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1. Introduction. Consider a zero mean stationary process (Xt) which follows
a causal and invertible ARMA(p,q) model of the form

¢(B)Xt=e(B)et, (1)
where: a) (et) is a zero mean white noise sequence with variance o~2; b) ¢(B)
and 6(B) are polynomials given by

$(B)=1-0 B~ ot B,

e(B)=1+6 B- ...+6 BY

1 q

and, c) B is the backward shift operator th=xt-1' Given a finite observable
series (Xl, ...,Xn) we can obtain the maximum likelihood estimators 3, 6, &2
of the parameters ¢=(¢1, ...,¢p)’, 9=(91, ..,8 ) and ¢® and form the

q
residual process

A _A-1
8= (BIBIX,,
where Xt“='0, for t=0, and $(B)=l-$lB— ...—QPBP, 6(3)=1+613+ ...+anq.
The residuals (él, ,,,,/e\n) are a natural building block for checking
the adecuacy of the fitted model by means of its autocorrelation function ?k

defined, for |k|=n-1,
=t £ (2)
kK K O

n-k
where ek=e_k= hX /e\t/e\“k, O=k=n-1. For example, a well-known statistic for
t=1

testing the goodness—of—f it of an ARMA model is the Box-Pierce (Box and
Pierce (1970)) statistic

o A2

=n ¥ T (3)

k=1
where m is a function of the sample size m=m . The "asymptotic" distribution
of Q is chi squared with m-(p+q) degrees of freedom. In order to improve the
chi-square approximation, Ljung and Box (1978) recommended the modification

m
Ql=n(n+2) Y (n—k)_”rsz. (4)

k=1

Both (3) and {4) use a time domain approach. The aim of this paper is
to consider (31, ,,,,/e\ ) in the frecuency domain to propose a new
. n

goodness-of-fit test procedure. This new method is based on a stochastic




process which depends on the standardized sample spectral density of the
residuals. We show that this process converges weakly, under appropriate
regularity conditions, to the brownian bridge in [0,1]. All suggested test
statistics are functionals of this stochastic process and therefore, unlike
the statistics Q and Ql above, the asymptotic distribution of every test
statistic is properly a limiting distribution and does not depend on the
sample size.

The organization of this paper is as follows. Section 2 introduces the
new criterion and establishes notation and basic assumptions. Section 3
contains the derivation of the relevant asymptotic results which are
obtained by using repeatedly a convergence lemma established in section 2.
Section 4 studies the issues involved in the practical application of the
theory developed in section 3. Section 5 is devoted to comparisons with

previous criteria and section 6 presents a short numerical illustration.

2. Background and motivation. Given the errors (el, ...,en), we define the

standardized sample spectral density

n k=n-1
I (A)=(2nCo)_l| Zetexp(i7t‘c)|z=(21t)_l v rkcos(lt), -m=<A=m, (5)
" t=1 k=-(n-1) .
where r, is the autocorrelation function of (el, ...,cn) and C = Zei. When
t=1
(el, ..., ) are observable, a common building block for testing for white
n
noise of (et) is the process
Z (\)=n"""IF_(A)-F ()], 0sA=m, (6)

where Fn(l)=2IAIn(u)du, Fo(l)=l/n=zjlfo(u)du, and £ =(zm)” is  the
0 0

standardized spectral density of a white noise. See, for example, Bartlett
(1955) or, more recently, Durlauf (1990) and Anderson (1991). By introducing
the chénge of variable A=mt, Ost=l, and dividing (6) by ¥2, we can write the

process (6) in the form

\_/ !

N

U




{

sin(knt)

n-1
U (1)=(v2/m)n'"* T r 250

k=1

, 0=t=], (7)

Durlauf (1990) shows that, under appropriate regularity conditions, the

process (Un(t), Ost=1} converges weakly to the brownian bridge in O=t=l,

[+ 4] .
Ut)=(2/m) Tu, i’-“—(T':-"-t—) , (8)
k=1
where {(u} is a sequence of i.i.d. N(0,1) random variables. The

k 1=k
goodness-of -fit  statistics are nonnegative continuous functionals h(el,
...,en;t)=h[Un(t)] whose limiting distribution is that of the random

variable h[U(t)].

