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1 Introduction

We study the behavior of several notions of competitive equilibrium and core
in economies with differential information. Our aim is to check whether these
solution concepts respond continuously to changes in agents’ characteristics in
the underlying economy. This is a basic problem in general equilibrium theory,
that was studied by several authors in the context of economies with complete
information. For instance, Kannai (1970) considered continuity properties of the
core of a pure exchange economy, while Hildenbrand (1972) and Hildenbrand
and Mertens (1972) investigated the continuity of the equilibrium-set correspon-
dence. It turns out that both solution concepts are “upper semi-continuous”:
when the agents’ characteristics converge, together with a selection from the
solution of corresponding economies, then the limit of the selection belongs to
the solution of the limiting economy.

In an economy with differential information every agent is characterized by
his initial endowment of commodities (which is a random variable, whose value is
determined by the realization of the state of nature), his state-dependent utility
function, and his private information represented by a o-field on the space of
states of nature (i.e., an agent can tell whether the realized state of nature is
contained in any given set from the field). In measuring “closeness” of these
economies, the only non-standard part lies in evaluating the “distance” between
agents’ information endowments. We do so by means of Boylan (1971) metric,
following Allen (1983) who was the first to apply topologies on information
fields in economies with differential information. (Allen proved continuity! of
the consumer demand and the value of information with respect to Boylan
metric.)

We first consider a notion of competitive equilibrium for economies with
differential information introduced in Radner (1968, 1982), that imposes mea-
surability restrictions with respect to the private information on each agent’s
trades. We show that if the space of random commodity bundles is L (where
m is the number of commodities, and 1 < p < o0o0) and the prices lie in its
dual, then the Radner equilibrium correspondence is upper semi-continuous,
see Theorem 1.

We do not consider another equilibrium concept, that of “rational expecta-
tions,” in the study of continuity of equilibrium correspondences. The reason
is simple: the rational expectations equilibrium correspondence cannot be up-
per semi-continuous since the information revealed to the agents by prices may
have severe discontinuities; e.g., a sequence of fully revealing price systems can
converge to a constant price system which reveals no information whatsoever.

In the literature there are several notions of core for economies with differ-
ential information (for a comprehensive survey see Forges, Minelli and Vohra
(2002)). Among them, two notions stand out in that they are nonempty under

LCotter (1986, 1987) showed that continuity properties could be obtained with a weaker
topology. Stinchocombe (1990) derived further results for both topologies. Van Zandt (2002)
studied continuity of solutions to constrained maximization problems with respect to the
Cotter (1986) topology on the information fields.



quite general conditions on the economy. These are Wilson (1978) coarse core,
where a blocking coalition considers its interim payoffs (following the revelation
of private information to agents) given a common knowledge event, and Yannelis
(1991) private core, where blocking is based on ex-ante payoffs, but measurabil-
ity of all allocations with respect to agents’ private information is required. The
relation between the private core and the Radner equilibrium correspondence
is analogous to that of the core and the Walrasian equilibrium correspondence
in a complete information economy — see Einy, Moreno and Shitovitz (2001) for
an equivalence result in economies with differential information and a contin-
uum of traders. Here we show that the private core correspondence may not
be upper semi-continuous even in simple economies (see Example 1). However,
the private core correspondence is upper semi-continuous for every converging
sequence of economies where agents’ information fields approach their limit-
ing information fields from above (which corresponds to the case of decreasing
information quality; see Theorem 2).

The private core correspondence is also upper semi-continuous when the lim-
iting economy is a complete information economy (see Theorem 3). This stands
in contrast to Theorem 1 of Krasa and Shafer (2001), that shows discontinuity
of this correspondence when the agents’ common prior? over the set of states
of nature changes, in a way that the information becomes complete in the end.
Here we view the common prior as an invariable characteristic of the economy?®
(together with the sets of agents, commodities, and states of nature), and not
as part of the agents’ characteristics. Accordingly, in all our results the infor-
mation fields of the agents (and their other characteristics) are allowed to vary,
while the common prior stays fixed. This is precisely what allows us to obtain
the positive result of Theorem 3.

Finally, we examine the coarse core correspondence, and find that it is also
fragile, as it may fail to be upper semi-continuous even when the private core
correspondence is (see Example 2).

2 The Model

We consider a pure exchange economy &£ with differential information. The
commodity space is RY'. The set of agents is N = {1,2,...,n}. The uncertainty
in the economy is described by a probability space (€, F, ), where € is the
space of states of nature, which we assume to be compact and metrizable, F is
a o-field of subsets of ), and p is the common prior of the agents - a countably
additive probability measure on (2, F). The initial information of agent i € N
is given by a o-subfield F; of F; that is, for every A € F; agent i knows whether
the realized state of nature is contained in A.

2To interpret the model of Krasa and Shafer (2001) in our setting, one has to view this
common prior as defined on the product of the set of states of nature and the signals receivable
by agents, rather than the set of states of nature alone (as we do here, with information fields
as a device of revealing information).

