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In this work the low-velocity impact response of composite sandwich beams was studied by an analytical
model. A dimensional analysis was carried out in order to identify the key parameters that influence the
dynamic beam response, and to assess the effect of the dimensionless groups on the contact force and
contact time. Low-velocity impact tests were conducted to validate the theoretical model. The predicted
results were in good agreement with experimental data in terms of maximum contact force, contact time,
and contact force–time curves. It was shown that the groups with more influence on maximum contact
force and contact time are the dimensionless global stiffness, the dimensionless local stiffness, and the
dimensionless impact velocity.

� 2014 Published by Elsevier Ltd.
1. Introduction

Composite sandwich structures are popular as primary struc-
tures in high-performance applications where minimum weight
is essential and have widespread use in aerospace, automotive,
and civil engineering industries. A reliable structural design must
take into account the loads which can occur during its service life,
and one area of concern is related to low-velocity impacts (i.e. tools
falling during manufacturing and/or maintenance operations).
Low-velocity impacts are considered potentially dangerous for a
composite sandwich structure as the resulting damage is difficult
to determine, especially when the face-sheets are made of car-
bon-fibre reinforced composite. Non or barely visible damage of
a composite sandwich structure may be accompanied by substan-
tial reduction of residual strength and stiffness [1,2]; therefore, it is
needed to understand the effect of such impacts on their structural
performance.

Three main approaches are used to analyse the impact response
of composite sandwich structures: experimental testing, numerical
simulations, and analytical models. Experimental studies have
been conducted to describe the dynamic response of composite
sandwich structures and investigate the impact damage produced
by low-velocity impacts [3–5]; nevertheless, the amount of infor-
mation obtained from experimental testing is limited and a broad
testing programme has to be undertaken to set up an accurate
experimental response. Detailed finite-element models have
proved to consistently predict the impact response of sandwich
structures [6–9]; however, complex numerical simulations require
more computational and modelling effort. A first stage to under-
stand the effect of impacts on structures is to build a basic model
for predicting the contact force history and the overall response
of the impacted structure [10]. On this point, analytical simplified
models lead to more efficient tools, as they can assess global vari-
ables rapidly.

Many simplified models proposed in the literature consider the
balance of energy of the system [11–13]; however, the energy-bal-
ance models simplify the dynamic of structures by assuming a
quasi-static behaviour at its maximum deflection. Simplified
mass-springs models take into account the dynamic of the
structure and present some advantages, as they rely on measurable
global variables and their predictions are easier to validate.

While there are several mass-springs models for representing
the response of sandwich plates subjected to low-velocity impact
by hemispherical impactors [14–17], less attention has been paid
to cylindrical impactors and composite sandwich beams [18].
However, many structures can be modelled as beams (i.e. wind-
mills blades). In addition, although mass-springs models are
applied to reproduce the dynamics of sandwich structures, no
systematic study on the influence of the parameters that control
the low-velocity process has been found. One possible approach
to this kind of study is to express the equations of the model in a
non-dimensional form [19].
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Nomenclature

Aij in-plane stiffness matrix of the laminate
b width of the beam
D plastic strain energy in crushing the core
Ec kinetic energy
E1 longitudinal young’s modulus
E2 transversal young’s modulus
hE�Ii equivalent bending stiffness of the sandwich beam
F(t) contact force
Gc shear modulus of the sandwich core
Gf face-sheet shear modulus.
hG�Ai equivalent shear stiffness of the sandwich beam
H total thickness of the beam
hc thickness of the core
hf thickness of the composite face-sheets
Kg global stiffness of the sandwich beam
Kl local stiffness of the sandwich beam
L span between supports
M0 impactor mass
mf effective mass of the upper face-sheet
ms effective mass of the sandwich beam
MS total mass of the sandwich beam
P indentation force
Pch characteristic force
P(d) non-linear relationship between face-sheet indentation

and local displacement
q static core crushing strength
qd dynamic core crushing strength

Qd dynamic core crushing load
R impactor radius
Req effective impactor radius
t time
tch characteristic time
U elastic strain energy
u(x) local displacement field of the upper face-sheet
V work done by external forces
Vo impact velocity
d local displacement of the upper face-sheet in the con-

tact area
_d upper face-sheet velocity
D global displacement of the sandwich beam in the con-

tact area
_D global sandwich beam velocity
Df global displacement of the sandwich beam due to bend-

ing moment
Ds global displacement of the sandwich beam due to shear

forces
m12 principal Poisson’s ratio
n distance outside the contact area
G potential energy
qc density of the core material
qf density of the face-sheet
qs density of the sandwich beam

