-like Resg, (ling) refutations of the pigeonhole principle PHP" for every field
F (including finite fields). This extends a previous result by Itsykson and Sokolov
[40] for tree-like Res(ling,). Together with the polynomial upper bound for PHP"
refutations in dag-like Res(ling) for fields F of characteristic zero demonstrated in [60],
our results establish a separation between dag-like Res(ling) and tree-like Ress, (ling)

for characteristic zero fields.
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Theorem (Theorem 38; Pigeonhole principle lower bounds). Let F be any field. Then

every tree-like Resg, (ling) refutation of “PHP!" has size 22("5).

Theorem (Theorem 19; Raz-Tzameret [60]; Short dag-like pigeonhole principle
refutations). For every ring R of characteristic zero there exists a Res(ling) refutation

of “PHP" of polynomial size.

To prove Theorem 38 we need to prove that Delayer’s strategy from [40] is successful
over any field. This argument is new, and uses a result of Alon-Fiiredi [4] about the

hyperplane coverings of the hypercube.

We prove another separation between dag-like Res(ling) and tree-like Resg, (ling),

as follows. We define the image avoidance principle to be:
ImAV (21 + -+ - 4+ ) = {{x1 + - + 20 # E) brego,...n}

where (z1+ -+ 20 # k) = Vicro ), kg T1 -+ 20 = k' In words, the image
avoidance principle expresses the contradictory statement that for every 0 < ¢ < n,

x1 + ...+, equals some element in {0,...,n}\ .

Theorem (Theorem 15). For every ring R and every linear form f, there are

polynomial-size Res(ling) refutations of ImAv (f).

Theorem (Theorem 37). Let f = eyx1+ -+ €,x,, wheree; € {—1,1} C T, and let F
be a field of characteristic zero. Then any tree-like Resg,(ling) refutation of ImAv (f)

is of size at least 27 .

The lower bound in Theorem 37 is one more novel application of the Prover-
Delayer game argument, combined with the notion of immunity from Alekhnovich
and Razborov [2], as we now explain briefly.

Let f be a linear form as in Theorem 37. We consider an instance of the Prover-
Delayer game for ImAv (f). A position in the game is determined by a set & of
linear non-equalities of the form g # 0, which we think of as the set of non-equalities
learned up to this point by Prover. In the beginning ® is empty. We define Delayer’s
strategy in such a way that for ® an end-game position, there is a satisfiable subset
® = {g #0,...,9m # 0} C & such that &' = f = A for some A € F, and
Delayer earns at least |®'| = m coins. Because F is of characteristic zero, it follows
that f=A+1(mod2)=f # AFE g1-...- gm = 0 and thus the Z-immunity of
f = A+ 1(mod 2) ([2]) implies m > %. To conclude, by a standard argument if

n

1 coins, then the shortest proof is of size at least 27,

Delayer always earns

Table 1.1 sums up our knowledge up to this point with respect to characteristic 0

fields.
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22@ =1 Zn:lZix, =—1 | ImAv (anl a:z) PHP?” | Im (Xn:lxz)
t-1 Res(ling) _2Q<\/ﬁ> - 25Hn) 297; 20(n) 29<—ﬁ>
t-1 Resg, (ling) poly poly 24(n) 25Un) poly
Res(ling) poly 24(n) poly poly [60) poly

Table 1.1: Lower and upper bounds for fields of characteristic 0. The notation t-1 Res(ling)
stands for tree-like Res(ling). The rightmost column describes bounds on derivations, in
contract to refutations.

1.2.1.1 Lower Bounds and Separations in Finite Fields

We now turn to resolution over linear equations in finite fields. We obtain many new
tree-like lower bounds over finite fields (Table 1.2).

We have already discussed above lower bounds for the pigeonhole principle which
hold both for infinite and finite fields. We furthermore prove a separation between
tree-like Res(ling , ) (resp. tree-like Resg, (ling , )) and tree-like Res(ling ) (resp. tree-
like Resgy(ling ) for every pair of distinct primes p # ¢ and every k,I € N\ {0}.
The separating instances are mod p Tseitin formulas TS(GI”)U (written as CNFs), which
are reformulations of the standard Tseitin graph formulas TSy for counting mod p.
Furthermore, we establish an exponential lower bound for tree-like Ressw(liank) on
random k-CNFs.”

The lower bounds for tree-like Res(ling) for finite fields F are obtained via a
variant of the size-width relation for tree-like Res(ling) together with a translation to
polynomial calculus over the field F, denoted PCF [25], such that Res(ling) proofs of
width w are translated to PCy proofs of degree w (the width w of a clause is defined
to be the total number of disjuncts in a clause). This establishes the lower bounds for
the size of tree-like Res(ling) proofs via lower bounds on PCy degrees.

We show that

wo(¢ FL) = O (wo(¢) + 1og Set Res(ting) (¢ FL)) |

where wy is what we call the principal width, which counts the number of linear

equations in clauses when we treat as identical those defining parallel hyperplanes,

2We thank Dmitry Itsykson for telling us about the lower bound for random k-CNF for the
case of tree-like Res(ling, ), that was proved by Garlik and Kotodziejezyk using size-width relations
(unpublished note). Our result extends Garlik and Kolodziejezyk’s result to all finite fields. Similar
to their result, we use a size-width argument and simulation by the polynomial calculus to establish
the lower bound.
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and Sy Res(ling) (¢ FL) denotes the minimal size of a tree-like Res(ling) refutation of
0.
Specifically, over finite fields the following upper and lower bounds provide expo-

nential separations:

Theorem (Theorem 44; Size-width relation). Assume ¢ is an unsatisfiable CNF
formula. The following relation between principal width and size holds for tree-like
Res(ling) and tree-like tree-like Resy,(ling): S(¢ L) = 2%@o@rL)=wo(9)) = [f F js q
finite field, then the same relation holds for the (standard) width of a clause w.

This extends to every field a result by Garlik-Kolodziejezyk [33, Theorem 14| who
showed a size-width relation for a system denoted tree-like PKig(l)(EB), which is a
system extending tree-like Res(ling,) by allowing arbitrary constant-depth De Morgan
formulas as inputs to @ (XOR gates) (though note that our result does not deal with

arbitrary constant-depth formulas).

Theorem (Theorem 45). Let F be a field and w be a Res(ling) refutation of an unsat-

isfiable CNF formula ¢. Then, there exists a PCy refutation @' of (the arithmetization
of ) ¢ of degree w(r).

Corollary (Corollary 46; Tseitin mod p lower bounds). For any fized prime p there
exists a constant dy = do(p) such that the following holds. If d > dy, G is a d-reqular
directed graph satisfying certain expansion properties, and I is a finite field such that
char(F) # p, then every tree-like Res(ling) refutation of the Tseitin mod p formula
_‘ng,)a has size 294

Corollary (Corollary 47; Random k-CNF formulas lower bounds). Let ¢ be a randomly
generated k-CNF with clause-variable ratio A, and where A = A(n) is such that
A=o <n%>, and let F be a finite field. Then, every tree-like Res(ling) refutation of

Q n
¢ has size 2 (AQ/(’“Q)‘“’M) with probability 1 — o(1).

Remark 1. We would like to stress that the size-width relation of Theorem /4 cannot
be used for transfering PCr degree lower bounds to tree-like Res(ling) size lower bounds
in case char(F) = 0. This is due to the essential difference between principal width
and width in this case. Thus, all the lower bounds that we prove using Prover-Delayer

games techniques in case char(F) =0 do not follow from lower bounds for PCl.

Table 1.2 shows the results for Res(ling) over finite fields.
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AT =0 | TSS) | TSY | random k-CNF | PHP?®
t-1 RGS(hHFPk ) 9Q(dn) poly 9Q(dn) 29(A2/(kj2) Jog A) 9Q(n)
Q n
t-1 Res(®) poly (0] | poly 0] | 29 | 2 (AQ/ <k*2>.1ogA) 33 | 294 [
t-1 Ressw(linppk) poly poly @ ©) 282(n)

Table 1.2: Lower bounds over finite fields. Here G is d-regular graph and A is the clause
density (number of clauses divided by the number of variables), AT = b stands for a linear
system over F,x that has no 0-1 solutions in the first and the third rows, and in the second

row the linear system AZ = b is over F5. The notation TSS}T stands for ng))g in the

first and the third rows and for TS(G%)U in the second raw. t-1 Res(ling) stands for tree-like
Res(ling ), and p # q are primes (inythe second raw and third column we assume g # 2).
Circled “?” denotes an open problem. The results marked with [40, 33] were proved in the
corresponding papers. All other results are from the current work.

1.2.2 Complexity of Linear Systems

The tree-like Res(ling) upper bounds for mod p Tseitin formulas in the case char(F) = p

stem from the following proposition:

Proposition (Proposition 16; Upper bounds on unsatisfiable linear systems). Let F
be a field and assume that the linear system AT = b, where A is a k X n matriz over
F, has no solutions (over F). Let ¢ be a CNF formula encoding the linear system
AT =b. Then, there exist tree-like Res(ling) refutations of ¢ of size polynomial in the

sum of sizes of encodings of all coefficients in A.

The upper bound in Proposition 16 applies only to linear systems that are un-

satisfiable over the whole field F. But does any system AZ = b over F that has a

satisfying assignment over I, but not over 0-1 assignments, admit polynomial-size
Res(ling) refutations?

For fields F with char(F) > 5 or char(F) = 0 it is known that 0-1 satisfiability
of AT = b is NP-complete (see Sec 2.2.3). This means that unless P = NP there
exist 0-1 unsatisfiable linear systems that require superpolynomial dag-like Res(ling)
refutations. Moreover, the reduction R from k-UNSAT is such that ¢ € k-UNSAT
has Res(ling) refutations of size S iff the system R(¢) has Res(ling) refutations of size
O(S). Thus, in general proving lower bounds for linear systems can be as hard as
proving lower bounds for CNF's: lower bounds for some linear systems imply lower
bounds for CNFs.
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An unconditional explicit bound for tree-like Res(ling) can be obtained via PCr
using size-width relation for finite fields (Theorem 44) and Proposition 7. In particular,
hard instances of the form AZ = b can be constructed by applying the reduction
in the proof of NP-completeness of 0-1 satisfiability of linear systems to, say, mod 2
Tseitin formulas. Our work implies an exponential lower bound for the size of tree-like
Res(ling) refutations of these systems (for large enough, but constant, characteristic)
and we conjecture that they are hard for dag-like Res(ling) as well.

We prove an upper bound for linear systems and suggest another, more direct,

construction of a hard candidate, using error-correcting codes.

Theorem (Theorem 24; Upper bound on 0-1 unsatisfiable linear systems). Let
A g o F* = F™ be an affine map T — (f1(Z), ..., fm(T)), where fi,..., fm
are linear forms. If the system fi = 0,..., f,, = 0 is unsatisfiable over 0-1, that is,
if 0 & imo(Ay, ... 1, T), then there exists a Res(ling) refutation of this system of size
poly(n + |ima(Ay,, 1, T)|)-

The instance is constructed specifically to be provably hard for a simple and
natural model of decision trees, which can be simulated both by tree-like Res(ling) and
PCF and reflects a natural strategy to refute 0-1 unsatisfiable linear systems. Such a
strategy for refuting AZ = b can informally be described as follows: select variables
and try to assign them 0-1 values until the system (AZ = b) [, becomes unsatisfiable
over F, where p is the current assignment, and refute it by a polynomial-size refutation,
guaranteed by Proposition 16 (above). Formally, a decision tree for AT = b is a binary
decision tree, where every leaf is marked with unsatisfiable over F system (AZ = b) |,,
where p consists of variable assignments on the path from the root to the leaf.

The matrix A of the instance is constructed as a generator matrix of a linear
error-correcting (n, k, d), code, where n is the code length, k is the dimension of the
code space, d is the minimal distance of the code and ¢ = |F|. The parameter k is
chosen to be large enough to ensure that ¢* > 2" and thus there exists some b such
that AZ = b has no 0-1 solutions. On the other hand, d = Q(%) is chosen to be
large enough to ensure that all the leaves of a decision tree for AT = b are sufficiently
deep in the tree: if p assigns at most k£ < d variables, then the code generated by A |,
has a minimal distance at least d — k and therefore A [, has full rank. The existence
of this code is guaranteed by the Gilbert bound.

Theorem (Theorem 26; Lower bound for decision trees on linear systems). For every
n € N there exists a 0-1 unsatisfiable linear system AT = b over a finite field F,,

q > 2, with n variables, such that any decision tree for this system is of size ZQ(ﬁ)
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1.2.2.1 Nondeterministic Linear Decision Trees

There is well-known size preserving (up to a constant factor) correspondence between
tree-like resolution refutations for unsatisfiable formulas ¢ and decision trees, which
solve the following problem: given an assignment p for the variables of ¢, determine
which clause C' € ¢ is falsified by querying values of the variables under the assignment
p- In Itsykson-Sokolov [40] this correspondence was generalized to tree-like Res(®)
refutations and parity decision trees. In the current work we initiate the study of linear
decision trees and their properties over different characteristics, extending the corre-
spondence to a correspondence between tree-like Res(ling) (and tree-like Resgy, (ling))
derivations to what we call nondeterministic linear decision trees (NLDT).

NLDTSs for an unsatisfiable set of linear clauses ¢ are binary rooted trees, where
every edge is labeled with a non-equality f # 0 for a linear form f and every leaf
is labeled with a linear clause C' € ¢, which is violated by the non-equalities on the
path from the root to the leaf. (Note that in the same manner that in a (boolean)
decision tree (which corresponds to a tree-like resolution refutation) we go along a
path from the root to a leaf, choosing those edges that violate a literal z; or —x;, in an
NLDT we branch along a path that violates equalities f = 0, or equivalently, certifies
non-equalities of the form f # 0.)

Theorem (Theorem 28). If ¢ is an unsatisfiable CNF formula, then every tree-like
Res(ling) or tree-like Resg,(ling) refutation can be transformed into an NLDT for ¢

of the same size up to a constant factor, and vise versa.

This is joint work with Iddo Tzameret.

1.2.3 First-Order Theories for (Semi-)Algebraic Proof
Systems

As we explained in Section 1.1.2, better understanding of what we can prove in
constant degree SoS would contribute to our understanding of SoS algorithm and
might, potentially, lead to a refutation of UGC. In certain cases, as, for example,
shown in [52], whether we can obtain approximability results depends on whether
some known theorems from, say, Boolean analysis can be formulated and proven in
constant degree SoS. For the sake of adopting and adjusting known proofs or, perhaps,
finding new proofs of such theorems for SoS,, namely SoS of constant degree, it would
be helpful to identify, what kind of reasoning patterns are feasible for SoS,;. For

example, can we perform case analysis, can we reason by induction, can we reason
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about fractional powers in SoS;, and so on. We address this matter by defining a
first-order theory TSoS such that proofs in this theory can be translated to a variant
of SoS; by a propositional translation. Our goal is to come up with a natural theory
with a language as rich as possible and axioms and rules as strong as possible, provided

refutations in the theory still can be translated to refutations in SoSy.

1.2.3.1 Theory for PCg 4

We first define a theory TPCg for constant degree polynomial calculus, where R is a
ring, and then obtain a theory TSoS for SoS; as an extension of TPCg. Theory TPCx
is a two-sorted first-order theory over the language £® with ring sort for elements of a
ring and index sort for natural numbers. Polynomials over R are represented as ring
sort terms. For example, polynomial (1 + ...+ x,) - (xx — a) + b, where a,b € R, is
represented as the term ), (X (i),n) - (X(k) — a) + b, where k, n are index-terms; ¢ is
index-variable; Y_.(r,n) € L* is the summation symbol for sums with varied number
of summands; +, —, - € LR are symbols for standard ring operations; a,b € R C LF
are ring constants and X (i) € L* is a symbol for ring-sort valued oracle®, which
represents a sequence of variables. For the index sort £® contains a symbol for every
function f : N — N such that f = O(n°) for some c. It follows that £® contains
index-sort function symbols for all polynomially bounded k-ary functions.

Atomic formulas of TPCy are just equality predicates =, 5, =€ L for the ring
sort and index sort respectively (we omit subscripts). Arbitrary index sort predicates
are represented as the formula f(ny,...,ny) = 1 for some f : N¥ — {0,1}. The
logical language of TPCx apart from the usual elements of two-sorted first-order logic
contains bounded index-sort universal quantifier V(i < s), where 7 is an index-variable
and s is any index-term such that ¢ does not appear free in s.

The axioms of TPCy include, for instance, ring axioms for +, —, -, integral domain
axioms; axioms for ) ; axioms for all true sentences?, not containing occurrences of
the oracle X and free ring-variables. The theory TPCx has also induction rule for
a class of LR-formulas, which we denote ®*. Every formula ¢(i,7) € ®%, where i
and 7 are free index- and ring-variables respectively, is such that for every n € N
¢(n,7) describes a property of the oracle X and ring-variables 7, which can also be
defined by systems P,, of degree d polynomial equations with variables X (0), X (1),...
and 7. Technically, these formulas are £X-formulas with connectives V, A, bounded

index quantifier V(i < s) and arbitrary subformulas as long as they do not contain

3Qracle is just a function symbol.
4True in the standard model.
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occurrences of X or free ring-variables. This completes the sketch of the definition of
TPCxk.

In order to relate first-order reasoning in TPCx to PCg 4 derivations we do the
following. For all formulas ¢(i) in ®* we define a translation of ¢ to the family
{{(@d)n}n of systems of polynomial equations of degree d with variables o, ..., x4 for
some polynomially bounded s(n). These translations (¢), are natural phrasings of
¢(n) in terms of systems of polynomial equations in the sense that atomic formulas
(t(7) = 0),, are translated to “equivalent” polynomial equations, where X (0), X(1),...
are replaced with variables xg, z1, ..., and formula forming operations V(i < s), A,V
are translated to semantically equivalent operations on systems. For example, we define
@V Vhn 1= (Q)n - (), where (@)y - (V)n :={p- ¢ =0[p=0€ (P)n, g =0€ (¢)n}.

Next, the goal is to define a translation of TPCg derivations ¢(i) - (i), where
¢, € ®F| to families of PCg 4 derivations (), = (¥),. By such a translation, once a
family P, of unsatisfiable systems of polynomial equations is phrased in a uniform
way as a formula ¢(i) € ®F such that (¢), = P,, refuting P, in PCx 4 can be reduced
to refuting ¢(i) in TPCg.

In order to define this translation we represent TPCz derivations in the two-sorted
version of sequent calculus LK. By the free-cut elimination theorem for the two-sorted
first-order sequent calculus, every derivable sequent is derivable by free-cut free proofs.
Free-cut free proofs possess the following subformula property, which is very useful
for the translation: every formula in a free-cut free proof is a subformula of either a
formula in the endsequent or a formula in an axiom. As we can represent every axiom
of TPCx as a sequent, where all formulas are in ®® and the induction rule is defined
for ®F formulas, the free-cut elimination theorem guarantees that if all formulas in
a derivable sequent are in ®®, then there is a derivation of this sequent, where all
formulas are in ®F.