30r, more precisely, of its information structure determined by the underlying economic
data.



For any 1 < p < oo we write L;" for the Banach space of all f -measurable

functions'  : Q — R™ such that ||z, = ([q |z (@)||” du (w))% < oo (here |||
stands for the Euclidean norm on R™). It is well known that L;* C L{* and
that convergence in L;'-norm implies convergence in Li"-norm.

Given S C N, an S-assignment in economy & is an S-tuple x = (2*), ¢
of non-negative functions (commodity bundles) in which z* € L for every
1 € S. An N-assignment is simply referred to as an assignment. There is a fixed
initial assignment of commodities in the economy, e = (e!, ..., e"); e’ is referred
to as the initial endowment of agent i. An S-allocation is an S-assignment

X = (xz)Z cs that® satisfies the feasibility constraint:

Zwi (w) < Zei (w) for (u-)almost every w € 2. (1)
i€s i€s

Given a subfield £’ of F, we use the extended notion of f’-measurability by
calling a function, which is equal u-almost everywhere to an £’-measurable func-
tion, also /'-measurable. A private S-allocation is an S-allocation x = (z*), s
such that x! is F’-measurable for every i € S. An N-allocation (respectively,
private N-allocation) is called an allocation (respectively, private allocation).

The preferences of agent i over the commodity space are represented by a
state-dependent utility function, u’ : Q x R — R, measurable with respect
to the product field / x B (where B is the o-field of Borel sets in R') and

continuous®. We will always assume that u’(w,-) is concave on R for every
w € €, and non-decreasing. If x = (2!, ...,2") is an assignment, we denote

U (2) = /Qui (w,2" (w)) dp, (2)

whenever the integral exists.

To sum up, an economy with differential information, £, is described by the
collection (ei, u, Fi)Z;l .

A possible interpretation” of the above economy is the following. It extends
over two periods of time. In the first period there is uncertainty about the
state of nature. In this period, agents make contracts on redistribution of their
initial endowments either before the state of nature is realized (ex-ante) or after
receiving their private information (interim). In the second period agents carry
out previously made agreements, and consumption takes place.

In order to define convergence of economies with differential information,
we use a pseudo-metric (introduced in Boylan (1971)) on the family F* of o-

40r, to be precise, their equivalence classes, where any two functions which are equal
p-almost everywhere are identified.

5For any two vectors £ = (@1, ..., Zm ), ¥ = (Y1, -, Ym) € R™ we write x > y when x5, > yp
for every k =1,...,m, and * > y when = > y and = # y.

6 Continuity of w implies its F x B-measurability when F is the o-field of Borel sets in €.

"This paragraph is a quotation from Allen and Yannelis (2001), p. 265, slightly modified
to fit our setting.



subfields of F, given by

— inf 1 (AAB inf u(AAB
d(F1,F2) f:}’lBléln“( H;SFQA%L“( )

where AAB = (A\B) U (B\A) is the “symmetric difference” of A and B. Con-
sider a sequence {€},~; of economies & = (e, uj, F ;):L:l with differential
information. We say that {&x}r—, converges® to an economy & = (ei, ut, F ’):;1
if for every ¢ € N:
Ly .
k—oo

ii) uj, —r—oo u' uniformly on every compact subset of Q x R

iii) F{ —k—oo F’in Boylan pseudo-metric.

Finally, if X is a random variable on (Q, F, ) and F’ is a o-subfield of F,
denote by E (X | F’) the conditional expectation'® of X with respect to f'.

i)? el —

3 Continuity of Radner Equilibrium Correspon-
dence

Radner (1968, 1982) introduced a notion of competitive equilibrium for economies
with differential information. Here we study the continuity of Radner equilib-
rium correspondence.

In what follows we consider commodity bundles that are members of L

P )
for some given p > 1. Let & = (e, u’, F i)?zl be an economy with differential
information. A price system 7 is a non-negative function in the unit sphere of Lg*
(i.e., [[7]|, = 1), where g € (1, 00] is such that %4’% = 1. It is elementary that any
price functional ¢ in the economy (which is a continuous linear functional in the
dual of L, restricted to the cone of commodity bundles in L") is representable
by a unique price system 7, : for any commodity bundle z, ¢ (z) = fQ Ty TdL.
Given a price system 7, the budget set of i € N is given by

B'(m) = {x € L' | x is non-negative and [ *-measurable and / e xdp < / - eidu} .
Q Q

A Radner equilibrium of £ is a pair (x,7), where 7 is a price system and
x =(z',...,2") is a private allocation such that for every i € N z' maximizes
U? on B (7). Denote by RE(E) the set of Radner equilibria in .

The following theorem (whose proof, together with all other proofs, is given
in Section 6) establishes upper semi-continuity of the Radner equilibrium cor-

respondence.