Fig. 1. Low-velocity impact on a simply-supported sandwich beam: (a) schematic
representation of the problem, (b) two-degree-of-freedom mass-spring model.
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The aim of this work is to develop a non-dimensional analytical
model to predict the dynamic response of composite sandwich
beams subjected to low-velocity impact, prior to visible failure of
the upper face-sheet. Experimental three-point bending tests were
conducted to validate the model predictions. A dimensional analy-
sis was carried out to group the key parameters of the model as
dimensionless groups, and study their influence on the contact
force and contact time.

2. Model formulation

The model developed in this work is based on Hoo Fatt and Park
model [15]. The proposed model allows the analysis of the impact
response of composite sandwich beams subjected to low-velocity
impact, considering the effect of the nonlinear relationship be-
tween the indentation force and the local displacement of the
upper face-sheet in the formulation. The effects of the inertial
masses of both the upper face-sheet and the whole sandwich
structure are included. Low-velocity impact tests on simply-
supported sandwich beams using a cylindrical impactor (Fig. 1a)
were conducted to validate the predicted results. The model is for-
mulated in terms of dimensionless parameters in order to deter-
mine the key dimensionless groups which control the dynamic
response of the sandwich beams. The formulation of the model
leads to a system of nonlinear differential equations which cannot
be solved analytically, and therefore requires the use of numerical
methods.

The problem is modelled as a discrete system of two-degrees-
of-freedom (Fig. 1b). In Fig. 1b, the global stiffness of the beam is
represented as a linear spring Kg whereas to represent the local
contact between the upper face-sheet and the impactor, a nonlin-
ear local spring is employed Kl. M0 is the mass of the impactor
which contacts the upper face-sheet of the sandwich structure.
The inertia of the upper face-sheet is represented by an effective
Please cite this article in press as: Ivañez I et al. Analytical study of the low-velo
http://dx.doi.org/10.1016/j.compstruct.2014.01.028
mass mf, and the inertia of the mass of the sandwich beam is
represented by and effective mass, ms. The core crushing load is
represented by Qd. The local displacement of the upper face-sheet
and the global displacement of the whole sandwich structure are
represented by d and D, respectively.

The equations of motion for the two-degrees-of-freedom sys-
tem in Fig. 1b are defined as:
city impact response of composite sandwich beams. Compos Struct (2014),
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ðM0 þmf Þ � ð€Dþ €dÞ þ PðdÞ þ Q d ¼ 0

Q d þ PðdÞ ¼ ms � €Dþ Kgd � D
ð1Þ

To take into account the effect of the nonlinear contact between the
upper face-sheet and the impactor M0 as shown in Eq. (1), the local
stiffness Kl has been modelled as a nonlinear relationship between
the indentation force and the local displacement of the upper face-
sheet P(d). The system of equations shown in Eq. (1) can be solved
by using the following initial conditions:

Dð0Þ ¼ 0; dð0Þ ¼ 0; _Dð0Þ ¼ V0; _dð0Þ ¼ 0 ð2Þ

The only non-zero initial condition is represented by the value of
the velocity of the impactor as it impacts on the sandwich structure.
After solving the system of equations, the global displacement of
the beam D and the indentation d can be estimated. The contact
force F(t) is given by Eq. (3):

FðtÞ ¼ �M0 � ð€Dþ €dÞ ð3Þ
Fig. 2. Contact between the upper face-sheet and the impactor: (a) real contact, (b)
assumed approximation.
3. Calculation of model parameters

The analytical model is employed to analyse the low-velocity
impact response of simply-supported composite sandwich beams,
although it can be used to study any sandwich structure and
boundary condition by performing some minor changes in the
model parameters. The methodology for determining each model
parameter is briefly described as follows.

3.1. Global stiffness of a simply-supported sandwich beam

In a simply-supported beam subjected to a load on its central
cross-section, only bending moment and shear forces appear, so
the global displacement of the structure has two components
due to both internal forces.

