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Abstract

We consider an Allen�Cahn�Cahn�Hilliard system with a non�degener�
ate mobility and �i� a logarithmic free energy and �ii� a non�smooth free
energy �the deep quench limit�� This system arises in the modelling of
phase separation and ordering in binary alloys� In particular we prove in
each case that there exists a unique solution for su�ciently smooth initial
data� Further� we prove an error bound for a fully practical piecewise
linear 	nite element approximation of �i� and �ii� in one and two space
dimensions �and three space dimensions for constant mobility�� The error
bound being optimal in the deep quench limit� In addition an iterative
scheme for solving the resulting nonlinear discrete system is analysed�
Finally some numerical experiments are presented�

� Introduction

Let � be a bounded domain in Rd� d � �� with a Lipschitz boundary ���
We consider the Allen�Cahn	Cahn�Hilliard system with varying mobility and
logarithmic free energy

�P�� Find fu��x� t�� v��x� t�� w��x� t�� z��x� t�g such that

�u�
�t 
 r � �b�u�� v��rw�� in �T 

 �� ��� T �� ����a�

� �v�
�t 
 � b�u�� v�� z� in �T � ����b�

w� 
 ���u� � � ���u� � v�� � ��u� � v�� �� �u� in �T � ����c�

z� 
 ���v� � � ���u� � v��� ��u� � v�� �� 	 v� in �T � ����d�

u��x� �� 
 u��x�� v��x� �� 
 v��x� � x � �� ����e�
�u�
�� 
 �v�

�� 
 b�u�� v��
�w�
�� 
 � on �� � ��� T �� ����f�

where 
 is normal to �� and �� �� �� � and 	 are given positive constants� On
introducing � � C��� �� such that

��s� 

 ���s� � ����� s�� where ���s� 

 s ln s� ����a�
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then the monotone function � � C���� �� in ����c�d� is de�ned to be

��s� 

 ���s� 

 ln s � ln ��� s� � ���s� � ����� s�� ����b�

where �� � ������ The singularities in � at � and � force �u��v���x� t� � ��� ���
see Theorem ��� below� that is� fu��x� t�� v��x� t�g � Q a�e� in �T � where Q 


f fs�� s�g � R

� 
 � � s� � s� � �� � � s� � s� � � g� The mobility b � C�Q� in
����a�b� is non�negative such that

� � bmin � b�s�� s�� � bmax � fs�� s�g � Q� �����

On introducing the total free energy

J��u�� v�� 



Z
�

�
�
� � � jru�j

� � jrv�j� � � ���u�� v��
�
dx� ����a�

where

���u�� v�� 

 � � ��u� � v�� � ��u� � v�� � �
�
� ��u� ��� u��� 	 v�� �� ����b�

it follows that �J�
�u�


 w� �
�
�
� and �J�

�v�

 z�� On noting this and that ����a�f�

implies that
R
�
�u�
�t dx 
 �� it follows that ����a�f� can be viewed as a �weighted�

gradient �ow in H�� � L� with J� non�increasing in time� t� Furthermore� the
choice u� � �

� yields that u� �
�
� and w� � ��

��� Hence ����d� collapses to
z� 
 ���v� � ������ � v�� � 	v� and the system �P�� to a logarithmic Allen�
Cahn equation with a varying mobility� Whereas� the choice v� � � yields that
v� � z� � �� Hence ����c� collapses to w� 
 ���u� � ����u�� � �u� and the
system �P�� to a logarithmic Cahn�Hilliard equation with a varying mobility�
Therefore for general initial data fu��x�� v��x�g � Q� for all x � �� �P�� can
be considered as a system encompassing both the logarithmic Allen�Cahn and
Cahn�Hilliard equations with varying mobility�

The system ����a�f� was derived in ���� to model the simultaneous order�
disorder and phase separation in binary alloys on a BCC lattice� for example in
Fe�Al alloys� Here u� denotes the average concentration of one of the compo�
nents and� as noted above� is a conserved quantity� and v� is a non�conserved
order parameter� The parameter � denotes the absolute temperature� We note
that if �� � maxf�� 	g� then �� is non�convex�

Existence� uniqueness and regularity have been established for ����a�f� with
constant mobility and with ��s� in ����a� replaced by the quartic s� in ����� In
���� and ���� formal asymptotics are used to describe the long time behaviour of
the system ����a�f� close to the deep quench limit �� 
 ��� We note that the local
minima of ���u�� v�� are transcendentally close� O�e�c���� to f�� ��

�
�g� f�� �g

and f�� �g� the vertices of Q� for � � �� The �rst pair of local minimizers are
known as ordered variants and the second pair as disordered phases� Which pair
are global minimizers depends on the ordering of � and 	� since ���

�
� ��

�
� � 


�
�
���	� and ����� �� 
 ����� �� 
 �� Partitions between an ordered variant and

a disordered phase or between the two disordered phases are known as interphase
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boundaries �IPBs�� whereas partitions between the two ordered variants are
known as antiphase boundaries �APBs�� see ���� and ���� for details� Finally�
existence of a weak solution in one space dimension was established in ���� for the
degenerate mobility b�s�� s�� 

 b��s�� b��s��� where b��s� 



�
��s

� and b��s� 


b��s�

�
� �� which vanishes in the pure regions
 the two ordered variants� f�� ��

�
�g�

and the two disordered phases comprising of just one of the two components
of the alloy� f�� �g and f�� �g� This speci�c choice for b leads to a number of
mathematical di�culties since it is degenerate� i�e� bmin 
 � in ������ The key
di�culty being that there is no uniqueness proof� as is common for fourth order
degenerate parabolic problems� see e�g� ���� for the logarithmic Cahn�Hilliard
equation with a degenerate mobility ��P�� with the above degenerate b and
v� � ���

A simpler model is to consider for example b�s�� s�� 

 b�� �s�� b
�
� �s��� where

for � 	 �

b�� �s� 



�������
��� � ��� � s� if s � ��� �

�
�� � ����

�
� �

� � � � �� � �� �s � �
� �
�� � if s 	 �

��� � ���

b�� ��s� if s � �

�����

and b�� �s� 

 b�� �s �
�
� �� The choice � 
 � yields the degenerate mobility

mentioned above� whereas for � 
 � the resulting mobility b � C��R�� and
is non�degenerate over R�� For the purposes of the analysis in this paper� a
general mobility b is extended to R� so that b � C��R�� and is non�degenerate
over R� if b is non�degenerate over Q� Such a non�degenerate mobility is also
considered in ����� where existence and regularity of a solution to �P�� is then
proved for u�� v� � H����� j�j��

R
� u

��x� dx � ��� �� and fu��x�� v��x�g � Q for
all x � �� However� the question of uniqueness is not addressed� Throughout
the paper� we will assume that

b � C�R��� � � bmin � b�s�� s�� � bmax � fs�� s�g � R
�� ����a�

For the majority of our results we require the further restrictions

bmin 
 �� b � C��R�� with j �
�si

b�s�� s��j � C � fs�� s�g � R
�� i 
 �� ��

����b�

There are two major di�culties in studying problem �P�� under the above as�
sumptions on b� One is that � is singular on the edges of Q and therefore
equations ����c�d� have no meaning if u� � v� 
 � or � in an open set of non�
zero measure� Secondly� establishing uniqueness of a solution is considerably
more di�cult for varying mobility� In the next section we prove a uniqueness
result for �P�� assuming a smoother class of initial data than that quoted above
for the existence result in ����� see Theorem ��� below�

In the above we have adopted the standard notation for Sobolev spaces�
denoting the norm of Wm�p��� �m � N� p � ���
�� by k � km�p and semi�norm
by j � jm�p� For p 
 �� Wm����� will be denoted by Hm��� with the associated
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norm and semi�norm written� as respectively� k � km and j � jm� Throughout
��� �� denotes the standard L� inner product over � and h�� �i denotes the duality

pairing between
�
H����

	�
and H����� In addition we de�neR

� � 

 �
j�j ��� �� � � � L�����

For a number of reasons it is more convenient to rewrite ����c�d�� by adding
and subtracting� as

w� � z� 
 ����u� � v�� � � � ��u� � v��� �u� � 	 v� in �T � ����a�

w� � z� 
 ����u� � v�� � � � ��u� � v��� �u� � 	 v� in �T � ����b�

Clearly ����a�b� can be written more succinctly as

w� � z� 
 ����u� � v�� � � � ��u� � v��� ��u� � 	 v�� in �T �����

and we adopt this convention throughout this paper� It then follows� see Section
�� that the deep quench limit of �P��� that is� the limit as � � �� is the free
boundary problem

�P� Find fu�x� t�� v�x� t�� w�x� t�� z�x� t�g such that

�u
�t


 r � �b�u� v�rw� in �T � ����a�

� �v
�t


 � b�u� v� z in �T � ����b�

w � z � ����u� v� � �I����	�u� v� � ��u� 	 v� in �T � ����c�

u�x� �� 
 u��x�� v�x� �� 
 v��x� � x � �� ����d�
�u
�� 
 �v

�� 
 b�u� v� �w�� 
 � on �� � ��� T �� ����e�

where �I����	 is the subdi�erential of the indicator function I����	 for the set
��� ��� that is I����	�s� 
 � if s � ��� �� and �
 otherwise� Furthermore� we prove
a uniqueness result for �P� and error bounds between u and u�� and v and v��
see Theorem ��� below�

In Sections � and � we consider continuous piecewise linear �nite element
approximations of �P� and �P�� under the following respective assumptions on
the mesh


�A� Let � be a convex polyhedron� Let T h be a quasi�uniform partitioning of
� into disjoint open simplices � with h	 

 diam��� and h 

 max	�T h h	�
so that � 
 
	�T h��

�A�� In addition to the assumptions �A�� it is assumed that T h is a �weakly�
acute partitioning� that is for �a� d 
 � for any pair of adjacent triangles
the sum of opposite angles relative to the common side does not exceed ��
�b� d 
 � the angle between any two faces of the same tetrahedron does
not exceed ����

Associated with T h is the �nite element space

Sh 

 f� � C��� 
 � j	 is linear � � � T hg � H�����
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Let �h 
 C��� � Sh be the interpolation operator such that �h��xj� 
 ��xj�
�j 
 � � J�� where fxjg

J
j
� is the set of nodes of T h� A discrete semi�inner

product on C���� is then de�ned by

���� ���
h 



Z
�
�h����x� ���x�� dx �

JX
j
�

mj ���xj� ���xj�� ������

where � � mj � Chd� We introduce the weighted H� projection Qh

 
 H�����

Sh de�ned by

� �r�I � Qh

���r�� � � �I � Qh


��� �� 
 � � � � Sh� ������

For the approximation of �P�� we require in addition

Kh 

 f� � Sh 
 ��xj� � ��� ��� j 
 �� Jg�

Let � � t� � t� � � � � tN�� � tN � T be a partitioning of ��� T � into possibly
variable time steps �n 

 tn� tn��� n 
 �� N � Let � 

 maxn
��N �n� In this
paper we consider the following fully practical �nite element approximations of
�P�� and �P�


�Ph��
� � Let U�

� � Qh

u

� and V �
� � Qh


v
�� For n 
 �� N �nd fUn

� � V
n
� �W

n
� � Z

n
� g

� �Sh�� such that

Un
� �U

n��
�

�n
� �
�h

�
�
b�Un��

� � V n��
� �rWn

� �r�
	

 � � � � Sh � �����a�

�


V n
� �V

n��
�

�n
� �
�h

�
�
b�Un��

� � V n��
� �Zn

� � �
	

 � � � � Sh� �����b�

��r�Un
� � V n

� ��r�� � � � ���Un
� � V n

� �� ��h


 �Wn
� � Zn

� � �Un��
� � 	 V n��

� � ��h � � � Sh � �����c�

�Ph�� � Let U� � Qh

u

� and V � � Qh

v

�� For n 
 �� N �nd fUn� V n�Wn� Zng

� �Sh�� such that Un � V n � Kh and

Un�Un��

�n
� �
�h

�
�
b�Un��� V n���rWn�r�

	

 � � � � Sh� �����a�

�


V n�V n��

�n
� �
�h

�
�
b�Un��� V n���Zn� �

	

 � � � � Sh� �����b�

��r�Un � V n��r��� �Un � V n���

	 �Wn � Zn � �Un�� � 	 V n��� �� �Un � V n��h � � � Kh� �����c�

It is notationally convenient to introduce for n 	 �

U������ t� 


t�tn��
�n

Un
������ �

tn�t
�n

Un��
��� ��� t � �tn��� tn�� ������
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The notation  ����! adopted in ������ and throughout is abbreviation for either
 with! or  without! the subscript  �!� In addition� we adopt similar notation
for the other variables� V���� W��� and Z���� It is the main purpose of this paper

to prove the following error bounds for the approximations �Ph��� � and �Ph�� �


Theorem� ���� Let u� � H
���� v� � H����� �u�

��

 �v�

��

 � on �� and

� � ��� �� � be such that ku� � v� � �
�k��� � �

� � �� Let the assumptions �A����

hold for the approximation �Ph����� �� Let either d � � with b satisfying ����a�b� or

d 
 � with b 
 � constant� Then for all h � h� such that kQh

�u

��v��� �
�k��� �

�
� ��� �� if � 
 �� ��� if � 
 ��� and for all partitions f�ng

N
n
� of ��� T � such that

�n����n � C� n 
 �� N � the unique solutions fUn
� � V

n
� g

N
n
�� fU

n� V ngNn
� to

�Ph��� �� �Ph�� � satisfy the error bounds

ku� � U�k
�
L����T �H����� � ku� � U�k

�
L����T ��H�������

� kv� � V�k
�
L����T �H����� � kv� � V�k

�
L����T �L�����

� Cb�T � �
� �

�
Cb�T �h

�
� �ln �

h �
��d���

� if d � ��

Cb�T �h if d 
 � and b is constant�
������

ku� Uk�L����T �H����� � ku� Uk�L����T ��H������� � kv � V k�L����T �H�����

� kv � V k�L����T �L����� � Cb�T �


�� � h�

�
� ������

We remark that the error bound ������ is optimal� whereas the error bound
������ is optimal in time� but probably not in space� It should be noted that the
singular nature of the nonlinearity ���� and the use of numerical integration on
those terms in �����c�� which leads to a fully practical scheme� make the analysis

of the spatial error in the approximation of �P�� by �Ph��� �� particularly delicate�
We remark also that a  standard! error analysis in time would require bounds

on k
��u���
�t�

kL����T ��H������� and k
��v���
�t�

kL����T �L������ Unfortunately� these are not
available for �P�� and �P� due to the singular nature of ���� and the variational
inequality structure� respectively� However� by adapting the approach developed
in the papers ���� and ���� for analysing the time discretization error of the
backward Euler method applied to  subgradient �ows!� it is possible to prove
an optimal error bound in time for the discretizations �Ph����� � without having

bounds on these second time derivatives�
The layout of this paper is as follows� In the next section we extend the

results of ��� x�� for the scalar Cahn�Hilliard equation with concentration de�
pendent mobility to �P��� We introduce a regularized version� �P����� of �P��
by regularizing the singular �� Firstly we prove some � independent stability
bounds for the solution fu���� v���� w���� z���g� Passing to the limit� � 
 �� we
prove existence of a solution fu�� v�� w�� z�g to �P��� We prove uniqueness of
these solutions to �P���� and �P��� and an error bound for this regularization
procedure under a number of regularity assumptions� which are shown to hold
for su�ciently smooth initial data and either d � � and b��� satisfying both
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����a�b� or d 
 � and b 
 � constant� Finally in Section � we show that �P� is
the � � � limit of �P��� extending the uniqueness and regularity results for �P��
to �P�� In section � we introduce  semidiscrete �nite element approximations!
�Ph����� �P

h
� � and �Ph� of �P����� �P�� and �P�� respectively� These are not true

semidiscrete �nite element approximations for non�constant mobility� since for
technical reasons the mobility b is  frozen!� that is� b�u���� v����� b�u�� v�� and
b�u� v� appear in �Ph����� �P

h
� � and �Ph�� respectively� Hence for non�constant

mobility the problems �Ph����� �P
h
� � and �Ph� are not computable� We prove

error bounds between the unique solutions of �P���� and �Ph����� In the case

� 
 �� this is via an error bound between the unique solutions of �P���� and
�Ph����� and an error bound for the regularization procedures on �P�� and �Ph� ��
In Section � well�posedness and a number of stability bounds are proved for
�Ph����� �� Then adapting the approach in ����� we prove an optimal a priori error

bound in time between �Ph���� and �Ph����� �� Moreover� for the case of constant

mobility this is an optimal a posteriori error bound� Combining the regular�
ization� spatial and temporal error bounds above we obtain the desired error
bounds ������ and ������� In Section � the iterative algorithm in ��� x� " �� for
the scalar Cahn�Hilliard equation with concentration dependent mobility is ex�
tended to the nonlinear algebraic system arising from the discretizations �Ph����� �

at each time level� Moreover� global convergence is proved� Finally in section
� we report on some numerical experiments in one space dimension illustrating
the error bounds ������ and �������

Throughout C denotes a generic constant independent of the four key pa�
rameters� �� �� h and � � In addition C�a�� � � � � aI� denotes a constant depend�
ing on the non�negative parameters faigIi
�� such that C�a�� � � � � aI� � C if
ai � C for i 
 � � I� For notational convenience we write Cb � C�b��min� and
Cb�a�� � � � � aI� � C�b��min� a�� � � � � aI��

� The Continuous Problems and Regularization

��� Logarithmic Free Energy

In order to analyse �P��� we employ a regularization procedure� The logarithmic
convex function � is replaced for � � ��� �� � by the twice continuously di�eren�
tiable convex function