It is, thus, enough to define the translation on free-cut free proofs, and this can
be done inductively step by step. However, depending on the ring R, some rules of
LK can admit no translation to operations on PCg 4 derivations. For example, the
contraction rule says that the sequent t = 0 — r = 0V r = 0 derives the sequent
t =0 — r = 0. In order to translate this rule, once we have a PCy 4 derivation
(t=0), F(r=0Vr=0),, where (r =0V r=0), = (r=0)2, we should be able to
construct a PCg 4 derivation (¢t = 0),, = (r = 0),,. This can be done iff it is possible to
derive p = 0 from p? = 0 in PCg 4 for all polynomials p.

In case F, is a field of characteristic ¢ > 0, there exist PCy, 4 derivations p* =

0 - p = 0 (Proposition 49) and, consequently, we show that TPCg, derivations admit
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a translation to PCp 4 derivations. On the other hand, it follows from the work
in [31], that for fields F of characteristic 0, derivations (z1 + ...+ z, +1)? =0
(x14...+2,+1) = 0 are of degree 2(n) (Proposition 48). In this case, the translation
requires PCp 4 to be extended with the radical rule p> = 0+ p = 0. We denote this

extension PC%&. The translation is thus given by the following theorem:

Theorem (Theorem 51). Let IT be a TPCr derivation of the sequent I' — A such
that all formulas in T' and A are in ®% and have free index-variable i. Then there
exist d € N such that for every n € N there exists PC%’% (PCr,q in case R =TF,,q >0)

(A Ot (\ O

¢el PpeA

derivation:

Unfortunately, this translation does not yet quite reach the original goal for
F,char(F) = 0 as its destination PC{?$ is not PCgg. However, although PCEg is
strictly stronger than PCr, as a derivation system (Proposition 48), it still might
happen that PCfng is not stronger than PCr 4 as a refutation system. This requires

further investigation on the power of the radical rule.

1.2.3.2 Theory for SoS,

We define two theories, which are built on top of a variant of TPCg and correspond to
constant degree SoS: TSoS and TSoS.

Theory TSoS is a “minimalistic” theory for SoS,: it is TPCg, extended with the
following axiom for every term #(i): i t(i)> = 0 D V(i < n) t(i)> = 0. Propositional
translation of TPCy trivially extencfs: Oto a translation of TSoS to an extension of
PCi4, which we denote PC*. The system PCt adds to PCE the following rule:
f24-+ f2=0F f2 =0. We extend the simulation of PCg by SoS, proven in [16],
to a simulation of PC* by SoS:

Theorem (Theorem 54). If there exists a PCT refutation of degree d of a set of
equalities F, then there exists SoS refutation of F of degree 2d.

We also prove that TSoS has the right strength in the sense that it formalizes

soundness of constant degree SoS:
Theorem (Theorem 57, Informal). TSoS proves soundness of constant degree SoS.

Despite of all this, the theory TSoS is too poor and provides a little insight on

strength of constant degree SoS. We introduce intuitionistic theory TSoSs, which
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contains the theory TPCg as a subtheory, except for the integral domain axiom and
induction axiom scheme. TSoS- has marked inequality symbols {>;}4en and the
square root 4/r function symbol in the language. Expression ¢ >4 0 has informal
meaning ‘t is equal to a sum of squares of degree at most d”. Additional axioms
of TSoS> are axioms of partially ordered ring for relations >4, axioms for y/z and
induction axiom scheme for formulas with connectives V, A and atomic formulas of
the form t = r and ¢ >, r and all formulas without ring oracle or ring variables. We
prove that this theory can be translated to PCt {2} which extends PC* with auxiliary

variables for square roots, and that PCT{% is conservative over PC*:

Theorem (Theorem 58). Let II be a TSoSs derivation of the sequent I' — A such
that all formulas in T and A are in ®spp and have free indez-variables i. Then there
exist d € N such that for every assignment o for i and every witnessing function W,
for (D)L there exists a witnessing function W!, for (A)E and the following PCH{%}

derivation of degree d:
(D) a(Wa) F(A)EW,)

67

Theorem (Theorem 55). Let fi, ..., fm, g be real polynomials, not containing auziliary
variables of PCT2 . If there exist a PCH} derivation m: fy =0,...,fn=0Fg=0
of degree d and size S, then there exists PCT derivation«' : f1 =0,..., fn=0Fg=0
of degree 2" and size 20P) S where D is the mazimal level of nesting of square

10018S.

This is joint work with Iddo Tzameret and Neil Thapen.
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Chapter 2

Preliminaries

2.1 Notation

Denote by [n] the set {1,...,n}. We use x1, s, ... to denote variables, both proposi-
tional and algebraic. Let f be a linear polynomial (equivalently, an affine function)
over a ring R, that is, a function of the form Z?:l a;x; + ag with a; € R. We
sometimes refer to a linear form as a hyperplane, since a linear form determines a
hyperplane. We denote by ima(f) the image of f under 0-1 assignments to its variables;
(f £ A) = \/A;éBeimQ(f)(f = B), where A € R.

For ¢ a set of clauses or linear clauses (i.e., disjunctions of linear equations; see
Section ?77), vars(¢) denotes the set of variables occurring in ¢ and let Vars denote
the set of all variables.

Let A be a matrix over a ring. We introduce the notation Az = b for a system of
linear non-equalities, where a non-equality means # (note the difference between
Ax = b, which stands for A; - x # b;, for all rows A; in A, and Az # b, which stands
for A; - x # b;, for some row A; in A).

If f is a linear polynomial over R and A is a matrix over R, denote by |f| the sum
of sizes of encodings of coefficients in f and by |A| the sum of sizes of encodings of
elements in A.

It ¢ = (Ve fi = 0) is a linear clause, denote by =C' the set of non-equalities
{fi # O}icpm). Conversely, if & = {f; # O}icp) is a set of non-equalities, denote
0= Vg i = 0.

If ¢ is a set of linear clauses over a ring R and D is a linear clause over R, denote
by AcesC B D and Ay, C Fr D semantic entailment over 0-1 and R-valued
assignments respectively.

Let [ be a linear polynomial not containing the variable x. If C' is a linear clause,

denote by C'[,.; the linear clause, which is obtained from C by substituting [/ for x
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everywhere in C. If ¢ = {C;}ies is a set of clauses, denote ¢ [, ;= {C; [z }ier. We
define a linear substitution p to be a sequence (1 < ly,...,x, < l,) such that each

linear polynomial /; does not depend on x;. For a clause or a set of clauses ¢ we define

¢ rp:: ( .- ((¢ fm1<—z1) fx2<—12) - ) rmm—ln-

2.2 Propositional Proof Systems

A clause is an expression of the form I; V --- V I, where [; is a literal, where a literal
is a propositional variable z or its negation —z. A formula is in Conjunctive Normal
Form (CNF) if it is a conjunction of clauses. A CNF can thus be defined simply as a
set of clauses. The choice of a reasonable binary encoding of sets of clauses allows us to
define the language UNSAT C {0, 1}* of unsatisfiable propositional formulas in CNF.
We sometimes interpret an element in UNSAT as a formula and sometimes as a set of
clauses. Dually, a formula is in Disjunctive Normal Form (DNF) if it is a disjunction
of conjunctions of literals and TAUT is the language of tautological propositional
formulas in DNF. There is a bijection between TAUT and UNSAT, which preserves
the size of the formula, given by negation.

A formula is in k-CNF (resp. k-DNF) if it is in CNF (resp. DNF) and every clause
(resp. conjunct) has at most k literals. k~-UNSAT (resp. k&-TAUT) is the language of
unsatisfiable (resp. tautological) formulas in k-CNF (resp. k-DNF).

Definition 1 (Cook-Reckhow propositional proof system [28]). A propositional proof
system II is a polynomial time computable onto function 11 :{0,1}* — TAUT.

[I-proofs of ¢ € TAUT are elements in II7!(¢). Definition 1 can be generalized to
arbitrary languages: proof system for a language L is polynomial time computable
onto function IT: {0,1}* — L. In particular, a refutation system 11 is a proof system
for UNSAT. Post-composition with negation turns a propositional proof system into a
refutation system and vise versa.

Denote by S(m), and alternatively by ||, the size of the binary encoding of a
proof 7 in a proof system II. For ¢ € UNSAT and a refutation system II denote by
St(¢ FL) (we sometimes omit the subscript II when it is clear from the context) the
minimal size of a I[I-refutation of ¢.

The resolution system (which we denote also by Res) is a refutation system, based

on the following rule, allowing to derive new clauses from given ones:

CVax DV -z
CcvD

(Resolution rule).
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A resolution derivation of a clause D from a set of clauses ¢ is a sequence of clauses
(D1,...,Ds = D) such that for every 1 < ¢ < s either D; € ¢ or D; is obtained
from previous clauses by applying the resolution rule. A resolution refutation of
¢ € UNSAT is a resolution derivation of the empty clause from ¢, which stands for
the truth value False.

A resolution derivation is tree-like if every clause in it is used at most once as a
premise of a rule. Accordingly, tree-like resolution is the resolution system allowing
only tree-like refutations.

Let F be a field. A polynomial calculus [25] derivation of a polynomial ¢ €
Flxy, ..., z,] from aset of polynomials P C F|xy, ..., z,] is a sequence (p1, ..., ps),pi €
Flxy, ..., z,] such that for every 1 < i < s either p; = x? —x;, p; € P or p; is obtained

from previous polynomials by applying one of the following rules:

f g /
_ ,BEeF f,geFlay,...,x, € Flxy,...,z,]).
A polynomial calculus refutation of P C Flzy,...,z,] is a derivation of 1. The degree

d(m) of a polynomial calculus derivation 7 is the maximal total degree of a polynomial
appearing in it. This defines the proof system PC7y for the language of unsatisfiable
systems of polynomial equations over F. It can be turned into a proof system for
k-UNSAT via arithmetization of clauses as follows: (x1 V...V, V -y V...V —y) is
represented as (1 —z1)-...- (1 —2g)-y1 ... -y = 0.

2.2.1 Hard Instances
2.2.1.1 Pigeonhole Principle

The pigeonhole principle states that there is no injective mapping from the set [m] to the
set [n] for m > n. Elements of the former and the latter sets are referred to as pigeons
and holes, respectively. The CNF formula, denoted PHP}', encoding the negation of
this principle is defined as follows. Let the set of propositional variables {z; ; }icm) jen]
correspond to the mapping from [m] to [n], that is, z; ; = 1 iff the i pigeon is mapped
to the j™ hole. Then —PHP™ := Holes U Pigeons" € UNSAT, where Pigeons =
{\/je[n] T; j }icpm] are axioms for pigeons and Holes)" = {—x;; V =@y ; }itircpm) jefn) are
axioms for holes.

Weaker (namely, easier to refute) versions of “PHP" are obtained by augmenting
it with the functionality axioms Func)' := {—x;; V =@; j bicpm) j2j7en) (FFPHP}) or

the surjectivity axioms Surjy' := {V/ ;¢\ Ti,j}jepm (—onto-PHPT).
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2.2.1.2 Mod p Tseitin Formulas

We use the version given in [2] (which is different from the one in [23,; 60]). Let G =
(V, E) be a directed d-regular graph, that is a graph with incoming and outgoing degrees
of every vertex are equal to d. We assign to every edge (u,v) € E a Corresponding
variable x(,.). Let o : V' — TF,. The Tseitin mod p formulas ﬂTS are the CNF

encoding of the following equations for all u € V:

Z T(up) — Z Ty = 0(u) modp. (2.1)

(u,v)eE (vyu)eE

Note that we use the standard encoding of boolean functions as CNF formulas and
the number of clauses, required to encode these equations is O(2%|V]). —|TS(Gp7)U is
unsatisfiable if and only if )\, o(u) # 0 mod p. To see this, note that if we sum
(2.1) over all nodes u € V' we obtain precisely > . o(u) which is different from 0
mod p; but on the other hand, in this sum over all nodes u € V' each edge (u,v) € £
appears once with a positive sign as an outgoing edge from u and with a negative sign
as an incoming edge to v, meaning the total sum is 0, which is a contradiction.

In particular, ﬂTS(G%)O are the classical Tseitin formulas [64] and TS(G%’)D where 1 is
the constant function v +— 1 (for all v € V'), expresses the fact that the sum of total
degrees (incoming + outgoing) of the vertices is even.

The proof complexity of Tseitin tautologies depends on the properties of the graph
G. For example, if G is just a union of Kyyq (the complete graphs on d + 1 vertices),
then they are easy to prove. On the other hand, they are known to be hard for some
proof systems if G satisfies certain expansion properties.

Let G = (V, E) be an undirected graph. For U, U’ C V define e(U,U’) := {(u,u’) €

Elue U € U'}. Consider the following measure of expansion for r > 1:

G is (r,d, c)-expander if G is d-regular and cg(r, G) > c. There are explicit construc-

tions of good expanders. For example:

Proposition 2 (Lubotzky et. al [50]). For any d, there exists an explicit construction
of d-reqular graph G, called Ramanujan graph, which is (r,d,d(1 — ) — 2v/d — 1)-

expander for any r > 1.

Proposition 3 (Alekhnovich-Razborov [2]). For any fixed prime p there exists a
constant dy = do(p) such that the following holds. If d > dy, G is a d-regular
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Ramanugjan graph on n vertices (augmented with arbitrary orientation of its edges)
and char(F) # p, then for every function o such that ﬂng)a € UNSAT every PCy
refutation ofﬁTS(Gp?U has degree Q)(dn).

2.2.1.3 Random k-CNFs

A random k-CNF is a formula ¢ ~ F! 2 with n variables that is generated by picking

randomly and independently A - n clauses from the set of all (Z) - 2% clauses.

Proposition 4 (Alekhnovich-Razborov [2]). Let ¢ ~ F"® k > 3 and A = A(n) is
such that A = o (n%> Then every PCw refutation of ¢ has degree €2 (W)
with probability 1 — o(1) for any field .

2.2.2 FError-Correcting Codes

Definition 2 ([?]). Let A:F} — F} be a linear embedding. The image C' = im(A)
of A is called (n, k,d),-code if for any T,y € C holds dy(T,y) > d, where dy(Z,7) =
{i|z; # yi}| is the Hamming distance. The matriz of A is called generator matriz

for C.

Theorem 5 (Gilbert bound [?]). If ¢ is a power of a prime and n,k,d € N;n > k

are such that inequality

d

Z(?)'(q—l)%qn’”l

=1

holds, then there exists (n, k,d),-code.

2.2.3 Complexity of Linear Systems

It is a well-known fact that deciding 0-1 satisfiability of linear systems over F,,p > 5
or of linear systems over Q (even if coefficients are small) are NP-complete problems.
Indeed, for example, the 3-clause (x; V -5 V x3) can be represented as the linear
equation with additional Boolean variables y1, yo: 1+ (1 —23)+23 = 1+y; +yo. In this
way k-SAT reduces to 0-1 satisfiability of linear systems over a field of characteristic 0

or p > k.

Theorem 6. The problem of deciding 0-1 satisfiability of linear systems over a field
of characteristic 0 or p > 5 is NP-complete. In case of characteristic O this also holds

if the size of coefficients is required to be bounded by a constant.
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The mapping R of k-CNFs to linear systems described above can be used to

translate lower bounds on degree of PCF refutations from k-CNF's to linear systems.

Proposition 7. If ¢ € k-UNSAT and F is a field such that char(F) > k or char(F) =
0, then ¢ admits PCy refutations of degree d iff R(¢) admits PCy refutations of degree
o(d).

Proof: Denote o the mapping from literals to linear polynomials such that: o(z) := x
and o(—z) := 1—x. Let 7 be the following mapping from clauses to linear polynomials:
TV V) = o)+ 4 0(l) = 1= Y, = = Yo, Where gt are
auxiliary Boolean variables. Then R translates ¢ = {C’i}ie[m] to the 0-1 unsatisfiable
linear system L: 7(Cy) =0,...,7(Cy,) = 0.

Assume L has PCy refutation m of degree d. If 1, ..., x, are variables of ¢, then
all the auxiliary variables yg]) can be substituted with polynomials vg]) (x1,...,2,) of
degree at most k such that C; = (7(C}) I,,) = 0, where p, stands for the substitution
and the entailment is over 0-1 assignments. It is easy to see that 7 can be extended to
the proof 7 [, of degree at most k - d, where all the auxiliary variables are substituted
with the corresponding polynomials. Due to implicational completeness of PC, there
are PCy derivations 7; : C; = (7(C}) [,,) = 0 of degree at most k. Composition of
{m;}jem with 7 [, gives a PCF refutation of degree at most & - d.

Conversely, if m is a PCF refutation of ¢ of degree d, then the composition of
derivations 7(C;) = 0 = C; with 7 gives a refutation of L of degree at most max(k, d).

]

2.2.4 Semi-Algebraic Proof Systems

Let F = {fi(z1,...,2n) = O}icpy and H = {hj(x1,...,2,) > O}jc be sets of
polynomial equalities and inequalities over R. We call the pair (F,H) an SDP pair.

The following defines semi-algebraic analogue of the notion of ideal:

Definition 3. The cone c¢(hy,...,hy), generated by hy,... hi € Rlxy,...,2z,], is
the set of polynomials in R[xq,...,x,], derivable from hy, ... hy by a sequence of

applications of the following rules:

b q p q
P+q p-q p
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Sum-of-squares(SoS):
A SoS derivation of ¢ > 0 from (F,H) is a tuple (g1, - - -, Gm, Yo, - - -, ug) such that:

Zgi'meZUz"hH-Uo:q
i1€[m] 1€[k]

and all u; are sums of squares of polynomials. A SoS refutation of (F,H) is a SoS

derivation of —1.

Positivstellensatz(PS):

A PS derivation of ¢ > 0 from (F,H) is a SoS derivation of ¢ > 0 from (F, 7:1),
where H = {ILes Piticry- An inequality ¢ > 0 admits PS derivation from (F,H) iff
q€ (fi, -, fm)+clhy, ... hg). A PS refutation of (F,H), which is a PS derivation
of —1, exists iff (F,H) is unsatisfiable (Stengle’s Positivstellensatz).

Positivstellensatz calculus(PC.):

PC. is a dynamic version of the static system PS defined above. If ¢ = f + h and
fe(fiy--sfm), h €clhy,... h), then PCo derivation of ¢ > 0 is a PC derivation
of f from f1,..., f,, together with a PS derivation of h from hq, ..., hy.

The work in [16] shows that the static and dynamic versions of Positivstellensatz

system are equivalent:

Corollary 2.2 in [16]. If (F,H) has PCs refutation of degree d and size S, then it
has a PS refutation of degree 2d and size poly(S).