It was observed in the experimental tests that the transverse
deflections of the beam are small enough so that the effects of
the membrane stiffness are negligible, thus the relationship be-
tween the contact load and the global stiffness can be considered
as linear. To find the global displacement of the beam, the classical
equations of the Strength of Materials can be used:

D ¼ Df þ DC ¼
F � L3

48 � hE � Ii þ
F � L

4 � hG � Ai ð4Þ

hE � Ii and hG � Ai are calculated using the theory of sandwich beams
[20]. Therefore Eq. (4) gives the global stiffness, Kg:

Kg ¼
48 � hE � Ii � hG � Ai

hG � Ai � L3 þ 12 � hE � Ii � L
ð5Þ
3.2. Non-linear relationship between the indentation force and the
local displacement of the upper face-sheet

The local indentation due to impact was modelled as the inden-
tation produced by an impactor on a membrane which rests on a
rigid-plastic foundation (Fig. 2). The membrane and the foundation
represent the upper face-sheet and honeycomb core, respectively.

The relationship between the contact force and the local dis-
placement of the beam can be found by minimising the total po-
tential energy of the sandwich beam. The potential energy is
given by:

P ¼ U þ D� V ð6Þ

Prior to the calculation of the energies involved in Eq. (6), it is nec-
essary to define a function which represents the displacement of
the upper face-sheet during the impact, u(x). The impactor nose
Please cite this article in press as: Ivañez I et al. Analytical study of the low-velo
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had a cylindrical shape, thus the contact area can be represented
by Fig. 2a. Nevertheless, an approximate shape of the real contact
area is proposed in this model (Fig. 2b). The displacement field
can be described by a quadratic function:

uðxÞ
dpara 0 < x < Req

d � 1� ðx�ReqÞ
ðn�ReqÞ

h i2
para Req < x < n

8<: ð7Þ

Eq. (7) is expressed in terms of the local displacement d and the
radial distance outside the contact n (Fig. 2b). Assuming the
displacement field shown in Eq. (7), the elastic strain energy of
the membrane is given by:

U ¼ 1
8

ZZ
A11 �

@uðxÞ
@x

� �4

þ A22 �
@uðxÞ
@y

� �4
"

þð2 � A12 þ 4 � A66Þ �
@uðxÞ
@x

� �2
@uðxÞ
@y

� �2
#

ds ð8Þ

the work due to core crushing can be approximated to:

D ¼
ZZ

qd � uðxÞ � ds ð9Þ

and the work given by the external forces to:

V ¼
ZZ

P
2 � b � q � uðxÞ � ds ð10Þ

In order to minimise the potential energy in Eq. (6), the integrals
presented in Eqs. (8)–(10) must be determined and computed on
two regions of the sandwich beam (Fig. 2b): the area which corre-
sponds to the contact area between the impactor and the face-sheet
(S1), and the area which represents the region of the upper face-
sheet which is not in contact with the impactor and moves due to
the impact event (S2). Both regions are assumed to have the shape
of a rectangle:Z

S1
ds ¼

Z b

0

Z Req

0
dr � dy ð11Þ

Z
S2

ds ¼ 4 �
Z b

0

Z n

Req

dx � dy ð12Þ
city impact response of composite sandwich beams. Compos Struct (2014),
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In this case, it is considered that the width of the impactor is coin-
cident with the width of the sandwich beam, b.

Substituting Eqs. (7), (11), and (12) into Eq. (8) gives the follow-
ing expression for the elastic strain energy:

U ¼ 1
8

Z
S2

A11 �
@uðxÞ
@x

� �4
" #

ds ¼ 8
5
� b � A11 � d4

ðn� ReqÞ3
ð13Þ

The work due to the crushing of the core is calculated as:

D ¼
Z

S1
qd � uðxÞ � dsþ

Z
S2

qd � uðxÞ � ds

¼ qd � d � b � Req þ qd � d � b �
ðn� ReqÞ

3
ð14Þ

To calculate the external work produced by indentation, it is as-
sumed that it has only a local effect and; thus, there is only a com-
ponent in the region of contact between the impactor and the upper
face-sheet (S1):

V ¼
Z

S1

P
b � 2 � Req

� uðxÞ � ds ¼ P
2
� d ð15Þ

Substituting Eq. (13)–(15) into Eq. (6), the potential energy is given
by:

P ¼ 8
5
� b � A11 � d4

ðn� ReqÞ3
þ qd � d � b � Req � þqd � d � b �

ðn� ReqÞ
3

� P
2
� d ð16Þ

Eq. (16) is expressed in terms of d, the distance n, and P. From the
minimum condition of P with respect to d, it can be found:

Pðd; nÞ ¼ 2 � b � 32
5
� A11 � d3

ðn� ReqÞ3
þ qd � 2 � Req þ qd �

ðn� ReqÞ
3

" #
ð17Þ

Minimising Eq. (17) with respect to n, and eliminating n from the re-
sult, gives the nonlinear relationship between the indentation force
and the local displacement:

PðdÞ ¼ 2 � b � qd Req þ
4
9

288 � A11 � d3

5 � qd

" #1=4
24 35 ð18Þ

This expression can be expressed as:

PðdÞ ¼ aþ b � d3=4 ð19Þ

where

a ¼ 2 � b � qd � Req� ð20Þ

b ¼ 8
9
� b � 288 � q3

d � A11

5

� �1=4

ð21Þ
3.3. Dynamic core crushing load

The dynamic crushing load of the core depends on the contact
between the impactor and the core. Using the hypothesis showed
in Fig. 2b, Qd can be estimated by:

Q d ¼ 2 � Req � b � qd ð22Þ
Table 1
Dimensionless variables.

d̂ bD bF t̂

d
hf

D
H

F
Pch

t
tch
3.4. Effective masses

The effective mass of the upper face-sheet can be calculated by
assuming that the velocity profile is similar to the face-sheet dis-
placement field [15]. If the composite face-sheets are in membrane
state, the velocity profile is given by the derivative of Eq. (7) with
respect to time. Thus, the kinetic energy can be expressed approx-
imately as:
Please cite this article in press as: Ivañez I et al. Analytical study of the low-velo
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EC � b � qf � hf � _d2 � Req þ 8 � ðn� ReqÞ
5

� �
ð23Þ

The kinetic energy of the effective mass of the upper face-sheet can
be expressed as follows:

EC ¼
1
2
�mf � _d2 ð24Þ

Therefore the effective mass of the upper face-sheet is:

mf ¼ 2 � b � qf � hf � Req þ 8 � ðn� ReqÞ
5

� �
ð25Þ

Assuming that the low-velocity impact deflection affects to a 25% of
the sandwich beam [21], n is supposed to be equal to L/4:

mf ¼ 2 � qf � hf � b � Req þ 8 �
L
4� Req
� �

5

� �
ð26Þ

Similarly, to calculate the effective mass of the sandwich beam, the
velocity profile can be approximated to the displacement profile of
a beam loaded at its centre [22]. The kinetic energy can be approx-
imated to:

EC �
2
3
� b � qs � ðhc þ 2 � hf Þ � L � _D2 ð27Þ

The kinetic energy of the effective mass of the sandwich beam is gi-
ven by:

EC ¼
1
2
�ms � _D2 ð28Þ

The effective mass of the sandwich beam is obtained by combining
Eq. (27) with Eq. (28):

ms ¼
4
3
� b � qs � ðhc þ 2 � hf Þ � L ð29Þ
4. Dimensionless formulation of the model

The system of differential equations showed in Eq. (1) repre-
sents the motion of the sandwich beam, and several parameters
appear in this equation. To determine which parameters are most
relevant in the low-velocity impact response, the model is formu-
lated in terms of dimensionless variables and groups.

4.1. Definition of the dimensionless groups

The dimensionally independent units used in this analysis are
defined as: the impactor mass (M0), the thickness of the sandwich
beam (H), and the thickness of the upper face-sheet (hf). The time
variable and the contact force are dimensionless through use a
characteristic time and a characteristic force, respectively. The
resulting dimensionless variables are shown in Table 1.

The characteristic time (tch) is defined as the inverse of the
frequency corresponding to the first mode of vibration of a
simply-supported beam:

tch ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MS � L3

q
p2 �

ffiffiffiffiffiffiffiffiffiffiffiffi
hE � Ii

p ð30Þ

In case of slender beams, the effect of the equivalent shear stiffness
in Eq. (30) is neglected.
city impact response of composite sandwich beams. Compos Struct (2014),
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Table 3
Material properties of the lamina and the honeycomb core.
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The dimensionless groups used in the model analysis are ob-
tained when the equations of motion (Eq. (1)) are formulated in
terms of dimensionless variables, and are presented in Table 2.

