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Abstract,

We consider a perfectly competitive economy in which only a finite number
of different agents’ characteristics can be distinguished. We associate this
economy with an n-agents’ economy with an ordered Banach commodity space,
and we prove that the continuum and the discrete approach to the equilibrium
problem can be considered equivalent.

Key words: Continuum economies, core, Walrasian equilibrium.

Departamento de Mateméticas, Universidad de Vigo.
Departamento de Economfa, Universidad Carlos lll de Madrid.

The authors are indebted to Javier Ruiz-Castillo for his helpful suggestions
to an earlier version of this paper.




O

M

1 Introduction

In economies where the mechanism of perfect competition prevails, and in
particular in problems related to Walrasian equilibrium, the participating
agents should be modelled so that they act as price takers. Aumann (1964)
emphasizes this fact to criticize the classical n-agents model of Arrow-Debreu
because, mathematically, it is not possible to assume that the influence of
each agent is negligible. Alternatively, he proposed the study of economies
with a continuum of agents, and the use of the integral instead of the sum
to represent the average allocation rather than the aggregate.

Following this approach, for economies whit finitely many commodities,
he showed (1964) that the core and the set of equilibrium allocations coin-
cide (core-Walras equivalence), and he established (1966) the existence of
a competitive equilibrium in exchange economies where the preferences of
the agents need not be convex. Bewley (1970) proved a core-Walras equiv-
alence result for economies in which the commodity space is L(M, M, ),
the space of essentially bounded, real-valued, measurable functions on the
measure space (M, M, ). Ostroy (1984) established the existence of equi-
librium in more general economies with a continuum of agents and infinitely
many commodities. Kehoe, Levine, Mas-Collel and Zame (1989) analyzed
the problem of determinacy of equilibrium in the context of separable Hilbert
spaces. More recently, Rustichini and Yannelis (1991) generalized Aumann’s
results for economies in which the commodity space is an ordered separable
Banach space. Moreover, they provided a counterexample which shows that
the above result fails if an “extremely desirable commodity” does not exist.

In all these models, the influence of each agent (or of a set of measure
zero) is null because the integral does not change if the behavior of such a
set of agents is modified. The mathematical elegance of this approach may
not be inmune to the criticism that, frecuently enough, economic reality only
allows us to distinguish a finite number of participants.

In this paper we will consider a perfectly competitive economy (i.e., an
economy with a continuum of agents) with infinitely many commodities, in
which only a finite number of different agents’ characteristics can be distin-
guished.

This continuum economy can be interpreted as a discrete economy with
n agents in which each agent is repeated infinitely many times. The aim of
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this paper is to emphasize that the continuum and the discrete treatment can
be considered equivalent. To be precise, under the hypothesis of convexity
of preferences, we show that an allocation belongs to the core (respectively
is an equilibrium allocation) in the continuum economy if and only if it is
an Edgeworth equilibrium (respectively is an equilibrium allocation) in the
discrete economy. By using the above result, we establish the existence of
core allocations and Walras equilibrium in the continuum economy under the
standard hypothesis for n-agents’ economies. As a consecuence, we obtain a
core-Walras equivalence for this particular economy.

The convexity of preferences is indispensable to prove a lemma which sus-
tains the proof of the theorems. This must be so because we know that the
core of an n-agents’ economy can be empty without this requirement and,
on the other hand, as a continuum economy, Aumann’s result guarantees
the non-emptyness of the core. This means that if we discreticize a contin-
uum economy we ought to suppose that the preferences of the representative
agents are convex.

We refer the reader to Aliprantis, Brown and Burkinshaw (1989) for nota-
tions and results on n—agents’ economies with infinitely many commodities.

2 The model and main results

The commodity space is an ordered Banach space denoted by £. We denote
by E, and E’ the positive cone of E and the space of continuous functionals
on E, respectively. We consider an exchange economy in which only a finite
number of different agents can be distinguished. To guarantee that each
individual agent has no influence, the set of all agents is represented by the
continuum [0,1] divided into n pairwise disjoint subintervals each of which
represents a type of agent.
We denote this exchange economy by &¢

& =(< E,E' >, =%, w(t),t € I =[0,1]),
where < E,FE’ > represents the commodity-price duality. The set of
agents is represented by the continuum I = [0,1] = | J L;, where I; = [a;_,,a;)

1=1
if i # n and I, = [@n_1, 1] denotes the set of agents of type . Each consumer
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t € I is characterized by her consumption set E,, her initial endowment
w(t) = w; € E, for all t € I;, and her preference relation <, = =; for all
t € I;. The notation z =; z is read “the bundle z is at least as good as the
bundle = for the consumer ¢” and z <; z is read “z is preferred to z” or “z
is better than z for the consumer ¢”.