2.3 Sequent Calculus LK

The logical symbols of LK are: A,V,—,D,V,d. A line in LK proof is called a sequent
and is of the form I' — A, where I' and A are multisets of formulas. I' and A are

called cedents, I" is called antecedent, A is called succedent. The intended meaning of

sequent ¢y, ..., 0n —> W1, ..., Yy, is:

GLA . APy DUV .V

Definition 4. An LK proof is a tree of sequents, where leaves are sequents of the
form ¢ — ¢ (axioms), the root is what is proved and any sequent, that is not a leaf,

15 obtained from its children by one of the following rules:
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. Structural rules:

. Left and right VY-introduction:
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I — A - r — A - -
To oA (Left weakening) T A (Right weakening)
I — A7 ¢7 ¢ .
[—— (Contraction)
. Left and right N-introduction.:
I — Ao I — A9y . o, ' — A
N (Right) o —na (L
. Left and right V-introduction:
o, ' — A v, I — A I —A¢ ,
oV, T — A Lef) T—=Agvy (Fioht)
. Left and right D-introduction:
r—Ag¢ o, —A o, ' — A .
ouT —A (Lef) TSR goq (Right)
. Left and right —-introduction.:
I — Ao o — A .
T —a (W TRy (k)
. Left and right 3-introduction:
o(b), T — A ' — A ¢(t) _
L
Too) T =& PN T 58 Fep@) (Rt



o(t), I — A
Veo(x), I — A

' — A, ¢(b)
' — A Vzo(zx)

(Left)

(Right)

Case 5: Cut rule:

I —A¢ o — A
r — A

LK as defined above is sound and complete proof system for first-order logic. In
Chapter 4 we use two sorted (index sort and ring sort) version of LK extended with

index-sort bounded universal quantifier with rules:

o(t), I — A
t<sV(z <s)op(z),I — A

b<s,I' — A, ob)
' — A)V(x < s)p(x)

(Left) (Right)

2.4 Propositional Translations

Here we sketch propositional translations, which are precursors to our translations in
Chapter 4.

One of the classical and most important propositional translations was given by
Paris and Wilkie [54] for the theories of bounded arithmetic Si and Ti. Every X!
formula ¢(x) with parameter x is translated to a family of propositional formulas
(®)n,n € N of X-depth i '. The proofs in S4 and T% are translated to propositional
sequent calculus PK proofs of ¥'-depth i. The following theorem establishes formal

relation between bounded arithmetic proofs in S4 and Ty and PK proofs:

Theorem. Let ¢(x) be a X formula.

1. Suppose Si b ¢(x). Then there exists a function S(n) = 2"°" such that for all
n (@), has a PK proof of ¥'-depth i and of size S(n). This proof has height
O(loglog S(n)).

2. Suppose Ti b ¢(x). Then there exists a function S(n) = 2" such that for all
n (¢)n has a PK proof of ¥'-depth i and of size S(n). This proof has height
O(log S(n)).

In [14] a theories Uy ,-IND were defined and for the theory U, ;-IND a rather simple

translation to resolution was established.

13/_depth is a slightly adjusted version of depth of propositional formula, that is of maximal
nesting depth of A, V blocks in it. It doesn’t count depth of small formulas at the bottom.
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Chapter 3

Resolution over Linear Equations

3.1 Resolution with Linear Equations over Gen-
eral Rings

In this section we define and outline some basic properties of systems that are
extensions of resolution, where clauses are disjunctions of linear equations over a ring
R: (3 ganxi +by=0) V-V (> agz; + by = 0). Disjunctions of this form are
called linear clauses.

The rules of Res(ling) are as follows (cf. [60]):

_ CVvfz)=0 DvVvg@ =0
(Resolution) OV DV (af@) + Be@) =0 (o, B € R)
(Simplification) % (0#ae€ R) (Weakening) oV f%) _—

where f(T), g(T) are linear forms over R and C, D are linear clauses. The Boolean

azioms are defined as follows:
r; =0V z; =1, for x; a variable

A Res(ling) derivation of a linear clause D from a set of linear clauses ¢ is a sequence
of linear clauses (Dq, ..., Dy = D) such that for every 1 <i < s either D; € ¢ or is a
Boolean axiom or D; is obtained from previous clauses by applying one of the rules
above. A Res(ling) refutation of an unsatisfiable set of linear clauses ¢ is a Res(ling)
derivation of the empty clause (which stands for false) from ¢. The size of a Res(ling)
derivation is the total size of all the clauses in the derivation, where the size of a

clause is defined to be the total number of occurrences of variables in it plus the total
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size of all the coefficient occurring in the clause. The size of a coefficient when using
integers (or integers embedded in characteristic zero rings) will be the standard size
of the binary representation of integers.
In this definition we assume that R is a non-trivial (R # 0) ring such that there are
polynomial-time algorithms for addition, multiplication and taking additive inverses.
Along with size, we will be dealing with two complexity measures of derivations:

width and principal width.

Definition 5. A clause C = (fy = 0V ---V f, = 0) has width w(C) = m and
principal width wy(C) = |{fi}tiem)/~| where ~ identifies R-linear forms f; =0 and
fi = 0 if they define parallel hyperplanes, that is, if f; = Af; + B or f; = Afi + B for
some A, B € R. For p € {w,wy}, the measure pu associated with a Res(ling) derivation
7= (D1,...,D;s) is u(m) = maxi<i<s w(D;). For ¢ € UNSAT, denote by (o HL1)

the minimal value of u(m) over all Res(ling) refutations .

Proposition 8. Res(ling) is sound and complete. It is also implicationally complete,
that is if ¢ is a set of linear clauses and C' is a linear clause such that ¢ = C, then

there exists a Res(ling) derivation of C' from ¢.

Proof: The soundness can be checked by inspecting that each rule of Res(ling) is sound.

Implicational completeness (and thus completeness) follows from Proposition 29. [

We now define two systems of resolution with linear equations over a ring, where
some of the rules are semantic: Resg,(ling) and Sem-Res(ling). Resg,(ling) is obtained
from Res(ling) by replacing the boolean axioms with 0 = 0, discarding simplification

rule and replacing the weakening rule with the following semantic weakening rule:

(Semantic weakening) % (C = D)

The system Sem-Res(ling) has no axioms except for 0 = 0, and has only the

following semantic resolution rule:

(Semantic resolution) CTC, (CANC"E D)

It is easy to see that Res(ling) <, Resg,(ling) <, Sem-Res(ling), where P <, @
denotes that () polynomially simulates P.
In contrast to the case R = Fy (see [40]), for rings R with char(R) ¢ {1,2,3} both

Resgy, (ling) and Sem-Res(ling) are not Cook-Reckhow proof systems, unless P = NP:
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Proposition 9. The following decision problem is coNP-complete: given a linear
clause over a ring R with char(R) ¢ {1,2,3} decide whether it is a tautology under

0-1 assignments.

Proof: Consider a 3-DNF ¢ and encode every conjunct (27" A---Azj*) € ¢,1 <k <
3,0, € {0,1} as the equation (1 —20y)zy + -+ (1 = 20%)xxy = k — (07 + -+ - + 0%),

0= 2,2' := —z. Then ¢ is tautological if and only if the disjunction of these

where x
linear equations is tautological (that is, for every 0-1 assignment to the variables at
least one of the equations hold, when the equations are computed over a ring with

characteristic zero or finite characteristic bigger than 3). O]

We leave it as an open question to determine the complexity of verifying a correct
application of the semantic weakening in case char(R) = 3 or in case char(R) = 2
and R # Fy. In the case R = Fy the negation of a clause is a system of linear
equations and thus the existence of solutions for it can be checked in polynomial time.
Therefore Resg, (ling,) is a Cook-Reckhow propositional proof system. The definitions
of Res(ling, ), Resg, (ling, ) and Sem-Res(ling, ) coincide with the definitions of syntactic
Res(®), Res(®) and Resgem (®) from [40], respectively’. As showed in [40], Res(ling, ),

Resgy, (ling,) and Sem-Res(ling,) are polynomially equivalent.

We now show that if char(R) ¢ {1, 2,3}, then Resg,(ling) is polynomially bounded
as a proof system for 3-UNSAT (that is, admits polynomial-size refutation for every

instance):

Proposition 10. If char(R) ¢ {1,2,3}, then dag-like Resg,(ling) and tree-like Sem-
Res(ling) are polynomially bounded (not necessarily Cook-Reckhow) propositionally
proof systems for 3-UNSAT.

Proof: Let ¢(x1,...,7,) = {Citicpm) € 3-UNSAT. Given C' = (27 V...V 27F)
define lin(—C) = (201 — V)zj, + ...+ (20, — 1)xj, — (01 + ... + 0})) where o; €
{0,1},j1 € [n],2" == 2, 2" := —2. The linear clause lin(=¢) := Vg, lin(=C;) = 0 is
a tautology (under 0-1 assignments) and thus can be derived in Resg,(ling) in a single
step as a weakening of 0 = 0 or resolving 0 = 0 with 0 = 0 in tree-like Sem-Res(ling).

In tree-like Sem-Res(ling) the disjunct lin(—C;) = 0 can be eliminated from lin(—¢)
by a single resolution with C}, thus the empty clause is derived by a sequence of m
resolutions of lin(—¢) with Cy, ..., C,.

IThere is, however, one minor difference in the formulation of syntactic Res(®) and Res(ling,):
the former does not have the boolean axioms, but has an extra rule (addition rule).
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Similarly, the disjuncts lin(—C;) = 0 are eliminated from lin(—¢) in Resg,(ling),
but with a few more steps. Let Dy be the empty clause and Dy := DsViin(—Csyq) =

0,0 < s < m. Assume Dy, is derived and assume without loss of generality,

that Csyq = (zy = 1V ...V z, = 1) and thus lin(-Csyq) = (=21 — ... — ).
Derive Dy as follows. Resolve Dy; with Cgpq on lin(—Csiq) + (zx — 1) to get
the clause Fy == Dy V (=21 —...—xp1—1) =0Vax; =1V...Vzr =1 and

apply semantic weakening to get £} := DsV 2y =1V ...V xr_1 = 1. Resolve Dy
with E] on lin(—Cs;1) + (zx—1 — 1) and apply semantic weakening to get the clause
El, = DsVxy =1V...Vaxo = 1. After k steps the clause D; = E; can be
derived. O

The following proposition is straightforward, but useful as it allows, for example,

to transfer results about Res(ling) to Res(ling).

Proposition 11. If R is an integral domain and Frac(R) is its field of fractions,
then Res(ling) is equivalent to Res(linpyqc(ry) and tree-like Res(ling) is equivalent to

tree-like Res(linprqac(r))-

Proof: Every proof in tree-like Res(ling) is also a proof in tree-like Res(ling,qc(ry). To
get the converse, just multiply every line by the least common multiple of all the

coefficients in the tree-like Res(lingyqc(r)) proof. O

3.1.1 Basic Counting in Res(ling) and Res, (ling)

Here we introduce several unsatisfiable sets of linear clauses that express some counting
principles, and serve to exemplify the ability of dag-like Res(ling), tree-like Res(ling)
and tree-like Resg, (ling) to reason about counting, for a ring R. We then summarize
what we know about refutations of these instance in our different systems, proving
along the way some upper bounds and stating some lower bounds proved in the sequel.

Our unsatisfiable instances are the following:

Linear systems: If A = (BJ|b) is an m X (n + 1) matrix over R, where the B

sub-matrix

consists of the first n columns, such that BT = b has no 0-1 solutions, then (B;
is the ith row in B):

LinSys(A) := {B; - T = bi }icm]. (3.1)



Subset Sum: Let f be a linear form over R such that 0 ¢ ima(f). Then,

SubSum(f) :={f =0}. (3.2)

Image avoidance: Let f be a linear form over R and recall the notation (f # A)
from Sec. 2.1. We define

ImAv (f) := {(f # A) : A € ima(f)}. (3.3)

We also consider the following (tautological) generalization of the Boolean axiom
r=0Vz=1

Image axiom: For f a linear form, define

Im(f):=\/ f=A4. (3.4)

A€imy (f)

Dag-Like Res(ling)

Upper bounds. For any given linear form f, Im(f) has a Res(ling)-derivation of

polynomial-size (in the size of Im(f)):

Proposition 12. Let f = """  a,x; + b be a linear form over R. There ezists a
Res(ling) derivation of Im(f) of size polynomial in |Im(f)| and of principal width at

most 3.

Proof: We construct derivations of Im (Zle a;r; + b), 0 < k < n, inductively on k.

Base case: k = 0. In this case Im(b) is just the axiom b = b and thus derived in one

step.

Induction step: Let f, = Zle a;x; + b and assume Im(f;) was already derived.
Derive Cy := (vAeimg(fk) fe+ap1xp = A> V 2pr1 = 1 from Im(fx) by |[ima(fi)|
many resolution applications with z,,; = 0V xx,, = 1. Similarly derive C; :=
<\/Aeim2(fk) fe+ap1xp1 = A+ ak+1> V xr11 = 0 and obtain Im(fy,1) by resolving
Co with C; on xy1. The size of the derivation is n - [Im(f)|, and as there is no
clause with more than 3 equations that determines non-parallel hyperplanes, hence

the principal width of the derivation is at most 3. m
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Proposition 13. For every linear form f such that 0 ¢ imy(f), the contradiction

SubSum(f) admits Res(ling) refutation of size polynomial in |Im(f)].

Proof: First construct the shortest derivation of Im(f), and then by a sequence of
lima(f)| many application of the resolution rule with f = 0 derive the empty clause.

By Proposition 12 the resulting refutation is of polynomial in |Im(f)| size. ]

Proposition 14. Let f be a linear form over R, a € ims(f) and
¢ = {{f # b) bocima(s),b2a- Then there exists Res(ling) derivation m of f = a from ¢,
such that S(m) = poly(|¢|) and wy(m) < 3.

Proof: Let Aj,...,Ax = a be an enumeration of all the elements in imsy(f). By
Proposition 12 there exists a derivation of (\/i>1 f= Ai) of principal width at most 3.
For 1 <k < N, we derive C := (\/;o4q f = A_,) from (o, f=A4) = (CV f=A)
and (f # Ag) = (CVf =AV---Vf — Aj_1)in k—1 steps as follows: at the sth step we
get (OVf—f=A—AVf=AaV--Vf=A1)=(CVf=A1V---Vf=A1)
by resolving C'V f = AV ---V f = Ap_1 with CV f = A,. We thus obtain a derivation

of principal width wy < 3 and of size (14 ---+ (N —2))|f| = wwﬂ O

Corollary 15. For every linear form f the contradiction ImAv (f) admits polynomial-

size Res(ling) refutations.

Proof: Pick some a € imy(f). By Proposition 14 there is a derivation of f = a from
ImAv (f) of polynomial size. This derivation can be extended to a refutation of ImAv ( f)

by a sequence of resolution rule applications of f = a with (f # a) € ImAv(f). O

In Section 3.2.2.1 we prove an upper bound for LinSys(A) in terms of the size of
the image of the affine map, corresponding to A (Theorem 24). All other Res(ling)
upper bounds for LinSys(A) are tree-like. So for more LinSys(A) upper bounds we

refer the reader to the tree-like Res(ling ) upper bounds further in this section.

Lower bounds. In Sec. 3.2.1 we prove an exponential lower bound for SubSum(f) in

case f is a linear form with large coefficients (Theorem 23).

Tree-Like Res(ling)

Upper bounds. In case R is a finite ring, in Sec. 3.3.1 we prove that the clauses in

Im(f) admit derivations of polynomial size (Theorem 30). Obviously, in that case
(R is finite) any unsatisfiable R-linear equation f = 0 has at most |R| variables and

SubSum(f) are always refutable in constant size. In contrast, in case R = Q we
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prove a lower bound for Im(f), SubSum(f) and ImAv (f) for a specific f with small
coefficients (see the lower bounds below).

In case a matrix A = (B|b) with entries in a field F defines a system of equations
BT = b, that is unsatisfiable under arbitrary F-valued assignments (not just under 0-1

assignments), we prove a polynomial upper bound for tree-like Res(ling) refutations
of LinSys(A).

Proposition 16. If a m x (n + 1) matriz A = (B|b) with entries in a field F is such
that BT = b has no F-valued solutions, then there exists tree-like Res(ling) refutation

of LinSys(A) of linear size.

Proof: 1t is a well-known fact from linear algebra that BT = b has no F-valued solutions
iff there exists a € F™ such that of B = 0 and a’b = 1. Therefore, by m— 1 resolutions
of Bjz—b; = 0,..., B,,T—b,, = 0 we can derive —ay (B1T—b1)—. . .—an(BT—b,,) = 0,
which is 1 = 0. [

Lower bounds. In Sec. 3.2.1 we prove tree-like Res(ling) exponential-size lower bounds

for derivations of Im(f) and refutations of SubSum(f) for any f (Corollary 34 and
Theorem 35). For ImAv (f) whenever f is of the form f = ejzq + ... + ez, — A
for some ¢; € {—1,1}, A € F the lower bound holds even for the stronger system

tree-like Resgy, (ling) (see below).

Tree-Like Resg, (ling)

Upper bounds. Most of the instances above admit short derivations/refutations in

tree-like Resgy, (ling): Im(f)is semantic weakening of 0 = 0 and thus derivable in one
step; The empty clause is a semantic weakening of SubSum(f) and LinSys(A) and thus
can be refuted via deriving \/;c(,, (AT — b; # 0) as a semantic weakening of 0 = 0 and
resolving it with equalities in LinSys(A) = {A4;Z — b; = O}icpm)-

Lower bounds. In case I is a field of characteristic zero, ImAv (f) are hard even for

tree-like Resg, (ling) whenever f is of the form f = ez + ... + €,2, — A for some
e € {—1,1}, A € F (Theorem 37).

3.1.2 CNF Upper Bounds for Res(ling)

In this section we outline two basic polynomial upper bounds, which we use to establish
our separations in subsequent sections: short tree-like Res(ling) refutations for CNF
encodings of linear systems over a ring R, and short Res(ling) refutations for -PHP;".

Together with our lower bounds, these imply the separation between tree-like Res(ling)
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and tree-like Res(ling/), where F,F" are fields of positive characteristic such that
char(F) # char(F"). The short refutation of the pigeonhole principle will imply a
separation between dag-like and tree-like Res(ling) for fields I of characteristic 0.

In what follows we consider standard CNF encodings of linear equations f = 0
where the linear equations are considered as Boolean functions (i.e., functions from

0-1 assignments to {0, 1}); we do not use extension variable in these encodings.

Proposition 17. Let F be a field and AT = b be a system of linear equations that
has no solution over F, where A is k X n matriz with entries in F, and A; denotes
the ith row in A. Assume that ¢; is a CNF encoding of A;-T —b; = 0, for i € [k].
Then, there exists a tree-like Res(ling) refutation of ¢ = {¢;}ic of size polynomial in
|61+ Y iep |Ai - T — i =0].