The physical meaning of each dimensionless group is explained
as follows:

– G1: Represents the relationship between the effective mass of
the upper face-sheet and the mass of the impactor.

– G2: The dimensionless thickness ĥ, relates the thickness of the
upper face-sheet with the thickness of the sandwich beam.

– G3: Represents the relationship between the effective mass of
the sandwich beam and the mass of the impactor.

– G4: The dimensionless global stiffness cKg relates the equivalent
bending stiffness with the equivalent shear stiffness of the
sandwich beam.

– G5: Represents the relationship between the dynamic core
crushing load Qd, and the equivalent bending stiffness of the
sandwich beam.

– G6: The dimensionless parameter b ðb̂Þ relates the nonlinear
relationship between the indentation force and the local dis-
placement with the equivalent bending stiffness of the beam.
P(d) depends on two parameters a and b, thus it is needed to
convert to dimensionless form both terms. However, dimen-
sionless a ðâÞ shows the same formulation as the previously
defined G5, and therefore the effect of â on the analysis is only
taken into account in Eq. (31).

– G7: The dimensionless initial velocity relates the initial velocity
of the impactor with a reference velocity, which is defined by
the first mode of vibration of a simply-supported beam, and
the sandwich thickness.

Using the dimensionless groups, the non-dimensional equa-
tions of motion are given by:

ð1þP1Þ � ð
€bD þP2 � €̂dÞ þP6 �dd3=4 þ 2 �P5 ¼ 0

P6 �dd3=4 þ 2 �P5 ¼ P3 �
€bD þP4 � bD ð31Þ

When Pch is defined as:

Pch ¼
M0

Ms
� H

4 � L3 � hE � Ii ð32Þ

The initial conditions, show in Eq. (2), are also converted into a
dimensionless form by using G7:

bDð0Þ ¼ 0; _bDð0Þ ¼ V0 � tch

H
¼ P7; d̂ð0Þ ¼ 0; _̂dð0Þ ¼ 0 ð33Þ

The system of equations presented in Eq. (31) is nonlinear and it
cannot be solved analytically, thus it is needed to use numerical
methods. In this work the Runge–Kutta method is used to solve
the equations of motion.

5. Model validation

In order to validate the analytical model, dynamic three-point
bending tests were carried out in an instrumented drop-weight
tower, from which the contact force during the impact event was
recorded.
Table 2
Dimensionless groups.

m̂f ĥ bms bK g cQd b̂ bV 0

mf

M0

hf

H

ms
M0

Kg �H
Pch

Qd
Pch

b�h3=4
f

Pch

V0 �tch
H

G1 G2 G3 G4 G5 G6 G7

Please cite this article in press as: Ivañez I et al. Analytical study of the low-velo
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5.1. Experimental procedure

Composite sandwich beams of rectangular cross-section
(50 mm in width and 24 mm in thickness) were tested at different
impact velocities using a span of 430 mm. The impactor mass and
the nose radius were 3.966 kg and 20 mm, respectively. The
low-velocity impact tests were recorded by a high-speed camera.

The sandwich face-sheets were made of plain woven laminate
of carbon fibre and epoxy resin (AS4-8552). The thickness of the
each face-sheet was 2 mm. The core consisted of 3003 alloy hexag-
onal aluminium honeycomb, with a thickness and a cell-size of
20 mm and 4.8 mm respectively.

The main characteristics of both the face-sheet and the core
materials are shown in Table 3.

5.2. Validation results

The model validation was carried out by comparing the analyt-
ical results with the experimental data in terms of contact force–
time curves, maximum contact force, and contact time. The com-
parison was performed for impact velocities for which no visible
failure of the composite upper face-sheet occurs (between
2.04 m/s and 3.00 m/s). The initial velocity of the impactor was
measured by using the high-speed camera recordings.

Analytical and experimental force–time curves obtained for
three different impact velocities are presented in Fig. 3. The analyt-
ical model curves show the presence of two natural modes, each
with a separate resonance frequency. These oscillations have al-
ready been observed in two-degrees-of-freedom models by other
researchers [11].

The analytical and experimental contact force–time curves
show a similar trend in terms of maximum peak force, and contact
time. The comparison between the predicted maximum contact
force and the experimental measurements is presented in Table 4.