For the case of model (1), the (el, ...,en) are not observable.
However, if the fitted model is appropriate, the residuals (él, ...,én)

should behave in a manner consistent with the model and, therefore, in the
light of (7), we could consider the process
m

0 (W=(v2/mn'? g SO oy, 9)
k=1

where m is a function of the sample size m=mn, as a suitable building block
for goodness-of-fit purposes and consider statistics of the form h[On(t)].

Observe that the process (9) is a reexpression of the process
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5 )=n"%f (A\)-F (A)], 0=A=m, where f (A)=2J"? (u)du and
n n (o] n o n

m
?n(l)=(2n)_l )} ?kcos(hk), -m=<Asm,

k=-m

is a truncated version of the standardized sample spectral density of (él,
...,én). However, as shown below (see theorem 3.4), the process (On(t),
O=t=l} converges weakly, under some regularity conditions, to a zero mean
gaussian process with covariance function depending on (¢,8). Therefore, the
asymptotic distribution of h[f)n(t)] depends on unknown parameters and is of
limited practical use. To eliminate this dependence we propose, in the
following, a modification to ﬁn(t). |
One of the key elements for the weak convergence of the process (7) to

the brownian bridge (8), is that, for every fixed integer Kk, nl/ZRk=nl/z(r‘l,




l/Z(A A

NN LN N (0,1 ), when n—w. However, if n*?R =n r, ..r)
K kK 'k k 1 k

by an
argument in Box and Pierce (1970), nl/zﬁk=nl/2(?l, ...,?k)'—oa Nk(O,Ik-—Hk),
where H_is the kxk orthogonal projection matrix Hk=xk(x;xk)“x;, and X _is

the kx(p+q) matrix

1 o ... 0
a )
1
a2 al ..... 0
X =
Kk .
1
a a e a
k-1 k-2 k-(p+q)

which depends on the coefficients (ak) which satisfy

[
a(B)=[$(B)I"= T a B", (10)
k=0
where @(B) is the polynomial $(B)=¢(B)6(B)=1—$1B- ...—$p+qu+q. We have

Ik-Hk=CkCl’(, where Ck=Ck(¢,9) is a kx[k-(p+q)] suborthogonal matrix whose
columns span, in IRk, the orthogonal complement of the linear manifold

spanned by the columns of X, ie.. such that C’C =l and C’X =0.
3 kK k  k-(p+q) k k

D

Therefore, nl/?‘e;ﬁk —_— ), where €k=ck($,@). For the

0,1
k-(p+q)( "k-(p+q) "’

integer sequence m=m , define
n

8 =R =8 Loty
m m m p+q+l,m m,m
and modify On(t) to
m-{p+q) .
¢ =Zmn? x4 sin(kmt)  peta, (1)
n k=1 k+p+q,m k

This modification turns out to be effective because as established in
section 3 below the weak limit of (Vn(t), Ost=l} is, under the model (1),
the brownian bridge {U(t), Ostsl}. The asymptotic distribution of every

continuous functional hlon(t)] is then free of unknown parameters.

Ji




3. Asymptotic theory.

3.1 Regularity conditions and auxiliary lemmas. The following lemmas are

needed for our theoretical development.