Proof: The idea is to derive the actual linear system of equations from their CNF
encoding, and then refute the linear system using a previous upper bound (Proposi-
tion 16).

If n; is the number of variables in A; - T — b; = 0, then |¢;] = ©(2"). By
Proposition 29 proved in the sequel there exists a tree-like Res(ling) derivation of
A; - T —b; =0 from ¢; of size O(2"|A; - T — b; = 0]) = O(|¢y| - |A; - T — b; = 0]).

By Proposition 16 there exists a tree-like Res(ling) refutation
of {A;-Z—b;=0}cp of size O (Zie[k] |A; T —b; = 0|) The total

size of the resulting refutation of ¢ is O (Zie[k] !@’ AT —b = OD
2
and thus is @) ((Zie[k] |Gl + D e |4 T —bi = 0|> ) —

O (<|¢|+Zi€[k‘] |Ai~f—bi:0|)2). ]

As a corollary we get the polynomial upper bound for the Tseitin formulas (see
Sec. 2.2.1.2 for the definition):

Theorem 18. Let G = (V, E) be a d-regular directed graph, p a prime number,
o:V =T, such that ), ., o(u) Z 0 (mod p), then —TS%’}U admit tree-like Res(ling, )

refutations of polynomial size.

Proof: ﬂTS(Gp’)O is an unsatisfiable system of linear equations over F, (note that no
assignment of F-elements to the variables in ﬂTS(Gp,)(7 is satisfying, and so we do not
need to use the (non-linear) Boolean axioms to get the unsatisfiability of the system of
equations). Therefore, by Proposition 17 there exists a tree-like Res(ling,) refutation

of _‘ng,)a of polynomial size. O
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Theorem 19 ([60]). Let R be a ring such that char(R) = 0. There exists a Res(ling)
refutation of ~PHP" of polynomial size.

Proof: This follows from the upper bound of [60] for Res(linz) and the fact that any

Res(ling) proof can be interpreted as Res(ling) if R is of characteristic 0. O

3.2 Dag-Like Lower Bounds

3.2.1 Dag-Like Lower Bounds for the Subset Sum Principle

In this section we prove an exponential lower bound on the size of dag-like Res(ling)
refutations of SubSum(f), where f =14z +--- + 2"x,,.

The lower bound is obtained by defining a mapping, which sends every refutation
mof f =0 to a derivation 7’ of some clause C) from Boolean axioms, in such a way

that 7’ satisfies two properties:

1. 7" is at most polynomially larger than 7.

2. C; must be exponentially large.

We ensure that the second property holds by defining the construction of 7’ in
such a way that every disjunct g = 0 in C; has small number Z; of 0-1 solutions,
namely Z; is at most 2" for some ¢ < 1. This together with the oservation that C,
must be a Boolean tautology, because it is derivable from Boolean axioms, implies
that C; must be of exponential size. Therefore, by the first property, 7 must be of
exponential size.

The fact that f has exponentially large coefficients is essential in our proof that C;
is of exponential size. All contradictions of the form f = 0, where f has polynomially
bounded coefficients, have polynomial dag-like Res(ling) refutations and, thus, there
is no hope to prove strong bounds for dag-like refutations in this case. However, in
Sec 3.3 we prove that any f = 0, as long as f depends on n variables, must have
tree-like Res(ling) refutations of size at least 2*(V"). The argument relies on the
similar transformation from refutations m of f = 0 to derivations of some C and in
this way reduces the problem to proving tree-like Res(ling) lower bound on the size
derivations of C from Boolean axioms.

For that reason we formulate and prove generalised statement about the translation.
For both dag-like and tree-like bounds we essentially need that for all the disjuncts
g = 0 in C); some specific predicate P holds for g. In case of the dag-like bound
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P(g) = 1iff g = 0 has at most 2" 0-1 solutions and in case of tree-like bound P(g) =1
iff g depends on at least § variables. In Theorem 20 we prove that the translation can

be done as long as P satisfies certain properties.

Theorem 20. Let f be a linear polynomial over a field F with n variables and
let P : P(F[xy,...,z,)<1) — {0,1} be a predicate on the projective space of linear

polynomials over F satisfying the following properties:
1. for all linear polynomials g and for all but at most one a € F: P(g+ af) = 1;
2. forallbeF: P(b+ f)=1.

If there exists Res(ling) (resp. tree-like Res(ling)) refutation of f =0 of size S, then
there exists Res(ling) (resp. tree-like Res(ling)) derivation of size O(n - S®) of a clause
\V g; =0, where P(g;) =1 for every j.

JE[N]
Proof: We now sketch the plan of the proof. Assume 7 is a Res(ling) refutation of
f = 0. By taking out resolutions with f = 0 we transform 7 into a derivation 7’ of
some clause C' such that P(g) = 1 for every disjunct g = 0 in C. We do this in such a
way that 7’ is not much larger than m: |7/| = O(n - |7 |?).

Denote m<j, the fragment of 7, consisting of the first k lines of 7. By induction on
k we define the sequence 7, of derivations of some clauses Dy, from Boolean axioms.
Derivations 7, are defined together with a surjective function 7 from lines of m<; to

lines of 7, such that if D = < V g = 0) is a line in m<, then

te[m)]

D)=\ g+af=0|v \/ h=0

te[m] s€[m’]

is a line in 7}, where a; € F and each h; is a linear function. Moreover, 7(D) satisfy

the following properties:
1. For each hy = 0: P(hs) = 1.

2. The sets Hp of disjuncts ks = 0 in 73,(D) are not too large: |Upe,_, Hp| <

2|7T§k‘.

3. The numbers a; and coefficients of hy are not too large: their size does not

exceed the maximal size of coefficients in 7.
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Before we proceed to the inductive definition of 7}, we finish the proof assuming
;. described above exist. If [ is the length of 7, then 7’ := 7] contains a derivation of
7(0), where () denotes the empty clause.

We now turn to the inductive definition of ;.

Base case: Define 7, to be the empty derivation.
Induction step: Assume ;. and 7, satisfy the properties above and k is smaller than
the lenght of 7. If D is the last line of m<;11, then 74 extends 7, to D and m;_,
either extends 7}, with 7541 (D) or coincides with 7}.. Consider possible cases in which
the last line D of m<j; is derived:
Case 1: Boolean axiom: D = (z; =0V x; = 1). Then 7, extends 7, with D and
Ti+1(D) = D.
Case 2: D = (f =0). Then 7, extends 7, with the axiom 0 = 0 and 7,41(D) =
(f=f=0).
Case 3: D is derived by resolution: D = (C; V Cy V aG7 + BG4y = 0) for some lines
(C1 VG, =0) and (Cy vV Gy =0) in 7w,

fc, =V gp = 0, by induction hypothesis 7,(C; V G; = 0) is of the form

te[mi]

(i=1,2):

(VG =0)=|G+Af=0v \/ g’ +a’f=0] v \/ h) =0
se[mf]

te[mi}

Define 741(D) to be the following resolution of 7(C, V Gy = 0) € 7, with
Tk(CQ V G2 = O) S 7T;€:

Tii1(D) == | aGy+ BGa+ (ad; + AN f=0v \/ \/ o” +al’f=0]V

1=1,2 te[m;)
vV Ve =0

The derivation 7, ; extends 7, with 741(D). It remains to be shown that 7,41(D) is
of required form and that 7., satisfies the required properties.

If we consider the clause (oG + Gs = 0V Cy V Cy) as a multiset of disjuncts
and C7, Cy, as usual, as sets of disjuncts, there can be up to three identical copies of
g =0 (from C}, from Cy and from {aG; + G2 = 0}), that are contracted to a single
element in the set D. In 74,1(D) these copies can be different because of different

+af terms and, thus, can be non-contractible.
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For every disjunct ¢ = 0 in D, denote F, the set of disjuncts in 7541(D) that
correspond to g, namely, (gj(-i) + ay)f =0) e F, iff gj(-i) =g and (G + fGa + (aA; +
BAy)f = 0) € F, it aGy + BGy = g. For every g = 0 € D, pick one element
g+af =0 e F,, which minimises P(g + af), and denote X the set of these elements.

Denote Y := (ngoeD ]-"g> \X. Write 7.4+1(D) as follows:

Tk_,_l(D):( \/ g+af=o>v V V r=ov \/ g+af=0

g+af=0eX i=1,2 s€[m/] g+af=0€Y
We now show that 7, satisfies all desired properties:

1. For every Y = 0 P(hg)) = 1 holds by induction hypothesis. For every
g+af =0€Y P(g+af) =1 holds by definition of Y.

2. Note that |Hp\{h{" = 0},,| < 2|D|. By induction hypothesis | Upe,_ Hp| <
2|7T§k‘.
It follows that |UDE7T§? Hp U Hp| = |UD6W§€ Hp U (HD\{hgl) = 0}is)] <
|Upene, Hol + [Ho\{AE = 0}i| < 2lmai] + 2| D] < 2|mapsal.

3. The absolute values of coefficients in 7, do not exceed the maximal absolute

value of coeflicients in 7.

Case 4: D is derived by simplification from a line DV b = 0 in 7<,. If D =

( V g = 0) , then 7(DVb = 0) has the form: 7,(DVb=0) = ( V g +af= O) Y

te[m)] te[m]
b+af =0.
If @ = 0, we apply simplification to 7,(D V b = 0) to derive 74.1(D) :=

< V g +af=0] and let m;_ , extend 7 .

te[m]

Otherwise, if a # 0, we define 74,1(D) to be 7,41(D) := (D Vb = 0) and

Thi1 = T
Case 5: D is derived by weakening from a line C' of 7<;: D = (C'V g = 0) for some
g. Define 7,41 (D) := ((C) V g = 0) and let 7} ; extend 7}, with 7341(D). O

Lemma 21. Let g : Z" — Z be a linear function. For the sets 1(g) := imo(g) and
K(g) == g7(0) {0, 1}" holds [I(g)[ - |K(g)] < 3".

Proof: For every element a € I(g) choose some v, € {0,1}" such that g(v,) = a.
Consider the set X := {v, + t}acr(g),uck(g) C 10,1,2}".
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It is easy to see that |X| = |I(g)| - |K(g)|. Indeed, if v, +u = vy + o/, then
9(va) + g(v) — 9(0) = g(va + u) = g(vw + ') = g(va) + g(u') — g(0) and therefore
a=a,v, =vy,u=1.

On the other hand, | X| < 3™. O

Lemma 22. Let f =1+ 2z, +---+ 2"z, and g : Z"" — Z be a linear function. For
any a € Z\{0} one of the following holds:

1. ¢ =0 has at most 32 0-1 solutions.
2. g+af =0 has at most 32 0-1 solutions.

Proof: For every b € Z, there exists at most one Boolean assignment that satisfies
both g =b and b+ af = 0. Therefore the number of 0-1 solutions of g +af =0 is at
most the size of the Boolean image imsy(g) of g. By Lemma 21 either |imy(g)| < 32
or |g71(0) N {0,1}"| < 35. O

Theorem 23. Let f =1+ 2xy + -+ 2"x,. Any Res(ling) refutation of f =0 is of

size 29

Proof: Define the predicate P(g) on linear polynomials over Q as follows: P(g) = 1
iff ¢ = 0 has at most 2(0-51°83)" (-1 solutions. By Lemma 22 P satisifes the properties
in Theorem 20. Therefore, by Theorem 20, if 7 is a refutation of f = 0, then there

exists a derivation 7’ of some clause C' = \/ g; = 0 from Boolean axioms, where
JEN]
each g; = 0 has at most 2(0>1°¢3)" (-1 solutions. Moreover |7'| = O(n - |7[®). As C
(1-0.5-log 3)n

must be a Boolean tautology, it must contain at least 2 disjuncts. Therefore
|| = 2™, ]

3.2.2 Linear Systems with Small Coefficients

In this section we study 0-1 unsatisfiable linear systems over finite fields.

Firslty, we prove an upper bound, which is polynomial in |imq(AT)|, where
,,,,, £ B — ™ is affine map @ — (f1(Z), ..., f(Z)). In contrast to the case
of a single equation f = 0, the size of the image |ima(AT)| does not fully characterise
the size of the shortest Res(ling) refutation of f; =0, ..., f,, = 0: there is an example,
where |imq(AT)| is large, but S(f; =0, ..., f, = 0F 0) is small.

Secondly, we prove a superpolynomial lower bound on a linear system for a

restricted tree-like Res(ling).
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3.2.2.1 An Upper Bound

Denote (Ay, 1. % # 0) the linear clause ({(fi #0)V---V (fin #0)). The clause
(A, T # 0) is a tautology iff the system f; =0,..., f,, = 0 is 0-1 unsatisfiable.
Therefore, any 0-1 unsatisfiable system f; = 0,..., f,, = 0 can be refuted by first

deriving (Ay, . 5. T # 0) from Boolean axioms and then resolving it with f; =

.....

0,..., fm = 0. We now prove an upper bound for derivations of (AZ # 0) in terms of
limo(AT)|.

Theorem 24. Let f, =0,..., f,, =0 be a 0-1 unsatisfiable system with n variables.

There exists a derivation of (Ay,.. . T # 0) of size poly(n + [ima(Ayp, . 1., T)|).

Proof: We arrange the derivation in n layers Ly,..., L, in such a way that Ly :=
{(Afy... . T#0)} and

(<f1 rw1<—61 ----- Zk<—6k7é 0>\/\/<fm rac1<—61 ----- $k<—6k7£ O>)'_>
(frler, - €x,0,...,0), ..., frn(€r, ..., €, 0,...,0))

Therefore |Li| < [ima(Ay, . 1, T)|.
It remains to note that every clause in L; can be derived from clauses in Ly in
O(|imy(Ay,,...1,, T)|) steps. Indeed, if C' € Ly, then C' [, ,«0€ Liy1 and C [, 1€

Lyy1, and C can be derived from C' [,,, 0 and C [;,, 1 and the axiom (Tpy1 =

-----

0V 21 = 1) in a standard way. O

Remark 25. In contrast to the case of a single equation, dag-like Res(ling) refutations
of fi=0,..., frn =0 for m > 2 are not lower-bounded by |imo(Ay,

For example, the system 1 — 2,41 = 0,2, — 229, = 0, Topi1+Tpi1+...+ T2, —2 =0

i Z)| in general.

,,,,,

-----

3.2.2.2 Lower Bound for Restricted Tree-Like Res(liny)

We define the following natural model of decision trees, certifying 0-1 unsatisfiability

of linear systems over F:

Definition 6. Let AT = b be a 0-1 unsatisfiable linear system over F. A decision tree

T for AT = b is a binary tree, such that:
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e Fwvery internal node is labelled with a variable x; and two branches correspond

to assignments x; <— 0 and x; < 1.

o [f p, is the variable assignment made along the path from the root to a leaf v, the
system (AT = b) |,, is unsatisfiable over the whole field F (not just over 0-1).

It is easy to see that this model of decision trees can be simulated by tree-like
Res(ling). We argue that this model captures the strength of a natural fragment of
tree-like Res(ling). If T is a decision tree for the system f; = 0,..., f,, = 0 then a

corresponding tree-like proof 7 for every leaf v in T" derives the set of clauses

fk rpv:O\/ \/ xzzl_pv(z)

i€[n]|po (i) #* ke[m]

where p, : [n] = {0,1,%} (p,(i) = * iff z; is unassigned) is the assignment at v. By
the leaf condition in Definition 6 the system f; [,,=0,..., fn [,,= 0 is unsatisfiable

over I, therefore there exist ay,...,a, € F such that aifi [,, + -+ awfm [p,=1

and the proof 7 uses this to derive further the clause V  z;=1-p,(i) from
i€ lnllp (i) 7+
the clauses above for every leaf v. This is the only place, where counting is essentially

used in 7, the rest of the proof is just a standard resolution refutation obtained from
T by the well-known correspondence between decision trees and tree-like resolution
refutations. It is an interesting question whether this fragment is strictly weaker than
full tree-like Res(ling).

We now prove a sub-exponential lower bound for this model and, consequently, for

the corresponding fragment of tree-like Res(ling).

Theorem 26. For every n € N there exists a 0-1 unsatisfiable linear system AT = b
over a finite field F,, q¢ > 2 with n variables such that any decision tree for this system

s of size 9 (ozw).

Proof: We construct the matrix A as a generator matrix of a linear (n,k,d), =
(1 fogg T 1. €557 ) error-correcting code (Definition 2).

The condition k£ > @, which this code satisfies, assures that ¢* > 2" and therefore
there exists b € IF’; such that AZ = b is 0-1 unsatisfiable.

Note that depths of all leaves in any decision tree for AZ = b are at least d. Indeed,
if k < d variables are substituted at v by p,, then the minimal distance of the code,
generated by A [, , is at least d — k and, in particular, A [, has full rank, therefore v

is not a leaf. Thus any decision tree for AZ = b has size at least 2¢ = AT
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The existence of such a code is guaranteed by the Gilbert bound (Theorem 5).

Recall that the Gilbert bound claims the existence of a linear (n, k, d), code whenever

i(?)-(q—l)%qn‘k”

i=1

holds. In our case, if we assign d = {570
ogn

Z n . (q B 1)1‘ < d- qdli)oggq" .qd < n . qn(mlilmgq-&-ﬁ) < qn(l—ﬁ)-ﬂ.
—\ i — 10logn

3.3 Tree-Like Lower Bounds

3.3.1 Nondeterministic Linear Decision Trees

In this section we extend the classical correspondence between tree-like resolution
refutations and decision trees to tree-like Res(ling) and tree-like Resg,(ling). We
define nondeterministic linear decision trees (NLDT), which generalize parity decision
trees, proposed in [40] for R = Fy, to arbitrary rings.

Both the Definition 7 of NLTDs and the proof of Theorem 28 are straightforward
generalisations of standard decision trees and the proof of the correspondence between
them and tree-like resolution respectively. We shall need these trees in the sequel to
establish some of our novel upper and lower bounds.

Let ¢ be a set of linear clauses (that we wish to refute) and ® a set of linear
non-equalities over R (that we take as assumptions). Consider the following two

decision problems:

DP1 Assume ® = —¢. Given a satisfying Boolean assignment p to ®, determine
which clause C' € ¢ is violated by p by making queries of the form: which of
fl, # 0 or g|, # 0 hold for linear forms f, g in case f|, + g|, # 0.

DP2 Similar to DP1, only that we assume ® =g —¢, and given R-valued assignment
p, satisfying ®, we ask to find a clause C' € ¢ falsified by p.