8We use the language of “convergence of economies” only for the sake of convenience. As
was mentioned in the introduction, the convergence here is actually restricted to the agents’

characteristics.
m

9By “— P o7 we denote convergence in the Lp*-norm.
108ince E (X | F') is usually defined as a class of functions, we will always take a selection

from it.
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i=1
with differential information that converge to & = (ez,ul, F Z)Z.:l, where e’ is
strictly positive for every i € N. If {(xy,mk)}re; is a sequence such that

m

Theorem 1. Let {€;},~, be a sequence of economies &; = (e’fﬁ,u};, Fi)
n

(xk,Tk) € RE(Ey) for every k, and for every i € N, o, —, 7, a', 7 —,° T,
then (x,7) € RE(E).

One may ask whether L7"-norm convergence of price systems can be replaced
with weak™® convergence!!, without affecting the result. The answer is negative,
as will be made clear in Example 1 of the next section. In this example we will
also show that confining attention only to Radner equilibrium allocations does
not yield an upper semi-continuous correspondence.

4 Continuity of the Private Core

In this section we study the continuity of the private core of an economy with
differential information, introduced in Yannelis (1991).

Let & = (e, u', F i)?zl be an economy with differential information. The
private core of € consists of all private allocations x = (', ...,2™) for which
there do not exist a non-empty coalition S C N and a private S-allocation
y = (yi)z‘es’ such that

U’ (y') > U" () (3)

for every i € S.

As was said in the introduction, in complete information economies the core
correspondence is upper semi-continuous, see, e.g., Kanai (1970). Therefore, it
is natural to ask whether upper semi-continuity continues to hold for economies
with differential information. That is, if {x;},—, is a sequence of private core
allocations in a converging sequence of economies {&}ro,, and {xy},-, con-
verges to x, does this imply that x is a private core allocation for the limiting
economy £7 The following example shows that the answer may be negative for
all converging sequences {xk}zozl , even in very simple economies.

Example 1. For every € € [0,1) let & be an economy in which m = 1,
n=2e =e =% Q=1[01UI23], uis the restriction of the Lebesgue
measure on the real line to Q (normalized so as to satisfy u (Q) = 1), u! (w,x) =
{ g: gi E FQ):%: ,u? (wz) = { 2: llff:j:[[g:;]]’ , F1is the finite field
generated by [0,1] U [2,2 +¢], (2 +¢,3], and F? is the finite field generated by
[0,1], [2,3]. Let xx = (x},27) be a private core allocation'? in the economy

'When 1 < p, the weak® convergence is of course equivalent to the weak convergence.

12Existence of a private core allocation in such an economy can be established by using
arguments of Glycopantis, Muir and Yannelis (2001) (where existence was established with
"no free disposal” condition). Alternatively, one can show nonemptiness of the private core
of & by checking that it contains the initial endowments allocation.
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- Since xy, is private, it has the form

Xk = (al (k) X[0,1]u[2,24 5] T G2 (k) X(2+5,3]) b (k) X[o,1] T ba (k) X[2,3]>

(where x4 stands for the indicator function of the set A); the equality holds
almost everywhere. The feasibility constraint (1) taken for w € [0,1] and w €
2,2 + 5] yields

ay (k) +b1 (k) <1, and a1 (k) + ba (k) < 1. (4)
Note that

a (k) > (5)

N

since otherwise for S = {1} an S-allocation y = (e}) would satisfy

U (y') > U" (23),

contrary to X; being a private core allocation in the economy & o (that is, x
would not be individually rational). Individual rationality of x; also implies

ba (k) > =. (6)

N —

From (5), (6), and (4) we deduce that
1
al (ki) = b2 (ki) = 5

Consider now a converging subsequence of {(ay (k) , az (k) , b1 (k) , b2 (k))} ey -
It exists since 0 < a; (k),a2 (k),b1 (k),b2 (k) <1 by the feasibility constraint,
and w.l.o.g. we will assume that the sequence itself converges. This implies
convergence of {xj},—, pointwise almost everywhere (and thus in L]*-norm, or
more generally any Lj'-norm for 1 < p < oo due to the boundedness of the
sequence) to

X = <01X[o,1] + azx2,31, b1X[0,1) + bzX[2,3]> )

o0
with a1 = by = . Also, { €1 converges to &. However, x is not a private
2 o J =1

core allocation of &. Indeed, take S = N and y = (X[O,l]v X[z,g]) .y is obviously
a private allocation in &, and

Ut (y') > U" («)

is satisfied for every i (that is, x is not Pareto-optimal).

Note that this example would still work if the utility functions were slightly
modified to become strictly concave and strictly increasing. The compact set (2
could also be made connected without affecting our claim.