LEMMA 3.1. (Box and Pierce). Let m=m_ and consider the m vectors ﬁm=(?l,

,? ) and R =(r, ...,r ). If we assume:
m m 1 m

C.1) sup |ak | =0(n""?)

kZm -(p+q)
n

; and

c.2) mn=0(n" ®), b2,
we have,

A _ -1
max [rk-gkml—op(n ),
1=k=m

n

as n—w, where £ =(£ , ..., )'=(I -H )R .
m lm mm m m m

LEMMA 3.2, Let (An(t), Ostsl)n>l be a sequence of stochastic processes and
let {A(t), Ost=1} be a process such that, for every integer d, we can write
A ®)=At)+R(1);
n n n
At) =A%t)+RY),
such that
(i) For every d, A:(t)——;—»‘\d(t) as n——»; and

{ii) For every £>0,

Tim Tim P sup |Rd(t)|>e]=l_ir3 Pl sup |Rd(t)|>e)=0.
d n ost=y 4 0st=)

Then

An(t) —0 Alt) as n——m.

Proof. The proof follows easily from the necessary and sufficient conditions
for the weak convergence of An(t) to A(t) given in Billingsley (1968)

theorems 8.1 and 8.2.
|




Besides the regularity conditions C.1) and C.2), we will assume:
C.3) The error process (et) in model (1) is i.i.d with E[ef](w.

c.4) (€ -c R | =0 (i/n), where |A| denotes the maximum absolute
m m miw p ©

value of the elements of the matrix A.

3.2. Weak convergence of the process on(t). We establish in this section the

maijn result of this paper.

THEOREM 3.3. Under conditions C.1)—C.4), we have

0 (H—ult).
n w

Proof. Consider the three processes

m-(p+q) .
0 W=(vZmn'? ¢ ¢ sin(kat) oo,
n k+p+q,m k
k=1
m-(p+q) .
V ()=0vZ/mn'? T s sintkmt) - epg;
n w1 k+p+q,m k
m-(p+q) .
w (t)=(\/z/1t)nl/2 Y Ln(k"_t)’ O=tsl;
n k+p+q,m k
k=1
where
s .5 r=C’R, , ...t y=C'R
p+q+l,m m,m m m p+q+l,m m,m m m

The claim of the theorem will follow if we prove:
a) V (t) — U(t) and
n w

b) sup |¥ (©)-V_(1)]=0 (1).
n n P
0=ts)

Step a). It can be seen that for ewseny suborthogonal Cm matrix such thét
’ ] . —_ ] ’ ] 172 - ’ —
c c’=l - ,wehave [C.(R_-R )| =] c'R —c’c C’'R )| =m'*|R_-C C'R )| =

m!’ 2||ﬁ -€ || = m%0 (1/n)=0 (n_3/4) by lemma 3.1 above. By Cauchy- Schwartz,
m “m'e P P

{/



sup |Vn(t)—Wn(t)|snllzml/zop(n_3/4]=op(l) and, therefore, the weak limit of
0=t=)

Vn(t) and Wn(t), if they exist, are the same.

Fix now an integer d>p+q. We can take

’ (12)

where C, is a suborthogonal matrix of dxld-(p+q)], O is of (m-d)xld-(p+q)],
A is of dx(m-d) and B is of (m-d)x(m-d). We then write

w (t)=wit)+R%1),
n n n

where
d-(p+q) .
wit) = WZ/mn'? ¥ sin(knt)
n k+p+q,m k
k=1
and
m-(p+q) .
R%t) = (VE/m)n'? ¥ sin(kmt) .
n k+p+q,m k

k=d+1-(p+q)
If {uk)l<k is a sequence of i.i.d. N(0,1) random variables, we proof that

d-(p+q) .
wa(t)——U%t)=(vVZ/m) ) sin(knt) and that, for every >0, Iim Iim
n w k+p+q k

k=1 d n
Pl sup |R:(t)|>e]=0. Since, by construction of the brownian bridge (8), for

0=t=]

every €0, TIim Pl sup | Rt |>€l=0,  where RAt)=U()-U%t), weak
d 0=<t=]

convergence for Wn(t) follows from the convergence lemma 3.2.