An allocation is a Bochner integrable function f : I — E,. An alloca-

tion is said to be feasible if /1 fdu = /de,u = Y p(I;)w;, where p denotes
i=1

the Lebesgue measure on the Borel subset of [0,1] (see Diestel and Uhl (1977)
for the definition of the integral of a Banach-valued function). A coalition
of agents is a measurable set S C [0,1] such that p(S) > 0. We say that
a coalition S improves upon an allocation f whenever there exists another

allocation ¢ such that /Sg = / w and f(t) <; g(t) p—a.e. in S. The core of
S

the economy &, denoted by C(&¢), is the set of all feasible allocations that
cannot be improved upon by any coalition of agents. A Walrasian equilib-
rium for the economy & is a pair (f, p) where f is a feasible allocation and
p € E! is anon zero price such that f(t) € B;(p) = {z € E;+/p(z) < p(w(t))}
and if f(t) <; z then = ¢ B:(p).

This model allows to interpret economies with n agents as continuum
economies where the ith agent is the representative of infinitely many identi-
cal agents. We can consider this model as a replica of an n-agents’ economy
in which each agent is repeated infinitely many times. Moreover we can con-
sider this model as representative of an economy with n non-homogeneous
agents, where the relative influence of the ith agent is represented by the
measure x(I;) of each subinterval I;.

On the other hand, if we are not able to distinguish the infinitely many
different characteristics of the agents in a continuum economy, we will wish
to treat such a situation as a discrete economy.

For these reasons, to each economy & we will associate a discrete econ-
omy with n agents &, = (< E, E' >, %;,w;,t € {1,+:+,n}). Then, an alloca-
tion f in our economy can be interpreted as an allocation z = (2, --,2,),

1 .
in the n-agents’ economy, &,, where z; = ;‘(T) /1 f. Reciprocally, an allo-

cation z = (zy,-+,Z,), in the n-agents’ economy can be interpreted as an
allocation f in &c, where f is the step function defined by f(¢) = z; if t € I.
Let us consider the discrete economy &, associated with our economy

4
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&. An n-tuple z = (z),:--,z,) is a feasible allocation if and only if the
associated step function f is a feasible allocation in &, i.e., (z,- -, x,) is

feasible iff Z,u Jz; = Z,u

=1
We will say that a (dlscrete) coalition § C {1,---,n} improves upon

an allocation z = (zy,---,,) whenever there exists another allocation z =
(21, +,2,) such that: Ez; = Zw,-, and z; <; z; for all 7 € S. The core
of the economy &, is th'eeiet of fgjsible allocations that cannot be improved
upon by any coalition of agents.

If r is any positive integer then the r-fold replica economy ré&, of &,
is a new exchange economy with rn consumers indexed by (i,j), ¢ =
l,---,n ; 7 = 1,---,r such that each consumer (i,j) has a preference
relation <;; = =; and an initial endowment w;; = w;. Every allocation
¢ = (21, *+,2,) in the economy &, leads in a natural way to an allocation
T = (T11,° "y &1yt 3Tl * * 5 Tpp) for the r—fold replica economy r€, by
letting ;; = @; for j = 1,---,r and ¢ = 1,--+,n. Any such allocation is
called an equal treatment allocation for r&,. In this manner every allocation
of £, can be considered as an allocation for every r—fold replica economy r&,.

An Edgeworth equilibrium for the exchange economy &, is a feasible al-
location (zy,:+,z,) that belongs to the core of every replica economy. A
Walrasian (or a competitive) equilibrium for the economy &, is a pair (z,p)
consisting of a feasible allocation ¢ = (z,,-- -, z,) and a non-zero price p € E’
such that z; € Bi(p) = {r € E;/p(z) £ p(w;)} and z; <; = implies that
z & Bi(p).

The aim of this paper is to emphasize that the continuum and the dis-
crete approach can be considered equivalent. The next theorem makes this
equivalence precise:

Theorem 1 If the preference relation <; is convez and continuous for each
1=1,---,n, then:

a) If ((zy,-++,2,),p) is a Walrasian equilibrium for &,, then (f,p) is a
Walrasian equilibrium for &c.