Our final observation is that there is a sequence of Radner equilibria in

2k ) po—
“no trade” scenario (e, m), where e consists of the initial endowments of the
agents and

[ee]
{5 1 } that does not converge to a Radner equilibrium in &;. Indeed, the
k=1

)

1 .
— (4]@)"X[2,2+2—1k]a l_f q < 00,
X[2,24 5] if g =00

is a Radner equilibrium in 6%, but {7y}, clearly does not converge in the
Ly'-norm. It does converge weakly*, but to the zero function. This shows that
Theorem 1 cannot be strengthened by assuming that {mj},—, converges to 7
weakly™* (since 7 can be zero despite that |7y, = 1 for every k).

In the limiting economy &gy, every Radner equilibrium has the form (x,7),

where x = (X[O,1]7 X[2,3]) (almost everywhere) and

This shows that the set of Radner equilibrium allocations RFE A is also not upper
semi-continuous: e EREA(&%) for every k, but REA(&) = {x} and x #e. R

In the above example the limiting information field is neither included, nor
includes, the information fields that converge to it. However, when this does
not occur, positive results on upper semi-continuity of the private core can be
obtained.

Theorem 2. Let {&,}p2; = { (e}, uj, FZ)?ZI }zozl be a sequence of economies

with differential information that converges'® to £ = (ei, ul, F L)ZL:1 , such that

Fi D Fiforalli € N andk. If {x;} .~ is such that x), = (x,lg, ey xz) is a private
Ly 1

. . . ,L
core allocation in &, and for every i € N zj, —,*,

a private core allocation in &.

", then x = (x ,...,a:”) is

According to Theorem 2, if the information fields of agents shrink when
they approach the limiting information fields (which can be the case when,
e.g., the level of random noise increases), then the private core is upper semi-
continuous. Theorem 3 below may be viewed as a dual result, showing that the
private core is also upper semi-continuous when the information of agents rises
to the fullest possible extent, i.e., when the economies converge to a complete
information economy. It stands in contrast to the result of Krasa and Shafer

13 Convergence of information fields in Boylan pseudo-metric (which is one of the aspects of
convergence of economies) is not, in fact, necessary for this theorem.



(2001), showing generic discontinuity of the private core correspondence when
complete information is approached by changing the common prior of agents
(rather than by expanding their information fields).

Theorem 3. Let {€}52; = { (e}, uj, F})), },_, beasequence of economies
with differential information that converges to & = (ei, ul, F i)?:l ,where ' = F
for every i € N, [ is the o-field of all Borel sets in €2, and each e’ is a con-
tinuous and strictly positive function. Assume also that for every two disjoint
and closed subsets A and B of Q there exist A} € fi for every i and k such
that A C A% and A% N B = () for all sufficiently large k (that is, F§ can sepa-
rate disjoint closed subsets for all sufficiently large k). Then, if {x},-, is such

that x; = (xk, a:};) is a private core allocation in & and for every i € N
L

zi =L @t x = (2!, ..., 2™) is a private core allocation in &.

5 The Coarse Core

Let £ = (e ul, ) be an economy with differential information. The coarse
core of € consists of all allocations x = (!, ..., 2™) for which there do not exist
a non-empty coalition S C N, an event A E /\ZE s F% with p(A4) > 0 (where
Nies F ' stands for the finest field included in all F%,i € S, and represents the
common knowledge of agents in S), and an S-assignment y = (y ) that

€S’
satisfy the following conditions:
(1) Yieg ¥ (W) <D jeg e’ (w) for almost every w € A;

()" E(u (" () | F) (w) > E(u (2" (1) | F*) (w) for almost every
weAandie€S.

According to (i), y is feasible for agents in S, given the event A and their
initial endowments. And (ii) means that agents in S can improve their condi-
tional expected utility when they redistribute their endowments according to
y, given that A occurred. The concept of coarse core (introduced by Wilson
(1978)) thus disallows existence of such S, A, and y.

Wilson (1978) proved that the coarse core is non-empty under standard
conditions on the economy, at least when the set of states of nature is finite. The
following example shows that the coarse core may not be upper semi-continuous,
even when the private core is!®.

14Recall that E (X | F') stands for the conditional expectation of X with respect to f .

15In this example, along the converging sequence of economies the information fields of
agents 1 and 2 are fixed, while the information fields of agents 3 and 4 approximate full
information. The proof of Theorem 3 can be used to show that the limit of any converging
sequence of private core allocations will be a private core allocation in the limiting economy
(commodity bundles y! and 32, if used by a blocking coalition in &, will not even have to
be approximated by a continuous function in order to show that E (y! | Fi) and E (y2 | F )
approximate them uniformly).



Example 2. Consider a sequence of economies & = (e’}%,u}%, F 12)?:1 with
m = 2 and n = 4, where:

1) uj, is state-independent, and uj, (z1,z2) = u (z1,32) = (\/Z1 + \/E)z for
every i, k;

2) el is state-independent, and ef = e} = (10,110), e} = e} = (110, 10), for
every k;

3) the compact space of states ) is the sequence {wj};io, where wg = 0,
andu@z%forjkl;

4) p is a measure on 2 according to which p ({ws;}) = p ({wzj+1}) > 0 for
every j > 0;

5 FL=r2= {(Z), {wzj};‘;o , {w2j+1};‘;0,9} ; that is, 1 and 2 can only tell
whether the realized state of nature has even or odd index;

6) F3 = F# is the minimal o-field in ©Q that contains {wo},{w1},..., {wi},
and {w; };ik, that is, 3 and 4 can actually know the state of nature, provided
its index 1s less than k.