Under regularity condition C.3), nll?'Rd=nl/2(r‘l, . .rd) ’—D—)Nd(o, Id).
. o 172
and, since dCd—ld_ (pra)’ prqel,m’ ces
172 . e e
‘= ' , . Routine application of the
td'm) n Cde—-aNd_ (p+q)( detpeq) in pp! i

conditions for weak convergence in theorem 8.2 of Billingsley (1968) yields
wit)——uu).
n w

We now write (A’,B’)=(uk+p+q J) for (d+1)-(p+q)<k=m-(p+q) and I=j=m so

that and R:(t) = 2 2/n)(Co/n)-IQn(t), where

m
t =) a r
k+p+q,m El k+p+q,J J




m-(p+q)
d ~-1/2
Qn(t)=n ¥
k=d+1-(p+q)

sin(kmt)
k+p+q k '

m n-jJ D)
. 2 . i
=), @ d = . — i
ng woprq Oy 2D c, E‘etew Since C_/n Ele]], it suffices to

prove that, given >0,

Iim Tim Pl sup |Q%(t)|>e]=0. oy
d n ostsy
m-(p+q) .
But [Q%t)|%n™| § g SXRUKTY 2 o iherefore,
n k+p+q k
k=d+1-(p+q)

d 2 d m-(d+1) /)
sup |Q (1)["=Q =2 T |Y |,
0=tx] r=0

1 m-r-(p+q) Bk+ + k+r+p+
where Y =n ¥ P2 P9 We have

kmdo1-(peq) k(k+r)
WD
E[Y2]<n_2 m—ri(wq) m—ri(wq)lE[ Bk+p+q Bk”””q Bl+p+q B“qu ]I
r k(k+r)1(1+r) :
k=d+1-(p+q) I=d+1-(p+q)
By lemma 1 in Grenander and Rosenblatt (1957, p. 186), and exploiting the o
fact that the rows of (A’,B’) are orthonormal, we get: ‘
, 2
(i) E[Bkﬂ”q]sn; |
. 2 2 2 ol
(i) E[Bk+p+qﬁk+r+p+q]sAn , rzl; . )w
() IE[Bk+p+qu+p+qu+r+p+qu+r+p+q]|5Bnm’ kd, r=l.
By Cauchy-Schwartz it is easily seen that
m-{p+q) m-{(d+1) m-r-(p+q)
ElQlls §  KMa2Bm®mI?p 1§ ——1"% >
D k=d+1-(p+q) r=0 k=d+1-(p+q)k (k+r)
By observing that m=0(an) and by recalling an argument given in Grenander
and Rosenblatt (1957, p. 189), we get Iim Iim E[Q:]=O. This completes the
d n )
proof of step a).
0 172 Mot |
Step b). By C.4), sup (t)~V (t)|=(VZ/m)n ¥ s -s | ‘
P OSt.Sll n n I ol | K+p+q,m k+p+q,m 2
=n'*m'? 0 (1/n)=0 (1). -
P P
3
9
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3.3. Weak convergence of the process ﬁn(t)- For completeness, we study the
convergence of the process {U (t), O=t=<l}. We will need the additional
n

regularity condition:

-1/2

. ) -1/2
C.5) In matrix Cm in (12) above, “A||E=0(d ) and ||B—lm_d“E=0(d )

where ||||E denotes the euclidean norm of a matrix.

We also define the array H={h }

Jk 153k’
P+q P+q ers
hjk— I X aj-rak—srp+q’

r=1 s=1
where the coefficients (ak) are as defined in (11), ak=0 for k<O, and f:jq
are the elements of the inverse of the (p+q)x(p+q) matrix

4]

F =(Yaa ).
p+q kz:o k k+|r-s|

THEOREM 3.4. Under conditions C.1), C.2), C.3) and C.5), we have
0 (t)——G).
n w

The process {G(t), O=t=l} is defined by

[+ <]
G(t)=(vZ/n) Iy p,ltl,
k=1

1=k
o
variables; b) pk[t]= )} lajk-hjk]
J=1

where a) (uk) is a sequence of i.i.d. N(0,1) random

sin(jmt)

I (61k=1, j=k, and 631(:0’ j=k).