The difference between the experimental and analytical results
is less than 8%, thus the analytical maximum contact force results
are within a reasonable range of prediction. The comparison be-
tween the predicted and measured contact time values is shown
in Table 5, being the difference less than 6% in the three cases.

The analytical results are in good agreement with the experi-
mental data, thus the analytical model can reproduce the dynamic
bending response of composite sandwich beams subjected to low-
velocity impact when the damage on the upper face-sheet is not
extensive, and therefore more difficult to detect.

6. Discussion and results

After the validation of the analytical model, a study of the influ-
ence of the dimensionless groups on the maximum contact force
and contact time was carried out. The dimensional analysis is per-
formed by varying every dimensionless group presented in Table 2.
Lamina
E1 68.9 GPa
E2 68.9 GPa
Gf 9 GPa
v12 0.22
qf 1600 kg/m3

Core
qc 77 kg/m3

hc 20 mm
Gc 144 MPa

city impact response of composite sandwich beams. Compos Struct (2014),
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Fig. 3. Comparison between the experimental and predicted contact force versus
time curves. Impact velocity: (a) 2.04 m/s, (b) 2.62 m/s, and (c) 2.77 m/s.

Table 4
Experimental and predicted maximum contact force results.

Impact velocity (m/s) Maximum contact force (N) Difference (%)

Experimental Prediction

2.04 2671.20 2578.70 3.46
2.62 3587.04 3413.10 7.81
2.77 3482.10 3597.80 3.32

Table 5
Experimental and predicted contact time results.

Impact velocity (m/s) Contact time (ms) Difference (%)

Experimental Prediction

2.04 8.96 8.78 2.00
2.62 8.56 8.11 5.25
2.77 8.58 8.21 4.31
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6.1. Dimensional analysis of the model

The limits of the studied variation range for the dimensionless
groups are between an order of magnitude above and below the
validation experimental value (reference value). Therefore, the
Please cite this article in press as: Ivañez I et al. Analytical study of the low-velo
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effects of such variations on the low-velocity impact response of
the sandwich beams can be computed for a broad range. However,
it was not possible to complete the selected range for G2, as conver-
gence problems occur at some point during the calculations.

The percentage of the variation in the maximum contact force
and the contact time that results from the variation of each dimen-
sionless group between the upper and lower limit of the studied
range, is shown in Table 6.

The dimensionless groups with more influence on the variation
of the maximum contact force and the contact time within the
studied range are G4, G6 and G7. These groups correspond to the
dimensionless global stiffness, the dimensionless parameter b
and the dimensionless impact velocity, respectively.

The dimensionless effective masses corresponding to the upper
face-sheet (G1) and the sandwich beam (G2) showed less variation
in comparison with the previous groups, although their influence
on the dynamics of the system should not be considered negligible
(variations observed in the studied range are above 10%).

The following sections show in more detail the results for the
three dimensionless groups with more influence on the contact
force–time curves.

6.2. Analysis of the dimensionless global stiffness

As previously stated, the dimensionless group G4 represents the
relationship between the equivalent bending stiffness and he equiv-
alent shear stiffness of the beam. The variation of the dimensionless
global stiffness of the sandwich beam, strongly affects to the results
both in terms of maximum contact force, and contact time.

Increasing G4 increases the maximum contact force, and de-
creases the contact time when assessing the low-velocity impact
response of composite sandwich beams. The variation percentage
between the lower and upper limit in terms of maximum contact
force is 81.21%. It was observed that the maximum contact force in-
creases more rapidly until G4 is close to unity. From this value, the
slope of the curve diminishes, and changes are less noticeable
(Fig. 4).

The contact time–G4 curve (Fig. 5) displays a different trend.
The lower limit of the selected range (6.35 � 10�2) shows the largest
contact time of all the cases studied (30 ms). At the beginning of
the curve, the contact time decreased rapidly; however, when G4

reaches a value close to unity, the contact time diminishes less rap-
idly. Therefore, G4 is not significant in both maximum contact force
and contact time for values greater than approximately 1.

In the analysed range, the maximum contact force can be fitted
to a potential function with a correlation coefficient of 0.97,
whereas the contact time could be fitted using a logarithmic func-
tion with a correlation coefficient of 0.94.