It is clear that the sequence {&) }r-_; converges to an economy & = (ei, u?, F")ZL:1 ,
which differs from those in {&};-, only in one respect: 3 = F % is the field of
all subsets of €.

Now consider an assignment x = (', 2%, 23, 2%) , where ! (wg;) = 2? (w2j41) =
(50,50) and @' (wa;4+1) = 2% (we;) = (70,70) for every j > 0, and 2% = 2 =
(60,60) . It is obvious that x is an allocation for all economies in {&;},-, , and
for £.

We show first that x is not a coarse core allocation for £. Indeed, S = {2,3}
can improve the conditional expected utility of both 2 and 3 given that the state
of nature has an odd index. We simply take A = {ngﬂ}jio (which is clearly in
the common knowledge of 2 and 3in £&: A€ F2AF3), andy = (yi)ies defined
by y? (wajt1) = (51,51), y3 (waj41) = (69,69) . Then (i) and (ii) are satisfied,
and hence x is not a coarse core allocation for €.

Our next step is to show that x is a coarse core allocation for every &j.
(This will imply that the coarse core correspondence indeed lacks upper semi-
continuity.) To this end suppose that there are k, S, A, and y that satisfy (i)
and (ii) in the economy &j. It is easy to see that x is individually rational (given
each trader’s information), and so S must contain more than one trader.

Note that (ii) implies

/ u (5 (@) dpt () = / E(u(y () | F) (@) du (@)
A A

> [ Bl 0)1F) @ i) = [ e @) du)

for every i € S, since A is an element of every F;. Therefore

> [ al @) ) > 3 [ ue @) dute). ™)

ic€S icS

10



At the same time, from concavity and homogeneity of « and (i) it follows that:

¥ fvtr it <5 [ )

<\/ )y \/ i >>
€S icS
2
. (2 \/ Do [ )+ 4 () (w))

2

Thus

> [ 0 @) din(w) < 240181 (). (®)

€S

If S ={1,2} or S = {3,4}, then for ecach w Y, . g u (' (w)) = 480 = 24015],
and so (7) and (8) are inconsistent. Since |S| > 1 (as was mentioned), we are
left with the possibility that SN{1,2} # 0 and SN{3,4} # 0. Then A = Q since
the common knowledge of all the agents in S (where A belongs) contains only
trivial information'®, and p (4) > 0. However, clearly [, u (2" (w)) du (w) = 240
for every i € N, and therefore

(w) = 24019] .
R

Thus, (7) and (8) lead to a contradiction again. We conclude that there exist
no k, S, A, and y that satisfy (i) and (ii) in the economy &, and therefore x is
a coarse core allocation in every &.l

167 e., the field {0, Q}.

11



6 Proofs

Lemma 1. Let {F};—, be a sequence of o-subfields of f that converges to
Fo in Boylan pseudo-metric, and let {X}};~; be a sequence of functions in
L; (9, F, p) that converges to X in Li-norm. If X} is F g-measurable for every
k, then X is Fg-measurable.

Proof. We will show that X = F (X | F) almost everywhere. Since L;-
norm convergence implies convergence in measure, {X k}zozl converges to X in
measure. Thus, it suffices to show that {X},};-, converges in measure also to
FE (X | F 0) .

From F i-measurability of Xy, X = F (X | F ) almost everywhere. Thus,
almost everywhere,

|Xe — E(X | Fo)l = [E(Xk [ Fx) = E(X [ Fo) 9)

SIEXk [ Fe) = EX [Fe)|+[EX | Fr) - EX [ Fo)l. (10)

For every k,

/|E<Xk|Fk>—E<X|Fk>|dus/E<|Xk—X||Fk>du
Q Q

_ /Q Xk (w) = X ()] dpt (w) = [|1 X5 = X]], -

Since || Xy — X||; =r—oo 0,8ls0 [ |E (Xy | Fr) — E(X | Fr)|dp —r—oo 0, and
hence the first summand in (10) converges to zero in measure. And E (X | F1) —=k—oo
E (X | Fo) in measure by Theorem 4 in Boylan (1971). Consequently, by (9)-
(10), { Xy} 4=, indeed converges in measure to E (X | F ().