Below we define NLDTs of types DT, (R) and DT(R), which provide solutions to
DP1 and DP2, respectively. The root of a tree is labeled with a system ®, the edges
in a tree are labeled with linear non-equalities of the form f # 0 and the leaves are

labeled with clauses C' € ¢. Informally, at every node v there is a set @, of all learned
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non-equalities, which is the union of ® and the set of non-equalities along the path
from the root to the node. If v is an internal node, two outgoing edges f # 0 and
g # 0 define a query to be made at v, where f + g # 0 is a consequence of ®,,. If v is
a leaf, then ®, U ® contradicts a clause C' € ¢.

Starting from the root, based on the assignment p, we go along a path, from the
root to a leaf, by choosing in each node to go along the left edge f # 0 or the right
edge g # 0, depending on whether f|, # 0 or g|, # 0. Note that f|, # 0 and g|, # 0
may not be mutually exclusive, and this is why the decision made in each node may

be nondetermanistic.

Definition 7 (Nondeterministic linear decision tree NLDT; DT(R), DTy, (R)). Let
¢ be a set of linear clauses and ® be a set of linear non-equalities over a ring R. A
nondeterministic linear decision tree T of type DT(R) and of type DT, (R) for (¢, D)
is a binary rooted tree, where every edge is labeled with some linear non-equality f # 0,
in such a way that the conditions below hold. In what follows, for a node v, we denote
by @, the set of non-equalities along the path from the root r to v and by ®, the set
b, Ud. We say that @, is the set of learned non-equalities at v.

1. Let v be an internal node. Then v has two outgoing edges labeled by linear
non-equalities f, # 0 and g, # 0, such that:

o [fT € DI(R), then af, + Bg, # 0 € ®,U{a#0|a € R\ 0} for some
a, B € R.

o [fT € DTy,(R), then ®, = af, + Bgy, # 0 for some o, € R.

2. A node v is a leaf if there is a linear clause C € ¢ U {0 = 0} which is violated
by @, in the following sense:

e [fT € DT(R), then -C Cd,U{a#0|a€ R\O0}.
e IfT € DTy, (R), then ®, = —C.

In case ® is empty, we sometimes simply write that the NLDT is for ¢ instead of
(¢,0).

Assume ¢ = —¢. Then an NLDT for (¢ U{x =0V z = 1|z € vars(¢)}, P) of
type DT(R) can be converted into an NLDT of type DT, (R) for (¢, ®) by truncating
all maximal subtrees with all leaves from {x =0V x = 1|z € vars(¢)} and marking
their roots with arbitrary clauses from ¢.

Below we give several examples (and basic properties) of NLDTs.
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Example 1 Let ¢ be a set of clauses, representing unsatisfiable CNF. Then any
standard decision tree on Boolean variables is an NLDT for pU{zx =0V az=1|z €
vars(¢)} of type DT(R), where a branching on the value of a variable x is realized by
branching on (1 — z) + = # 0 to either 1 — x # 0 or & # 0. This is illustrated by (the

proof of) the following proposition:

Proposition 27. If ® is a set of linear non-equalities and ¢ is a set of linear clauses
over R such that ® = —¢, then there exists a DT(R) tree for (pU{x =0Vz =1|x €
vars(p U{—®})}, @) of size O(2"|P|), where n = |vars(¢ U {—-P})].

Proof: Let vars(¢ U {—®}) = {x1,...,2,} and fix an ordering on these variables.
Construct a tree Ty with 2™ nodes, that branches on x1,...,z,, in this order. Thus,
in every leaf v of Ty a total assignment to the variables is determined (i.e., ®, = {x; #
Vi bicn) U @ for some v; € {0,1}). Since ® |= —¢, this assignment violates either some
clause C'= (f; =0V ---V f,, = 0) in ¢ or some non-equality g # 0 in . We augment
Ty to T by attaching a subtree to every leaf v of Ty depending on whether the former
or latter condition holds for v, as follows:

Case 1: {x; # V;}icin) = C. We attach a subtree to v that makes m sequences of
branches as follows. If f; = a1x1+...+a,z,+bthen ay(1—v1)+. .. +a,(1—v,)+b#0
holds and the ith sequence is the following sequence of “substitutions”: (ajz; + as(1 —
vo)+...+a,(1—vy,)+b)+ (a1 (1—11)—a1z1) # 0to a1z +as(l—we)+. . .+a,(1—v,)+b #
Oand a1(1—v1)—a1x1 20, ..., (x1+. ..+ ap1Tp1+a,(1—1,)+0)+ (a,(1—v,) —
anxy) # 0 to f; # 0 and a,(1 — v,) — a,z, # 0. All the right branches lead to nodes
u such that {z; # 0,z; # 1} C ®,, for some i € [n] and thus they satisfy the DT(R)
leaf condition in Definition 7. Such a sequence indeed performs substitutions: the
edge to the leftmost node is f; # 0 and as we go upwards, we apply the substitutions
Tp 1 —1,, ..., x1 < 1 —1q to this non-equality.

In the leftmost node w in the end of the mth sequence, {f; #0,..., fi, # 0} C &,

holds and thus again C' is violated at w in the sense of Definition 7 and therefore w is
a legal DT(R)-leaf.
Case 2: {x; # Vi}icp) = 9 = 0, where g # 0 € ®,. Let g = a1 + ... + apx, + b.
Attach to v a subtree that makes the following branches: (a;(1—v1)+aszo+. .. +a,z,+
b)—(a1(1—v1)—aixy) # 0to (a(1—v1)+agwa+. . .+a,x,+b) # 0and a;(1—vy)—ax; #
0., (ar(1=11) + ...+ an-1(1 = 1) + an(1 —vy) +b) — (an(l — v) — apzy,) #0
to1#0and a;(1 —vy) —ajzy # 0. All leaves of the subtree satisfy the condition for
DT(R) leaves in Definition 7.

The tree T is a DT(R) tree for (¢, ®). O
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Example 2 Let ¢ be as in Example 1. Parity decision trees, as defined in [40)],
are NLDTs for ¢ of type DTy, (IF3): branching on the value of an Fs-linear form f
is realized by branching from (1 — f) + f #0to 1 — f # 0 and f # 0. And the
converse also holds: a branching of f + g # 0 to f # 0 and g # 0, where, say, f is a

non-constant Fo-linear form, is equivalent to branching on the value of f.

Example 3 Let o ={f1 =0,..., f,, =0}, where fi,..., f,, are R-linear forms such
that f1 4+ ...+ f,, = 1. Then a polynomial-size NLDT of type DT(R) for ¢ makes the
following branchings, where all right edges lead to a leaf: (fi + ...+ fi—1) + fin # 0
(thisisjust 1 #0) to fi+ ...+ frmo1 #0and f,,, #0, ..., fi+ fo #0to fi # 0 and
f2 #0.

We now show the equivalence between NLDTs and tree-like Res(ling) proofs.

Theorem 28. Let ¢ be a set of linear clauses over a ring R and ® be a set of linear
non-equalities over R. Then, there exist decision trees DT(R) (resp. DTg,(R)) for
(pU{z=0Va=1|zcvars(¢)}, ) (resp. (¢, P)) of size s iff there exist tree-like
Res(ling) (resp. tree-like Resy,(ling)) derivations of the clause =® =\ ;5 f =0
from ¢ of size O(s).

Proof: (=) Let T,, be an NLDT of type DT(R) or DTy, (R) for ¢. We construct a
tree-like Res(ling) or tree-like Resg,(ling) derivation from 7}, respectively, as follows.
Consider the tree of clauses g, obtained from 7T} by replacing every vertex u with the
clause =®,,. This tree is not a valid tree-like derivation yet. We augment it to a valid
derivation 7w by appropriate insertions of applications of weakening and simplification

rules.

Case 1: If =®, € mp is a leaf, then ®, violates a clause D € ¢ U {0 = 0}. By
condition 2 in Definition 7, =&, must be a weakening of D (syntactic for T, € DT(R)
and semantic for T, € DT, (R)) and we add D as the only child of this node.

Case 2: Let =¥, € my be an internal node with two outgoing edges labeled with
fu#0and g, # 0.

If T, € DT(R), then af, + g, #0 € ®,U{a # 0]|a € R\ 0}. Apply resolution to
=@y = (=P, V fi, = 0) and =@,y = (=P, V g, = 0) to derive =@, V af,, + Bg, = 0.
In case af, + Bg, # 0 € &, this clause coincides with =®, and no additional steps
are required. In case af, + g, #0 € {a # 0|a € R\ 0} insert an application of the

simplification rule to get a derivation of —®,,.
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If T, € DT (R), ®, = af, + Bg, # 0, we derive =@, V af, + B¢, = 0 from
Dy = (7P, V fy, = 0) and P,y = (=P, V g, = 0) by an application of the
resolution rule and then deriving —®,, by an application of the semantic weakening

rule.

(<) Conversely, assume 7 is a tree-like Res(ling) or a tree-like Resg,(ling) derivation
of a (possibly empty) clause C from ¢. In what follows, when we say weakening we
mean syntactic or semantic weakening depending on 7 being a tree-like Res(ling) or a
tree-like Resgy, (ling) derivation, respectively.

Let the edges in the proof-tree of m be directed from conclusion to premises. We
turn this proof-tree into a decision tree T, for (¢, —C) as follows. Every node of
outgoing degree 2 in the proof-tree 7 is a clause obtained from its children by a
resolution rule. For each such node C'V DV (af + 8g = 0) we label its outgoing edges
toCV f=0and DV g =0 with f # 0 and g # 0, respectively. We contract all
unlabeled edges, which are precisely those corresponding to applications of weakening
and simplification rules. If C1, ..., Cy is a maximal (with respect to inclusion) sequence
of weakening and simplification rule applications (the latter occur only in Res(ling)
derivations), then we contract it to Cj. In this way we obtain the tree Ty, where every
edge is labeled with linear non-equality and every node u is labeled with a clause C,
such that if f # 0 and g # 0 are labels of edges to the left [(u) and to the right r(u)
children respectively, then C, is a weakening and a simplification (the latter again in
case of Res(ling)) of the clause C'V DV af + g = 0 for some «, 8 € R, such that
Ciy = (CV f=0), Cryy = (DVg=0).

We now prove that 77 is a valid decision tree of type DT(R) (respectively, DT, (R))

if 7 is a tree-like Res(ling) derivation (respectively, tree-like Resg,(ling) derivation).

Case 1: Assume 7 is tree-like Res(ling) derivation. We prove inductively that for

every node v in T, we have =C\,, C ®,,.

Base case: u is the root r. We have @, = =C = —C,..

Induction step: For any other node u assume —~C, C ¢, U {a # 0|a € R\ 0} holds

for its parent node p. Let f # 0 be the label on the edge from p to u. Then

Cy, = (CV f=0) for some clause C' and C, must be of the form (C'V D) for some

clause D, and hence =C,, C =C U{f # 0} C =-C, U{f #0} C d,U{f #0} = D,.
Now we show that T satisfies the conditions of Definition 7 for DT(R) trees.

e (Internal nodes) Let u be an internal node of T, with outgoing edges labeled
with f # 0 and g # 0. C, must be both a weakening and a simplification of
(CVaf+pBg =0) for some o, 8 € R and a linear clause C. If af +5g # 0 € {a #
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Ola € R\ 0}, then the condition trivially holds, otherwise af 4+ fg = 0 cannot
be eliminated via simplification and thus af + 89 # 0 € =~C,, and -C, C &,
imply af + Bg # 0 € &, and the condition for internal nodes in Definition 7 is
satisfied.

o (Leaves) Let u be a leaf of T;. Then C, must be both a weakening and a
simplification of some clause C'in g U{z =0V z = 1|z € vars(¢)} U {0 =0},
that is C, = (C' V D) for some clause D. Therefore =C,, C ®,, implies that C'is
falsified by ®,,.

Case 2: Assume 7 is a tree-like Resg,(ling) derivation. We prove inductively that
for every node u in Ty, C, = =, holds.
Base case: u is the root r and we have -®, = C = C,..
Induction step: w is a node which is not the root. If C, = =®, holds for its parent p
and f # 0 is the label on the edge from p to u, then (C'V DV af + g =0) = C,,
Cy, = (CV f=0) for some a, 8 € R a linear form g and some linear clauses C, D.
Therefore, C, = (CV f=0) = (C,V f=0) = (=P, V f =0) =d,.

We now show that T satisfies the conditions of Definition 7 for DT, (R) trees.

e (Internal nodes) Let u be an internal node of T, with outgoing edges labeled
with f # 0 and g # 0. Then (C V af + g = 0) = C, for some «, € R and a
linear clause C'. Therefore C, = —®, implies &, = af + fg # 0.

o (Leaves) Let u be a leaf of T;. Then C,, must be a weakening of some clause C'
in ¢ U{0 = 0}, that is, C,, = (C'V D) for some clause D. Therefore C, = P,
implies that C is falsified by ®,.

An immediate corollary is this:

Proposition 29. If 9 U{C} is a set of linear clauses over a ring R such that ¢ |= C,
then there exists a tree-like Res(ling) derivation of C from ¢ of size O(2"|C'), where
n = |vars(¢ U{C})|.

Proof: By Proposition 27 there exists a DT(R) tree for (pU{x =0Vz =1|z €
vars(pU{C})}, =C) of size O(2"|C|) and, thus, by Theorem 28 there exists a tree-like
Res(ling) derivation of C' from ¢ of size O(2"|C/). O

We construct an NLDT to prove the following upper bound:
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Proposition 30. Let R be a finite ring, f = a1x1 + -+ + a,x, a linear form over
R, s; the size of Im(f) (i.e., the size of its encoding) and dy = |ima(f)|. Then, there

exists a tree-like Res(ling) derivation of Im(f) of size O(syn?1),

Proof: We construct a decision tree of type DT(R) of size O(syn®¥) with the system
O, ={f # A}Aeimz(f) at its root r. By Theorem 28 this implies the existence of a
tree-like Res(ling) proof of Im(f) of the same size.

Let fO = gz + -+ + ajz o n) and f@ .= ajzj41@| 241 + -+ apty. The
decision tree for Im(f)is constructed recursively as a tree of height 2dy, where a
subtree for Im(f(l)) or for Im(f(Q)) is hanged from each leaf. At every node u of
depth d the system of non-equalities is of the form: &, = &, U oMU cbff), where
O C{fD % A} scimpys 7 € {1,2} and [0V + 0| = d. A node u is a leaf if and
only if &) = {f0) £ A} pcims sty for some i € {1,2}. The branching at an internal
node u is made by the non-equality f) — A, + f2) — Ay £ 0, for some A; € imo(f@)
where f() — A; ¢ o) i e {1,2}. The size s,, of this tree can be upper bounded as
follows: s, < 22dst%J+1 + 572%1 = O(spn?1). O

3.3.2 Prover-Delayer Games

The Prover-Delayer game is an approach to obtain lower bounds on resolution refuta-
tions introduced by Pudldk and Impagliazzo [56]. The idea is that the non-existence of
small decision trees, and hence small tree-like resolution refutations, for an unsatisfiable
formula, can be phrased in terms of the existence of a certain strategy for Delayer in
a game against Prover, associated to the unsatisfiable formula. We define such games
G® and GE for decision trees DT(R) and DT, (R), respectively. Below we show
(Lemma 31) that the existence of certain strategies for the Delayer in G* and GE,
imply lower bounds on the size of DT(R) and DTy, (R) trees, respectively. Just as for
NLDTs, our definition of Prover-Delayer games is not novel and is a straightforward
generalisation of standard Prover-Delayer games as defined by Pudlak and Impagliazzo.
They provide a handy language for tree-like Res(ling) lower bound arguments. Very
similar games for tree-like Res(®) (that is tree-like Res(ling,) in our notation) were
also studied in [40] and [39].

The game. Let ¢ be a set of linear clauses and ®, be a set of linear non-equalities.

Consider the following game between two parties called Prover and Delayer. The game

goes in rounds, consisting of one move of Prover followed by one move of Delayer. The
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position in the game is determined by a system of linear non-equalities ®, which is
extended by one non-equality after every round. The starting position is ®,.

In each round, Prover presents to Delayer a possible branching f # 0 and g # 0
over a linear non-equality f + g # 0, such that f+g#0€ ®U{a #0|a € R\ 0} or
P f+9+#0in G® and GE

sw)

respectively. After that, Delayer chooses either f # 0
or g # 0 to be added to ®, or leaves the choice to the Prover and thus earns a coin.
The game G® finishes, when —C' C @ for some C € ¢ U {0 = 0}, and GE  finishes,
when @ = —C for some clause C' € ¢ U {0 = 0}.

Lemma 31. If there exists a strategy with a starting position ®4 for Delayer in the
game G (respectively, GE,) that guarantees at least ¢ coins on a set of linear clauses
¢, then the size of a DT(R) (respectively DTg,(R)) tree for ¢, with the system @4 in

the root, must be at least 2¢.

Proof: Assume that T' is a tree of type DT(R) (respectively, DT, (R)) for ¢. We
define an embedding of the full binary tree B, of height ¢ to T" inductively as follows.
We simulate Prover in the game G (respectively, GE,) by choosing branchings from
T and following to a subtree chosen by the Delayer until Delayer decides to earn a
coin and leaves the choice to the Prover or until the game finishes. In case we are at a
position where Delayer earns a coin, and which corresponds to a vertex u in 7T', we
map the root of B, to u and proceed inductively by embedding two trees B._; to the

left and right subtrees of u, corresponding to two choices of the Prover. n

Remark. The game, defined above, does not fully characterise the size of shortest
NLDTs in the sense that lower bounds on size of NLDTs do not necessarily imply
existence of a good strategy for Delayer. The characterisation gives tight bounds only
for formulas, shortest NLDTs of which are symmetric, that is the size of the largest
full binary tree, embedded in a shortest NLDT, is not much different from the size
of shortest NLDT. In order to overcome this limitation, asymmetric Prover-Delayer
games were introduced in [17], [18], [19] for the case of decision trees and tree-like

resolution. At each round of such a game Prover and Delayer do the following:
1. Prover chooses an unassigned variable x.

2. Delayer assigns nonnegative weights pg and py, such that py +p; = 1, to the two

possible choices of the value for x.

3. Prover chooses value b, x is assigned to b and the score of Delayer is updated by

log pib.
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The standard game of Pudldk and Impagliazzo is a symmetric case of this game,
where Delayer is only allowed to chooose weights (1,0), (0,1) or (3, 3). In [18] it was
shown that this asymmetric game fully characterises decision trees. Namely, it was

proved that:

1. If ¢ is unsatisfiable CNF, which has tree-like resolution refutation of size at most
S, then there exists a strategy for Prover such that every strategy of Delayer

scores at most log[2].

2. If ¢ is unsatisfiable CNF with shortest tree-like resolution refutation of size S.
Then there is Delayer strategy, which scores at least log[%} against any strategy

of the Prover.

Asymmetric games can similarly be defined for NLDTs and tree-like Res(ling). An
analogue of the statement (1.) trivially holds in this setting as well. It is interesting,
though, whether an analogue of (2.) also holds. This is beyond the scope of our work,

as the technique of symmetric games is enough for our needs.