Proof. (Sketch). By lemma 3.1, sup |0n(t)-Yn(t]|=op(l), where

0=t=)

m .
Y (0=vZmn2 7 g Sk o,
n km k

k=1

C C'R A

d’d d
and £ =(¢ , ....§ )=C C’R = + (A’ B)R . If
m im mm m m m o B m

d 172 d sin(knt)
Yn(t]=(\/§/n)n L& —p— 0sts],

k=1

'=C C’'R and we now take
where (al, .ad) Ry

10




GUt)=(vZ/m) zu [ z(a = sin(jmt) | g,
k=1 J=1 J

it can be shown that Y:(t)——waG (t). By considering the representations
Y )=y t)+R% 1),
n n n
G(t)=G(1)+R%(1),

we need to prove: a) Iim Tim Pl sup|R(t)|>e]0 and b) Tim
d n 0sts) d

Pl sup |Rd(t] | >e]=0.
0o=t=xy

-1/2 1 mei‘j"t
Step a) sup |R (t)|=(vZ/a)n” €/ | L D |=
0st=y J=1 )
o ijn m _ijmt
(\/_/n)(C/n)l 172 1/z|Z Dlnvzl Ze. D |)=
= J=d+1 J J
VZ/m)(C /n) " A%BY,
0 n n
m-{p+a) dz_ -1 & 298 5
say, where D= ) o B . We have (A)"=n"[ ¥ j Il ¥ D
J k=d+1-(p+q) k+p+q,) k+p+q n J=1 J=1 J
and
2 m-{(p+q) m—(p+q)
E[D’]= L z EB ., .B..J=
! k=d+1-(p+q) l=d+1-~ (p+q)k p+q,j lpran) k+p+q l4peq
m-(p+q) m-(p+q)
(n-1) Y a:+ it m’ Y ;‘: ,
k=d+ 1 ~(p+q) P+q,) k=d+1-(p+q) +P*q,)
so that
d 2 2 2
Y E[Djlsl(n—1)+m ] ||A||E.
J=1
and from here and regularity condition C.S), 1im E[(A:)2]=O.
.. d .
_ d ijnt _ m _1jat
We now observe that B%sn 1/z| }:e - (D-B)|+n 1/2| Y ¢ __ B8 |=Cd+
, n o I jeand A

D: . By an argument used in the proof of theorem 3.3 Iim E[(D:)zl=0. It can
d

11

N

N



d ,
2 2 2 .
be shown that JE:IE[(DJ-BJ) Is[(n-1)+m ]||B—Im_d||E so that, again by

regularity condition C.5), Tim E{(C%)%}=0.
n
d

Step b) We can write Rd[t]=RAd[t]+RBd[t]. where

[ d . .
RA‘tI=-(VZ/m) § u [ ph SiUm)
k=av1 © )= ¥ ]

and
. -] . 0 ] . N
RB‘[t)=-(vZ/m) Tu ST | (/m) gy [ pn SO
k=d+1 k=1 * j=der™ J
d-1 da-rf B
We have RA"= sup [RAYL) | *s(4/n°) ¥ [Y |, where Y=y-1 ' apq
. 0st= r=0 " am J(j#r)
_ ~1
B J—k-allljkuk. It can be seen that IE[BJBJ+rBlBl+r]|$O(d )k Zd: |ak|. and
- w0 d-r =d+1
therefore E[Y:]so(l) ) |ak| 71———5 By  Cauchy-Schwartz,
k=d+1 j=1 j(j+r)
— d - 2% 4cr 1 172
lim ERATJ=OW[ T |3 [I7"LIL ——— 170
d k=d+1 r=0 j=1 j “(j+r)

write RBY[t]=A%[t]+B[t]. By Brownian bridge construction, i‘ii—xﬂ

Pl sup |Ad[t]|>e]=0. On the other hand, B%= sup |Bd[t]|25(2/1t2)

0=t=] 0=ts)
2 w2 2, wo.2 —_— d

[ YJ°I Y8l Since E[B]l= T h e have Iim E[B ]=0.