Lemma 2. Let {u;},-, be a sequence of continuous functions on Q x R'"
such that for every w € Q the function ug(w,-) is concave, non-negative, and
non-decreasing. Assume that {uy},-, converges to a function u uniformly on
every compact subset of Q x R If {xy},— is a sequence in Li* that converges
to x in the LT*-norm, then

lim [ wg(w,z (w))du (w) = / w(w, z (w))dp (w) .

k—oo QO QO
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Proof. Due to the uniform convergence of {uy},-, , the sequence of Cj, =
max,cq, || <1 Uk(w, ) is bounded from above by some C > 0. Fix ¢ > 0. Since
o0 - . m [e9) . . .
T} converges to x in Ly*-norm, {x},_; is uniformly integrable (see Propo-
sition I1.5.4 of Neveu (1965)) and x is integrable. Consequently, we can find
M > 1 with:

. 1
() sup [ ek () e () < ooz
k. J{weQ|||lzk (w)||>M}
and

g
(i) / e (@) dis () < ==

{weQllz(w)[|>M} 9

Note that

[ @) ) = [ . @) )
< [ (o (@) = e ()] du ()
+ [ e ) = o @) i ()
= [ o0 ) = o D) Xpucancoian i )
+ /{ o 1 ()~ 2 ) e )
+ [ o0 ) = o @) Nueattonon and etozan i ()

4 / (o, 7, () — w(w, 7 ()] dis ()
{wellzr(w)|>M or ||z(w)||>M}

=h+L+15+ 14

(Here y g stands for the characteristic function of the set S). We will show that
each I; is less than ¢ for all sufficiently large k, and this will establish the claim.

13



Before proceeding further, note that concavity and monotonicity of each u(w, -)
imply that

ug(w, ) < Cmax{||z|,1} (11)

for all k, w € 1, and x € Rﬁr.
The uniform convergence of {uy} -, touwon Qx{z € RY | ||z < M} immediately
yields limg_,, 1 = 0, and thus

I <e

for all sufficiently large k. Inequality (11) implies that

I <20 / ek (@) dps (), (12)
{we|||lzk(w)||>M}

and by our choice of M,
I, <e

for all k. Since xj converges to xy in measure (as implied by the L{*-norm

convergence), and u(-,-) is uniformly continuous on the compact set Q x {x €

R | ||z]| £ M} (being a continuous ft.mction), |u(w, g (w)) fu(w-,x(w))| .

X{weQ| |z (@) || <M and [|o(w)]| <M} COnverges in measure to zero, and thus limy .o I3 =
by the generalized bounded convergence theorem. Once again,

I3 <e

for all sufficiently large k. Finally,

- / lu(w, 71 () — u(w, = (@))] dp (@)
{weQll|lzg (wW)|[>M or ||z(w)|[>M}
< / (o, 2, () — (w0, (@) dpe ()
{weQ|||lzk (w)||>M}
+ / (o, 2 (@) — e, @ ()] dp ()
{weQlllz(w)|[>M}
<c / (12 @)]] + max((lz @), 1))dp ()
{weQlllzk (w)|[>M}

+C/ (max([lzx (W), 1) + [lz (W) [)dp (w)
{welle(w)I>M}

14



< C/ @ llzx () + llz (@) [Ddp (w)
{weQ||er (w)||>M}

+C (lzw @) + 2 [ (@)l dp ()
{wen|lz(w)]|>M}

< C/ @ llzx (@) + [l (@) = 2k (W) + llzx (@) )dp (w)
{welllox ()| >M}
+C/ (lzx (W) — 2 (@) + |z (@) + 2|z (@) dp ()
{wellle(w)]|>M}

<2 / ek (@) — 20 ()] dit (@)
Q
130 / ek (@) dyt () + 3C / o (@)]] dpt ()
{weQ|||lzk (w)||>M} {we|||lzo(w)||>M}

< 20/ lzr (w) — zo (W) dis (w) + 23—8 (by the choice of M).
Q

The first summand in the above expression is less than £ for all sufficiently large
k, which yields

Iy <e.

Proof of Theorem 1. We have to show that (x, ) is a Radner equilibrium
of £. Note first that x = (x!,...,2™) is a private allocation in £. Indeed, each z°
is f “-measurable by Lemma 1. Moreover, each L{*-norm convergent {x;};il
has a subsequence that converges pointwise almost everywhere, and thus x also
satisfies the feasibility constraint (1).

Next, for every i € N

/Q(ﬂ-k'x};_ﬂ'xi)d“'</Q}7Tk'(ﬁc—wi)|du+/9|(7rk—7r)-xi|dp, (13)

By Holder inequality,

[ e = a9 < el N = ], = i - ],

15



and
/ }(ﬂ'k — ) 'xi}dﬂ <7k _ﬂ-Hq HxLHp
Q

However, limy_.oo [ — 7|, = limg—c0 ||i, — xin = 0, and hence by (13)

/ Th - Thdt — g oo / - xtdpu. (14)
Q Q
It is also obvious that
/ T - €ldp —p—oo / 7 - etdp. (15)
Q Q

From (14), (15) it follows that 2* € B () for every i € N.
It remains to show that for every i € N, 2! maximizes U? on B (7). Indeed, if
this were not true, there would exist i € N and y* € B? (7) with U'(y*) > U(z?).
Since (1 — @) min(y’, M) —a~0,M—o0 ¥* in LT-norm, U?((1 — o) min(y*, M)) —a~0,M—oco
Ui(y') by Lemma 2, and thus w.l.o.g. ¢ is bounded and satisfies!”