3.3.3 Lower Bounds for the Subset Sum with Small Coeffi-
cients

We now turn to tree-like lower bounds. In this section we prove tree-like Res(ling)
lower bound for SubSum(f) including instances, where coefficients of f are small, and
tree-like Resg, (ling) lower bound for ImAv (£xy £ --- £ x,).

The proof of tree-like Res(ling) lower bound for SubSum(f) goes in two stages.
Assume f depends on n variables. First, as in the proof of dag-like lower bound in
Sec 3.2 we use Theorem 20 to transform refutations m of f = 0 to derivations 7’ of
a clause C); from Boolean axioms. We ensure that 7’ is not much larger than 7 and
C posesses the following property, which makes it hard to derive: for every disjunct
g = 0 in C% the linear polynomial g depends on at least § variables. Second, we use
Prover-Delayer games to prove the lower bound for derivations of any clause with this
property. The proof that Delayer’s strategy succeeds to earn sufficiently many coins is

guaranteed by a bound on size of essential coverings of hypercubes.

Definition 8. Let H be a set of hyperplanes in Q™. We say that F forms essential
cover of the cube B, = {0, 1}" if:

e Fvery point of B, is covered by some hyperplane in H.
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e No proper subset H' C H covers B,.

e No axis in Q" 1s parallel to all hyperplanes in H. In other words, if H =
{Hi,...,Hy,} and f; =0 is the linear equation defining H;, i € [m], then every

variable x;, j € [n|, occurs with nonzero coefficient in some f;.

Theorem 32. [[/8]] Any essential cover of the cube B, in Q™ must contain at least
%(\/471 + 1+ 1) hyperplanes.

We use Prover-Delayer games to prove the lower bounds below.

Theorem 33. Any tree-like Res(ling) derivation of any tautology of the form \/ g; =
JE[N]
0, where each g; is linear over Q and depends on at least 5 variables, is of size 20(vn).

Proof: According to definitions in Sec. 3.3.2 the corresponding Prover-Delayer game

is on 0 = 0 and starts with the position

o, ={g; #0]|j € [N]}.

The game finishes at a position ®, where {z; # 0, z; # 1} C & for some i € [n] or
0#£0¢€ d.

We now define a Delayer’s strategy that guarantees 2(1/n) coins and by Lemma 31
obtain the lower bound.

If ® is a position in the game, denote ®. C & the subset of “coin” non-equalities,
that is non-equalities that were chosen by Prover when Delayer decided to leave the
choice to Prover and earned a coin. The number |®,| is then precisely the number of
coins earned by Delayer at ®. Over the game Delayer constructs a partial assignment
pr for variables in I C [n] and a set of non-equalities ®; C ®, such that |®;] = Q(,/[1]),
for all g #0 € (@ [,,) \ (®c [,,) function g depends on at least § — |I| variables, ®;
contains variables only from I and ®. [,, is 0-1 satisfiable. In the beginning both p;
and ®; are empty.

Let the position in the game be defined by a system & and let the branching
chosen by the Prover be g; # 0 and gy # 0, where g; + go # 0 € ®. Delayer does the
following. Before making any decision Delayer checks if there exists some nonconstant
linear g with variables in [n] \ I such that (®. [,,) U {g # 0} is unsatisfiable over 0-1.

In case it holds, ¥ := (®.\ ®;) [,, U{g # 0} must be 0-1 unsatisfiable. Consider a
minimal subset U C ¥ such that ¥’ is 0-1 unsatisfiable and denote I’ C [n] the set of
variables that occur in W'. As W := ¥’ \ {g # 0} is 0-1 satisfiable, there exists an
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assignment pp for variables in I’; which satisfies W”. Delayer extends the assignment
pr with pp to prup and defines @ := ¢, U V",

U ={g #0,...,g9; # 0}, then hyperplanes Hy, ..., H; defined by equations
g1=0,...,gx = 0 form an essential cover of the cube B|;|. Therefore, by Theorem 32
07| = |W'| — 1> /|| and thus |®up| > /I]+ /I > /TUT].

If necessary, Delayer repeats the above procedure constructing extensions p;, C
... Cpr,and &, C ... C &5, where [; = I C ... C I, until there is no g # 0

inconsistent with ®. [,, as described above. The new value of I is set to I;. After

Iy,

that Delayer does the following:

1. if g [,,= 0, then choose gy # 0;
2. otherwise, if g, [,,= 0, then choose g; # 0;

3. if none of the above cases hold, leave the choice to Prover and earn a coin.

Denote @' and @/, C @' the new position and the subset of “coin” non-equalities
respectively after the choice is made. It is easy to see that the property that any
g#0e (® [,)\ (P, [,) depends on at least § — |I| variables still holds.

It follows from the definition of Delayer’s strategy that @, is always 0-1 satisfiable.
Therefore if ® is the endgame position, that is if 0 £ 0 € ® or {x; # 0,2; # 1} C ®
for some ¢ € [n], then 0 # 0 € (@ [,,) \ (Pc [,,) or {x; # 0,2, #1} C (P [,,)\ (e [,,)
respectively. This implies that [I| > % — 1 and therefore |®.| > [®;] > VI = Q(v/n).
Thus the number of coins earned by Delayer is Q(y/n).

[

Corollary 34. If f is a linear polynomial over Q, which depends on n variables, then
tree-like Res(ling) derivations of Im(f) are of size 2%V™)

Theorem 35. If f is a linear polynomial over Q, which depends on n variables, and
0 ¢ imay(f) then any tree-like Res(ling) refutation of f = 0 is of size 220V,

Proof: Consider the following predicate P on linear polynomials: P(g) = 1 iff ¢
depends on at least 7 variables. It is easy to see that P satisfies conditions in
Theorem 20 with respect to f. Therefore by Theorem 20 for every refutation 7 of
f = 0 there exists a derivation 7’ of a clause C from Boolean axioms such that
7’| = O(n - |7]*) and P(g) for every g = 0 in Cr. Thus by Theorem 33 |7'| = 29"
and |7 = 290/n), O
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Lemma 36. Let ® be a satisfiable system of m non-equalities over F. If & |
€6z + -+ ey, = A for somee; € {-1,1} CF, A€ F, thenm > 7.

Note that A must be an integer (inside F), since the coefficients of variables are
all —1,1, and the variables themselves are Boolean (since = stands for semantic

implication over 0-1 assignments only).

Proof: Let ® = {a; -T+b; # 0,...,8y, - T+ by, # 0} and put 0 = A mod 2,
f=ex1+ -+ €,x,. Then

f=l—0c(mod2)Ef#A
(@ -T+b) ... (@n-T+by,) =0.

By Theorem 4.4 in Alekhnovich-Razborov [2], the function f =1 — o (mod 2) is }-
immune, that is, the degree of any non-zero polynomial g such that f = 1—¢ (mod 2) |=

g = 0 must be at least 7. Therefore m > T O

Theorem 37. Let f be a linear function over F, which depends on n variables. Then
tree-like Resy,(ling) refutation of ImAv (f) is of size 29,

Proof: According to definitions in Sec. 3.3.2 the corresponding Prover-Delayer game
is on ImAv (f) and starts with the empty position. The game finishes at a position @,
where ® = f — A = 0 for some A € imy(f).

We now define a Delayer’s strategy that guarantees 4 coins and by Lemma 31
obtain the lower bound.

The strategy is as follows. Let the position in the game be defined by a system &
and let the branching chosen by the Prover be g; # 0 and g9 # 0, where ® = g, +¢g2 # 0.
Delayer does the following:

1. if go # 0 is inconsistent with ®, but ¢g; # 0 is not inconsistent with ®, then
choose g1 # 0;

2. if g1 # 0 is inconsistent with ®, but g, # 0 is not inconsistent with ®, then
choose g, # 0;

3. if none of the above holds, then leave the choice to the Prover and earn a coin.

We now prove that this strategy guarantees the required number of coins.

Suppose that the game has finished at a position ®. The strategy of Delayer
guarantees that ® is satisfiable and ® contradicts a clause (f # A) of ImAv (f), that
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is® = f—A=0 for some A € imy(f). Let (y,...,( be the set of non-equalities in
®, in the order they were added to ®. Let ¥ C ® be the set of all (;, i € [¢], such that

; 1s not implie revious non-equalities (;, for j < i. Then, Delayer earns at leas
i t implied by previ qualities (j, for j < ¢. Then, Delay t least
|¥| coins, ¥ |= f = A, and by Lemma 36 we conclude that || > %.

]

3.3.4 Lower Bounds for the Pigeonhole Principle

Here we prove that every tree-like Resg, (ling) refutations of =PHP]" must have size
at least 2”7 (see Sec. 2.2.1.1 for the definition of =PHP}"). Together with the upper
bound for dag-like Res(ling) (see Sec. 3.1.2) this provides a separation between tree-
like and dag-like Resgy, (ling) in the case char(F) = 0. The lower bound argument is
comprised of exhibiting a strategy for Delayer in the Prover-Delayer game. Delayer’s
strategy is similar to that in [40]. However, the proof that Delayer’s strategy guarantees
sufficiently many coins relies on Lemma 39, which is a generalization of Lemma 3.3 in
[40] for arbitrary fields. Since the proof of Lemma 3.3 in [40] for the 5 case does not
apply to arbitrary fields, our proof is different, and uses a result from Alon-Fiiredi [4]

on the hyperplane coverings of the hypercube.

Theorem 38. For every field F, the shortest tree-like Resg,(ling) refutation of ~PHP)'

has size at least 277 .

Proof: We prove that there exists a strategy for Delayer in the -PHP]" game, which

guarantees Delayer to earn "T_l coins. Following the terminology in [40], we call an
assignment x; ; — o;, for a € {0,1}™", proper if it does not violate Holes),', namely,
if it does not send two distinct pigeons to the same hole. We need to prove several

lemmas before concluding the theorem.

Lemma 39. Let AT = b be a system of k linear non-equalities over a field F with n
variables and where T = 0 is a solution, that is, 0 =b. If k < n, then there exists a

non-zero boolean solution to this system.

Proof: Let ay, ..., a; be the rows of the matrix A. The boolean solutions to the system
AT = b are all the points of the n-dimensional boolean hypercube B,, := {0,1}" C F,
that are not covered by the hyperplanes H := {@;Z — b; = 0,...,a@T — b, = 0}. We
need to show that if £ <n and 0 € B,, is not covered by H, then some other point in
B,, is not covered by H as well. This follows from [4]:
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Corollary from Alon-Fiiredi [4, Theorem 4]. Let

V(1) := {(yly---,yn) €F"|Vie[n,0<y <2, and Y yi> l}.
i=1
For any field F, if k hyperplanes in F™ do not cover B,, completely, then they do not

cover at least M (2n — k) points from B, where

Thus, if & < n hyperplanes do not cover B,, completely, then they do not cover at
least M (n + 1) points. The set Y (n + 1) in the Corollary above consists of all tuples
(y1,---,Yn), where y; = 2 for some ¢ € [n| and y; = 1 for j € [n],j # i. Therefore
M(n+1) = 2. O

For two Boolean assignments «, 8 € {0, 1}", denote by a @ 3 the bitwise XOR of

the two assignments.

Lemma 40. Let AT = b be a system of k linear non-equalities over a field F with
n > k variables and let o € {0,1}"™ be a solution to the system. Then, for every choice
I of k+1 bits in «, there exists at least one i € I so that flipping the ith bit in o results
in a new solution to AT = b. In other words, if I C [n] is such that |I| = k + 1, then
there exists a boolean assignment 8 # 0 such that {i | B; =1} C I and A(a ® B) = b.

Proof: Let I C {0,1}". Denote by Aj the matrix with columns {(1 — 2«a;)a; | ¢ € I},
where @; is the ith column of A. That is, A7 is the matrix A restricted to columns i
with ¢ € I and where column ¢ flips its sign iff «; is 1.

Assume that 5 € {0,1}" is nonzero and all its 1’s must appear in the indices in I,
that is, {i | 5; = 1} C I. Given a set of indices J C [n], denote by (3, the restriction
of 8 to the indices in J. Similarly, for a vector v € F”, v; denotes the restriction of v

to the indices in J.

Claim. A(a @ B) = b iff A5Br = b — Aa.

Proof of claim: We prove that A(a @ ) = Aj8; + Aa. Consider any row v in A, and
the corresponding row v in Aj. Notice that v - (a @ ) (for “” the dot product)
equals the dot product of v and a @ 3, where both vectors are restricted only to those

entries in which o and  differ. Considering entries outside I, by assumption we have

B = 0, which implies that
Vit (D B) g = Viapg - Qs - (3.5)
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On the other hand, considering entries inside I, we have
V['(&@B)]:V['Oq+v;'5[. (36)

Equation (3.6) can be verified by inspecting all four cases for the ith bits in «, 3,
for i € I, as follows: for those indices ¢ € I, such that a; = 1 and §; = 0, only
v - a contributes to the right hand side in (3.6). If a; = 1 and §; = 1, then by the
definition of A}, the two summands in the right hand side in (3.6) cancel out. The
cases a; = 0,5; = 1 and «o; = §; = 0, can also be inspected to contribute the same
values to both sides of (3.6).

The two equations (3.5) and (3.6) concludes the claim. m¢jaim

We know that Aa = b, and we wish to show that for some nonzero 5 € {0,1}"
where {i | B; = 1} C I, it holds that A(a @ ) = b. By the claim above it remains to
show the existence of such 3 where A%f; = b— Aa. But notice that b — A« = 0, since
Aa = b, and that A%3; is a matrix of dimension k x (k + 1). Therefore, by Lemma
39, the system A%S; = b — Aa has a nonzero solution, that is, there exists a 3 # 0 for
which all ones are in the I entries, such that A%8; = b — Aa. O]

Lemma 41. Assume that a system AT = b of k < ”Tfl non-equalities over F with
variables {x; ;} i j)emix ) has a proper solution. Then, for every i € [m] there exists a
proper solution to the system, that satisfies the clause \/je[n] x; ;. In other words, for

every pigeon, there exists a proper solution that sends the pigeon to some hole.

Proof: We first show that if there exists a proper solution of AZ = b, then there exists
a proper solution of this system with at most k£ ones. Let a be a proper solution with
at least k + 1 ones. If I is a subset of k + 1 ones in «, then Lemma 40 assures us that
some other proper solution can be obtained from « by flipping some of these ones
(note that flipping one to zero preserves the properness of assignments). Thus the
number of ones can always be reduced until it is at most k.

Let a be a proper solution with at most k& ones. The condition k < "T_l implies
that there are n — k > k + 1 free holes. Let J be a subset of size k + 1 of the set of
indices of free holes. Then for any ¢ € [m] some of the bits in I = {(i,7) | j € J} can
be flipped and still satisfy AZ = b, by Lemma 40. (As before, flipping from one to
zero maintains the properness of the solution.) Hence, the resulting proper solution
Ty j- O

must satisfy the clause \/j €[]

We now describe the desired strategy for Delayer.
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Delayer’s Strategy: Let a position in the game be defined by the system of non-

equalities ® and assume that the branching chosen by Prover is f; # 0 or f; # 0,
where ® = fy + fi1 # 0. The only objective of Delayer is to ensure that the system
® has proper solutions. Delayer uses the opportunity to earn a coin whenever both
O U{fo # 0} and ® U {f; # 0} have proper solutions by leaving the choice to Prover.
Otherwise, in case ® A Holes!" |= f; = 0, for some i € {0, 1}, Delayer chooses fi_; # 0,
which must satisfy ® A Holes" = f1_; # 0, and so the sets of proper solutions of ®
and ® U {fi_; # 0} are identical.

This strategy ensures, that for every end-game position ®, ® has proper solutions
and ® = —Pigeons)'. Note that ® has the same proper solutions as ®’, obtained by
throwing away from & all non-equalities that were added by Delayer when making
a choice. Therefore, if ® = —Pigeons,’, then ® A Holes,' |= —Pigeons" and thus
|®'| > 21 by Lemma 41.

Since |®'| is precisely the number of coins earned by Delayer, this gives the desired

lower bound. N

3.4 Size-Width Relation and Simulation by PC

In this section we prove a size-width relation for tree-like Res(ling) (Theorem 44),
which then implies an exponential lower bound on the size of tree-like Resg, (ling)
refutations in terms of the principal width of refutations (Definition 5). The connection
between the principal width and the degree of PC refutations for finite fields F, together
with lower bounds on degree of PC refutations from [2] on Tseitin mod p formulas and
random CNFs, imply exponential lower bounds for the size of tree-like Resg, (ling) for

these instances (Corollaries 46 and 47).

Proposition 42. Let ¢ = {Ci}i<i<m be a set of linear clauses and x € vars(¢).
Assume that 1 is a linear form in the variables vars(¢) \ {x}. Then, there is a
Res(ling) derivation m of {C; 4 V{x — 1 # 0) }r<i<m from ¢ of size polynomial in
16| + |Im(1)| and such that wy(m) < wo(@) + 2.

Proof: The clause x — 1 = 0V (z — [ # 0) is derivable in Res(ling) in polynomial in

[Im(1)| size by Proposition 12. Assume
(1) (N;)
C= <\/j€[k]fj+ajx+bj =0V -V f;+ajz+ b5 _0> :

where = ¢ vars(f;) and we have grouped disjuncts so that wo(C) = k. Then we
resolve these groups one by one with z — [ =0V (z — [ # 0) and after Ny + ...+ Ny
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steps yield (\/je[k] fi +a;l + bg.l) =0V -V fj +ail + ngj) =0V (z—14# 0)) It is
easy to see that the principal width never exceeds k 4 2 along the way. Therefore
wo(m) < wo(9) + 2. O

Corollary 43. Let ¢ = {C;}1<i<m be a set of linear clauses and x € vars(p). Suppose
that 1 is a linear form with variables vars(¢)\{x} and that 7 is a Res(ling) refutation of
& ey U{l = 0VI = 1}. Then, there exists a Res(ling) derivation 7 of (x — 1 # 0) from
¢, such that S(7) = O(S(m) + [Im(1)|) and we(T) < max (wo(m) + 1, wo(P) +2). Addi-
tionally, there is a refutation 7 of pU{x—1 = 0} where wy(T') < max(wy(m),wo(P)+2).

Proof: By Proposition 42 there exists a derivation 7, of
{Cileci V(=1 # 0 haicmU{l=0VI=1V{(z—1#0)}

from ¢ of width at most wy(¢) + 2. Composing 7 with 7V (x — [ # 0) yields the
derivation 7 of (z — [ # 0) from ¢.