���s� 

 ��
� �s� � ��

� ��� s�� ����a�

where ��
� �s� 



�
�
� � �s

� � ��� � s ln � if s � ��

���s� if � � s�
����b�

We note for future reference that

���s� 	

�
�
� � � �s�

�
� � �s� ���� � �� � if s � � or s 	 ��

����� 
 � ln � if s � ��� ���
�����
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where � � �� 

 minf�� �g and � � �� 

 maxf�� �g� The monotone function

���s� 

 ����s� � ��� �s� � ��� ��� s�� where ��� �s� 

 ���
� �

��s�� �����

has the following properties
 For all � � ��� �
�
�

���s� 	 ��s� if s � ��� ��� ��s� 	 ���s� if s � ��� �� ��� �����

For � � ��� �� � and for all r� s � R

� �r � s�� � ����r� � ���s���r � s� ����a�

and ����r� � ���s��
� � ����

�
� �maxfjr� �

� j� js�
�
� jg�����r�� ���s���r � s�

� �

�����r� � ���s���r � s�� ����b�

In addition� if r� s � � or r� s 	 �� � then

�
�
�r � s�� � ����r�� ���s���r � s�� �����

For later use we need to bound below ����� the corresponding regularized
version of �� �see ���b�� To achieve this we �rst note from using a Young#s
inequality that for all fs�� s�g � R

�

� s� ��� s�� � 	 s�� 

�
� ��� �r� � r��� ��� 	� �r�� � r��� � � �	 � �� r� r� �

	 �
�

�X
i
�

��ri �maxf�� 	g r�i �� �����

where r� 

 s��s� and r� 

 s��s�� Next we note� again from using a Young#s
inequality� that for all r � R

� ��r �maxf�� 	g r� � 	 �maxf�� �	 � ��g

�maxf��� �	 � �g � �r��� � �r � ���� �� �����

Combining ������ ����� and ����� we have for all � � �� 

 minf�� �
��

maxf

����
gg

and for all fs�� s�g � R� that

�����s�� s�� 

 � � ���s� � s�� � ���s� � s�� � �
�
� ��s� ��� s��� 	 s�� �

	 ��
� maxf�� �	 � ��g � � � �

� � � ln � � � �
�� � �s� � s����

� �s� � s��
�
� � �s� � s� � ���� � �s� � s� � ���� �� �����

For later purposes� we recall also the following well�known Sobolev interpo�
lation results� e�g� see ���
 Let p � ���
�� m 	 ��

r �

�����
�p�
� if m � d

p 
 ��

�p�
� if m � d
p

 ��

�p�� d
m��d�p� � if m � d

p
� ��
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and � 

 d
m



�
p �

�
r

�
� Then there is a constant C depending only on �� p� r

and m such that

jvj��r � C jvj�����p kvk�m�p � v �Wm�p���� ������

Replacing � by �� in ����c�d�� we obtain �P����� the regularized version of
�P��� Adopting the notation throughout that  ������! is an abbreviation for
either  with! or  without! the subscript  �!� and noting ������ the weak formu�
lations of �P�� and �P���� are then

�P������ Find fu������ v������ w������ z�����g such that u�������� �� 
 u����� v�������� ��

 v���� and for a�e� t � ��� T �

h
�u�����
�t � �i� � b�u������ v������rw������r�� 
 � � � � H����� �����a�

� �
�v�����
�t � �� � � b�u������ v������ z������ �� 
 � � � � L����� �����b�

� �r�u����� � v�������r�� � �� � �����u����� � v������� ��u����� � 	 v������� ��


 �w����� � z������ �� � � � H����� �����c�

It is convenient to introduce the  inverse Laplacian! operator G 
 F � $
such that

�rGf�r�� 
 hf� �i � � � H����� ������

where

F 


�
f � �H������ 
 hf� �i 
 �

�
� $ 

 f� � H���� 
 ��� �� 
 �g� ������

The well�posedness of G follows from the Lax�Milgram theorem and the Poincar%e
inequality

j�j��p � C� j�j��p � j��� ��j � � � � W ��p��� and p � ���
�� ������

One can de�ne a norm on F by

kfk�� 

 jGf j� � hf�Gfi
�
� � f � F � ������

We note also for future reference that using a Young#s inequality yields for all
f � F � � � H���� and for all � 
 � that

hf� �i � �rGf�r�� � kfk�� j�j� �
�
��kfk

�
�� �

�
� j�j

�
�� ������

In addition it follows from ������� ������ and ������ that

jrGf j� � Cjf j��r � f � Lr��� � F � ������

where r 
 �� � � �� �
� � for any � � ��� �� �� for d 
 �� �� � respectively�

Assuming that bmin 
 � and given qi measurable in �� it is also convenient
to introduce the operator Gq��q� 
 F � $ such that

�b�q�� q��rGq��q�f�r�� 
 hf� �i � � � H����� ������
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It follows for all qi measurable in � and f � F that

jrGf j�� � hf�Gfi � �b�q�� q��rGq��q�f�rGf�

� b
�
�
maxj�b�q�� q���

�
�rGq��q�f j� jrGf j��

Similarly we have that

j�b�q�� q���
�
�rGq��q�f j

�
� � hf�Gq��q�fi � �rGf�rGq��q�f�

� b
� �

�
minjrGf j� j�b�q�� q���

�
�rGq��q�f j��

Combining the above� it follows for all qi measurable in � and f � F that

bminj�b�q�� q���
�
�rGq��q�f j

�
� � jrGf j�� � bmaxj�b�q�� q���

�
�rGq��q�f j

�
�� ������

Let qi be measurable in �� f � F and � � H����� then

hf� �i � �b�q�� q��rGq��q�f�r�� � b
�
�
maxj�b�q�� q���

�
�rGq��q�f j�j�j�


 b
�
�
maxhf�Gq��q�fi

�
� j�j� ������

so that an analogue of ������ holds� Similarly to ������� we have from �������
������ and ������ that

jrGq��q�f j� � C b��minjf j��r � f � Lr��� � F � ������

where r 
 �� � � �� �� � for any � � ��� �� �� for d 
 �� �� � respectively�
For a�e� t � ��� T �� let qi��� t� be measurable in � and f��� t� � L���� �F be

such that �qi
�t ��� t��

�f
�t ��� t� � L����� If b satis�es ����a�b�� then by di�erentiating

������ with respect to t and setting � � Gq��q�f we obtain that

��f�t �Gq��q�f� 
 � ��t �b�q�� q��rGq��q�f ��rGq��q�f�


 � ��tb�q�� q��� jrGq��q�f j
�� � �b�q�� q��r

�
�t �Gq��q�f ��rGq��q�f�


 � ��tb�q�� q��� jrGq��q�f j
�� � � ��t �Gq��q�f �� f�� ������

Hence applying ������ and noting ������ yields that

d
dt�Gq��q�f� f� 
 � ��t �Gq��q�f �� f� � �Gq��q�f�

�f
�t �


 � �Gq��q�
�f
�t
� f�� � �

�t
b�q�� q��� jrGq��q�f j

��� ������

We note for future reference that if �qi
�t ��� t� � L���� for a�e� t � ��� T � and if b

satis�es ����a�b� then ������ yields for all � � H���� that

j� ��tb�q�� q��� �
��j � C j ��tb�q�� q��j� j�j

�
��� � C j ��tb�q�� q��j� j�j

�� d
�

� k�k
d
�
� � ������

In addition if qi� bqi � H���� and b satis�es ����a�b�� then ������ yields that

j�b�bq�� bq��� ��r�Gq��q� � Gbq��bq��f j�
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� ��b�bq�� bq�� � b�q�� q���rGq��q�f�r�Gq��q� � Gbq��bq��f�
�
�

� b
� �

�
min j�b�bq�� bq��� b�q�� q���rGq��q�f j�

� C b
��

�
min jrGq��q�f j���

�X
i
�

jqi � bqij���
� C b

��
�

min jGq��q�f j
�� d

�
� kGq��q�fk

d
�
�

�X
i
�

� jqi � bqij��d
�

� kqi � bqik d�� �� ������

Adapting an argument in ����� we now �nd a bound on kGq��q�fk� when b satis�es
����a�b�� qi � H����� f � L�����F and � is a convex polyhedron or �� � C����
It follows from the standard regularity estimate j � j� � Cj� � j�� Gq��q�f � $�
������� ������ and ������ with r� 
 
� �

�
� �� �� 
 �

� � �� �� � and r� 
 �� �
��� � ��

�� 
 �� �� �
� for all � � ��� ��� when d 
 �� �� � respectively� that

bminkGq��q�fk� � C � bminj�Gq��q�f j� � jf j� � � C � jb�q�� q���Gq��q�f j� � jf j� �


 C � j �
�X
i
�

�b
�qi

rqi � �rGq��q�f � f j� � jf j� �

� C � �
�X
i
�

jrqij��r� � jrGq��q�f j��r� � jf j� �

� C � �
�X
i
�

jqij
����
� kqik

��
� � jGq��q�f j

����
� kGq��q�fk

��
� � jf j� ��

������

Hence applying a Young#s inequality to ������ and noting ������ yields that

kGq��q�fk� � Cb � �
�X
i
�

jqij
��
� kqik

��
� � jGq��q�f j� � jf j� � �����a�

� Cb�kqik�� jf j� � f � L���� � F � �����b�

where �� 
 �
� �

�
��� � �� for all � � ��� ��� and �� 
 �d�� when d 
 �� �� � respec�

tively� Finally� it follows from ������� ������� ������� ������� �����b�� ������ and
a Young#s inequality that for all f � $

j� �
�t
b�q�� q��� jrGq��q�f j

��j � Cb j
�
�t
b�q�� q��j� kfk

�� d
�

�� jf j
d
�
�

� 

�
jf j�� � Cb�kqik�� j

�
�t
b�q�� q��j

�
��d

� kfk���� ������

Assuming that bmin 
 � and given qi measurable in �� it is also convenient
for later purposes to introduce the operator Mq��q� 
 L����� L���� such that

�b�q�� q��Mq��q�f� �� 
 �f� �� � � � L����� ������
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As Mq��q�f � f�b we have for all f � Lp���� p � ���
�� that

b��maxjf j��p � jMq��q�f j��p � b��minjf j��p� ������

For a�e� t � ��� T �� let qi��� t� be measurable in � and f��� t� � L���� be such
that �qi

�t
��� t�� �f

�t
��� t� � L����� If b satis�es ����a�b�� then we have the analogue

of ������

d
dt �Mq��q�f� f� 
 � �Mq��q�

�f
�t
� f� � � �

�t
b�q�� q��� jMq��q�f j

��� ������

Similarly if qi� bqi � H���� and b satis�es ����a�b�� we have the analogue of ������

j�b�bq�� bq��� �� �Mq� �q� �Mbq��bq� �f j�

� C b
� �

�
min jMq��q�f j���

�X
i
�

jqi � bqij���
� C b

� �
�

min jMq��q�f j
�� d

�
� kMq��q�fk

d
�
�

�X
i
�

� jqi � bqij��d
�

� kqi � bqik d�� �� ������

We now �nd a bound on kMq��q�fk� when b satis�es ����a�b�� qi � H���� and
f � H����� Similarly to ������ and �����a�� it follows from ������� ������� a
Young#s inequality and ������ that

jMq��q�f j� 
 jr��b�q�� q���
��f�j� � b��min � j�rb�q�� q���Mq��q�f j� � jf j� �

� Cb � �
�X
i
�

jqij
��
� kqik

��
� � jMq��q�f j� � jf j� �� �����a�

� Cb�kqik�� kfk� � f � H����� �����b�

where �i are de�ned as in �����a�� Similarly to ������� it follows from �������
������� �����b�� ������ and a Young#s inequality that for all f � H����

j� ��tb�q�� q��� jMq��q�f j
��j � 


� kfk
�
� �Cb�kqik�� j

�
�tb�q�� q��j

�
��d

� jf j��� ������

Choosing � � � in �����a� yields that h
�u�����
�t

� �i 
 �� i�e� �u�������� t�� �� 

�u����� �� for all t� Hence it follows from �����a�b�� ������� ����b�� ������� ������
and �����c� with � � � that

w����� � �Gu������v�����
�u�����
�t � ������� z����� � ��Mu������v�����

�v�����
�t

�����a�

and ������ 


R
� � � �����u����� � v������ � � �����u����� � v������ � �u����� ��

�����b�

Therefore for bmin 
 �� �P������ can be rewritten as

Find fu������ v�����g such that u�������� �� 
 u����� v�������� �� 
 v���� and for a�e�
t � ��� T �� �u�������� t�� �� 
 �u����� �� and

� �r�u����� � v�������r�� � �Gu������v�����
�u�����
�t � ������ � �Mu������v�����

�v�����
�t � ��
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� �� � �����u����� � v������� ��u����� � 	 v������� �� 
 � � � � H�����

������

where ������ is de�ned by �����b� and fw������ z�����g can be obtained from
�����a�� Theorems ��� and ��� below are extensions to �P�� of Theorems ��� and
��� in ��� for the scalar Cahn�Hilliard equation with concentration dependent
mobility�

Theorem� ���� Let d � � and u�� v� � H���� be such that ku��v���
�k��� � �

�

and j
R
� �u�� �

� �j �
�
� � � for some � � ��� ���� If b satis�es ����a� with bmin 
 ��

then for all � � �max� where �max 
 � is arbitrary� and for all � � �� there exists
fu���� v���� w���� z���g solving �P���� such that the following stability bounds hold
independently of � and �

ku���kL����T �H����� � k�u����t kL����T ��H�������

� kv���kL����T �H����� � k
�v���
�t kL���T � � C� �����a�

� � k�u���� v�����k
�
L����T �L����� � k�u��� � v��� � ���k

�
L����T �L����� � � C ��

�����b�

In addition the following stability bounds hold independently of � and �

k����kL����T � � kw���kL����T �H����� � kz���kL���T �

� � k���u��� � v����kL���T � � Cb�T � ������

and if � is a convex polyhedron or �� � C���

ku���kL����T �H����� � kv���kL����T �H����� � Cb�T �� ������

Furthermore� if either b 
 � is constant or b satis�es ����b� and

k�u���
�t

k
L

�
��d ���T �L�����

� k�u���
�t

k
L

�	
����d ���T ��H�������

� ku���kL��d��� ���T �H�����

� k�v���
�t

k
L

�	
����d ���T �L�����

� kv���kL��d��� ���T �H�����
� Cb����� ���� T ��

������

then the solution fu���� v���� w���� z���g of �P���� is unique�

Proof� Existence follows from standard arguments using Galerkin approxima�
tions and then passing to the limit� e�g� extend the d 
 � argument in ����
Theorem ����� The choices of � below can be justi�ed in a similar way�

Adding together the � regularized versions of ������ with � � �
�t�u����v�����

respectively� noting ������� ������� ������ ����� and h
�u���
�t � �i 
 �� and integrating

over ��� t� yields for all t � ��� T � that



� � ju������ t�j

�
� � jv������ t�j�� � � ������u������ t�� v������ t��� ��

�

Z t

�

j �b�u���� v�����
�
�rGu����v���

�u���
�s ��� s�j�� ds
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� �

Z t

�

j � b�u���� v���� �
�
�Mu����v���

�v���
�s ��� s�j�� ds


 

� � ju

�j�� � jv�j�� � � ������u
�� v��� �� � C� ������

where we have noted ����a�b� and the assumptions on u� and v�� The bounds
�����b� follow immediately from ������ and ������ The bounds �����a� follow
from noting ������� ������ �����b�� ������� ������� ������ and �������

Noting �����a�� ������ and ������ yields that

kw��� � ����kL����T �H����� � C krGu����v���
�u���
�t kL���T �

� C b
� �

�
min k�b�u���� v�����

�
�rGu����v���

�u���
�t kL���T �

� C b
� �

�
min� ������

Choosing � � �� ���u��� � v���� � ���� in the regularized versions of �������
respectively� noting that ������ � ��� �
�

���� see ����a�b�� and applying a Young#s
inequality yields for a�e� t � ��� T � that



��� � j���u��� � v����j�� �

�
� j� � ���u��� � v����� ����j��

� �
� jGu����v���

�u���
�t � �Mu����v���

�v���
�t � ��u��� � 	v����j

�
�� ������

Integrating the above over t � ��� T �� noting ������� �����a� and ������ yields
that

k� � ���u��� � v����� ����kL���T � � C b
��

�
min� ������

Adding together the � regularized versions of ������ with � � �u��� � v����� ��
respectively� for any � � R yields for a�e� t � ��� T � that

������ �� u���� 
 �� � ju���j
�
� � jv���j

�
� � � � �u���� u��� � �� � 	 jv���j

�
�

� �Gu����v���
�u���
�t � u����� � �Mu����v���

�v���
�t � v����

� � ����u��� � v����� �� �u��� � v�����

� � ����u��� � v����� �� �u��� � v�����

� C �� � j�j� � C b
� �

�
min j �b�u���� v�����

�
�rGu����v���

�u���
�t j� ju���j�

� C b
� �

�
min j �b�u���� v�����

�
�Mu����v���

�v���
�t j� jv���j�

� � ������� � ���u��� � v��������u��� � v����� ���

where we have noted ������� �����a� and the convexity of ��� Hence it follows on
choosing � 
 � and �� and noting ����a�b�� ������ �����a� and the assumptions
on u� that

� j�j j����j � C �C b
� �

�
min j �b�u���� v�����

�
�rGu����v���

�u���
�t j�

� C b
� �

�
min j �b�u���� v�����

�
�Mu����v���

�v���
�t j�� ������
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Squaring the above� integrating over t � ��� T � and noting ������ yields that

k����kL����T � � C�T � b
��

�
min� ������

Combining ������� ������ and ������� and recalling �����a� and ������ yields the
desired result ������� Finally ������ follows from �����c�� �����a�b�� �����a��
������ and standard elliptic regularity theory�

We now consider the question of uniqueness of the solution to �P����� As�
suming that the regularized version of ������ has two solutions fui���� v

i
���g�

i 
 �� �� with corresponding fwi
���� z

i
���� �

i
���g de�ned by �����a�b�� it follows

that for a�e� t � ��� T � u������ t� 

 �u���� � u�������� t� � $� v��� 

 v���� � v���� and

���� 

 ����� � ����� satisfy

� ju��� � v���j
�
� � � � ����u

�
��� � v������ ���u

�
��� � v������ u��� � v����

� ��G�
�u����
�t

� G�
�u����
�t

� � � �M�
�v����
�t

�M�
�v����
�t

� � ����� u��� � v����


 ��u��� � 	 v���� u��� � v����� ������

where for notational convenience bi � b�ui���� v
i
����� Gi � Gui

���
�vi
���

and Mi �

Mui
���

�vi
���

� i 
 �� �� Adding together the � versions of ������ and noting the

monotonicity of �� yields for a�e� t � ��� T �

� � ju���j
�
� � jv���j

�
� � � ��G�

�u����
�t � G�

�u����
�t �� u����

� � ��M�
�v����
�t �M�

�v����
�t �� v���� � � ju���j�� � 	 jv���j��� ������

If b satis�es ����a�b�� on noting ������� ������� ������� ������� ������� �������
������� �����a�� �����a�� ������� ������� ������� ������ and applying H&older#s and
Young#s inequalities it follows that for any � � ��� �� and for a�e� t � ��� T �

� � ju���j
�
� � jv���j

�
� � �

�
�
d
dt�G�u���� u���� �

�
�
d
dt�M�v���� v����

� � ju���j
�
� � 	 jv���j

�
� �

�
��

�
�tb�� jrG�u���j

��� �
� �

�
�tb�� jM�v���j

��

� ��G� � G��
�u����
�t � u����� � ��M� �M��

�v����
�t � v����

� � ju���j
�
� � 	 jv���j

�
� � Cb



ju���j

��d
�

� ku���k
d
�
� � jv���j

��d
�

� kv���k
d
�
�

�
�
h
jG�u���j

��d
�

� kG�u���k
d
�
� k

�u����
�t k�� � jM�v���j

��d
�

� kM�v���k
d
�
� j

�v����
�t j�

i
�C



j
�u����
�t j� � j

�v����
�t j�

�h
jG�u���j

��d
�

� kG�u���k
d
�
�

� jM�v���j
��d

�
� kM�v���k

d
�
�

i
� Cb



� � k

�u����
�t k��� � j

�v����
�t j

�
�

� h
ju���j

��d
�

� ku���k
d
�
� � jv���j

��d
�

� kv���k
d
�
�

i
�Cb



j
�u����
�t

j� � j
�v����
�t

j� � k
�u����
�t

k����� � j
�v����
�t

j����

�
�
h
jG�u���j

��d
�

� kG�u���k
d
�
� � jM�v���j

��d
�

� kM�v���k
d
�
�

i
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� Cb



� � k

�u����
�t k��� � j

�v����
�t j

�
�

� h
ju���j

��d
�

� ku���k
d
�
� � jv���j

��d
�

� kv���k
d
�
�

i
� Cb



j
�u����
�t j� � j

�v����
�t j� � k

�u����
�t k����� � j

�v����
�t j����

�
�
nh

ju����j
��d
�

� ku����k
��d
�

� � jv����j
��d
�

� kv����k
��d
�

�

i �
jG�u���j

�
� � jM�v���j

�
�

	
�
h
jG�u���j

��d
�

� ju���j
d
�
� � jM�v���j

��d
�

� jv���j
d
�
�

io
� 


� � ju���j
�
� � jv���j�� � �Cb



� � k

�u����
�t k

��
��d

�� � j
�v����
�t j

��
��d

� � j
�u����
�t j

�
��d

�

� j
�v����
�t j

�
��d

� � k
�u����
�t k

������
��d

�� � j
�v����
�t j

������
��d

� � ju����j
���
� ku����k

���
�

� jv����j
���
� kv����k

���
�

� h
�G�u���� u���� � �M�v���� v����

i
� ������

where �i are de�ned as in �����a�� Uniqueness then follows from choosing
� 
 �


 � noting �����a�� the assumptions ������� a Gronwall inequality� ������
and �����a�b�� Clearly for constant b 
 � the uniqueness argument in ������
above is trivial and the assumptions ������ are not required� ut

We note that the integral assumption on the initial data� in Theorem ���
above� only excludes the trivial �physically uninteresting� case of u� � � or ��
when only one component of the alloy is present�

If �q�
�t

��� t� � $ and �q�
�t

��� t� � H���� for a�e� t � ��� T � and b satis�es
����a�b�� then alternatively to ������� we have from ������ and ������ that for
all � � L���������

j� ��tb�q�� q��� �
��j � j�j j

R
� �q�

�t j j
R
� � �b

�q�
�� �j�

�X
i
�

j��qi�t � �I �
R
� �� �b

�qi
�� � �j

� C � j�q��t j� � k�q��t k� � j�j
�
��������

� 

� � j

�q�
�t j

�
� � k�q��t k

�
� � � C j�j���������� ������

where � 
 �� any � � ��� ���� � 
 �
� � for d 
 �� �� � respectively�

Corollary� ���� Let u� � H
���� v� � H����� �u�

�� 
 �v�

�� 
 � on �� and
� � ��� ��� be such that ku�� v� � �

�
k��� � �

�
� �� Let d � � with either � being

a convex polyhedron or �� � C���� Let b satisfy ����a�b�� Then for all � � �max

and for all � � ��� where �� 

 minf��� �g� solutions fu���� v���� w���� z���g of
�P���� are such that the following stability bounds hold independently of � and �

k�u���
�t

kL����T �H����� � k�u���
�t

kL����T ��H������� � ku���kL����T �H�����

� k�v���
�t

kL����T �H����� � k�v���
�t

kL����T �L����� � kv���kL����T �H�����

� � k���u��� � v����kL����T �L����� � kw���kL����T �H����� � Cb�T � ������

for any T 
 � if d � �� and some T 
 � if d 
 �� Hence the solution
fu���� v���� w���� z���g of �P���� is unique over �T �



J�W� Barrett and J�F� Blowey ��

Proof� Di�erentiating the regularized version of �����c� with respect to t and
setting � � �

�t
�u��� � v���� and noting that ��� 	 �� yields for a�e� t � ��� T �

� j ��t�u��� � v����j�� � ��
�u���
�t � 	

�v���
�t � �

�t�u��� � v�����

� h
�w���
�t �

�z���
�t � �

�t�u��� � v����i� ������

Once again this di�erentiation and these choices of test function can be justi�ed
in the standard way by using a Galerkin approximation and then passing to the
limit� Adding together the � versions of ������� noting �����a�b� and ������
yields for a�e� t � ��� T � that

� � j
�u���
�t j�� � j

�v���
�t j

�
� � �

�
�

d
dt �b�u���� v����� jrw���j� � ���z�����

� � j�u����t j�� � 	 j�v����t j
�
� �

�
� �

�
�tb�u���� v����� jrw���j� � ���z�����

� 

� � j

�u���
�t j�� � j

�v���
�t j�� � �C � j

�u���
�t j�� � j

�v���
�t j

�
� �

� C � jw���j
�
�������� � jz���j

�
�������� �� ������

where � 
 �� any � � ��� �� �� � 
 �
� � for d 
 �� �� � respectively� Next we note

from ������� �����a�� �����a�� �����a� and a Young#s inequality that

jw���j
�
�������� � C jw���j

������
� kGu����v���

�u���
�t

k���

� Cb jw���j
�
�



ku���k

����
� � kv���k

����
�

�
� Cb

�
jw���j

������
����

� � j�u����t j��

�
� ������

where �i are de�ned as in �����a� and � 
 d �
������ � Similarly to ������� we have

from ������� �����a�� �����a�� �����a� and a Young#s inequality that for any � 
 �

jz���j
�
�������� � Cb��

���

�
jz���j

�
�



ku���k

����
� � kv���k

����
�

�
� jz���j

������
����

�

�
� � j�v����t j��� ������

It follows from standard elliptic regularity� ������� �����a�� �����a�b�� �������
������ and ������ that

ku���k� � kv���k� � C � � � � j���u��� � v����j� � jw���j� � jz���j� �

� Cb � � � jw���j� � jz���j� � � ������

Combining ������� ������� ������� ������ and noting ������ and �����a�b� yields
that for a�e� t � ��� T �

� � j
�u���
�t j�� � j

�v���
�t j�� � �

d
dt �b�u���� v����� jrw���j� � ���z�����

� Cb � � � jw���j
������
� � jz���j

������
� �
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� Cb

h
� � �b�u���� v����� jrw���j

� � ���z�����
������

i
� ������

where � 
 �
���

We set B�t� 

 maxf�b�u������ t�� v������ t��� jrw������ t�j
�����jz������ t�j

��� �g
for a�e� t � ��� T �� It follows from ������ thatZ T

�

B�t� dt � Cb�T �� ������

From ������ and the above notation we have for a�e� t � ��� T � that

d
dtB � CbB

������� ������

Via a Galerkin approximation in the standard way� one can show from ������
and �����a� that

B��� � C


� � jw������ ��j

�
� � jz������ ��j

�
�

�
� C



� � ku�k�
 � kv�k�� � k���u

� � v��k��
�

� C


� � ku�k�
 � kv�k��

�
� C� ������

provided u� � H
���� v� � H����� �u
�

�� 
 �v�

�� 
 � on �� and � � ��� For d 
 ��
i�e� � 
 �� it follows from ������ and ������ that for t � ��� T �

B�t� � e
Cb

Z t

�

B�s� ds
B��� � Cb�T �B���� ������

For d 
 �� i�e� for any � � ��� ���� it follows from ������ that for a�e� t � ��� T �

� �
��

d
dtB

��� � CbB� ������

Hence we have from ������ and ������ that

B�t� � � �� ��Cb �B������
Z t

�
B�s� ds ��

�
�� B���

� �� � ��Cb �B������
Z t

�

B�s� ds �
�
�� B���

� e
Cb �B���	

��

Z t

�

B�s� ds
B��� � Cb�T�B���� t � ��� T �� ������

provided � � ��� �� � is chosen su�ciently small so that

��Cb �B������
Z T

�

B�s� ds � �� ������

For d 
 �� i�e� � 
 �
� � it follows from ������ that for a�e� t � ��� T �

� �
����

d
dtB

������� � Cb� ������
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Hence we have from ������ that

B�t� � � �� �� � ���Cb �B�������� t ��
�

��
��� B���

� � � � ��� � ���Cb �B�������� t �
�

�
�� B���

� eCb �B���	
�
��tB��� � Cb�T�B���� t � ��� T �� ������

provided T is such that ��� � ���Cb �B�������� T � ��
The second� �fth and eighth bounds in ������ then follow from ������� �������

������� ������� �����a�b�� ������� ������� ������� ������ and ������� The �rst and
fourth bounds in ������ then follow from the �fth and eighth� �����a�� �������
������ and ������� Similarly� the third� sixth and seventh bounds in ������ follow
from the �fth and eighth� �����a� and ������� Finally� uniqueness of a solution
to �P���� over �T follows from the bounds ������ and the assumptions ������ on
noting ������� ut

Theorem� ���� If d � �� b satis�es ����a� with bmin 
 � and the assump	
tions on u� and v� of Theorem 
�� hold� then for all � � �max there exists
fu�� v�� w�� z�g solving �P�� such that the following stability bounds hold inde	
pendently of �

ku�kL����T �H����� � k�u��t kL����T ��H�������

� kv�kL����T �H����� � k�v��t kL���T � � C� �����a�

k��kL����t� � kw�kL����T �H����� � kz�kL���T �

� � k��u� � v��kL���T � � Cb�T �� �����b�

where the latter implies that �u� � v���x� t� � ��� �� for a�e� �x� t� � �T � In
addition if � is convex polyhedron or �� � C���� then

ku�kL����T �H����� � kv�kL����T �H����� � Cb�T �� ������

Furthermore� if u�� v� and b satisfy the assumptions of Corollary 
�� then so	
lutions fu�� v�� w�� z�g of �P�� are such that the following stability bounds hold
independently of �

k�u��t kL����T �H����� � k�u��t kL����T ��H������� � ku�kL����T �H�����

� k�v��t kL����T �H����� � k�v��t kL����T �L����� � kv�kL����T �H�����

� � k��u� � v��kL����T �L����� � kw�kL����T �H����� � Cb�T � ������

for any T 
 � if d � �� and some T 
 � if d 
 �� Moreover� the solution
fu�� v�� w�� z�g of �P�� is unique over �T and we have for all � � �� that

ku� � u���k
�
L����T �H����� � ku� � u���k

�
L����T ��H�������

� kv� � v���k
�
L����T �H����� � kv� � v���k

�
L����T �L����� � Cb�T � �

�� �� ������

Note that if b 
 � is constant the solution fu�� v�� w�� z�g of �P�� is unique over
�T for any T 
 � and the bounds �
���� hold under the minimal assumptions
on u� and v� of Theorem 
���
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Proof� As the bounds �����a� and ������ are independent of �� it follows that
there exist u� � L���� T �H������H���� T � �H�������� v� � L���� T �H������
H���� T �L������ w� � L���� T �H������ z� � L���T �� �

�
� � L���T � and a

subsequence fu����� v����� w����� z����g such that as �� � �

u���� � u� in L���� T �H����� weak�star and in H���� T � �H������� weakly�

v���� � v� in L���� T �H����� weak�star and in H���� T �L����� weakly�

w���� � w� in L���� T �H����� weakly and z���� � z� in L���T � weakly�

����u���� � v������ ��� in L���T � weakly� ������

The �rst two lines of ������ imply that u���� � u� and v���� � v� in L���T �
strongly and a�e� as �� � �� see ����� Hence adapting the argument in the proof
of Theorem ��� in ���� it follows that ��� � ��u��v��� Therefore taking the limit
�� � � in the regularized version of �����c� yields that fu�� v�� w�� z�g solves the
corresponding non�regularized version of �����c�� It follows from ����a�� the
a�e� convergence of u���� � u� and v���� � v� that b�u����� v����� � b�u�� v�� in
Lp��T �� any p � ���
�� as �� � �� Noting this� ������ and a density argument
we have for a�e� t � ��� T � that as �� � �

�b�u����� v�����rw�����r��� �b�u�� v��rw��r�� � � � H���� �����a�

and �b�u����� v����� z���� � ��� �b�u�� v�� z� � �� � � � L����� �����b�

Therefore taking the limit �� � � in the regularized versions of �����a�b� yields�
on noting �����a�b� and ������� that fu�� v�� w�� z�g solves �P��� Hence we have
existence of a solution fu�� v�� w�� z�g of �P��� satisfying �����a�b� on noting
�����a�b�� The regularity results ������ and ������ follow from the � independent
bounds ������ and ������� Uniqueness of a solution to �P�� over �T then follows
as for �P����� see ��������������

We now prove an error bound between the unique solutions fu�� v�g and
fu���� v���g of problems �P�� and �P����� Let eu 

 u� �u��� and ev 

 v� � v����
Subtraction of the regularized form of ������ from their non�regularized form
with � � eu � ev� then adding together these � versions and noting ������ and
������ yields for a�e� t � ��� T � that

� � jeuj
�
� � jevj

�
� � � � ���u� � v��� ���u��� � v����� eu � ev�

� � ���u� � v��� ���u��� � v����� eu � ev� �
�
�
d
dt
�G� eu� eu� �

�
�
d
dt
�M� ev� ev�

� � jeuj
�
� � 	 jevj

�
� �

�
��

�
�tb�� jrG� euj

��� �
� �

�
�tb�� jM� evj

��

� ��G� � G����
�u���
�t � eu�� � ��M� �M����

�v���
�t � ev�� ������

where for notational convenience b����� � b�u������ v������� G����� � Gu������v������
M����� �Mu������v����� � From ����a� and ����� it follows that for a�e� t � ��� T �

����u� � v��� ���u��� � v����� eu � ev� 	 ���
Z
��� �t�

�eu � ev�
� dx� ������
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where

��� �t� 

 fx � � 
 �u��� � v�����x� t� � �u� � v���x� t� � �

or �� � � �u� � v���x� t� � �u��� � v�����x� t�g�

Next we note from ����� that

� � r � � and r � s 
� ����r�� ��r���r � s� � �� �����a�

�� � � r � � and s � r 
� ����r�� ��r���r � s� � �� �����b�

Hence it follows from ������ �����a�b� and a Young#s inequality that for a�e
t � ��� T �

����u� � v��� ��u� � v��� eu � ev�

�

Z
��� �t�

����u� � v��� ��u� � v����eu � ev� dx

� �

Z
��� �t�

��u� � v���eu � ev� dx

� �
��
��

Z
��� �t�

�eu � ev�
� dx� �

��

Z
��� �t�

���u� � v�� �
� dx� ������

Using the bounds ������ and ������ in ������� it follows for a�e� t � ��� T � that

� � jeuj
�
� � jevj

�
� � �

�
��

Z
�

� �t�

�eu � ev�
� dx� �

��

Z
��� �t�

�eu � ev�
� dx

� �
�
d
dt �G� eu� eu� �

�
�
d
dt �M� ev� ev�

� � jeuj
�
� � 	 jevj

�
� �

�
��

�
�tb�� jrG� euj

�� � �
� �

�
�tb�� jM� evj��

� ��G� � G����
�u���
�t � eu�� � ��M� �M����

�v���
�t � ev�

� �
� �

Z
�

� �t�

���u� � v�� �
� dx� �

� �

Z
��� �t�

���u� � v�� �
� dx� ������

The desired result ������ then follows from ������ on treating the �rst six terms
on the right hand side as in the uniqueness proof� ������� by using ������� �������
������� ������� ������� �����a�� �����a�� ������� ������� ������� ������ and applying
H&older#s� Young#s and Gronwall inequalities� noting ������ and the regularity
results ������ and ������� which also deal with the remaining two terms on the
left hand side�

For constant b 
 � the uniqueness argument for �P��� and hence the proof
of the bound ������� simpli�es considerably in that the stronger regularity as�
sumptions ������ and ������ are not required� ut

��� The Deep Quench Limit

Introducing

K 

 f � � H���� 
 ��x� � ��� �� for a�e� x � � g�
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the weak formulation of �P�� ����a�e�� is then

�P� Find fu� v� w� zg such that u��� �� 
 u����� v��� �� 
 v���� and for a�e� t �
��� T �� u��� t�� v��� t� � K and

h�u
�t
� �i� � b�u� v�rw�r�� 
 � � � � H����� �����a�

� ��v
�t
� �� � � b�u� v� z� �� 
 � � � � L����� �����b�

� �r�u� v��r�� � �u� v��� 	 �w � z � �u� 	 v� � � �u � v�� � � � K�
�����c�

Then similarly to ������ and �����a�b�� for bmin 
 � the weak formulation of �P�
can be rewritten as

Find fu� v� �g such that u��� �� 
 u����� v��� �� 
 v���� and for a�e� t � ��� T ��
u��� t�� v��� t� � K� ��t� � R� �u��� t�� �� 
 �u����� �� and

� �r�u� v��r�� � �u � v��� � �Gu�v
�u
�t � �� �Mu�v

�v
�t � � � �u� v��

	 ��u� 	 v� � � �u� v�� � � � K ������

with w � �Gu�v
�u
�t � �� z � ��Mu�v

�v
�t � ������

Choosing � � �u�v�� �
� �u�v� ����u�v�� and �u�v�� �

� �u�v� ����u�v��
in ������ yields that for a�e� t � ��� T � that

� �r�u� v��r��u� v���� �u� v����

� �Gu�v
�u
�t � �� �Mu�v

�v
�t � ��u� 	 v�� �u� v��� � �u� v��� 
 ��

������

Theorem� ���� If d � �� b satis�es ����a� with bmin 
 � and the assumptions
on u� and v� of Theorem 
�� hold� then there exists fu� v� �� w� zg solving �P�
such that

u � L���� T �H����� �H���� T � �H�������� � � L���� T �� �����a�

w � L���� T �H����� and v � L���� T �H����� �H���� T �L������ �����b�

In addition if either � is a convex polyhedron or �� � C���� then

u� v � L���� T �H������ ������

Furthermore� if u�� v� and b satisfy the assumptions of Corollary 
�� then so	
lutions fu� v� �� w� zg of �P� are such that

u � L���� T �H����� �H���� T �H����� �W ������ T � �H�������� �����a�

v � L���� T �H����� �H���� T �H����� �W ������ T �L������ �����b�

� � L���� T � and w � L���� T �H����� �����c�

for any T 
 � if d � �� and some T 
 � if d 
 �� Moreover� the solution fu� vg
of �P� is unique over �T and we have for all � � �

�
that

ku� u�k
�
L����T �H����� � ku� u�k

�
L����T ��H�������
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� kv � v�k
�
L����T �H����� � kv � v�k

�
L����T �L����� � Cb�T � �� ln�

�
� ��

�� ������

Note that if b 
 � is constant the solution fu� vg of �P� is unique over �T for
any T 
 � and the bounds �
�
�� hold under the minimal assumptions on u�

and v� of Theorem 
���

Proof� As the bounds �����a� and the �rst two bound in �����b� are indepen�
dent of �� it follows that there exist u � L���� T �H����� �H���� T � �H��������
v � L���� T �H����� �H���� T �L������ w � L���� T �H������ z � L���T � and
a subsequence fu�� � v�� � w��� z��g such that as �� � �

u�� � u in L���� T �H����� weak�star and in H���� T � �H������� weakly�

v�� � v in L���� T �H����� weak�star and in H���� T �L����� weakly�

w�� � w in L���� T �H����� weakly and z�� � z in L���T � weakly� ������

The �rst two lines of ������ imply that u�� � u and v�� � v in L���T � strongly
and a�e� as �� � �� Then similarly to �����a�b�� noting this� ����a� and ������ it
follows for a�e� t � ��� T � that as �� � �

�b�u�� � v���rw�� �r��� �b�u� v�rw�r�� � � � H���� �����a�

and �b�u�� � v��� z�� � ��� �b�u� v� z� �� � � � L����� �����b�

Taking the limit �� � � in the non�regularized versions of �����a�b� yields� on
noting �����a�b� and ������� that fu�� v�� w�� z�g satis�es �����a�b�� Next we
note that

lim inf
����

ju�� � v�� j
�
� 	 ju� vj��� ������

In addition the monotonicity of � and the boundedness of � on K yields that

lim sup
����

�� ���u�� � v���� � � �u�� � v����

� lim
����

�� ����� � ��u�� � v���� �� 
 � � � � K� ������

Taking the limit �� � � in the non�regularized version of �����c� with � �
�� � �u�� � v��� for any �� � K and noting ������� the strong convergence in
L���T � of u�� and v�� � ������ and ������ yields �����c� with � � ��� Hence we
have existence of a solution fu� v� w� zg� satisfying �����a�b�� of �P�� The bound
on � following from ������� ������� ������ and the bounds on u and w� The
regularity results ������ and �����a�c� follow from the � independent bounds
������ and �������

We now consider the uniqueness of this solution to �P�� Assuming that ������
has two solutions fui� vi� �ig� i 
 �� �� with corresponding fwi� zig de�ned by
������� then choosing � � uj � vj in the ith version of ������� j �
 i� and
adding together the resulting four inequalities yields for a�e� t � ��� T � that
u��� t� 

 �u� � u����� t� � $� v 

 v� � v� and � 

 �� � �� satisfy the analogue
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of ������ with all ���� subscripts removed� Uniqueness of fu� v� zg over �T � then
follows from the analogue of ������ on noting the regularity results �����a�b� and
������� From ������ and the uniqueness of fu� vg it follows for a�e� t � ��� T � that
� ��� �u� v��� � �u� v��� 
 �� Hence it follows that f��t�� w��� t�g are unique�
provided fu��� t�� v��� t�g �� f�� ��

�
�g or f�� �

�
�g and this can be guaranteed ifR

� u� �
 �
� �

We now prove an error bound between the unique solutions fu� vg and
fu�� v�g of problems �P� and �P��� Let eu 

 u�u� and ev 

 v� v�� Choosing
� � u� � v� � K� see �����b�� in �����c� and � � eu � ev in the non�regularized
version of ������� then adding together the resulting four �in�equalities and not�
ing ������ and ������ yields for a�e� t � ��� T � that

� � jeuj
�
� � jevj

�
� � �

�
�
d
dt �G eu� eu� �

�
�
d
dt �M ev� ev�

� � jeuj
�
� � 	 jevj

�
� �

�
� �

�
�tb� jrG euj

��� �
� �

�
�tb� jMevj

��

� ��G � G��
�u�
�t � eu� � � ��M�M��

�v�
�t � ev�

� � ���u� � v��� eu � ev� � � ���u� � v��� eu � ev�� ������

where for notational convenience b��� � b�u���� v����� G��� � Gu����v��� and M���

�Mu����v��� � We note for all r� s � ��� �� that

�r � s� ��� �ln �r � ���� ln ��� r � ���� ��s�� 	 � �����a�

and j ln �r � ���j � �� ln � if � � ��� �� �� �����b�

It follows from �����a�b� and a H&older inequality that for a�e� t � ��� T �

� ���u� � v��� eu � ev�

� C � �
 ln��
�
� � �
 j��u� � v��j� � � ln��

�
� jeu � evj� �� ������

The desired result ������ then follows from ������ on �rstly treating the �rst six
terms on the right hand side as in the uniqueness proof� ������� by using �������
������� ������� ������� ������� �����a�� �����a�� ������� ������� ������ and �������
secondly bounding the remaining two terms on the right hand side of ������ via
������� then applying H&older#s� Young#s and Gronwall inequalities and noting
������ and the regularity results �����a�b� and �������

Once again for constant b 
 � the uniqueness argument for �P�� and hence the
proof of the bound ������� simpli�es considerably in that the stronger regularity
assumptions �����a�b� and ������ are not required� ut

� Finite Element Approximations

��� Logarithmic Free Energy

Throughout this subsection we assume that the assumptions �A�� hold� We
introduce the following  semidiscrete �nite element approximation! of �P������
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�Ph
������ Find fuh�������� t�� v

h
�������� t�� w

h
�������� t�� z

h
�������� t�g � �Sh�� such that

uh�������� �� 
 Qh

u

����� vh�������� �� 
 Qh

v

���� and for a�e� t � ��� T �

�
�uh�����
�t

� ��h � � b�u������ v������rw
h
������r�� 
 � � � � Sh� ����a�

� �
�vh�����
�t � ��h � � b�u���� v���� z

h
������ �� 
 � � � � Sh� ����b�

� �r�uh����� � vh�������r�� � �� � �����u
h
����� � vh������� ��uh����� � 	 vh������� ��

h


 �wh
����� � zh������ ��

h � � � Sh� ����c�

This is not a true semidiscrete �nite element approximation for non�constant
mobility since for technical reasons� see Remark ��� below� the mobility is
 frozen!� that is� we have b�u������ v������ in place of b�uh������ v

h
������� Hence for

non�constant mobility the problems �Ph������ are not computable�

In addition to the interpolation operator �h and the weighted H� projection
Qh

 � we introduce the  lumped! L� projection bQh

� 
 L����� Sh such that

� bQh
��� ��

h 
 ��� �� � � � Sh� �����

Below we recall some well�known� or easily derived� results concerning Sh and
the above operators� For m 
 � or �� we have that

j�jm�p� � Ch
d�p��p��
p�p� j�jm�p� � � � Sh� � � p� � p� � 
� �����

k�k��� � C �ln �
h �

d�� k�k� � � � Sh� h � h�� d � �� �����

j�I � �h��jm�p� � C h�� j�j��p� � � � W ��p�����

p� � p� � 
� where p� 	 � if d � � or p� 



� if d 
 ��

and either �� 

 ��m� d� �
p�
� �

p�
� 
 � or �� 	 � if p� �
� �����

j�I �Qh

��jm�p � C h�� j�j� � � � H����� p � ���
�

and either �� 

 ��m� d��� �
�
p � 
 � or �� 	 � if p �
� �����

j�I � bQh
���j� � h j�I � bQh

� ��j� � C h j�j� � � � H����� �����

j�j� � j�jh 

 ���� ��h�
�
� � �d� ��

�
� j�j� � � � Sh� �����

j���� ��� � ���� ���
hj � C h��m k��km k��k� � ��� �� � Sh� �����

Since �� is monotone� ����b�� and the partitioning T h is �weakly� acute it follows
for all � � ��� �

�
� that

jr�h������� j
�
� � ����

�
�
� k�� �

�
k���� �r��r�h��������

� �

 �

�� �r��r�h�������� � � � Sh� ������

see ���� and ���� x������� It is easily deduced from ������ ������ and ����b� for all
� � H���� with ��

�� 
 � on �� that

j�I � �h������j
�
� � h� k�h������� k

�
�
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� C ��� h� � j�����j
�
� � �� � ��� h�� j�j�� �� ������

see ��� ����������� If d � �� then one can exploit the concavity of ��� � see ������
to show� on noting ������ that for all � � W ������ with ��

�� 
 � on �� the
improved bound

j�I � �h������ j��� � j�I � �h���� ��� j��� � j�I � �h���� ��� �� j���

� C h� � j��� ���j��� � j��� �� � ��j��� � � C ��� h� j�j��� ������

holds� see ��� �����������

Similarly to ������� it is convenient to introduce the operator bGh 
 Fc � $h

de�ned by

�r bGhf�r�� 
 �f� ��h � � � Sh� ������

where $h 

 f�h � Sh 
 ��h� �� 
 �g � Fc 

 ff � C��� 
 �f� ��h 
 �g� Note
that the analogue of ������ holds
 for all f � Fc� � � Sh and for all � 
 �

�f� ��h � �r bGhf�r�� � j bGhf j�j�j� � �
�� j

bGhf j�� � �
� j�j

�
�� ������

In addition we have for all �h � $h that

h� j�hj� � C� h j�
hjh � C� j bGh�hj� � C
 k�

hk�� � C� j bGh�hj�� ������

The �rst inequality on the left is just an inverse inequality on noting ����� and
holds for all �h � Sh � The second follows from the �rst and ������� The third
and fourth follow from ������� ������ and ������ see ������ and ������ in ���� For

later use� we introduce also cMh 
 C���� Sh de�ned by

�cMhf� �� 
 �f� ��h � � � Sh� ������

Assuming that bmin 
 � and given qi measurable in �� we introduce the
analogue of ������
 Ghq��q� 
 F � $h such that

�b�q�� q��rG
h
q��q�f�r�� 
 hf� �i � � � Sh � ������

It follows immediately from ������� ������ and ����� that for all measurable qi
and f � F that

j�b�q�� q���
�
�r�Gq��q� � G

h
q��q��f j� � j�b�q�� q���

�
�r�I � �h�Gq��q�f j�

� C h jGq��q�f j�� ������

Similarly to ������� we introduce bGhq��q� 
 Fc � $h such that

�b�q�� q��r bGhq��q�f�r�� 
 �f� ��h � � � Sh� ������

The analogues of ������ and ������ hold
 for all f � Fc

bminj�b�q�� q���
�
�r bGhq��q�f j�� � jr bGhf j�� � bmaxj�b�q�� q���

�
�r bGhq��q�f j��� ������
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�f� ��h � �b�q�� q��r bGhq��q�f�r�� � b
�
�
max

h
�f� bGhq��q�f�hi �

�
j�j� � � � Sh� ������

It is easily deduced from ������� ������� ����� and ������ that for qi measurable

k�Ghq��q� �
bGhq��q���hk� � C b��min h

� k�hk� � �h � $h� ������

It follows from ����� that for all p 	 �

j bGhq��q��hj��p � jGq��q��
hj��p � j�Gq��q� � G

h
q��q���

hj��p

�C h
���p�d

�p j�Ghq��q� �
bGhq��q� ��hj� � �h � $h� ������

It follows from ������ ������ �����b� and ������ that for all p 	 �

j�Gq��q� � G
h
q��q���

hj��p

� j�I � �h�Gq��q��
hj��p � C h

���p�d
�p j��h Gq� �q� � G

h
q��q���

hj�

� Cb�kqik��h
���p�d

�p �h j�hj� � j�I � �h�Gq��q��
hj� � j�Gq��q� � G

h
q��q���

hj� �

� Cb�kqik��h
�� ���p�d

�p j�hj� � �h � $h� ������

Combining ������ and ������� and noting ������� ������� ������� ������ �������
�����b�� ������� ������ and ������ yields for all p � ��� �� that

k bGhq��q��hk��p � Cb�kqik�� � jGq��q��
hj��p � h��

���p�d
�p j�hj� �

� Cb�kqik�� k�
hk����� j�hj�� � �h � $h� ������

where � 
 d�p���
�p � Finally the bGhq��q� analogue of ������ follows from �������

������ and a Young#s inequality


j� ��tb�q�� q��� jr
bGhq��q��hj��j � 


� j�
hj�� � Cb�kqik�� j

�
�tb�q�� q��j

�
��d

� k�hk���

� �h � $h� ������

Assuming that bmin 
 � and given qi measurable in �� we introduce the
analogue of ������
 Mh

q��q� 
 L����� Sh such that

�b�q�� q��M
h
q��q�f� �� 
 �f� �� � � � Sh� ������

It follows immediately from ������� ������ and ����� that for all measurable qi
and f � H���� that

j�b�q�� q���
�
� �Mq��q� �M

h
q��q��f j� � j�b�q�� q���

�
� �I � bQh

� �Mq��q�f j�

� C h jMq��q�f j�� ������

Similarly to ������� we introduce cMh
q��q� 
 C���� Sh such that

�b�q�� q��cMh
q��q�f� �� 
 �f� ��h � � � Sh� ������
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It follows from ������� ������ and ����� that

j�hj�� � jcMh�hj�� � bmax j�b�q�� q���
�
� cMh

q��q��
hj��

� bmax b
��
min �d� ��� j�hj�� � �h � Sh� ������

It is easily deduced from ������� ������� and ����� that for qi measurable

j�Mh
q��q� �

cMh
q��q���

hj� � C b��min h k�
hk� � �h � Sh� ������

It follows from ����� that for all p 	 �

jcMh
q��q�

�hj��p � jMq��q��
hj��p � j�Mq��q� �M

h
q��q�

��hj��p

� C h
���p�d

�p j�Mh
q��q� �

cMh
q��q���

hj� � �h � Sh� ������

It follows from ������ ������� ������ ������� �����b� and ������ that for all p � ��� ��

j�Mq��q� �M
h
q��q�

��hj��p

� j�I � bQh
��Mq��q��

hj��p �C h
���p�d

�p j� bQh
�Mq��q� �M

h
q��q�

��hj�

� Cb�kqik�h
�� ���p�d

�p k�hk� � �h � Sh� ������

Combining ������ and ������� and noting ������� ������� ������ ������ and ������
yields for all p � ��� �� that

jcMh
q��q�

�hj��p � Cb�kqik�� � jMq��q��
hj��p � h��

���p�d
�p k�hk� �

� Cb�kqik�� j�
hj����� k�hk��� � �h � Sh � ������

where � 
 d�p���
�p � Finally the cMh

q��q� analogue of ������ follows from �������

������ and a Young#s inequality


j� �
�t
b�q�� q��� jcMh

q��q�
�hj��j � 


� k�
hk�� � Cb�kqik�� j

�
�t
b�q�� q��j

�
��d

� j�hj��

� �h � Sh� ������

Choosing � � � in ����a� yields that �
�uh�����
�t � ��h 
 �� i�e� �uh�������� t�� �� 