/W-yidu</7r'eidu (16)
Q Q

(otherwise it can be replaced by some (1 — ) min(y*, M)).

Now define y§ = F (yi | ng) ; it is Fi-measurable. Since yi —k—oo ¥’ in
measure (by Theorem 4 of Boylan (1971)), vl Héimroo y' because of the uniform
boundedness of y;, and y*, and it can be established similarly to (14) that

/Wk'y,idu Hkﬁoo/ﬂyidu.
Q Q

Together with (15) and (16) this implies that yi € B’ (m) for all sufficiently
large k. But U'(y’) > U'(z"), and =i, —>£;oo z', yi —>£;OO y'. By Lemma 2,
for all sufficiently large k

Ui(yi) > Ui(x}),

where U, iis defined by (2) for the utility function u. This cannot be consistent
with yj, € B* (my) since (xx,7mx) € RE(E). We reached a contradiction, which
leads to the conclusion that (x,7) € RE(E).1

Proof of Theorem 2. As in the proof of Theorem 1, x = (z!,...,2") is a
private allocation in £. Assume, however, that x is not in the private core of £.

17We use the fact that fQ m-e* > 0, which is due to strict positivity of e?, and positivity of
the non-vanishing 7.
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Then there exist a non-empty coalition S and a private S-allocation y = (y%);ecs
such that

U’ (y') > U" (%) (17)
for every i € S.

We will now modify y to obtain an S-allocation in & for a certain large k.
Let € > 0 and denote by k (¢) some positive integer k for which

,U( 25) > 1—¢ for every i € S, (18)
where
e ={we e —¢ W) <e}.

Such k (¢) is clearly well defined for all & > 0, since e, — €’ in measure. For this
reason, we can also choose {k (¢)},., in a way that k (¢) is non-increasing in e
and lim.\ o k (¢) = oo. Clearly, for almost every w € 2 and every commodity j

Zyi (w) - XA . (w) < Z 62(8) (w) + nel,

€S €S

where T = (1,...,1) € R™ (this inequality follows from the fact that y satisfies
the feasibility constraint in £ and the definition of A}C(E)ﬁ). Therefore, yic) =

(Y(c))ies, defined by

yi(g) (W)j = max(y’ (w)j XA L (w) — ne,0)

for every w € ) and every commodity j, satisfies the feasibility constraint in
gk(g) :

Zy,i(g) (w) < Z e};(g) (w) for almost every w € Q. (19)
= icS

Note that each Aj _ is f j-measurable (since both ej, and ¢’ are f j-measurable

due to the inclusion Fi D F?), and so yz(a) is F };(E)—measurable. From this

fact and (19) it follows that the sequence {yk( 1 )} is a sequence of private
v 1

[ee] =
S-allocations in economies {Ek(l)} , and (18) implies that for each i € §
I3 r=1
{y;c (;)} converges to 7’ in measure.
" r=1 oo
Since for each i € S and r ylk (4) < 7%, the sequence {y; (l)} is bounded

[ [

r=1
from above by an integrable function. Therefore, its convergence in measure to
y" implies convergence in the L}"-norm as well. However, according to this and

Lemma 2, for every i € S

Jim Uigay (i) = V")
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. . L™ ; .
Also, since zj, —,*,  «*, for every i € S

k—oo
Jim U () =07 @)

Due to assumption (17), these two equalities yield existence of r for which

v () > Uiy (i)
for every ¢ € S. This contradicts the assumption that Xp(2) is a private core
allocation in Ek(l).l

T

Proof of Theorem 3. As in the proof of Theorem 2, if the limit allocation
x = (x!,...,2™) is not in the private core of &, there exist a non-empty coalition
S and a private S-allocation y = (y*);ecs such that

U’ (y') > U" () (20)

for every i € S. We can assume w.l.o.g. that each 3’ is bounded. (Otherwise it
can be replaced by min(y?, M), which converges to y* in L{*-norm as M — oo.
Indeed, according to Lemma 2, U(min(y®, M)) —p—oo U'(y?), and thus this
replacement will leave (20) intact for sufficiently large M. Clearly, the replace-
ment also leads to a private allocation.) We will show next that it can also be
assumed w.l.o.g. that each y’ is continuous.