!Note that his feasibility condition is standard if u(L;) = L for all i. Moreover, if

u(Ii) = %, we could divide the n subintervals into q subintervals of identical length. If
the allocatlon is an equal treatment allocation, the standard feasibility condition can be
formulated as } i, ai%i = 3 ;- aiw; which is the same as 3 . p(Li)zi = Yo p(Li)wi

5




fi‘\

b) If (z1,--+,x,) is an Edgeworth equilibrium for E,, then f is a core
allocation for &.

¢) If (f,p) is an equilibrium for E¢, then ((z1,- -+, 4),p) is an equilibrium
for E,.

d) If f is a core allocation for the economy &g, then (z1,:++,z,) is an
Edgeworth equilibrium for the economy E,.

To establish this theorem we need the following lemma based in the mean
value of the integral:

Lemma Let < be a convex and continuous preference relation. If S C I
has positive measure, g : S — E, is an integrable function and ¢ € E, is
such that z < g(t) for all t, then:

x%;%/sg

Proof.- The measurability of g implies that there exists a compact set
K C S of positive measure such that the restriction of ¢ on K is continuous
and thus there exits b € E, such that ¢ < b < g(t) for all ¢ € K. We have

y = WIK—)/I‘(] € Co(g(K)) (see Diestel and Uhl (1977)), and Co(g(K)) C
{z € EL/b X 2z} because {z € E,/b =X z} is closed and convex. Thus
1
. < __ 1
z < b < y. Analogously, if (S \ K) > 0 then z = RN /S\Kg, and

again by convexity:

= %%)'(,T(lif'i /1\ g) + ”(S),L(_s’)t(K) (p(Sl\ X) /S\K g) = ,7(155/59

Q.E.D.

Note that the lemma is true if in the hypothesis and in the statement we
substitute < for <.

Proof of theorem 1.-

a) Let ((z1, -+, zn), p) be a Walrasian equilibrium for &,, then:

i)/lfzizj;/bmi=gﬂ(1i)$i=gﬂ(1i)wi=g/hwi=/lw

i) f(t) is a maximal element for Bi(p) = B,-(p).for all te I;

6
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and thus (f,p) is a Walrasian equilibrium for &.
b) Let (z;,---,2,) be an Edgeworth equilibrium for &,. Let us assume

that a coalition S and a function g such that / g= /Sw and f(t) <; g(t) pu-
a.e. in S exist. Let S; = SNJ;and J = {¢/8; = u(S;) > 0}. Let us denote
yi = / gand, foreach i € J and k € N, af = E[kB;+1] (E[z] denotes

kB;
= —p (i —wi)tw €

E, converges to y; for all ¢ € J, and by the lemma z; -<:- y;- Thus there
exists an index ko such that z; <; y¥ for all i € J and for all k > ko. (*)
Now, we consider the coalition with af agents of type ¢ € J in the k—fold

replica economy k&,, which improves upon the allocation y¥, because we
have (*) and

Zafyf = Zkﬂ, +aw'_k2ﬂtyt—k2ﬂth+zaw:—

the entire part of the real number z). The sequence y!

ieJ 1eJ i€J ieJ eJ
=k/g k/w+Zaw, Zaw,
i€J 1eJ
c) By construction, (z;,--,2,) is an allocation in the economy &,, and

z; € Bi(p) because p(z;) = p(ﬁ%ﬂ /1; f) = ;(11—)/ p(f) < ;(—IL,—)/‘P(%) =

pwi). f 2z > z; = f, by the lemma, we have z > f(¢) for all

1
u(L:) Jr,
te S cl, u(S)>0and thus p(z) > p(w(?)) = p(wi).

d) Suppose, on the contrary, that (z;, - -,z,) can be improved upon in a
r—fold replica economy r&, of the economy &, by a coalition with a; agents
of type ¢ via an allocation y;, 7 € J (by convexity of preferences, without loss
of generality we may suppose that the consumption vector y; is the same for
all agents of type ¢). Thus «; <; y; for all ¢ € J and Za,-y,- = Z a;w;.

ieJ ieJ
Let o = rréljn {u(I;)}. Now for each ¢ € J, let S; C I; be a subinterval

a; . .
with Lebesgue measure —a and consider the coalition S = | S; and the
1€J
function g defined by g(t) = y; if t € I;, then the coalition S improves upon
f via g because:

t) / g= 'EJ )y, = —a)Za,y, = -a)Za w; = 2 —a)w, / w

i€ teJ
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i) f(t) = @i <y = g(2) Q.E.D.