J=d+1l  j=ds+1 o) d

Remark 3.5. Since the matrix Hm is symmetric and idempotent for every m, it
. [+ <]

is easy to proof that th= Zhjﬁhﬁk and, therefore, the process G(t) is a
s=1

zero mean gaussian process with covariance function given by
€(t,u)=C(t,u)-D(t,u),
o © sin(jnt) sin(kmu)

where C(t,u)=min(t,u)-tu, D(t,u)=(2/x>) ¥ Th
J=1k=1

x J k ‘m

4. Testing the goodness-of-fit of an ARMA(p,q) model

12




4.1. Testing criteria

The test statistics to be considered will be of the form Dn=D[0n(t)],

where D[.] is a continuous nonnegative functional defined on C the

[0,11°
space of continous functions in [0,1] endowed with the sup norm. Extreme
values of these functionals should indicate the inadecuacy of model (1). The
asymptotic distribution of the r;andom variable Dn=D[0n(t)] is, by a
straightforward application of the continuous mapping theorem, the
distribution of the random variable D=D[U(t}])]. Approximate significance
levels are then computed with reference to the distribution of the
functional D=D[U(t}])]. Standard choices for DI[.] and its associated tests
statistics are:

a) Kolmogorov-Smirnov criterion:

D_[f(t)]= sup |[f(t)]; D = sup @ H
ksl 1= sup |10 ns™ SUP 1V,

b) Cramér-von Mises criterion:

n 2., | _hn 2.
DCvM[f(t)]-J.o[f(t)] dt; D ™ [o[on(m dt;
¢) Anderson-Darling criterion:
D [f(t)]=Jl[f(t)]2u(t)dt D =J‘[0 (©)1%u(t)dt
AD 0 * n,AD o ™ ’

with u(t)=1/[t(1-t)].

For the functionals a), b) and c¢) above, tables can be seen in Shorack
and Wellner (1987). It is interesting to observe that, for the Cramér-von

Mises criterion, we get

m-(p+q)
& AH
k+p+q,m

g2
D vM—(n/n) )

n,C k=l
which is a statistic of similar structure as the Box-Pierce statistic Q in

(3).

4.2. Computational issues. For computing the process (11) and the test

13
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statistics above we need:

(1) The MLE's 8, 8;

(2) The estimated residuals (él. ..,.én) and the associated correlation
function ('\k, k=1, ...,m;

(3) The matrix em=Cm(3.6) which we compute as follows:
(i) We obtain the coefficients (ak=ak(¢,9)) by setting a°=l and using

the recursive relation

a-pa - . .-¢p+qak_ ‘p+q)=0, (16)

where ak=0 for k<O. For example, for the AR(1) model, Xt-¢Xt_l=et, we have
gk . _ = = =
a ¢ while for the AR(2) model, Xt ¢1Xt—l.¢zxt-2_€t' we get ao—l, al—¢l,
_x2 _,3
a2—01+¢2, a3—4>l+2¢1@2, and so on.
(ii) We compute Qk=ak(3,@) and form the matrix ﬁm=Xm(3,@).

(i) Because rank[2m1=p+q, only p+q eigenvalues of Qmﬁ; are different

from zero. By the singular value decomposition of Qm, we can chose for 6

m
‘the mx[m-(p+q)] matrix formed by the m-(p+q) -eigenvectors of ﬁmﬁ;‘

corresponding to the m-{p+q) null eigenvalues of Q .
m

5. Comparisons with previous criteria.

We compare briefly, in this section, the goodness-of-fit tests based on
the process on(t) with the classical goodness-of-fit tests based in the
statistics Q of Box and Pierce (1970) and Q1 of Ljung and Box (1978). We
compare also on(t) with other spectral goodness-of-fit criteria proposed in
the literature.