Moreover, by taking the derivation 7, and adding to it the axiom x — [ = 0, and
then using a sequence of resolutions of w4 with x — [ = 0, we obtain a derivation of
¢ locy U{Il=0VI=1}from ¢ U{x —1=0}. The latter derivation composed with 7
yields the refutation 7’ of ¢ U {x — [ = 0} of width at most max(wy(m), wo(¢) +2). O

Theorem 44. Let ¢ be an unsatisfiable set of linear clauses over a field F. The

following size-width relation holds for both tree-like Res(ling) and tree-like Resg, (ling):
S(pL) = 9 wo(dHL)—wo(4))
Proof: We prove by induction on n, the number of variables in ¢, the following:

wol@ FL) < log, S(¢ FL)] +wiol) +2.

Base case: n = 0. Thus ¢ must contain only linear clauses a = 0, for a € F, and the

principal width for refuting ¢ is therefore 1.

Induction step: Let m be a tree-like refutation of ¢ = {Ci,...,C,,} such that
S(r) = S(¢ FL) (i.e., 7 is of minimal size). Without loss of generality, we as-
sume that the resolution rule in 7 is only applied to simplified clauses, that is clauses
not containing disjuncts 1 = 0 in case of tree-like Res(ling) and not containing un-
satisfiable f = 0,0 ¢ imo(f) in case of tree-like Resg,(ling). The former can be

eliminated by the simplification rule and the latter by the semantic weakening rule.
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By this assumption, the empty clause at the root of 7 is derived in tree-like Res(ling)
(resp. tree-like Resg, (ling)) as a simplification (resp. weakening) of an unsatisfiable
h =0 (1 =0 in case of tree-like Res(ling)) equation, which is derived by application of
the resolution rule. Denote the left and right subtrees, corresponding to the premises
of h =0, by 7 and w9, respectively.

The roots of m; and 7 must be of the form f; = 0 and f; = 0, respectively, where
f1 — fo = h. Therefore,

fi=Uz,. . 20 1) +apr, and fo=1U(z1,...,201) + anz, — h,

for some I(z1,...,2,_1) = Z?;ll a;r; + B, where a;, B € F.
Assume without loss of generality that a, # 0 and S(m) < S(m). We now use

the induction hypothesis to construct a narrow derivation 7} of f; = 0 such that

wo(m}) < [logy S(m1)] + 1+ wo(e) + 2
< [log, S(m)] + wo(e) + 2.

For every nonzero A € ims(f;) define the partial linear substitution p4 as z,
(A—1U(zy,...,251))a,'. Thus, f; | pa = A. The set of linear clauses

¢ 1oy U{(A=Da,' =0V (A=1)a,' =1} (3.7)

is unsatisfiable and has n — 1 variables, and is refuted by m; [,,.

By induction hypothesis there exists a (narrow) refutation 7! of (3.7) with

wo(mi') < [logy S(m1 Tp,) ] + wo(®) +2
< [logy S(m1)] 4+ wo(d) + 2.

By Corollary 43 there exists a derivation 77 of (I + a,z, # A) from ¢ such that
wo () < max(wo(7) + 1, wo(¢) +2) < [logy S(m1)] + wo(¢) + 3. By Proposition 14
there exists a derivation 7} of f; = 0 such that wy(7}) < [log, S(m1)] + wo(¢) + 3 <
llogy S(m)] +wol@) + 2.

Consider the following substitution p: @, < —I - a,'. Then, m|, is a derivation of
h =0 from ¢|,U{—=1l-a,' =0V —l-a,' =1}, which we augment to refutation 7} by
taking composition with simplification (resp. weakening) in case of tree-like Res(ling)
(resp. tree-like Resg, (ling)). By induction hypothesis there exists a refutation 7§ of
width

wo(m3) < [logy(S(m5) + 1)] + wo(¢) + 2
< [logy S(m)] + wo(e) + 2,
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and thus by Corollary 43 there exists a refutation 73 of ¢ U {f; = 0} of width
wo(ms) < [logy S(m)] + wo(¢) + 2. The combination of 73 and 7} gives a refutation of
¢ of the desired width. O

Theorem 45. Let F be a field and w be a Res(ling) refutation of an unsatisfiable set

of linear clauses ¢. Then, there exists a PCy refutation ' of (the arithmetization of)
¢ of degree w(m).

Proof: The idea is to replace every clause C' = (f; =0V ...V f,, = 0) in 7 by its
arithmetization a(C) := f1 - ... - f;,, and then augment this sequence to a valid PCF
derivation by simulating all the rule applications in 7 by several PCF rule applications.
Case 1: f D=(CVg =0V...Vg, =0)is a weakening of C, then apply the
product and the addition rules to derive a(D) = a(C) - g1 - ... g from a(C).
Case 2: If D is a simplification of DV 1 =0, then a(D) = a(D Vv 1=0).
Case 3: If D = (z =0V z = 1) is a a Boolean axiom, then a(D) = x? — z is an
axiom of PCl.
Case 4: If D= (CVC'VEVaf+5g=0)is aresult of resolution of (CVEV f =0)
and (C'"V EV g = 0), where C' and C’" do not contain the same disjuncts, then
by the product and addition rules of PC we derive a(C) - a(C’) - a(E) - f from
a(CVEVf=0)=a(C)-a(E)- f, and also derive a(C) - a(C") - a(E) - g from
a(C'VEV f=0)=a(C)-a(F)- f, and then apply the addition rule to derive
a(C) - a(C") - a(E) - (af + Bg) = a(D).

It is easy to see that the degree of the resulting PCF refutation is at most w(mr). O

As a consequence of Theorems 44 and 45, and the relation wqg > ﬁw as well as the

results from [2], we have the following:

Corollary 46. For every prime p there exists a constant dy = do(p) such that the
following holds. If d > dy, G is a d-reqular Ramanugjan graph on n vertices (augmented
with arbitrary orientation to its edges) and F is a finite field with char(F) # p, then
for every function o such that ﬂTSg)a € UNSAT, every tree-like Res(ling) refutation
of ﬂTS‘é’y)U has size 294

Proof: Corollary 4.5 from [2] states that the degree of PCp refutations of ﬂTS(GpL is
(dn). Theorem 45 implies that the principal width of Res(ling) refutations of —|TS(Gp,)U

is Q(ﬁdn) = Q(dn) and thus by Theorem 44 the size is 2. O
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Corollary 47. Let ¢ ~ F"®k > 3 and A = A(n) be such that A = o(n"z")
and let | be any finite field. Then every tree-like Res(ling) refutation of ¢ has size

Q n
2 (AQ/(’“Q)'IOgA) with probability 1 — o(1).

Proof: Corollary 4.7 from [2] states that the degree of PCy refutations of ¢ ~ F' ’A,

where k > 3, is (dn) with probability 1 —o(1). Theorem 45 implies that the principal
width of Res(ling) refutations of ¢ ~ F"* is Q(Wﬂdn) = Q(dn) and thus by Theorem 44
the size of the refutations is 2@ with probability 1 — o(1). O
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Chapter 4

First-Order Theories for Constant
Degree PCp and SoS

In this chapter we present a formulation of first-order theories TPCr and TSoS, which
are uniform versions of constant degree PCr and SoS, respectively. We start with the
definition of TPCgx and subsequently use TPCg as a basis for the definition of TSoS.

4.1 The Theory for Constant Degree PCy

For a fixed ring R, the theory TPCy is a two-sorted theory over the language £X. Its

two sorts are ring sort and index sort.

4.1.1 The Language LF of TPCy
Index sort symbols:

e Index sort function symbols f for all functions f : N — N. It follows that £%, in
particular, contains index sort constants for all n € N and symbols f(nq,...,ng)

for polynomially bounded functions of several arguments.

e Equality predicate symbol =;,;. We usually omit the subsrcipt.

Ring sort symbols:

e Constants for all a € R.
e Function symbols for all functions f: N — R.

e Function symbols +, —, - for ring operations.
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e Function symbol }_, ,(n) for every index variable i and ring-term (i), where n
is an index argument. Intended meaning: if #(7) is ring term with free variable
i and n is index term, then ), (n+ 1) :=¢(0) + ...+ t(n),>_,,(0) := 0. We

n
write sum-terms in the conventional form » ¢(7).
i=0

e Oracle’ X (i), where i is index argument. Intended meaning: X (i) states for i*"

variable in the sequence of variables X.

e Equality predicate symbol =,,,. We usually omit the subscript.

4.1.2 The Axioms of TPCxp

Basic axioms:

e Every true sentence?, not containing occurrences of the oracle X and ring-

variables.
e Ring-sort and index-sort equalities axiom scheme:
VZIVyViVjT=79,i=7,t(z,i)=0Dty,j) =0
e Standard ring axioms for 0,1 € R and +, —, .

e The big sum defining axiom schemes:
J+1 . J . . 0 .
Z%t(l) =2 (@) +1i(j) 2t =0

=0 i=0

Induction axiom:

For every formula ¢(i) in the class ®%, which we define below, the axiom:

$(0) A (Vig(i) D @i+ 1)) D Vng(n)

Definition 9. The class ®% of LX-formulas is defined by induction on complezity of

formulas as follows:

o All atomic formulas are in ®F and all formulas not containing occurrences of

the oracle X or ring-variables are in ®F.
o If 41,09 € BE, then ¢y V ¢y € OF and ¢y N ¢y € PE.

o If (i) € ®F, then V(i < s)¢(i) € PE.

ITechnically, just a function symbol without any defining axioms.
2True in the standard model.
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4.1.3 Propositional Translation for TPCy

In this section we establish a connection between first-order TPCx derivations and
propositional PCx 4 or PC%% derivations. Given an assignment o for index-variables 1,
we define a translation of £LR-formulas ¢(i, 91, ...,y,) € ®® with free index-variables
i and free ring-variables yi,...,y, to sets of polynomial equations (¢), = {f1 =

0,...,fm =0}, fi € Rlzo,..., Tsa)s Y1, - - - Yn) such that

{(al, e ,as(a), bl, e ,bn) ‘ gb(a(i), bl, e ,bn) rX(j)eaj,je[s(a)]: True} = V(<¢>a)

where V' denotes the set of solutions of a system of polynomial equations. We then
show, that a first-order refutation of a set of formulas ¢ (i), ..., ¢r(7) € ®F can be
translated to a family 7, of constant degree refutations of {(¢1)a; - -, (Pk)ata it PCra

or in its extension PCHd,.

4.1.3.1 Extension of PCr with The Radical Rule

The system PCE? (respectively PC%f}j) extends the system PCg (respectively PCg 4)

with the following radical rule:

f2=0

f=0
This extension makes the system strictly stronger with respect to derivations (even
with Boolean axioms) in case of fields of characteristic 0 as shown in the following

proposition:

Proposition 48. If F is a field of characteristic 0, then PCy derivations
{22 —2;, =0}, (1 + ... 42, + 1) =0Fa +...+2, +1=0

are of degree Q(n).

Proof: Write such a derivation in static form as (z1+... 4z, +1) =a-(z1+... 4+, +
124>, h; - (27 — x;), where a, h; are some polynomials. Clearly, a on 0-1 assignments
is the function a(7) = m From Corollary 5.4 in [31] it follows that the degree
of ais Q(n). O

However, whether in this case the system PCf;"d is strictly stronger than PCp as a
refutation system is still an open question.

The following proposition shows that in case of fields of positive characteristic the

situation is different:
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Proposition 49. IfF is a field of positive characteristic, then there exist PCg deriva-
tions f>=0F f =0 of degree O(deg(f)).

Proof: The derivation is f = fP~2 - f2, where p is characteristic of F. O

4.1.3.2 Translation of Terms and Formulas

Translation of terms. Let o be an assignment for index variables i. By induction
on terms, we define the translation (t(i,7%)), to polynomials over R of terms with free

index-variables 7 and free ring-variables 7 as follows:

e All the constants a € R are translated to the corresponding element in the
ring R. For i € N, X (i) is translated to the variable x;. A ring-variable y; is

translated to the variable ;.

e Operations +, —, - are translated to the corresponding operations on polynomials.
o (O(t(i),n))a = (t(1))a + .. + (t(n))a.

Translation of formulas. If ¢ is a formula in ®® we define propositional translation

¢ to a set of polynomial equations (¢), as follows:

If ¢ is atomic formula ¢t = r, then (@), := {{t)o — (1) = 0}.

If ¢ is a formula, not containing occurrences of the oracle X or ring-variables,

then (@), := {0 =0} if ¢ [,= True and (@), := {1 = 0} otherwise.

If = A, then (¢)q := (V)a U (¢)a-

If ¢ =V, then (¢p)o = (¥)o - ()4, where the product of two sets of
polynomials is defined tobe P- Q :={p-q=0|p=0€ P,q=0¢€ Q}.

It ¢ = V(i < s)y(i), then (9)a := {{¥(v))a}vesta

4.1.3.3 Propositional Translation of TPC; Proofs

We work with TPCg proofs as the sequent calculus LK derivations. If I' is an antecedent,
denote (I') := (Ayer #)a and if A is a succedent denote (A)F := (V5 #)a- The

following Lemma is a routine verification:

Lemma 50. Every basic axiom of TPCr can be written as a sequent, where all

formulas are in ®%. The induction axiom can be defined by the rule:
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¢(t) — ¢(i+1)
$(0) — ¢(4)

The following theorem relates TPC derivations to PC:24 derivations:

Theorem 51. Let I be a TPCgr derivation of the sequent I' — A such that all
formulas in T and A are in ®% and have free indes-variables i. Then there exist d € N
such that for every assignment o for i there exists PC%@ (PCr.q in case R is a field

of positive characteristic) derivation:

Proof: By the free-cut elimination theorem for two-sorted LK, there exists free-cut free
proof IT" of ' — A. By Lemma 50, all axioms of TPCgr can be written as sequents,
where all formulas are in ®*. Additionally, all formulas appearing in the induction
rule are from ®%. Therefore, by the subformula property of free-cut free proofs, all
formulas in II’ must be in ®F.
The proof is by induction on the number of steps in II'.

Base case: It is easy to see, that if ¢ is a term, then (t), is a family of polynomials
with degree bounded by a constant. All axioms but for equality axioms are translated

to trivial statements. Recall the equality axiom:

T=7,i=7t7,i)=0—t7,j)=0

Denote I'— antecedent above. In case a(i) # a(j), 1 is in (T=)Z. Otherwise (I_)L =

{Z —7,p(@)}, where p(7) := (t(T,a(i)))a = (t(T,2(j)))a, and there is an obvious
derivation {Z — 7, p(T)} - p(y) in PCRY,.

Induction step: The cases of structural rules (weakening and contraction) are trivial,
except for the contraction rule:

' — Ao, 0

' — Ao
By induction hypothesis there exists PC%}‘L derivation (I')L + (AY2. (¢)2. Applying
the radical rule we obtain (I')Z = (A)E . (g),,.
Other rules are handled as follows:

Case 1: Left and right A-introduction:

(Contraction)

I —A¢ I — A9
' — A oNY

o, ' — A
NP, T — A

(Right)

(Left)
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(Left) We just use the proof of (¢, )2 F (A)2 as the proof of (¢ A, T)E F (AR
(Right) The PCY derivation of (D)} = (A, ¢ A)E = (A, ¢)F U (A, 4)F is just the
union of PCRY derivations of (U)X - (A, ¢)F and of ()5 F (A, ¢)F.

Case 2: Left and right V-introduction:

o, — A v, I — A
oV, I' — A

I — A ¢
' — AoV

(Left) (Right)

(Right) By induction hypothesis there is PCi2% derivation 7 : ()5 = (A)% - (¢)q. It is
trivially extended to a derivation of (A)f . (@), - (1)) 4.

(Left) By induction hypothesis there are derivations m; : (@), (I')
72 1 (), (D)E = (A)E. Obvious composition of 7 and my yields (¢)
(A F (AR

Case 3: Left and right bounded index V-introduction:

= (A2 and
(¥)a, (D)a F

L
a
o

o), I — A
I < 87Vi<s¢(i>a — A

i <s,I'— A o(7)
I — A7vj<8¢(j)

(Left) (Right)

where variable ¢ does not occur in I" or A in the (Right) rule.

(Left) If I [4> 8 |4, then 1 € (I < 5,V;,6(i),T)E. Otherwise, (¢(1)), is subset of
(Vi<s®(i),T')o and the statement trivially follows.

(Right) By induction hypothesis there exists derivation (i < s, T’ )5[1 ey P4, ¢(z‘))§[i ]
for all v € N and all assignments o. The family of derivations {(I')Z + (A)ZE.
(A(V))a bo<st, constitute the derivation (U)X F (AYE . {{d(v))o}oest, = (AN -
(% <s0() o

Case 4: Induction rule:
L, ¢(1) — o(i +1),A
[, ¢(0) — ¢(i), A

where variable 7 does not occur in I" or A.

Let « be assignments and let n := «(i). By induction hypothesis there are
derivations 7, : (U)X U (¢(i))afic—o) F (9(i + 1))afies) - (A)F. By multiplying 7, by
(A)E and applying radical rule we obtain derivation 7, : (T')% - (A)Z U (¢(0)) afico) -

(A)& F (d(i + Dafico - ((A)G)* F (D0 + 1))afico) - (A)- Multiplication by (A)F

and concatenation with 7, ..., 7/,_; results in the derivation ()2 U (¢(0)), = (I)Z -

(A)FU(0(0))a - (AT = (B(n))a - (A)7.
Case 5: Cut rule:

I — Ao o, ' — A
r— A
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By induction hypothesis there are derivations m; : (I)L = (A2 . (¢), and 7y :

« «

($)o U (D)L= (A)E. Construct the desired derivation as follows: ()L F (AYE. (¢), U

« « «

(D) - (A)a F (AN O

[0}

4.2 Theories for Constant Degree SoS

We define TSoS as a minimalistic extension of TPCg, which reflects the strength of
So0S;. The theory TSoS extends TPCg with just one axiom, expressing that if a sum
of squares is zero, then every square in the sum is zero. We ensure that TSoS is strong
enough by showing that TSoS proves soundness of SoS,.

Subsequently, we discuss possible formulations of theories with inequality symbol
in the language.

Theory TSoS> is the strongest theory with inequality, for which we can prove the
existence of a translation to SoS. The language of TSoS> contains marked inequalities
{>a}4en and square root function symbol \/x. Expression ¢t >, r informally means
“t —r 1s a sum-of-squares of degree at most d”. TSoS> is intuitionistic and is built on
top of restricted version of TPCgr: TPCg without integral domain axiom and induction
axiom scheme restricted to formulas with V, A connectives (that is without V). It also
contains axioms of partially ordered ring for marked inequality relations >, and natural
axioms for square root /x, excluding monotonicity axiom: x >4 y D /T >4 VY-
Induction axiom scheme is defined for formulas of the form Vz A, t;(Z) >4 0 A ¢,
where ¢ is a (V, A)-formula, where all atomic subformulas are equalities. The proofs in
TSoSlZ are naturally translated to constant degree derivations in an extension of PCK%.
We extend one of the results in [16] to show that these extensions are simulated by
SoS.

One might consider the following modifications to the theory TSoSs:

1. Replace marked inequalities {>4}4en with a single unmarked inequality >.
2. Remove universal quantifier for inequalities in induction.