�Qh

u

����� �� 
 �u�� �� for all t� Hence� similarly to �����a�b�� it follows from
����a�b�� ������� ����b�� ������� ������ and ����c� with � � � that

wh
����� � � bGhu������v����� �uh������t � �h������ zh����� � �� cMh

u������v�����

�vh�����
�t

�����a�

and �h����� 


R
� �h� � �����u

h
����� � vh������ � � �����u

h
����� � vh������ � �uh����� ��

�����b�

It is convenient to introduce

Shm 

 f� � Sh 

R
� � 
 m 



R
� u� g� ������
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Therefore for bmin 
 �� �Ph������ can be rewritten as


Find fuh������ v
h
�����g � Shm � Sh such that uh�������� �� 
 Qh


u
����� vh�������� �� 


Qh

v

���� and for a�e� t � ��� T �

� �r�uh����� � vh�������r��

� � bGhu������v����� �uh������t
� �h����� � � cMh

u������v�����

�vh�����
�t

� ��h

� �� � �����u
h
����� � vh������� ��uh����� � 	 vh������� ��

h 
 � � � � Sh � ������

where �h����� is de�ned by �����b� and fwh
������ z

h
�����g can be obtained from

�����a�� Theorems ��� and ��� below are adaptations to �Ph� � of Theorems ���
and ��� in ��� for a multi�component Cahn�Hilliard system with a concentration
dependent mobility matrix�

Theorem� ���� Let u� � H
���� v� � H����� �u�

�� 
 �v�

�� 
 � on �� and
� � ��� �� � be such that ku� � v� � �

�k��� � �
� � �� Let b satisfy ����a�b� and let

the assumptions �A�� hold� Then for all � � �max� � � ��� where ����� �� 


minf���

�
��g� and for all h � h� such that kQh


�u
� � v�� � �

�k��� � �
� �� � ��

there exists a unique solution fuh������ v
h
������ w

h
������ z

h
�����g to �Ph������ on �T for

any T 
 � if d � � or if b 
 � is constant� and for some T 
 � if d 
 � and
b is non	constant� such that the following stability bounds hold independently of
�� � and h

kuh�����kL����T �H����� � k
�uh�����
�t kL����T ��H�������

� kvh�����kL����T �H����� � k
�vh�����
�t kL���T � � C� �����a�

� k�h�uh����� � vh�������k
�
L����T �L�����

� � k�h�uh����� � vh����� � ���k
�
L����T �L����� � C �� �����b�

k�h�����kL����T � � kwh
�����kL����T �H����� � � k�h����u

h
����� � vh�������kL���T �

� kzh�����kL���T � � �� ��
�
� k�h����u

h
����� � vh�������kL����T �H����� � Cb�T ��

�����c�

Furthermore� the unique solutions of �Ph� � and �Ph���� satisfy u
h
� � vh� ��� t� � Kh

for a�e� t � ��� T � and

k
�uh�����
�t kL����T �H����� � k

�uh�����
�t kL����T ��H�������

� k
�vh�����
�t kL����T �H����� � k

�vh�����
�t kL����T �L����� � Cb�T �� ������

kuh� � uh���k
�
L����T �H����� � kuh� � uh���k

�
L����T ��H�������

� kvh� � vh���k
�
L����T �H����� � kvh� � vh���k

�
L����T �L����� � Cb�T � �

�� �� ������

Proof� The existence of a solution to �Ph���� with the resulting bounds �����a�

c� for fuh���� v
h
���� w

h
���� z

h
���g is a simple analogue of that for �P����� see Theorem
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��� above� We just highlight the three main di�erences� Firstly� it follows from
������ and the assumptions on u� and v� that for all h 
 �

kQh

u

�k� � C� ku
�k� � C� and kQh


v
�k� � C
 kv

�k� � C�� ������

Secondly ������ the assumption ku� � v� � �
�k��� � �

� � � for some � � ��� �� ��
����� and ����a�b� yield that there exists a h� 
 � such that for all h � h�

kQh

�u

� � v��� �
�k��� � �

���� �� 
� ������Qh

u

�� Qh

v

��� ��h � C� ������

Finally� the last bound in �����c� follows by choosing � � �� �h����uh����v
h
������

�h��� in the regularized versions of ������ and noting ������� which yields the
analogue of �������

As the mobility is  frozen!� the proof of uniqueness of a solution to �Ph����
is simpler than that of �P����� Once again� we just stress the main di�erences�
Let uh��� 

 �uh����� � �uh����� � $h and vh��� 

 �vh����� � �vh����� � Sh� where

f�uh����i� �v
h
����ig are solutions to �Ph����� It follows from ������ and the bGhq��q� �cMh

q��q�
analogues of ������� ������ that for a�e� t � ��� T �

� � juh���j
�
� � jvh���j

�
� � �

�
�
d
dt �

bGhu����v���uh���� uh����h � �
�
d
dt �

cMh
u����v���v

h
���� v

h
����

h

� � juh���j
�
h � 	 jvh���j

�
h

� �
� �

�
�tb�u���� v����� jr

bGhu����v���uh���j� � � jcMh
u����v���v

h
���j

��� ������

Applying ������� ������ ������� ������� ������� ������� ������� ������� ������� on
noting ����b� and ������� and Young and Gronwall inequalities to ������ yields
the desired uniqueness result for �Ph�����

The bounds ������ for uh���� v
h
��� follow in a similar fashion to their analogues

for u���� v���� see ������� However� once again due to the  frozen! mobility their
proof is simpler� Di�erentiating the regularized version of ������ with respect
to t� choosing � � �

�t�u
h
��� � vh����� adding together these � versions� noting

������ 	 � and the bGhq��q� and cMh
q��q� analogues of ������ and ������� respectively�

yields for a�e� t � ��� T � that

� � j
�uh���
�t j�� � j

�vh���
�t j�� � �

�
�
d
dt �

bGhu����v��� �uh����t �
�uh���
�t �h

� �
�
d
dt �

cMh
u����v���

�vh���
�t �

�vh���
�t �h � � j

�uh���
�t j�h � 	 j

�vh���
�t j

�
h

� �
� �

�
�t
b�u���� v����� jr bGhu����v��� �uh����t

j� � � jcMh
u����v���

�vh���
�t

j��� ������

It follows from ����c�� ������� �u
�

��

 �v�

��

 � on �� and ����� that

�wh
��� � zh������� �� 
 bQh

� ����� �I �Qh

 � ��u

� � v�����

� �� �h����Q
h

 �u

� � v�������� Qh

��u

� � 	 v������ ������
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Hence it follows from ������� �����a�� ������ ������� ������� ������� ����� and �����
as � � �

�
� that

j bGhu����v��� �uh����t
��� ��j� � C � ku�k
 � kv�k� � ������

�
�
�� �ku�k� � kv�k�� �

� C � ku�k
 � kv�k� �� �����a�

jcMh
u����v���

�vh���
�t

��� ��j� � C � kv�k� � ku�k� � �����
�
�
�� �

� C � kv�k� � ku�k� �� �����b�

Applying ������� ������ ������� ������� ������� ������� ������� ������� ������� ����b��
������ and Young and Gronwall inequalities to ������ yields� on noting �����a�b�
and ������� the desired results ������ for uh��� and vh����

Existence of a solution fuh� � v
h
� � w

h
� � z

h
� g to �Ph� � with the corresponding bou�

nds �����a�c� and ������ follow by letting � � � in �Ph����� this is a simple
adaption of the argument for �P�� from �P����� see Theorem ��� above� Unique�
ness of this solution follows as for �Ph����� Finally� we need to prove the error
bound ������� This is a semidiscrete analogue of the result ������� which is
also proved in Theorem ��� above� This proof is easily adapted to prove ������
on noting ������� ������� ������ and the two results below� Firstly� on setting

e
�h�
u 

 u

�h�
� �u

�h�
��� and e

�h�
v 

 v

�h�
� �v

�h�
��� � we have from ������� the bGhq��q� version

of ������� ������� ������� ������� ������ and a Young#s inequality that

j�� bGhu��v� � bGhu����v�����uh����t � ehu�
hj

� C j� bGhu��v� � bGhu����v�����uh����t j�
h
� bGhu��v�ehu� ehu�hi �

�

� Cb � jeuj���� jevj��� � j bGhu����v��� �uh����t j���
h
� bGhu��v�ehu� ehu�hi��

� keuk
�
� � kevk

�
� � Cb�ku���k�� kv���k�� k

�uh���
�t

k�� � bGhu��v�ehu� ehu�h� ������

Similarly� we have from ������ the cMh
q��q�

version of ������� ������� ������� �������
������ and a Young#s inequality that

j��cMh
u��v�

� cMh
u����v���

�
�vh���
�t

� ehv�
hj

� keuk
�
� � kevk

�
� � Cb�ku���k�� kv���k�� k

�vh���
�t k�� �

cMh
u��v�e

h
v � e

h
v�
h� ������

ut

Theorem� ���� Let the assumptions of Theorem ��� hold� Then we have for all
� � �max� � � �� and for all h � h�� such that kQh


�u
��v��� �

�k��� � �
�������

that the unique solutions of �P���� and �Ph���� satisfy

ku��� � uh���k
�
L����T �H����� � ku��� � uh���k

�
L����T ��H�������

� kv��� � vh���k
�
L����T �H����� � kv��� � vh���k

�
L����T �L�����
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�

�
Cb�T �



h� � ���h��ln �

h �
��d���

�
if d � ��

Cb�T �


���h� � ���h�

�
if d 
 � and b is constant�

������

Moreover� the unique solutions of �P�� and �Ph� � satisfy

ku� � uh�k
�
L����T �H����� � ku� � uh�k

�
L����T ��H�������

� kv� � vh� k
�
L����T �H����� � kv� � vh� k

�
L����T �L�����

�

�
Cb�T �h

�
� �ln �

h
�
��d���

� if d � ��

Cb�T �h if d 
 � and b is constant�
������

Proof� For a�e� t � ��� T �� we set eu 

 u��� � uh��� � $� ev 

 v��� � vh����

eAu 

 �I � �h�u���� eAv 

 �I � �h�v��� and ehu 

 �hu��� � uh���� e
h
v 

 �hv��� �

vh��� � Sh � We note for future reference that
R
� ehu 
 �

R
� eAu � On subtracting

the regularized version of ������ from the regularized version of ������� it follows
for a�e� t � ��� T � that

��r�eu � ev��r�� � �Gu����v���
�eu
�t � �Mu����v���

�ev
�t � ��

� �� ����u��� � v���� � ���u
h
��� � vh����� ��

h 
 ��eu � 	 ev � ����� � �h����� ��

� � � bGhu����v��� �uh����t � ��h � �Gu����v���
�uh���
�t � �� �� � � �cMh

u����v���

�vh���
�t � ��h

� �Mu����v���
�vh���
�t � �� � � � ��� ���u��� � v���� � ��uh��� � 	 vh����� ��

h

� ��� ���u��� � v����� ��uh��� � 	 vh����� �� � � � � Sh� ������

Adding together the � versions of ������ with � � ehu � ehv � respectively� and
noting ����b�� ������� ������� ������� ������� ������� ������ ������� ������� ������
������� ������� ������� ������� ������ and a Young#s inequality yields for a�e�
t � ��� T � that

� � jeuj
�
� � jevj

�
� � � �G�

�eu
�t � eu� � � �M�

�ev
�t � ev�

� � � jeuj
�
� � jevj

�
� � � �G�

�eu
�t

� eu� � � �M�
�ev
�t
� ev�

� � ����u��� � v���� � ���u
h
��� � vh����� e

h
u � ehv �

h

� � ����u��� � v���� � ���u
h
��� � vh����� e

h
u � ehv �

h


 �� eu� e
h
u� � �	 ev� e

h
v� � � � �reu�re

A
u � � �rev�re

A
v � �

� �G�
�eu
�t � e

A
u � � � �M�

�ev
�t � e

A
v �� ����� � �h���� e

A
u �

� � � bGh� �uh����t � ehu�
h � � bGh� �uh���

�t � ehu� � � �� bGh� � G���uh����t � ehu�

� � � �cMh
�
�vh���
�t � ehv �

h � �cMh
�
�vh���
�t � ehv� � � � ��cMh

� �M��
�vh���
�t � ehv�

� � � ����u��� � v����� e
h
u � ehv �

h � ����u��� � v����� e
h
u � ehv � �

� � � ����u��� � v����� e
h
u � ehv �

h � ����u��� � v����� e
h
u � ehv � �

� � � �uh���� e
h
u� � �uh���� e

h
u�
h � � 	 � �vh���� e

h
v�� �vh���� e

h
v �
h �
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� 

� � jeuj

�
� � jevj

�
� � � C � keuk

�
�� � jevj

�
� � keAu k

�
� � keAv k

�
� �

� Cb � k
�eu
�t
k�� � j����j� j�h���j � je

A
u j� � Cb j

�ev
�t
j� jeAv j�

� Cb h
� � j

�uh���
�t

j�� � k
�vh���
�t

k�� � �C h� � kuh���k
�
� � kvh���k

�
� �

� C h� � k�h����u��� � v�����k
�
� � k�h����u��� � v�����k

�
� �

� � j��I � �h����u��� � v����� e
h
u � ehv �j

� � j��I � �h����u��� � v����� e
h
u � ehv �j� ������

where ehu 

 �I �
R
� �ehu � $h and for notational convenience G� � Gu����v����bGh� � bGhu����v���� M� �Mu����v��� and cMh

� �
cMh

u����v���
�

We now bound the terms on the right hand side of ������� In the case d � �
we have from ����� and ������ for a�e� t � ��� T � that

j��I � �h����u��� � v����� e
h
u � ehv �j

� C ��� h� �ln �
h
�d�� ju��� � v���j��� kehu � ehvk�� ������

Combining ������� ������ and ������� and noting ������� ������� ������� ������
������� ����� and a Young#s inequality yields for a�e� t � ��� T � that

� � jeuj
�
� � jevj

�
� � �

d
dt �G�eu� eu� � � d

dt �M�ev� ev�

� 


� � jeuj

�
� � jevj

�
� � � Cb�T � � � � j ��tb�u���� v����j

�
��d

� � � keuk
�
�� � jevj

�
� �

� C �h� � ��� h� �ln �
h �

��d���� � ku���k
�
� � kv���k

�
� �

� Cb h
� � j

�uh���
�t j�� � k

�vh���
�t k

�
� � k�eu�t k

�
�� � j�ev�t j

�
� � j����j� � j�h���j

� �

� C ��� h� � j���u��� � v����j
�
� � j���u��� � v����j

�
� �

� C h� � kuh���k
�
� � kvh���k

�
� �� ������

The desired result ������ for d � � then follows from applying a Gronwall
inequality to ������ and noting ����b�� ������� ������� �����a�c�� ������� �������
������� ������� ������ and ������

For the case d 
 � we do not have the bound ������� so we have to use ������
instead and this leads to the inferior bound in �������

Finally the bounds ������ follow immediately from ������� ������ and ������

on choosing � 
 Ch
�
� �ln �

h �
��d���

� � �� if d � � and � 
 Ch � �� if d 
 � and b
is constant� ut

Remark� ���� If we replaced b�u������ v������ by b�u
h
������ v

h
������ in ����a�b�� that

is� considered the natural semidiscrete �nite element approximation� then this
would lead to a number of di�culties� Uniqueness of a solution to �Ph������ on

�T and the regularization bound ������ would not follow immediately� since the
present proofs use for example the bounds ���
�� and ������ which exploit the
H���� bounds on u����� and v������ see �
���� and �
�����
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��� The Deep Quench Limit

Similarly to ������ and �����a� the corresponding  semidiscrete �nite element
approximation! of �P� can be rewritten as

�Ph� Find fuh� vh� �hg � Shm � Sh �R such that uh��� �� 
 Qh


u
����� vh��� �� 


Qh

v

���� and for a�e� t � ��� T �� uh��� t�� vh��� t� � Kh and

� �r�uh � vh��r��� �uh � vh��� � � bGhu�v �uh�t � � cMh
u�v

�vh

�t
� �� �uh � vh��h

	 ��h � �uh � 	 vh� �� �uh � vh��h � � � Kh ������

with wh � � bGhu�v �uh�t � �h� zh � �� cMh
u�v

�vh

�t � ������

The following theorem is an adaption to �Ph� of Theorem ��� in ��� for a deep
quench multi�component Cahn�Hilliard system with a concentration dependent
mobility matrix�

Theorem� ���� Let u�� v� and b satisfy the assumptions of Theorem ���� Let
the assumptions �A� hold� Then for all h � h� such that kQh


�u
��v��� �

�k��� �
�
� there exists a solution fuh� vh� �h� wh� zhg to �Ph� on �T for any T 
 � if
d � � or if b 
 � is constant� and for some T 
 � if d 
 � and b is non	constant�
such that the following stability bounds hold independently of h

kuhkL����T �H����� � k�u
h

�t
kL����T ��H�������

� kvhkL����T �H����� � k�v
h

�t
kL���T � � C� �����a�

k�u
h

�t kL����T ��H������� � k�u
h

�t kL����T �H����� � k�v
h

�t kL����T �L�����

� k�v
h

�t kL����T �H����� � k�hkL����T � � Cb�T �� �����b�

In addition the solution fuh� vhg is unique over �T � Furthermore� these unique
solutions fu� vg and fuh� vhg of �P� and �Ph� satisfy

ku� uhk�L����T �H����� � ku� uhk�L����T ��H�������

� kv � vhk�L����T �H����� � kv � vhk�L����T �L����� � Cb�T �h
�� ������

Proof� One could prove existence of a solution to �Ph� and the corresponding
bounds �����a�b� by passing to the limit � � � in �Ph� �� This would be an
analogue of the existence proof for �P�� see Theorem ��� above� However� this
approach would require the more restrictive assumptions �A�� on the mesh�
An alternative approach is to discretize �Ph� in time yielding the analogue of
�Ph�� � with a  frozen! b� Then prove existence and a priori bounds for this
fully discrete scheme� which is a simple adaption of Theorem ��� below� and
then pass to the limit � � � to prove the existence of a solution to �Ph� and
the corresponding bounds �����a�b�� which are the analogues of �����a�c� and
�������

Uniqueness of the solution fuh� vh� zhg to �Ph� follows as for �Ph������� see

������� Similarly to �P�� see the proof of Theorem ��� above� we can not guar�
antee the uniqueness of �h and hence wh if

R
� u� 
 �

� �
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Finally we prove the error bound ������� For a�e� t � ��� T �� we set eu 


u � uh � $� ev 

 v � vh� eAu 

 �I � �h�u� eAv 

 �I � �h�v and ehu 


�hu � uh� ehv 

 �hv � vh � Sh� Choosing � � uh � vh � Kh � K in �������
� � �h�u � v� � Kh in ������� adding together the four resulting inequalities
and rearranging yields� similarly to ������� for a�e� t � ��� T � that

� � jeuj
�
� � jevj

�
� � � �Gu�v

�eu
�t � eu� � � �Mu�v

�ev
�t � ev�

� �� eu� e
h
u� � �	 ev� e

h
v � � � � �reu�re

A
u � � �rev�re

A
v � �

� �Gu�v
�eu
�t � e

A
u � � � �Mu�v

�ev
�t � e

A
v �

� ���u � Gu�v
�u
�t

� �u� �h� eAu � � ���v � �Mu�v
�v
�t

� 	 v� eAv �

� � � bGhu�v �uh�t � ehu�h � � bGhu�v �uh�t � ehu� � � �� bGhu�v � Gu�v��uh�t � ehu�
� � � �cMh

u�v
�vh

�t � e
h
v�
h � �cMh

u�v
�vh

�t � e
h
v� � � � ��cMh

u�v �Mu�v�
�vh

�t � e
h
v�

� � � �uh� ehu� � �uh� ehu�
h � � 	 � �vh� ehv �� �vh � ehv�

h �� ������

where ehu 

 �I �
R
� �ehu � $h� On noting the bounds �����a�b� and �����a�b��

the remainder of the proof of ������ follows the techniques used in ������ and
������ above� ut

� Fully Discrete Approximations

��� Logarithmic Free Energy

We now consider the fully discrete approximation �Ph��� �� see �����a�c�� to �P���
Choosing � � � in �����a� yields that

R
� Un

� 

R
� U�

� 

R
� u�� n 
 � � N �

Hence� similarly to �����a�b�� it follows from �����a�b�� ������� ����b�� �������
������ and �����c� with � � � that for n 
 �� N

Wn
� � � bG��hn��



Un
� �U

n��
�

�n

�
�'n

� � Zn
� � �� cM��h

n��



V n
� �V

n��
�

�n

�
����a�

and 'n
� 



R
� �h� � ��Un

� � V n
� � � � ��Un

� � V n
� � � �Un��

� �� ����b�

where for notational convenience we set bG��hn�� � bGh
Un��
�

�V n��
�

and cM��h
n�� �cMh

Un��
�

�V n��
�

throughout this section� Therefore for bmin 
 �� �Ph��� � can be

rewritten as

Let U�

� � Qh

u

� and V �
� � Qh


v
�� For n 
 � � N � �nd fUn

� � V
n
� g � Shm � Sh

such that

� �r�Un
� � V n

� ��r�� � � bG��hn��



Un
� �U

n��
�

�n

�
� 'n

� � � cM��h
n��



V n
� �V

n��
�

�n

�
� ��h

� �� � ��Un
� � V n

� � � ��Un��
� � 	 V n��

� �� ��h 
 � � � � Sh � �����

where 'n
� is de�ned by ����b� and fWn

� � Z
n
� g can be obtained from ����a�� For

later use� we introduce the discrete Lyapunov functional J h
����� 
 �Sh�� � R

de�ned by

J h
��������� ��� 





� � j��j

�
� � j��j

�
� � � ����������� ���� ��

h � ��� �� � Sh� �����
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Theorems ��� and ��� below are adaptations to �Ph��� � of Theorems ��� and ��� in
��� for a multi�component Cahn�Hilliard system with a concentration dependent
mobility matrix�

Theorem� ���� Let � � �max and b satisfy ����a� with bmin 
 �� Let the
assumptions on u�� v� of Theorem 
�� and �A�� hold� Then for all h � h� such
that kQh


�u
��v��� �

�k��� � �
� and for all time partitions f�ngNn
� of ��� T � there

exists a unique solution fUn
� � V

n
� �W

n
� � Z

n
� g

N
n
� to �Ph��� � such that

max
n
��N

� kUn
� k

�
� � kV n

� k
�
� � �

NX
n
�

� kUn
� � Un��

� k�� � jV n
� � V n��

� j�� �

�
NX
n
�

�n � k
Un
� �U

n��
�

�n
k��� � j

V n
� �V

n��
�

�n
j�� � C� ����a�

NX
n
�

�n � �
� j�h���Un

� � V n
� �� j�� � j'n

� j
� � kWn

� k
�
� � jZn

� j
�
� � � Cb� ����b�

Furthermore� Un
� � Shm and Un

� � V n
� � Kh� n 
 �� N � in fact

� � Un
� � V n

� � � n 
 �� N� �����

Proof� From our assumptions on u�� v�� Qh

�u

� � v��� and ������� ������ and
����b� we have for all h � h� that

U� � Shm� U�
� � V �

� � Kh� kU�
� k

�
� � kV �

� k
�
� � ����U

�
� � V

�
� �� ��

h � C� �����

For n 
 � � N � given Un��
� � Shm with Un��

� � V n��
� � Kh and kUn��

� k� �
kV n��

� k� � C� we prove existence of fUn
� � V

n
� g satisfying ����� by considering

the regularized version for � � ��

Find fUn

���� V
n
���g � Shm � Sh such that

� �r�Un
��� � V n

�����r�� � � bG��hn��

�
Un
����U

n��
�

�n

�
� � cM��h

n��

�
V n
����V

n��
�

�n

�
� ��h

� �� � ���U
n
��� � V n

����� 'n��� � ��Un��
� � 	 V n��

� �� ��h 
 � � � � Sh� �����

where 'n��� 


R
� �h� � ���U

n
��� � V n

���� � � ���U
n
��� � V n

����� �Un��
� �� �����

Existence and uniqueness of fUn
���� V

n
���g follows by noting that ����� is the Euler�

Lagrange equation of the strictly convex minimization problem

min
���Shm � ���Sh

n


� � j��j

�
� � j��j�� � � � � ����� � ��� � ����� � ���� ��h

� �
��n

j � b�n�� �
�
�r bG��hn����� � Un��

� � j�� � � �Un��
� � ���h

� �
��n

j � b�n�� �
�
� cM��h

n����� � V n��
� � j�� � 	 �V n��

� � ���h
o
� �����
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where for notational convenience we set b�n�� � b�Un��
� � V n��

� � throughout this
section� Choosing � � �Un

��� � Un
� � � �V n

��� � V n
� � � Sh in ������ then adding

together these � versions yields that

� � �rUn
����r�Un

��� � Un��
� �� � �rV n

����r�V n
��� � V n��

� �� �

� � ����U
n
��� � V n

����� �U
n
��� � Un��

� � � �V n
��� � V n��

� ��h

� � ����U
n
��� � V n

����� �U
n
��� � Un��

� �� �V n
��� � V n��

� ��h

� �n j � b
�
n�� �

�
�r bG��hn��

�
Un
����U

n��
�

�n

�
j�� � �n � j � b

�
n�� �

�
� cM��h

n��

�
V n
����V

n��
�

�n

�
j��


 � �Un��
� � Un

��� � Un��
� �h � 	 �V n��

� � V n
��� � V n��

� �h� ������

Rearranging ������ on noting the convexity of �� and the identity

��s � r�s 
 s� � r� � �s � r�� � r� s � R� ������

yields that



� � jU

n
���j

�
� � jV n

���j
�
� � jU

n��
� j�� � jV

n��
� j�� � jUn

��� � Un��
� j�� � jV n

��� � V n��
� j�� �

� � ����U
n
��� � V n

���� � ���U
n
��� � V n

����� ��
h

� � ����U
n��
� � V n��

� � � ���U
n��
� � V n��

� �� ��h

� �n j � b
�
n�� �

�
�r bG��hn��

�
Un
����U

n��
�

�n

�
j�� � �n � j � b�n�� �

�
� cM��h

n��

�
V n
����V

n��
�

�n

�
j��

� � �Un��
� � Un

��� � Un��
� �h � 	 �V n��

� � V n
��� � V n��

� �h

� 

� � jU

n
���j

�
h � jU

n��
� j�h � �

�
� � jV

n
���j

�
h � jV

n��
� j�h �� ������

On noting ������ ������ ����a�b�� Un
��� � Un��

� � $h and our assumptions on

Un��
� � V n��

� � it follows from ������ that

J h
����U

n
���� V

n
���� �



� � jU

n
��� � Un��

� j�� � jV n
��� � V n��

� j�� �

� �n j � b
�
n�� �

�
�r bG��hn��

�
Un
����U

n��
�

�n

�
j�� � �n � j � b�n�� �

�
� cM��h

n��

�
V n
����V

n��
�

�n

�
j��

� J h
����U

n��
� � V n��

� � � C� ������

Hence on noting ������� ����� and ����� there exist positive constants Ci� inde�
pendent of �� �� h and �n� such that

C� � kU
n
���k

�
� � kV n

���k
�
� ��C� � J h

����U
n
���� V

n
���� � C� ������

On choosing � � �n ��� �
h����U

n
��� � V n

����� � 'n���� in ������ we have the
analogue of ������ on noting ������� a Young#s inequality� ������ ������� ����a��
our assumptions on Un��

� and V n��
� � and ������

�n �


��� � j�

h����U
n
��� � V n

����� j
�
� �

�
� j� � ���U

n
��� � V n

����� 'n
���j

�
h �
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� �
��n j

bG��hn��

�
Un
����U

n��
�

�n

�
� � cM��h

n��

�
V n
����V

n��
�

�n

�
� ��Un��

� � 	 V n��
� �j�h

� �nCb � � � j � b�n�� �
�
�r bG��hn��

�
Un
����U

n��
�

�n

�
j��

� j � b�n�� �
�
� cM��h

n��

�
V n
����V

n��
�

�n

�
j�� � � Cb� ������

Similarly to ������� on choosing � � �Un
��� � V n

���� � � in ������ adding together
the resulting � versions� choosing � 
 � and �� and noting ������� ������� �������
the convexity of ��� ����a�b�� ������ the assumptions on u� and ������ we have
that

�n j'
n
���j

� � �nCb � � � j � b�n�� �
�
�r bG��hn��

�
Un
����U

n��
�

�n

�
j��

� j � b�n�� �
�
� cM��h

n��

�
V n
����V

n��
�

�n

�
j�� � � Cb� ������

It follows from ������ that there exist Un
� � Shm and V n

� � Sh and subse�
quences fUn

���� � V
n
����g such that Un

���� � Un
� and V n

���� � V n
� as �� � �� It follows

from ������ and ������ that there exist �n� � Sh such that �h�����Un
�����V

n
���� ���

�n� as �� � �� Noting that ������ � C��R� and ����
���s� � ����s� as � � ��

for all s � R� we have that �n� � �h���Un
� � V n

� ��� Therefore we may pass to
the limit �� � � in ����� to prove existence of a solution to ����� at time level
tn� Uniqueness of fUn

� � V
n
� g follows� as for fUn

���� V
n
���g� from the monotonicity

of �� Hence noting ����a�b�� we have existence and uniqueness of a solution
fUn

� � V
n
� �W

n
� � Z

n
� g to �����a�c� at time level tn� In addition non�regularized

versions of the bounds ������������� hold� that is� with the � subscript removed
and � 
 � on the left hand side of ������� The non�regularized versions of �������
������ and ������ immediately yield ����� and the �rst two bounds in ����a� for
Un
� and V n

� � Hence we have these bounds for n 
 � � N by the above in�
duction process� Finally� summing the non�regularized versions of ������� ������
and ������� and noting ������ ������� ����a�b�� ������� ������ and ������ yield the
summation bounds in ����a�b�� ut

Given u�� v� satisfying the assumptions of Theorem ��� above� we introduce
for the purposes of the analysis below W �

� � Z
�
� � Sh de�ned by

�W �
� � Z�

� � ��
h 
 �����u� � v��� �� � ��� ��U�

� � V �
� � � ��U�

� � 	 V �
� �� ��

h

� � � Sh � ������

Hence we have that

W �
� � Z�

� � �� bQh
� ���u� � v��� � � � �h���U�

� � V �
� ��� ��U�

� � 	 V �
� �� ������

Similarly to �����a�b�� it follows from ������� ������ ����b�� ������� ����� and the
assumptions on u�� v� that for all h � h�� de�ned as in Theorem ��� above�

kW �
� k� � jZ�

� j� � C


ku�k
 � kv�k�

�
� C� ������
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Theorem� ���� Let u� � H
���� v� � H����� �u�

��

 �v�

��

 � on �� and

� � ��� �� � be such that ku��v�� �
�k��� � �

���� Let either d � � with b satisfying
����a�b� or d 
 � with b 
 � constant� Let � � �max and the assumptions �A��
hold� Then for all h � h� such that kQh


�u
� � v�� � �

�k��� � �
��� � �� and for

all partitions f�ngNn
� of ��� T � such that �n����n � C� n 
 �� N � the unique

solution fUn
� � V

n
� �W

n
� � Z

n
� g

N
n
� to �Ph��t� � satis�es

NX
n
�

�n � k
Un
� �U

n��
�

�n
k�� � k

V n
� �V

n��
�

�n
k�� � � max

n
��N
� j�b�n���

�
�rWn
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�
� � j�b�n���

�
�Zn
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�
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NX
n
�

�n �
��Un
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n
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�
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�

�n
�
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n
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�
�V n��
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�
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�
NX
n
�
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�
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� �Wn��
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�
� �Zn
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�
N��X
n
�

j�b�n � b�n��� jrW
n
� j

� � jZn
� j

��j � Cb� ������

Proof� Let Dn
� 

 �Un

� � Un��
� ���n � $h and Fn

� 

 �V n
� � V n��

� ���n � Sh�
n 
 �� N � It follows from �����c� and ������ for n 	 � that

� �n jD
n
� � Fn

� j
�
� � � � ���Un

� � V n
� �� ��Un��

� � V n��
� �� Dn

� � Fn
� �
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 ��Wn
� �Wn��
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� � Zn��

� �� Dn
� � Fn

� �
h

�

�
� �r� �u� � U�
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� � ��r�D�

� � F �
� �� if n 
 ��

�n�� ��D
n��
� � 	 Fn��

� � Dn
� � Fn

� �
h if n 	 ��

������

Adding together the � versions of ������ and noting �����a�b� with � � Wn
� �

Wn��
� and � � Zn

� �Zn��
� � respectively� and noting ������ and ������ yields for

n 	 � that

� �n � jD
n
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�
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�
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h
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� �
h
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�
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n
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� �Wn��
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� � Zn��
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 d�n 

 �
�
�b�n��� jrW

n��
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�

�
� �U�

� � u�� D�
�� � �V �
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 ��
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n��
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h � if n 	 ��
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It follows from ������� ������� ������� ������� ������� ������� ����a�� ������� �����
and a Young#s inequality that
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� j� � ���jZn��

� j�� � 

� �n � jD

n
� j

�
� � jFn

� j
�
� �
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� �
� � �b

�
n�� � b�n���� jrW

n��
� j� � ���jZn��

� j��

� Cb
��n���

�

�n
� kDn��

� k��� � jFn��
� j�� � if n 	 �� �����b�

Similarly to ������� we have from ����a�b�� ������� ������� a Young#s inequality
and ����� that for n 	 �

j� �
b�n���b

�
n��

�n��
�� jrWn��

� j� � ���jZn��
� j��j

� 

� � jD

n��
� j�� � kFn��

� k�� � � C � jWn��
� j��������� � jZn��

� j��������� �

� 

�
� jDn��

� j�� � kFn��
� k�� � � C � jWn��

� j������� � jZn��
� j������� � �C � h��d�

������

where � 
 � for d 
 �� and for any � 
 � for d 
 �� For b constant the above
term is zero and the argument below simpli�es considerably� We set r� 

 �
and for n 	 �

pn 

 

� �n � jD

n
� j

�
� � jFn

� j
�
� �� qn 

 �

� �b
�
n��� jrW

n
� j

� � ���jZn
� j

���

rn 

 maxfpn � qn� rn��g� sn 

 C � kDn
� k

�
�� � jFn

� j
�
� � jFn��

� j�� � � C �h��d

and yn 

 C qn � sn� ������

It follows from ����b� and if � � Ch�d that

N��X
n
�

�n yn 
 C
N��X
n
�

�n qn �
N��X
n
�

�n sn � Cb �� � � h��d� � Cb� ������

It follows from ������� ������� �����a�� ������ and ����� that r� � C� It follows
from ������� ������� �����b�� ������ and the assumption �n����n � C that for
n 	 �

maxf�� qn��g � rn�� � rn � rn�� � C �n�� q
������
n�� � �n�� sn��� ������

For d 
 �� i�e� � 
 �� it follows from ������ and ������ that for n 
 �� N

rn � �� � C�n�� qn��� rn�� � �n�� sn�� � rn�� exp�C�n�� qn��� � �n�� sn��

� �r� �
n��X
i
�

�i si� exp�C
n��X
i
�

�i qi� � C� ������

For d 
 �� i�e� � 
 �� it follows from the mean value theorem� ������ and ������
that