The rest of the section is dedicated to establishing results concerning the
existence of core and equilibrium allocations in the economy &£ under the
standard assumptions for n-agents’ economies.

Theorem 2 If for each i = 1,---,n the preference relation =<; is convexz,
strictly monotone and continuous on E, with respect to some linear topology
T on E less fine than the norm topology, and the order interval [0,w)] is 7-
compact, then there exists an allocation f : I — E_, which belongs to the
core of the economy &¢.

Proof.-

Let us denote o = p(l;) > 0 ¢ = 1,---,n. We choose n sequences
{a*}men of rational numbers converging to a; for all ¢ and such that there
exists a real number r > 0 withr < of* forallm € N and o+ -+ a} =

Given m € N, there are integer numbers p, q such that o]* = I—)i, i =

1,---,n. We consider the ¢ agents’ economy &, = (< E,E’ >,w,-j,qj,~j,i €
{1,2,---,n},7 € {1,2,---,p;}), where the preference relation and the initial
endowment of the ¢ consumer are identical to those of the ith consumer in
the economy &,. Under the hypothesis of the theorem, the economy &; has
an Edgeworth equilibrium (see Aliprantis et al. (1989)), which, due to the
equal treatment property, can be expressed as (21,71 ,2Z1, -, Zp,"" , Zn).

In this way we construct n sequences {z*},,en contained in the order
interval [0, %w] which is compact. Therefore there exists y;, which is the

limit of a subnet of the sequence {2}, for ¢ = 1,-.-,n. The step function
f:I— E;4 deﬁned by f(t ) =y; forallt € I; is a core allocation In fact:

/f Za,y, = hmZam(ﬂ V@) = hmZam(ﬁ) Za Wy = /w

i=1 =1
i1) f cannot be 1mproved upon by any coahtlon S of agents, because

otherwise there exist a function g such that /S g = /S w and f(t) <; g(t)

for almost every t € S; = S NI with p(S;) > 0. By the lemma we have

Vi -<;——/gforallz€J= {1 < < n/p(S;) > 0}. Denote z; =
#(5:) /s

(5)/5(9"“’) then we have y; <; z; +w; for all ¢ € J. (¥)
Ko s

8
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For each index ¢ € J we consider the sequence of real numbers converging
ku(S;
to 1 defined by { #a(l.‘ )}keN where af = E[ku(S;) + 1], and we denote
ku(S:)

2F = (T)z;. There exists a positive entire kg such that if k > ko, v; <
1

z¥ 4+ w;. Therefore there exists an index Bo such that if 8 is greater than
Bo, then the continuity of the preference relation implies :B:-"(ﬂ ) < zF + w;.
We consider the k—fold replica economy of the economy &,(g) with k and B
greater than ko and f, respectively, in which the coalition formed by a¥ agents
of type ¢ € J improves the core allocation (2,2, -+, 2™, -, 2™) via
the vectors z¥ + w; , because in addition to (*) we also have:

Yoaf(ZF+w) = Y[ku(S)z + afw] = Zk/ (g—w)+ D afw; =
i€J i€J ieJ Ui ieJ

k/s(g—w)-}—Zafw,- = Zafw,-.

i€J i€J

I

Q.E.D.

Theorem 3 If, in addition to the assumptions used in theorem 2, the prefer-

ence relations are uniformly T—proper and the initial endowment w = Z o;w;
1=1
is strictly positive, then the economy Ec has a competitive equilibrium.

Proof.-

We know from theorem 2 that the economy has a core allocation, which
can be interpreted as an Edgeworth equilibrium for the n agents’ economy &,.
The additional assumptions allow us to follow step by step the construction
of the equilibrium price as in Aliprantis et al. (1989, pp. 138-139) and to
obtain a competitive equilibrium in the economy &,, which corresponds to a
competitive equilibrium in the economy &¢.

Q.E.D.

As consecuence of the above results, under the hypothesis of the theorem
3, the economy &c has the core~-Walras equivalence property. Note that the
economy & is not in general included in the work of Rustichini and Yannelis

(1991).
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