With respect to Q and Ql, it seems that the "averaging" used in (14)
provides a proper limiting distribution for every Dn-'D[on(t)] as n—w. This
is in contrast with Q and Ql whose "asympfotic“ distribution depends on the
sample size through m=mn. 6n the other hand, on the light of section 4.2,

criteria based on Y (t) are computationally more expensive but, however, not
n

14




by a great amount.

Several other spectral based goodness-of-fit criteria have been
proposed in the literature. See, e.g., Priestley. (1981, chap. 6),
Dzhaparidze (1986, chap. V) or the recent review contained in Anderson
(1991). These previous methods are not based in the residuals and
use directly the observations (Xl, ...,Xn). With some exceptions,
for example the Quenouille’s goodness of fit test for autoregressive models
described in Priestley (1981, p. 488), these methods are fully manageable
only in the case when we assume a campletely specified model (both the
orders (p,q) and the parameters (¢,e,¢2) are known). This is a very
restrictive framework for goodness-of-fit purposes because to check the
appropriateness of an ARMA(p,q) model for the data, we should assume only
that the data Xl, ...,Xn are generated by an ARMA(p,q) process with unknown
parameters (¢,B,02). It is important to remark that the process on(t)
converges weakly to the brownian bridge for eseny model in the class of
causal and invertible ARMA(p,q) models (1). Therefore, on(t) provides a
sensible building block for goodness-of-fit under a more flexible framework.
Recall also that the convergence of on(t) does not require normality of the

errors (e, ...,£ ).
1 n

6. Example. We illustrate, in this section, the proposed goodness—of-fit
procedure with reference to the first n=100 simulated observations from the
AR(2) model Xt—.4Xt_l+.7Xt_2=et, (et)~N(0,l) which appear in the appendix of
Priestley (1981). Given the data, we try to find out about the merits of the
models AR(1) and AR(2) in providing a satisfactory fit for the data. We take
m=]10. |

(i) For the AR(1) model Xt—¢Xt_l=et, we get $=.18. Table 1l.a) displays
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the autocorrelation function ’x}k, k=1, ...,10, the sequence Qk, k=0,1, ...,9,

and the elements Q , k=2, ...,10.

k,10
k 0 1 2 3 4 5 6 7 8 9 10
?k - .131 -.687 -.368 .359 .494 -.080 -.438 -.095 .299 .128
Qk 1. .180 .030 .005 .001 .000 .000 .000 .000 .0OOO -
/s\ - - .007 -.500 -.85]1 -.155 -.008 -.438 ~-.095 .299 .128

Table 1.a)
Table 1.b) displays the values of the statistics presented in section

4.1 which are all highly significant.

D =].83; D =1.5335; D =11.24.
n,KS n,CvM n,AD

Table 1.b)

(i) For the AR(2) model X-X -¢X =c, we get $l=.326 and $z=-.762.

1 7272 Tt
Table 2.a) displays the autocorrelation function ?k, k=1, ...,10, the
sequence Qk, k=0,1, ...,9, and the elements gk 10’ k=3, ...,10.
k 0 1 2 3 4 5 6 7 8 9 10
?k - =.095 -.007 .009 -.093 .151 .054 -.101 -.109 .176 -.045
{a\k 1. .326 -.656 -.462 .349 .466 -.114 -.392 -.041 .286 -
Qk o - .054 ~.017 -.13 .162 .064 .030 .230 .023

Table 2.a)
Table 2.b) displays the values of the statistics presented in section

4.1. which confirm the adecuacy of a model AR(2).

D =0.62; D _ =0.0786; D  =0.4352.
n,KS n,CvM n,AD
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Table 2.b)
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