3. Add integral domain axiom for equalities and V connective in formulas in

induction.
4. Add totality axiom for inequality.
5. Allow classical reasoning.

6. Add monotonicity axiom for /.
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7. Add other fractional powers 1/k, k > 3.

All modification, except for (2), are strengthenings. Currently, we only know that
if we apply one of (1), (3) or (4) and do not apply (2), then the resulting theory 7'
will be too strong, because T" proves soundness of resolution. All other comibations
are not yet ruled out by a proof that corresponding theory is stronger than constant

degree SoS.

4.2.1 Extensions of PC}?

4.2.1.1 The system PC*

rad

This system extends PCg“ with the following rule:

B+ +fa=0
fi=0

We show that PCT can be simulated by SoS. Our argument is an extension of

simulation of PCg in SoS described in [16]. The following lemma demonstrates that

SoS “almost simulates” the radical rule.

Lemma 52. Let f be a polynomial of degree d/2. Then for every e > 0 there exist
degree d SoS, derivations of f> =0F f > —e and f> = 0+ f < e. Moreover the

coefficient of f? in the derivation is a negative real number.

Proof: Let € > 0. The following is SoS; derivation of € + f > 0:
1
e+ = (S (e )
O

Using this lemma we prove that SoS “almost simulates” PCT with respect to

derivations.

Proposition 53. Let 1y =0,...,rp, =0 be PCT derivation of degree d from a set of
equalities F = {f1,..., fm}. Then for every e > 0 there ezists degree 2d SoS derivation
of =12 +€>0 from F.

Proof: We prove by induction on L that —r% 4+ ¢ > 0 has SoS proof of degree 2d.
Consider all possible ways of how r;, = 0 is derived. In case r;, = 0 is an axiom from

F or a Boolean axiom, the SoS derivation is trivial.
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Let r;, = 0 be derived by variable rule from r, = 0: r; = x;7 for some variable z;.
By induction hypothesis there exists SoS derivation 7 of —7% +¢€ > 0 of degree 2d. We
derive —r7 by adding to 7 the following expression: (ry — z;7%)* + (=2r7) (25 — x;).

Let r;, = 0 be derived from r;, = 0 and 7, = 0 by sum rule: r;, = ary + bry,, where
a,b € R. By induction hypothesis there exist SoS derivations 7 of —r? + 50z > 0 and
7' of —r}, 4+ 5z > 0 both of degree 2d. The following is a derivation of —r7 + ¢ > 0:
22w + 20*1' + (ary, — bry)?.

Let r;, = 0 be derived from r;, = 0 by the radical rule: 7’% = r,. By induction
hypothesis there exists an SoS derivation of —rf + ¢ > 0 for every § > 0. From the

proof of Lemma 52 we conclude that there exists SoS derivation of —r7 + 2¢’ > 0

from —r} + 4¢? > 0 for every ¢ > 0 and, in particular, for ¢ = ‘/75. Thus there exists
derivation of —r2 + /6 > 0, where we choose § = €2,

Let r;, = 0 be derived from r, = 0, where r;, = fZ and r, = fZ+ - + f2,
by sum-of-squares rule. By induction hypothesis there exists an SoS derivation of
—(f2+--+f2)*+6 > 0 for every § > 0. Tt follows that there exists an SoS derivation

of —f 4+ >0 for every § > 0. O
As a corollary we obtain that SoS simulates PCT.

Theorem 54. If there exists a PCT refutation of degree d of a set of equalities F,
then there exists SoS refutation of F of degree 2d.

4.2.1.2 The system PCH7”

Let V. = {x1,...,2,,...} be the set of variables used in systems of polynomials
being refuted. The system PCT” extends PC* with auxiliary variables Xy g for Q/*
for every k € P C N\{0,1} and every polynomial @), possibly containing auxiliary
variables. Circularity is avoided by arranging variables of PC*7” in the family of sets
Ui: Uy =V and U;4, consists of all variables X, ¢, where @) is a real polynomial with
variables in |J i<;Uj. For all k € P, all polynomials P, and all s.o.s polynomials A,

not containing Xy o, PC™” has the rules:

Q-A=0 Q-A=0
(Xk,Q)k—Q:O Xk,Qk_QZO

if k£ is even and
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if £ is odd.

We now prove that PCt{2} is a conservative extension of PC*.

Theorem 55. Let f1,..., fm, g be real polynomials, not containing auziliary variables
of PCHA2 . If there exist a PCH{2 derivation 7= f1 =0,..., f =0F g =0 of degree
d and size S, then there exists PCT deriwation © : fi =0,...,fnm =0F g =0 of

degree 27 and size 20(0) S where D is the mazimal level of nesting of square roots.

Proof: Let x1,...,x, be variables of fi,..., f,u,9. Denote zq,..., 2y the auxiliary
variables in 7 of the maximal nesting level D and y1, ..., yy all other auxiliary variables.
We prove, that 7 can be converted to a proof 7’ without variables z of degree O(d?)
and size O(S). The claim will follow by induction on D.

Denote Q;(T,7) the square of z; and m; the derivation of Q; — > i uf] = 0, that is
subderivation of 7. Denote Z the ideal, generated by {z? — Q;}. By induction on the

steps in m we show that if p=01is alinein m and p= > P/(7,7)zr mod Z, where
IC[M]

zr = [ zi, then for each I C [M] there exist a proof 7 of P;- @y, where Q; = [] @;-

1\/Iorezoexfer7 each 77 is of degree at most O(d?) and size O(9). !
The base case is obvious. Consider rules of PC™{2} one by one:

Case 1: Sum rule. This case is obvious.

Case 2: Variable rule. For z; or y; variables the case is obvious. Assuming the

statement holds for p = 0, we prove that it also holds for p - z; = 0. We multily

separatly each monomial. For all monomials z; such that i ¢ I, Pr- Q- Q; is derived

by multiplication of Py - Qr by Q;. If 1 € I, then Py - z; - z; = Pr-Q; - z2ny;y mod 1

and P; - (Q; derivable by hypothesis.

Case 3: Radical rule. Assuming the statement holds for p? = 0, we prove it for p = 0.

Note that p> =3, > Py-Pyp-Qyny | zr mod Z. By induction hypothesis
JJ TN =1

we know that > PrPp-Qiy-Qr= > Py-Pyp-Qjuy = 0 are derivable
JJ TN =1 JJ TN =1

for every I. In particular, for I =0, > P7-Q; = 0 is derivable. Because Y P7-Q; is
J J

a sum of squares (each ) is sum of squares as a product of sums of squares Q;,7 € J

by proofs m;,i € J), by sum-of-squares rule P; - Q; = 0.

Case 4: Sum-of-squares rule. Analogous to the previous case.

Case 5: Auxiliary variables rules. This case is trivial. O]
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4.2.2 Theory TSoS

The languages of TSoS and TPCg coincide, inequality ¢ > 0 is phrased in TSoS by
means of saying that ¢ equals to a sum of squares.
The axioms of TSoS are axioms of TPCg plus the following axiom for all terms ¢(7):

n

D i) =0Aj<nDt(j)=0

%

The translation of TPCy trivially extends to a translation from TSoS to PC*.

4.2.2.1 Soundness of SoS,; in TSoS

We show that whenever there exists an SoS,; refutation 7 of a system of equations
F, the TSoS encoding of the statement that F has satisfying assignment A can be
refuted in TSoS using the TSoS encoding of 7.

We first describe TSoS phrasing of the statement. Let n be an index-variable
and let a polynomial® P € R[zy, ..., x,]qs of degree at most d be represented in TSoS
as a ring-sort function symbol ap(i,n), where ap(i,n) represents the coefficient of
i'" monomial in P and monomials are ordered according to the deglex ordering. In
particular, linear combination aP + () and product P-() are represented by functions

aap+po(i,n) and ap.g(i,n) respectively, and the following equalities are axioms of

TSoS:

Mgy(n)
aap+pQ(i,n) = aap(i,n) + Bag(i,n)  ap.q(i,n) = D dokin) - apr(j,n) - ag(k,n)
ik

where M,(n) is the function symbol for the number of monomials with n variables
and of degree at most d, and ©(j, k,4,n) is the predicate symbol, expressing that i"
monomial is the product of 7% monomial and k' monomial.

An assignment for variables is represented by the ring-oracle A: z; is assigned
to A(7). Let v1(i,n),...,v4(i,n) be functions such that v1(i,n) < ... <y(i,n) and

m; is the monomial ~ []  @,,¢n). The evaluation m;[A]y of i monomial m; on A
Jlvj(i,n)>0
depends on the chosen upper bound d for the degree and is defined as follows:

ml[A]d = H (5u]-(i,n)>0 ’ (A<Vj(i> n)) - 1) + 1)

1<j<d

This extends to evaluation P[A]; := ), ap(i,n)m;[A]s of a polynomial P on A.

3 Actually, a family of polynomials parameterized by n. We refer to it as a polynomial for brevity.
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Lemma 56. Let P, Q) be some polynomials of degree at most d € N. TS0S proves
(P +Q)[Ala = P[A]a + Q[A]a and (P - Q)[A]2a = P[A]za - Q[Al24

Proof: (P + Q)[A]a = P[A]a + Q[A]q follows from Z(() r(i)) = Zt() 2. r(1)

for any terms ¢ and r, Wthh is in turn provable by mductlon in TSoS
The destributivity Z t(i )> r= Z t(i) - r for sum-terms is provable by induction
in TSoS. It follows that TSoS proves:

Myq(n) Mzq(n)
PlAla- QAa = | > ap(i,n)milAla | - | D aqli,n)mi[Ala | =
i=0 i=0

Maq(n) [ Maq(n)

= > | D2 ap(in)-ag(,n) - mi[Alsa - m;[Alsg

i=0 =0

Degree bounds deg(P) < d and deg(Q)) < d imply that the following statement

is an axiom of TSoS: /<\d vs(i,n) =0 A /<\d vs(j,m) =0 | V (ap(i,n) - ag(j,n) = 0).
Both disjuncts imply ap(zi n)-aq(j,n)-m; [ATQd‘mj [A]2q = ap(i,n)-ag(J, n) -muij)[Al2d,

where my; j) is the product of m; and m;. Therefore:

Maa(n) [ Mzq(n)

PlAa- QAL = > ap(in) - ag(j.n) - mu Al | =

- 2 S api.m) - aglim) iy - melAlnd | =

i=0 =0 k=0
Mg (n) Msg(n) Mag(n)
= my[Alaq - ap(i,n) - ag(j,n) - douir | = (P Q)[Al2a
k=0 =0 j=0

We now prove the soundness:

Theorem 57. If there exists a family 7, = ({gin}, {tkntrepr,)) of SoSq refutations
of Frn = {fin = Oticinn]s that is >, ginfin + D uin = —1, then TSoS proves:

Vn3(i < Np) —(finlAl2a = 0)

81



Proof: Assume, for contradiction, V(i < N,) fin[Al2a = 0 and derive
Np,

(Z fmgm) [A]loq = 0 using Lemma 56 and the induction of TSoS. As a conse-
i=1

My
quence we derive (Z uj , + 1) [A]24 = 0, which, in turn, by Lemma 56 and TSoS
k=1

My

induction implies > (ug,[A]2q)> + 1 = 0 and by the sum-of-squares rule this implies
k=1

1=0. [

4.2.2.2 Theory TSoS-

The language of TSoS> extends the language of TPCg with predicate symbols {>4}aen
and function symbol /z. The underlying logic of TSoSs is intuitionistic, that is

excluded middle ¢ V —¢ is not an axiom.
Axioms of TSoS-

e All axioms of TPCg, except for integral domain axioms and induction, are also

axioms of TSoS-.
e Axioms of partial order for >,.
e Axioms of interaction of >, with ring operations:
VaVyVz o >y D+ 2>y + 2
VaVy o 240Ny 20 0D w -y 2410 0
o Axioms VaVy x >,y D x >4ia y.

e Squares are nonnegative: if ¢ is a term of degree d (i.e. sup, deg({(t),) = d), then
2 >94 0.

e Axioms for square roots /z:
Ve x>,0D \/E >4 0

Vra>,0D (Va) =z
Va:xdeD\/P:x

e Induction axiom scheme for formulas with connectives V and A. We denote ®spp

the resulting set of formulas for TSoS>, induction.
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Propositional translation for TSoS-

The propositional translation for formulas of TSoS> extends inductive definition
of the translation of formulas of TSoS to atomic formulas of the form ¢t >, 0. The
translation (t >4 0),(u) is parameterized by a sum of squares u and is defined to
be (t)o —u = 0. Consequently, if ¢ is a formula, then its translation (¢),(W,) is
parameterized by a witnessing function W, : t >4 0 — (u;), where the domain of
W, includes all inequalities in the corresponding formula and the degree bound is

respected: deg(u;) < d. This gives rise to a translation of cedents with inequalities.

Theorem 58. Let II be a TSoS> derivation of the sequent I' — A such that all
formulas in T and A are in ®spp and have free index-variables i. Then there exist
d € N such that for every assignment « for i and every witnessing function W,
for (D)L there exists a witnessing function W!, for (A)E and the following PCH{%}

derivation of degree d:
(D)a(Wa) = (A)3 (W)

(67

Proof: The cut-elimination theorem for LK implies that there exists a free-cut free
derivation II" of I' — A. By the subformula property of free-cut free proofs all
formulas in IT" are from ®gpp.

The proof is by induction on the number of steps in IT'.

Base case: The proof for all axioms of TPCg is the same as in Theorem 51. The
proofs for most of axioms for >, are trivial. We give the proof for the case of the
following axioms:

Case 1: Antisymmetry for >4: t >4 r,r >4t — r = t. We need to prove that for all
sums-of-squares A, B of degree at most d holds (t)q — (r)a —A =0, (r)o — (t)a — B =
0F (t)o — (r)a = 0. Indeed, the sum of the premises is A + B = 0, which by the
sum-of-squares rule imples A =0 and B = 0.

Case 2: Axiomt >;0,7 >4 0 —t-r >4, 0. For any SoS A of degree < d and any
SoS B of degree < d’ we derive (t), - (r)o — A- B =0 as follows: (t), - (r)a —A-B =
(tha = A) - (o = B) + A+ ((rya — B) + B+ () — A).

Case 3: Axioms for suqare root are interpreted using corresponding rules for auxiliary

variables in PCH{2},

Induction step: The cases of structural rules are trivial. Other rules are handled as

follows:
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Case 1: Left and right A-introduction. This case is trivial, the argument is as in
Theorem 51.
Case 2: Left and right bounded index V-introduction. Analogous to the argument in
Theorem 51.
Case 3: Induction rule:
L, ¢(i) — ¢(i +1)
I’ ¢(0) — ()

where variable 5 does not occur in I'.

Let a be assignments and let n := «a(j). By induction hypothesis, there
exists d € N such that for every v € N and every witnessing function

Wiy of degree < d there exists (;[iH)] of degree < d and a derivation

7Tv<Wa[i<—v}) : <F>§(Wa[z<—v]) U <¢<Z)>a[z<—v](wa[z<—v]) - <¢(Z + 1)>a[z<—v](W,;[H_v]) Con-

catenation of mo(Wajico)), m1 (Wi, q)), - - - gives a derivation (YL U (0(0))a(Wagieq)

(@)W, i)

Case 4: Cut rule:

'—¢ oI'—79
I —27

By induction hypothesis there are derivations m(W,) : ([)2(W,) F (#)o (W) and

To(Wyo) : {@)a(Wy) U (DYEW,) F ()B(W!). Construct the desired derivation as

follows: (T')5(Wa) F (9)a(W2) U(D)a(W2) = () (W), where (T)(We) = (T)g(Wa).
[
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Chapter 5

Conclusion and Open Problems

This thesis contributes to better understanding of counting in propositional proof
complexity, but also broadens perspectives of what is yet to be discovered.

We demonstrated limitations of dag- and tree-like Res(ling) via a number of
upper and lower bounds on some basic contradictions. Of course, the picture is far
from complete and there are many open questions, but one question seems to be
standing out. In this work we proved an exponential lower bound for dag-like Res(ling)
refutation for a single 0-1 unsatisfiable equation with large coefficients, where F of
characteristic 0. It is interesting to find out, whether this result can be extended to
0-1 unsatisfiable systems of equations over fields of different characteristics, where
coefficients are polynomially bounded. It would be particularly interesting to prove
dag-like lower bound for a system, which is in the image of the reduction from 3-SAT
to 0-1 unsatisfiable linear systems over F,,p > 5, because this lower bound would
imply CNF lower bound.

Another interesting question is whether separations between tree-like Res(ling, )
and tree-like Res(ling, ) for p # ¢ can be proven directly, not via PCy degree lower
bounds. Perhaps the technique, employed by Razborov and Alekhnovich for PCg, can
inspire some direct argument, proving lower bound on Res(ling, ) width. And, of course,
separation between tree-like Res(ling,) and tree-like Res(ling), where char(F) = 0, is
still missing.

Finally, it would be interesting to develop further Prover-Delayer games technique
and to extend it to, for example, Tseitin formulas.

The work on first-order theories completely resolves the question of what should
be a first-order theory for constant degree PCy if R is a field of positive characteristic.
For field F of characteristic 0 we only know that we can translate the theory TPCy to

an extension PCJ of PCg 4 with the radical rule. Although we know, that there is a
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lower bound on derivations f2 =0+ f = 0, we do not know whether PC} is strictly
stronger than PCr 4 as a refutation system.

In case of constant degree SoS it is much less clear how the right theory for it
should look like. The gap between the theory TSoS~, which we can translate to SoSg,
and theories, which we know are too string, is quite substantial.

Currently we show that a theory T is too strong by showing that it proves
soundness of resolution. Alternatively, one can show that T" proves some statement, for
propositional translation of which there is w(1) SoS degree lower bound. For example,
linear degree SoS lower bounds are known for the Subset Sum principle and Tseitin
tautologies, therefore T should not be able to prove them.

Attempts to prove that T is too strong raise new SoS degree lower bound questions
in this way. For example, the modification TSoSlZ of TSoS>, where marked inequalities
>4 are replaced with unmarked one >, is too strong, because it simulates resolution. If
we restrict induction of TSoSl2 to formulas without universally quantified inequalities
vz t(Z) > 0 (but possibly with inequalities ¢ > 0), it does not prove soundness of
resolution, but it still proves a statement, which is supposedly beyond SoS,;. Namely,
it proves the following statement a la telescopic system: X (1) < e AV(0 < i <
n)X(G+1)=X(>)? D X(n) <.

From the other side, one may try to show that a theory 7' is not stronger than
SoSy, even though proofs in 7' cannot be directly translated to SoS,, by proving that
T conservatively extends TSoS with inequality. A possible way to approach this is via

extending any model of TSoS with an ordering, satisfying axioms in 7.
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