� �
�� � r

���
n � r���n�� � � r

�������
n�� � rn � rn�� � � �n�� yn�� n 	 �� ������

From summing ������ and noting ������ and that r� � C� we have that

rn � ��� � � r���

n��X
i
�

�i yi �
� �

�� r� � � � � � � r���

n��X
i
�

�i yi �
�
�� r�
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� r� exp�� r���

n��X
i
�

�i yi � � C n 
 �� N � ������

provided � 
 � is chosen su�ciently small so that � � C h�� as d 
 �� and

� � r���

N��X
n
�

�n yn � �� Hence the second bound in ������ follows from �������

������ and ������� The remaining bounds in ������ follow from summing ������
and noting �����a�b�� ������� the second bound in ������� ����b� and ������� ut

Remark� ���� The timestep constraint �n����n � C in Theorem ��
 above
arises solely from using the split time level approximation in ����
c�� If we
replaced �Un��

� � 	 V n��
� in ����
c� by �Un

� � 	 V n
� � then this constraint could

be removed� However� instead we would require �nmaxj�J b�Un��
� � V n��

� ��xj� �
minf �

� �

�
� g� n 
 �� N � in order to guarantee the uniqueness of fUn

� � V
n
� g

N
n
��

A similar comment applies in the deep quench limit�

��� The Deep Quench Limit

Similarly to ����� and ����a� the fully discrete approximation of �P�� �Ph�� � see
�����a�c�� can be rewritten as

Let U� � Qh


u
� and V � � Qh


v
�� For n 
 � � N � �nd fUn� V n�'ng �

Shm � Sh �R such that Un � V n � Kh and

��r�Un � V n��r��� �Un � V n���

� � bGhn�� 
Un�Un��

�n

�
� 'n � � cMh

n��



V n�V n��

�n

�
� �� �Un � V n��h

	 ��Un�� � 	 V n��� �� �Un � V n��h � � � Kh� ������

where for notational convenience we set bGhn�� � bGhUn���V n�� � cMh
n�� �cMh

Un���V n�� and bn�� � b�Un��� V n��� throughout this section� It follows
for n 
 �� N that

Wn � � bGhn�� 
Un�Un��

�n

�
� 'n� Zn � �� cMh

n��



V n�V n��

�n

�
� ������

We introduce the analogue of ������ the discrete Lyapunov functional J h 

�Sh�� � R de�ned by

J h���� ��� 




� � j��j

�
� � j��j

�
� � � ������ ���� ��

h � ��� �� � Sh � ������

where on recalling ����c� and ����b�

����� ��� 

 I����	��� � ��� � I����	��� � ��� �
�
� ���� ��� ���� 	 ��� ��

������

Theorem ��� below is an adaption to �Ph�� � of Theorem ��� in ��� for a deep
quench multi�component Cahn�Hilliard system with a concentration dependent
mobility matrix�
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Theorem� ���� Let b satisfy ����a� with bmin 
 �� Let the assumptions on
u�� v� of Theorem 
�� and �A� hold� Then for all h � h� such that kQh


 �u
� �

v�� � �
�k��� � �

� and for all time partitions f�ngnn
� of ��� T � there exists a
solution fUn� V n�'n�Wn� ZngNn
� to �Ph�� �� Moreover fUn� V n� ZngNn
� are
unique and the following stability bounds hold such that

max
n
��N

� kUnk�� � kV nk�� � �
NX
n
�

� kUn � Un��k�� � jV n � V n��j�� �

�
NX
n
�

�n � k
Un�Un��

�n
k��� � jV

n�V n��

�n
j�� � � C� �����a�

NX
n
�

�n � kWnk�� � jZnj�� � j'nj� � � Cb� �����b�

Furthermore if u� � H
���� v� � H����� �u�

�� 
 �v�

�� 
 � on �� and if either
d � � with b satisfying ����a�b� or d 
 � with b 
 � constant� then for all h � h�
and for all partitions f�ng

N
n
� of ��� T � such that �n����n � C� n 
 �� N � the

solution fUn� V n�'n�Wn� ZngNn
� to �Ph��t� satis�es

NX
n
�

�n � k
Un�Un��

�n
k�� � kV

n�V n��

�n
k�� � � max

n
��N
� j�bn���

�
�rWnj�� � j�bn���

�
�Znj�� �

�
NX
n
�

� j�bn���
�
�r�Wn �Wn���j�� � j�bn���

�
� �Zn � Zn���j�� �

�
N��X
n
�

j�bn � bn��� jrW
nj� � jZnj��j� max

n
��N
j'nj� � Cb� ������

Proof� Existence and uniqueness of fUn� V ng follows by noting that ������ is
the Euler�Lagrange inequality of the strictly convex minimization problem

min
���S

h
m� ���S

h

������K
h

n


� � j��j

�
� � j��j

�
� � �

�
��n

j � bn�� �
�
�r bGhn����� � Un��� j��

� �
��n

j � bn�� �
�
� cMh

n����� � V n��� j�� � � �Un��� ���
h � 	 �V n��� ���

h
o
�

������

Existence of the Lagrange multiplier 'n in ������ then follows from standard
optimization theory� On noting ������ we then have the existence of Wn and
the existence and uniqueness of Zn� Once again� as for �P� and �Ph�� we can
not guarantee the uniqueness of 'n if

R
� u� 
 �

� �
Choosing � � Un�� � V n�� in ������ yields the analogues �subscripts and

superscripts �� � removed� of ������ and ������ on noting that Un � V n � Kh�
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that is� fUn
j � V

n
j g � Q for all j � J � The latter yields the �rst bound in �����a��

Summing the former and noting ������� ������ and ������ yields the remaining
bounds in �����a�� Choosing � � � in ������� adding together the resulting
� versions and then choosing � 
 � and � yields the analogue �subscripts and
superscripts �� � removed� of ������� Summing this analogue of ������ and noting
������� ������� ������� ������ and �����a� yields the bounds in �����b��

Given the further stated assumptions on u�� v�� then similarly to ������ we
introduce for the purposes of the analysis below W �� Z� � Sh de�ned by

�W � � Z�� ��h 
 �����u� � v��� ��� ��U� � 	 V ��� ��h � � � Sh� ������

Similarly to ������� we have that kW �k��jZ�j� � C� Let Dn 

 �Un�Un�����n
and Fn 

 �V n�V n�����n for n 	 �� It follows from �����c� and ������ that the
analogue of ������ holds� that is� all � subscripts and superscripts and the � ����
terms removed and  
! replaced by  �!� Adding together these � versions and
noting �����a�b� with � � Wn �Wn�� and � � Zn � Zn��� respectively� and
������ and ������ yields for n 	 � that

� �n � jD
nj�� � jFnj�� �

� �
� �bn��� � jrW

nj� � jr�Wn �Wn���j� � � ��� � jZnj� � jZn � Zn��j� � �


 dn 

 �
�
�bn��� jrW

n��j� � ��� jZn��j��

�

�
� �U� � u�� D�� � �V � � v�� F �� � if n 
 ��
�n�� ���Dn��� Dn�h � 	 �Fn��� Fn�h � if n 	 ��

������

Following the remainder of the proof of Theorem ��� yields the bounds involv�
ing fUn� V n�Wn� ZngNn
� in ������� The bound on the Lagrange multipliers�
f'ngNn
� in ������ follows from the analogue of ������� discussed above� ������
and the maximum bounds on fjWnj�� jZnj�gNn
� in the �rst line of ������� ut

��� Error Analysis

We now adapt the framework in ���� for analysing the discretization error in the
backward Euler method� In addition to ������� we introduce

U�
������ t� 

 Un

������ U�
������ t� 

 Un��

��� ��� t � �tn��� tn�� ������

On setting

��t� 

 tn�t
�n

� ��t� 

 �n t � �tn��� tn�� n 
 �� N � ������

it follows from ������ and ������ that for a�e t � ��� T �

U��� � U�
���


 �� �
�U���

�t
� U��� � U�

���

 � ��� ��

�U���

�t
� ������

Obviously� similar identities hold for the other variables� V���� W���� Z��� and

'���� On recalling ������ ����b�� ������ and ������� let J h��
��� 
 �Sh�� � R be

de�ned for all ��� �� � Sh by

J h��
� ���� ��� 





� � j��j�� � j��j�� � � ���

������� ���� ��
h� �����a�



�� Finite Element Approximation of an Allen�Cahn�Cahn�Hilliard System

where ��
������� ��� 

 �������� ��� �

�
� ���� �� � ���� 	 ��� �� �����b�

We then introduce for a�e� t � ��� T � the residual

R��� 

 � �W�
��� � �U�

���� U��� � U�
����

h � �Z�
��� � 	 V �

���� V��� � V �
����

h

�
h
Jh����� �U���� V����� Jh����� �U�

���� V
�
����

i
� ������

We introduce also

En��� 

 ��Un��
��� �Wn

����
Un
����U

n��
���

�n
�h � �	 V n��

��� � Zn
����

V n
����V

n��
���

�n
�h

� �
�n

h
Jh����� �Un

���� V
n
���� � Jh����� �Un��

��� � V n��
��� �

i
� n 
 �� N � ������

Dn
��� 

 �� �Un��

��� � Un��
��� � � �Wn

��� �Wn��
��� ��

Un
����U

n��
���

�n
�h

� �	 �V n��
��� � V n��

��� � � �Zn
��� � Zn��

��� ��
V n
����V

n��
���

�n
�h� n 
 �� N �

�����a�

D�
��� 

 ��U�

��� �W �
����

U�
����U

�
���

��
�h � �	 V �

��� � Z�
����

V �
����V

�
���

��
�h

� � �rU�
����r�

U�
����U

�
���

��
��h � � �rV �

����r�
V �
����V

�
���

��
��h

�

�����
� � ���U�

� � V �
� � � ��U�

� � V �
� ��

U�
��U

�
�

��
�h

����U�
� � V �

� � � ��U�
� � V �

� ��
V �
� �V

�
�

��
�h � if � 
 ��

� if � 
 ��

�����b�

It follows from the uniqueness of Un
���� V

n
��� � Shm � Sh � n 
 �� N � ����a� and

������ that R��� and fD
n
���� E

n
���g

N
n
� are uniquely de�ned�

Lemma� ���� For n 
 �� N we have that



� � jU

n
��� � Un��

��� j
�
� � jV n

��� � V n��
��� j�� � � �n E

n
���

� �nD
n
��� �



� � jU

n
��� � Un��

��� j�� � jV n
��� � V n��

��� j�� � � �nD
n
���� ������

For a�e� t � ��� T � we have that

R��� � � � E��� � � � D���� �����a�

where

E����t� 

 En���� D����t� 

 Dn
���� t � �tn��� tn�� n 
 �� N� �����b�

Moreover under the assumptions of Theorem ���� we have that

NX
n
�

��n�
� En��� � ��

NX
n
�

Dn
��� � Cb �

�� ������
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Proof� The �rst inequality in ������ for � 
 � follows from the � 
 � limit of
������ on noting ������� ������� ����a�� �����a�b� and ����b�� The deep quench
limit �� 
 �� of ������ follows from the corresponding analogue of ������� that is�
all � and � subscripts and superscripts removed� Choosing � � �Un��

� � Un
� ��

�V n��
� � V n

� � in ������ and � � Un�� � V n�� in ������� n 
 �� N � �� adding
together the resulting � versions in each case� noting ����a�� ������� ������ and
the convexity of ��

��� yields the second inequality in ������ for n 
 � � N �

This inequality follows for n 
 � by comparing D�
��� and E

�
��� and noting ������

and the convexity of ��
���� The bounds �����a� follow immediately from �����b��

������� ������� ������� the convexity of Jh����� and �������

The �rst inequality in ������ follows from ������� We now prove the second
inequality� From �����a�� ������� ������� ������� ����a�� ������� ������ �������
������ and the assumption �n�� � C�n we have that

NX
n
�

Dn
��� �

�
�

NX
n
�

�n�� �� j
Un��
��� �Un��

���

�n��
j�h � 	 j

V n��
��� �V n��

���

�n��
j�h �

� �
�

NX
n
�

�n�� �� j
Un
����U

n��
���

�n
j�h � 	 j

V n
����V

n��
���

�n
j�h �

� �
�

NX
n
�

�b���n�� � b
���
n��� jrW

n��
��� j

� � ��� jZn��
��� j

��

� �
� �b

���
� � jrW �

���j
� � ��� jZ�

���j
�� � Cb� ������

Finally it follows from �����b�� ������� ������� ������� ������� ������ ����a�� �������
������� ������� ������� ������� ������� ������� ������� ������ and its � 
 � analogue
that

D�
��� 
 � �r�u� � U�

�����r�
U�
����U

�
���

��
�� � �W �

��� �W �
����

U�
����U

�
���

��
�h

� � �r�v� � V �
�����r�

V �
����V

�
���

��
�� � �Z�

��� � Z�
����

V �
����V

�
���

��
�h

� �U�
��� � u��

U�
����U

�
���

��
�� �b����rW

�
����rW

�
����

� �V �
��� � v��

V �
����V

�
���

��
�� ��� �Z�

���� Z
�
���� � Cb� ������

Combining ������ and ������ yields the desired result ������� ut

Lemma� ���� Let the assumptions of Theorem ��� hold� Then for a�e� t � ��� T �



� � jE

u
���j

�
� � jEu��

��� j
�
� � jEv

���j
�
� � jEv��

��� j
�
� �

� �
�

d
dt � �

bGhu����v���Eu
���� E

u
����

h � � �cMh
u����v���

Ev
���� E

v
����

h �

� � �Eu��
��� � E

u
����

h � 	 �Ev��
��� � E

v
����

h �R���

� �
� �

�
�tb�u���� v����� jr

bGhu����v���Eu
���j

� � � jcMh
u����v���

Ev
���j

� �



�� Finite Element Approximation of an Allen�Cahn�Cahn�Hilliard System

� �� bGhu����v��� � bGh
U�
���

�V�
���

�
�U���

�t � Eu
����

h

� � ��cMh
u����v���

� cMh
U�����V

�

���

�
�V���
�t

� Ev
����

h� ������

where E
���
u���� 

 uh��� � U

���
��� � $h and E

���
v���� 

 vh��� � V

���
��� � Sh �

Proof� Adopting the notation ������ and ������� then ����� can be restated as

Find fU�� V�g � H���� T �Shm� � H���� T �Sh� such that fU���� ��� V���� ��g �
fQh


u
����� Qh


v
����g and for a�e� t � ��� T �

� �r�U�
� � V �

� ��r�� � � bGh
U�
�
�V �
�

�U�
�t � '�

� � � cMh
U�
�
�V�
�

�V�
�t � ��

h

� �� � ��U�
� � V �

� �� ��U�
� � 	 V �

� �� ��h 
 � � � � Sh� ������

where '�
� 



R
� �h� � ��U�

� � V �
� � � � ��U�

� � V �
� � � �U�

� �� Similarly ������
can be restated as

Find fU� V g � H���� T �Shm� � H���� T �Sh� such that fU���� ��� V���� ��g �
fQh


u
����� Qh


v
����g and for a�e� t � ��� T � U � V � Kh and

� �r�U� � V ���r��� �U� � V ����

� � bGhU��V � �U
�t � '� � � cMh

U��V �
�V
�t � �� �U� � V ���h

	 ��U� � 	 V �� �� �U� � V ���h � � � Kh� ������

Choosing � � Eu
� �E

v
� in the non�regularized version of ������ and � � U�V in

������� adding together the two resulting �in�equalities in each case� and noting
������ and the convexity of ��

��� yields that



� � jE

u
���j

�
� � jEv

���j
�
� � juh���j

�
� � jvh���j

�
� � jU���j

�
� � jV���j

�
� �

� ���
����u

h
���� v

h
�������

����U���� V����� ��
h � ��uh��� �

bGhu����v��� �uh����t � Eu
����

h

� �	 vh��� � � cMh
u����v���

�vh���
�t � Ev

����
h� ������

Similarly on choosing � � Eu��
� � Ev��

� in ������ and � � uh � vh in ������� it
follows that



� � jE

u��
��� j

�
� � jEv��

��� j
�
� � jU�

���j
�
� � jV �

���j
�
� � ju

h
���j

�
� � jv

h
���j

�
� �

� ���
����U

�
���� V

�
����� ��

����u
h
���� v

h
����� ��

h � � bGh
U�
���

�V �
���

�U���

�t � �U�
���� E

u��
��� �

h

� �� cMh
U�����V

�

���

�V���
�t

� 	 V �
���� E

v��
��� �

h� ������

Adding ������ to ������ and noting the bGhq��q� analogue of ������� the cMh
q��q�

analogue of ������� ����a� and ������ yields the desired result ������� ut
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Theorem� ���� Let the assumptions and notation of Lemma ��
 hold� Then
we have that

kEu
���k

�
L����T �H����� � kEu

���k
�
L����T ��H�������

� kEv
���k

�
L����T �H����� � kEv

���k
�
L����T �L�����

� Cb�T � � ku��� � uh���k
�
L����T �H����� � kv��� � vh���k

�
L����T �H�����

�
NX
n
�

��n�
�En��� �

� Cb�T � �
� �

�����������
Cb�T �h

�
� �ln �

h
�
��d���

� if � 
 � and d � ��

Cb�T �h if � 
 �� d 
 �
and b is constant�

Cb�T �h
� if � 
 ��

������

Proof� Similarly to ������ we have that

j�� bGhu����v��� � bGh
U�
���

�V�
���

�
�U���

�t � Eu
����

hj

� 


� � ju���� U�

���j
�
� � kv��� � V �

���k
�
� �

� C�ku���k�� kv���k�� j
�U���

�t j�� � bGhu����v���Eu
���� E

u
����

h

� 

�� � jE

u
���j

�
� � kEv

���k
�
� � � C � ju��� � uh���j

�
� � kv��� � vh���k

�
� �

� C �� � j
�U���

�t j�� � �k
�V���
�t k�� �

� C�ku���k�� kv���k�� j
�U���

�t j�� � bGhu����v���Eu
���� E

u
����

h� ������

where we have noted ������� Similarly to ������ and ������ we have that

j��cMh
u����v���

� cMh
U�����V

�

���

�
�V���
�t � Eu

����
hj

� 

�� � jE

u
���j

�
� � kEv

���k
�
� � �C � ju��� � uh���j

�
� � kv��� � vh���k

�
� �

�C �� � j
�U���

�t j�� � �k
�V���
�t k�� �

�C�ku���k�� kv���k�� k
�V���
�t

k�� �cMh
u����v���

Ev
���� E

v
����

h� ������

On noting ������� ������� ����� and ������ we have that

�Eu��
��� � E

u
����

h � 

�� jE

u
���j

�
� �C � bGhu����v���Eu

���� E
u
����

h �C �� j
�U���

�t j��� �����a�

�Ev��
��� � E

v
����

h � C �cMh
u����v���

Ev
���� E

v
����

h � C �� k
�V���
�t k��� �����b�

Combining ������� ������ and �����a�b�� noting ������� ������� ����b�� �������
������� ������� ������� ������� �����a�b�� ������� ������� �����a�b� and ������� and
applying a Gronwall inequality yields the �rst inequality in ������� The second
follows from ������� ������ and ������� ut
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Finally� we have the proof our main result�

Proof of theorem ���� The desired result ������ follows from combining
������ and ������� The desired result ������� which is optimal� follows from
combining ������ and ������� ut

� Solution of the Discrete Problem

We now consider an algorithm for solving the discrete system at each time
level in �Ph����� �� This is based on the general splitting algorithm of ����� see

also ����� ��� and ��� where this algorithm has been applied to solve a single
Cahn�Hilliard equation with a constant mobility� a Cahn�Hilliard system with
a constant mobility matrix and a single Cahn�Hilliard equation with a concen�
tration dependent mobility� respectively�

For n �xed� as Un
� �V

n
� � Kh� see ������ �����c� and �����c� can be rewritten

as

��r�Un
��� � V n

�����r��� �Un
��� � V n

������

� ������U
n
��� � V n

����� �Wn
��� � Zn

��� � �Un��
��� � 	 V n��

��� �� �� �Un
��� � V n

�����
h

	 � � � � Kh� �����

where ����� � � � ���� if � 
 � and ���� � �� Multiplying ����� by � 

�� a (relaxation# parameter� adding �Un

��� � V n
���� � � �Un

��� � V n
�����

h to both

sides and rearranging and recalling �����a�b� and �����a�b�� it follows that
fUn

���� V
n
����W

n
���� Z

n
���g � �Sh�� are such that Un

��� � V n
��� � Kh and satisfy

� �I � �������U
n
��� � V n

����� �Y n
� � Y n

� �� �� �Un
��� � V n

�����
h 	 � � � � Kh�

����a�

�
Un
����U

n��
���

�n
� ��h � bn���rWn

����r�� 
 � �bn�� � b�Un��
��� � V n��

��� ��rWn
����r��

� � � Sh� ����b�

� �
V n
����V

n��
���

�n
� ��h � bn���Zn

���� �� 
 � �bn�� � b�Un��
��� � V n��

��� ��Zn
���� ��

� � � Sh� ����c�

where �I � �����s� � s � ����s�� In the above Y n
� � Y

n
� � Sh are such that for

all � � Sh

�Y n
� � Un

���� ��
h 

 ��

h
��rUn

����r��� �Wn
��� � �Un��

��� � ��h
i
� ����a�

�Y n
� � V n

���� ��
h 

 ��

h
��rV n

����r��� �Zn
��� � 	 V n��

��� � ��h
i

����b�

and bn�� is chosen such that bn�� � �bn��max� bmax� with bn��max and bmax as de�ned
in Theorem ���� We introduce also Xn

� � X
n
� � Sh such that for all � � Sh

�Xn
� � Un

���� ��
h 

 �

h
��rUn

����r��� �Wn
��� � �Un��

��� � ��h
i
� ����a�
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�Xn
� � V n

���� ��
h 

 �

h
��rV n

����r��� �Zn
��� � 	 V n��

��� � ��h
i

����b�

and note that Xn
� 
 �Un

��� � Y n
� and Xn

� 
 �V n
��� � Y n

� � We use this as a basis
for constructing our iterative procedure

For n 	 � set fUn��� V n���Wn��� Zn��g � fUn��

��� � V n��
��� �Wn��

��� � Zn��
��� g � �Sh��

where W �
���� Z

�
��� � Sh are arbitrary if n 
 ��

For k 	 � we de�ne Y n�k
� � Y n�k

� � Sh � Sh such that for all � � Sh

�Y n�k
� � Un�k� ��h 

 ��

h
��rUn�k�r��� �Wn�k � �Un��

��� � ��h
i
� ����a�

�Y n�k
� � V n�k� ��h 

 ��

h
��rV n�k�r��� �Zn�k � 	 V n��

��� � ��h
i
� ����b�

Then �nd fUn�k��
� � V n�k��

� g � �Sh�� such that Un�k��
� � V n�k��

� � Kh and for
all � � Kh

� �I � �������U
n�k��

� � V n�k� �
� �� �� �Un�k��

� � V n�k��
� ��h

	 �Y n�k
� � Y n�k

� �� �Un�k��
� � V n�k��

� ��h� �����

and �nd fUn�k��� V n�k���Wn�k��� Zn�k��g � �Sh�� such that for all � � Sh

�
Un�k
��Un��

���

�n
� ��h � bn���rWn�k���r��


 � �bn��� b�Un��
��� � V n��

��� ��rWn�k�r��� ����a�

� �
V n�k
��V n��

���

�n
� ��h � bn���Zn�k��� ��


 � �bn��� b�Un��
��� � V n��

��� ��Zn�k� ��� ����b�

�Un�k��� ��h � �
h
��rUn�k���r��� �Wn�k��� ��h

i

 �Xn�k��

� � ��Un��
��� � ��h� ����c�

�V n�k��� ��h � �
h
��rV n�k���r��� �Zn�k��� ��h

i

 �Xn�k��

� � �	 V n��
��� � ��h� ����d�

where Xn�k��
� 

 �Un�k��

� � Y n�k
� and Xn�k��

� 

 �V n�k� �
� � Y n�k

� �

Existence and uniqueness of Un�k��
� � V n�k� �

� solving ����� and hence of

fUn�k��
� � V n�k��

� g follows from the monotonicity of ����� In fact if � 
 � one
has to solve two decoupled nonlinear equations at each mesh point� that is� for
j 
 �� J

�I � �� � ����Un�k��
� � V n�k��

� ��xj�� 
 �Y n�k
� � Y n�k

� ��xj�� �����

Whereas if � 
 � one has two simple projections at each mesh point� that is� for
j 
 �� J

�Un�k��
� � V n�k��

� ��xj� 
 minfmaxf�Y n�k
� � Y n�k

� ��xj�� �g� �g� �����
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It remains to show that there exists a unique solution to ����a�d�� Introducing

fRn�k
� � Rn�k

� g � $h � Sh such that

�Rn�k
� � ��h 
 �b�Un��� V n���rWn�k�r�� � � � Sh� �����a�

�Rn�k
� � ��h 
 �b�Un��� V n���Zn�k� �� � � � Sh� �����b�

it then follows from ����a�b�� ������� ������ and ����c� with � � � that

Wn�k�� 
 �I �
R
� �Wn�k � �bn����� bGh�Un�k
��Un��

���

�n
� Rn�k

� �

�
R
� � �� �U

n�k�� �Xn�k��
� �� �Un��

��� �� �����a�

Zn�k�� 
 Zn�k � �bn�����cMh�� �
V n�k
��V n��

���

�n
� �Rn�k

� �� �����b�

Therefore combining ����c�d� and �����a�b�� ����a�d� may be written equiva�
lently as �nd Un�k�� � Shm� see ������� such that for all � � Sh

�Un�k��� �I �
R
� ���h

� �
h
��rUn�k���r�� � �bn������ bGh�Un�k
��Un��

���

�n
�� ��h

i

 �Xn�k��

� � � �Wn�k � �Un��
��� � �bn����� bGhRn�k

� �� �I �
R
� ���h �����a�

and V n�k�� � Sh such that for all � � Sh

�V n�k��� ��h � �
h
��rV n�k���r�� � �bn����� � �cMh�

V n�k
��V n��
���

�n
�� ��h

i

 �Xn�k��

� � � �Zn�k � 	 V n��
��� � �bn�����cMhRn�k

� �� ��h� �����b�

Existence and uniqueness of fUn�k��� V n�k��g � Shm � Sh satisfying �����a�b�
follows since they are the Euler�Lagrange equations of the strictly convex min�
imisation problems

min
��Shm

n
j�j�h � �

h
� j�j�� �

�
bn�� �n

jr bGh�� � Un��
��� �j��

i
� � �Xn�k��

� � � �Wn�k � �Un��
��� � �bn����� bGhRn�k

� �� ��h
o
�

min
��Sh

n
j�j�h � �

h
� j�j�� �

�
bn�� �n

jcMh��� V n��
��� �j��

i
� � �Xn�k��

� � � �Zn�k � 	 V n��
��� � �bn����� cMhRn�k

� �� ��h
o
�

respectively� Finally Wn�k�� and Zn�k�� are uniquely de�ned by �����a�b��
Hence the iterative procedure ����a�b������a�d� is well�de�ned�

Theorem� ���� For all � � R� and fUn��� V n��� V n��� Zn��g � �Sh�� the se	
quence fUn�k� V n�k�Wn�k� Zn�kgk�� generated by the algorithm ����a�b������a�
d� satis�es

Un�k � Un
���� V n�k � V n

����
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Z
�
b�Un��

��� � V n��
��� � jr�Wn�k���Wn

����j
� dx� �

and

Z
�

b�Un��
��� � V n��

��� � jZn�k��� Zn
���j

� dx� � as k �
� ������

In addition� if � 
 � then Un�k��
� � Un

� � V
n�k��

� � V n
� as k�
�

Proof� It follows from ����a�b�� ����a�b�� ����a�b�� ����c�d�� the de�nition of

Xn�k��
i � for k 	 �� and the appropriate choice of Xn��

i � i 
 �� �� that for k 	 �

Un
��� 


�
� �X

n
� � Y n

� �� Un�k 
 �
��X

n�k
� � Y n�k

� �� Un�k��
� 
 �

��X
n�k��
� � Y n�k

� ��

�����a�

V n
��� 


�
��X

n
� � Y n

� �� V n�k 
 �
� �X

n�k
� � Y n�k

� �� V n�k��
� 
 �

��X
n�k��
� � Y n�k

� ��

�����b�

For notational convenience we set Ek
U 

 Un�k � Un

���� E
k
V 

 V n�k � V n

����

Ek
W 

 Wn�k�Wn

���� E
k
Z 

 Zn�k�Zn

���� E
k
Xi



 Xn�k
i �Xn

i and Ek
Yi



 Y n�k
i �Y n

i �

i 
 �� �� It follows from ����c�� ����a� and �����a� that

� jEk��
U j�� � �Ek��

W � Ek��
U �h 
 �

�� �Ek��
X�

�Ek��
Y�

� Ek��
X�

�Ek��
Y�

�h


 �
�� � jEk��

X�
j�h � jE

k��
Y�

j�h �� �����a�

Similarly� it follows from ����d�� ����b� and �����b� that

� jEk��
V j�� � �Ek��

Z � Ek��
V �h 
 �

�� � jEk��
X�

j�h � jE
k��
Y�

j�h �� �����b�

In addition� we note that subtracting ����b� from ����c� with � � � yields that

� �Ek��
V � ��h 
 �n � �b

n�� � b�Un��
��� � V n��

��� �� �Ek
Z �Ek��

Z �� ��h

� �n �b�U
n��
��� � V n��

��� �Ek��
Z � ��h� ������

Choosing � � Un�k��
� � V n�k��

� in ����a� and � � Un
��� � V n

��� in ����� yields

� ������U
n�k��

� � V n�k��
� �� �����U

n
��� � V n

����� E
k� �

�
U � E
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�

V �h
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�
U �E

k� �
�

V j�h � �Ek
Y� �Ek

Y�� E
k� �

�
U � E

k� �
�

V �h� ������

Adding together the � versions of ������ and noting �����a�b� yields that

�� ������U
n�k��

� � V n�k��
� �� �����U

n � V n�� E
k��

�
U �E

k� �
�

V �h

� �� ������U
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� � V n�k��
� �� �����U

n
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����� E
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�
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k� �
�

V �h

� jEk��
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j�h � jEk��
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j�h � jEk
Y�j

�
h � jEk

Y�j
�
h� ������

It follows from ����a�� ����b� and ������ that

� �Ek��
W � Ek��

U �h 
 � �Ek��
W � �Un�k�� � Un��

��� � � �Un��
��� � Un

�����
h
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 �n j �b�U
n��
��� � V n��

��� ���
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W j��

� �n � �b
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Similarly� it follows from ����b�� ����c� and ������ that
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Adding �����a�b� and noting ������ and �����a�b� yields that
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��n j �b

n��� b�Un��
��� � V n��

��� ��
�
�rEk��

W j��

� �
��n �

��j �bn��� b�Un��
��� � V n��

��� ��
�
�Ek��
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U j�� � jEk��

V j�� �

� �
�� � jEk

Y�
j�h � jEk

Y�
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�
��n j �b

n��� b�Un��
��� � V n��

��� ��
�
�rEk

W j
�
�

� �
��n �

��j �bn��� b�Un��
��� � V n��

��� ��
�
�Ek

Zj
�
�� ������

Therefore noting the monotonicity of ������� we have thatn
�
�� � jEk

Y�
j�h � jEk

Y�
j�h � �

�
��n j �b

n��� b�Un��
��� � V n��

��� ��
�
�rEk

W j
�
�

� �
��n �

��j �bn��� b�Un��
��� � V n��

��� ��
�
�Ek

Z j
�
�

o
k��

������

is a decreasing sequence which is bounded below and so has a limit� Therefore
the desired results ������ follow from ������� ������� ������� Ek

U � $h and �������
Finally if � 
 �� the strict monotonicity of ����� ������ and ������ yield the

desired convergence of Un�k��
� and V n�k��

� � ut
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Remark�

We see from ����a�b������a�d� that at each iteration k one needs to solve
only
 �i� Two decoupled nonlinear equations �or two simple projections if � 
 ��

for �Un�k� �
� �V n�k��

� ��xj� at each mesh point xj� j 
 �� J � see ����� or ������
�ii� A �xed linear system with constant coe�cients for Un�k��� see �����a�� �iii�
A �xed linear system with constant coe�cients for V n�k��� see �����b�� On
a uniform mesh �ii� and �iii� can be solved e�ciently using a discrete cosine
transform� see ��� x��� where a problem similar to �ii� is solved�

� Numerical Experiments

For the �rst experiment� we considered �Ph��� � with the following data
 d 
 ��
� 
 ��� ��� � 
 � � ���
� � 
 ����� � 
 ����� � 
 �� 	 
 �� b��� given by
����� with � 
 ��� and hence bmax 
 ����� ���� As no exact solution to �P�� is

known� a comparison between the solutions of �Ph��� � on a coarse uniform mesh�
U�� with that on a �ne uniform mesh� u�� was made� For the coarse meshes
we chose h 
 �J � ���� with J 
 �p � �� �p 
 �� �� �� ��� and � 
 ����h

�
� �

In addition T was taken to be N � � where N was the largest integer such that
N � � �� For the �ne mesh we chose J 
 ����� and � to be the value closest to
����h

�
� so that the corresponding time step on the coarse mesh was an integer

multiple of this �ne � � For the iterative method of Section �� we chose the
relaxation parameter � 
 �

����h and bn�� � bmax� n 
 � � N � For a stopping
criterion we chose

maxfkUn�k
� � Un�k��

� k���� kV
n�k
� � V n�k��

� k���g � �����

The initial data fu�� v�g were taken to be the clamped �complete� cubic
splines taking the values

f����� �������������������� ����� ��������������g

and

f������������ ����������������������������g�

respectively� at the points i�� �i 
 �� ��� see Figure �� Hence we have that

u�� v� � H
��� nH���� and du�

dx 
 du�

dx ��� 
 dv�

dx ��� 
 dv�

dx ��� 
 ��

On setting U� � Qh

u

� and V � � Qh

v

�� then the assumptions on fu�� v�g and

fU�� V �g of Theorem ��� hold with � 
 �
��� and h� 


�
�� � In addition this choice

of initial data ensured that the singularities in � played a role�
We computed three quantities

�� 


�
�

N

NX
n
�

k�hu������ n� �� U������ n� �k
�
�

� �
�

�
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 u������ t�� v������ t�� u������ t� � v������ t� and u������ t� � v������ t� when
t 
 � and ��
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�� 


�
�

N

NX
n
�

k�hv������ n� �� V������ n� �k
�
�

� �
�

�

�
 
 max
n
��N

j�hv������ n� �� V������ n� �j�

and obtained the following table of values to three signi�cant �gures


J �� ��� ��� ���

��� ��������� ��������� ��������
 ��������


��� ��������� ��������� ��������
 ��������


��
 ��������� ��������� ��������� ���������

We see that the ratio of consecutive ��� � �
�
� and ��
 are between ��� and ���� which

is better than �
�
� 
 ��� to two signi�cant �gures� the rate of convergence proved

in Theorem ��� for the above choice of � 
 ����h
�
� �

Finally� we repeated the above experiment in the deep quench limit� We
chose precisely the same data as above except � 
 h� Once again all the
conditions in Theorem ��� hold� We obtained the corresponding table of values


J �� ��� ��� ���

��� ��������� ��������� ��������
 ��������


��� ��������� ��������� ��������
 ���������

��
 ��������� ��������� ��������� ���������

The ratio of consecutive ��� � �
�
� and ��
 are between ��� and ��� which are close

to �� 
 �� the rate of convergence proved in Theorem ��� for the above choice
of � 
 h�
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