By Lusin theorem, for every ¢ > 0 and ¢ € S there exists a continuous
function yZ on €, such that p (AL) < e where AL = {w |y (w) # yL (w)} . Also
denote B. = {w | there exists j with Y, ¢ y? (W); > Dies el (W), +8}, B =
{w]Yies ¥l (W) <> ,cg€ (w)}. Since these subsets of a compact metric space
Q are disjoint and closed (here we use continuity of both e’ and y’ for every

i € 5), they can be separated, i.e., there is a continuous function ¢ : Q — [0, 1]
such that ¢ =1 on B and ¢ =0 on B.. Thus, y. = (¥):cs given by

~i

Ye (w); = max(c(w) - Y (w); —¢,0)

for every ¢ € S, commodity j, and w € 2, satisfies the feasibility constraint in

E:
Z@ﬂé (w) < Zei (w) for every w € Q.

€S i€S

Since each 3! is F *-measurable as a continuous function on ) (recall that f = f
is the o-field of all Borel sets in ), y. is in fact a private S-allocation that
consists of continuous functions. Moreover, for each i € S and a commodity j

X2

ye (w); —e <UL (w); < pi (w); (21)
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for almost every w € (g (Aé)c, since y satisfies the feasibility constraint
Sies ¥ (W) < Yicg € (w) for almost every w € Q and hence p ((;eg (AL)“\B) =
0. Clearly 4t (N;es (42)°) > 1 — ne, and together with (21) this implies that
functions in y. converge in measure to those in y as £ \, 0. From the (obvious)
uniform boundedness'® of y. and y it follows that the convergence is in the

L7-norm as well. By Lemma 2 and (20),
Ut (oz,) > U* («*)

for every i € S and some sufficiently small e9. Thus, by replacing y in (20) by
Ve, if necessary, we can w.l.o.g. assume that (20) holds for y that consists of
continuous functions.

For every k = 1,2,... and i € S define 2] = E(y’ | Fi); 2} is clearly
F{ -measurable and is (or can be chosen to be) bounded by the same constant
as y'. We will show that a subsequence of {z]}~  converges to y' uniformly
(almost everywhere). For every commodity j and two positive integers K, [ with
0 <1 < K, consider a pair of closed subsets of € :

. I—1 o l .
Cl (j) = {w | 7 maxy; <y’ (w); < ETé"s}fy;}

and

~ 1-2 o 1+1 o
Lo(5) = e >t (W) <yt (W), .
Ck (9) {wl 7o maxy; >y’ (w); or ——maxy; <y (w)J}

Since [ can separate disjoint closed sets for all sufficiently large k, for every
K there exists k = k(K) independent of ¢ and j such that F};(K) separates

CL (j) from 6’% (j) for every j and 1 <1 < Kj; it can also be assumed that
limp oo k(K) = oo. Thus for every j and 1 <1 < K there is a set DL (j) €
F;(K) such that

-1 o I . .
{o1 S mayn) < @), < g} < D)

(and hence D (4), D% (5), ..., DK (j) cover Q), and

-2 41
LG — <y (w), < — i
DK(J)C{“' K masy <y (@) < ?Qéyﬂ}'

Consequently, for every j and 1 <[ < K, and almost every w € Db (j),
Ze) W)y =¥ (W); = B | F i) (@) =y (w);

(here we use the fact that DY (j) € Fi(K))

= E(y; - XDt (j) | FZ(K)) (w) —y' (W),

8 ere we use the (w.l.o.g.) assumption that the commodity bundles in y are bounded
functions.

19



[+1 ; . 1_9 i
< B( K aXYj XDl |Fk(K))(W)*TIurjleaéyj
*H—lm 1717_2m i i
K el T TR Y TR
Similarly,
Loy @), — 0 (@), > ——
“ho () =9 (), >~

for almost every w € D% (j). We conclude that

, , 3 .
)Z}C(K) (W); -y (w)j) < e glgg}zcyj = 0k (j) for almost every w € Q.
(This means that {zlk( K) }: | converges to y* uniformly (almost everywhere).)
Thus -
Z%(K) (w); < Zyi (w); +nérx) (J) < Zei (w); +nérx) (7) (22)
i€s i€s i€s

for almost every w € .
Now denote

7

Yi(ro) (@); = max(z}, ) (w); — néx (§),0)

for every i € S, commodity j, and w € Q. It is clear that {y}{j( K)}K converges
, =1
to y* uniformly, and that (from (22)) the feasibility constraint
> vk @), <D el W),
i€S =

is satisfied for every j and almost every w € . Each y};( K) is also F Z( K)”

measurable, since so is z,i( K)- We conclude that {¥k( K)};(o:l, where yy (k) =
1 . . . . . o0
(yZ(K))iES, is a sequence of private S-allocations in economies {gk(K)}Kzl'

Uniform convergence of functions implies convergence in L{*-norm, and hence,
according to Lemma 2, for every i € S

A Uk <y;§(K)> =U"(y') and A Uk <x§c(K)) =U' (")
Due to (20), there exists K such that
U/f;(K) (yi(K)) > Uli(K) (»’UZ(K))

for every ¢ € S. This contradicts the assumption that x(x) is a private core
allocation in & (k). M
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