6.3. Analysis of the dimensionless local stiffness

The dimensionless group G6 relates the nonlinear relationship
between the indentation force and the local displacement, P(d), with
the equivalent bending stiffness of the sandwich beam. P(d) is re-
lated to the local stiffness of the sandwich beam during the impact.

An increase of G6 increases the maximum contact force, and
decreases the contact time. Variations in both results are observed
city impact response of composite sandwich beams. Compos Struct (2014),
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Table 6
Percentage of variation in maximum contact force and contact time for the studied dimensionless groups.

Dimensionless group Lower limit Reference value Upper limit Variation on the maximum contact force (%) Variation on the contact time (%)

G1 3.25 � 10�3 3.25 � 10�2 3.25 � 10�1 14.41 16.91
G2 7.66 � 10�2 8.33 � 10�2 1.00 � 10�1 3.81 3.92
G3 5.74 � 10�3 5.74 � 10�2 5.74 � 10�1 10.25 10.67
G4 6.35 � 10�2 6.35 � 10�1 6.35 � 100 81.21 85.43
G5 2.19 � 10�3 2.19 � 10�2 1.96 � 10�1 5.19 1.21
G6 2.21 � 10�2 2.21 � 10�1 2.21 � 100 94.59 50.00
G7 9.92 � 10�2 2.66 � 10�1 3.00 � 10�1 202.78 2.04

Fig. 4. Maximum contact force versus variation of the dimensionless group G4.

Fig. 5. Contact time versus variation of the dimensionless group G4.

Fig. 6. Maximum contact force versus variation of the dimensionless group G6.

Fig. 7. Contact time versus variation of the dimensionless group G6.
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until the reference value is approximately reached (2.21 � 10�2), as
shown in Figs. 6 and 7. From this point, G6 influence on the results
is less important. The variation percentage is higher for the maxi-
mum contact force (94.59%) than for the contact time (50%).

At the studied range, the contact time could be fitted to a
potential function with a correlation coefficient of 0.93 and the
maximum contact force can be fitted to a logarithmic function with
a correlation coefficient of 0.92.
Please cite this article in press as: Ivañez I et al. Analytical study of the low-velo
http://dx.doi.org/10.1016/j.compstruct.2014.01.028
6.4. Analysis of the dimensionless initial velocity

To represent the dimensionless initial conditions, the dimen-
sionless group G7 was defined. The initial velocity of the impactor
(impact velocity) is the only non-zero initial condition, as shown
in Eq. (33).

The reference value of group G7 (0.26) is given by a velocity
impact of 2.77 m/s, and corresponds to an impact energy of
city impact response of composite sandwich beams. Compos Struct (2014),
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approximately 15 J. This model is used for predicting the low-
velocity impact response of composite sandwich beams with
barely visible damage after impact; thus the upper limit studied
is 0.30, which corresponds to impact energy of 20 J. The experi-
mental upper face-sheet failure occurred at impact energy 21 J.

The dimensionless initial velocity strongly affects to the maxi-
mum contact force (Fig. 8), but shows little effect on the contact
time (Fig. 9). The contact force increases 3 times between the
upper and the lower limit of the studied G7 range, thus the varia-
tions on the maximum contact force results are noticeable in the
selected range. However, the contact time remains almost contact
for all the studied G7, and differences are not higher than 10%
(Fig. 9).

Between the selected limits, the variation of the maximum con-
tact force as a function of G7 gives a straight line, which depicts a
linear trend in the predicted data. The results can be fitted to a lin-
ear adjustment with a correlation coefficient of 0.99. The contact
Fig. 8. Maximum contact force versus variation of the dimensionless group G7.

Fig. 9. Contact time versus variation of the dimensionless group G7.
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time reaches a maximum at approximately G7 = 0.22 and has no
defined trend.

7. Conclusions

In this work the low-velocity impact response of composite
sandwich beams was studied by a two-degrees-of-freedom mass-
spring model. The dimensionless formulation of the model allowed
determining the key dimensionless groups and permitted to eval-
uate the response of sandwich beams subjected to dynamic loads
if the damaged area on the upper face-sheet is not extensive, and
does not affect significantly to the global stiffness of the beam.
The model predictions are in good agreement with the experimen-
tal results.

In the analysed range, the groups with more influence in terms
of maximum contact force and contact time are: the dimensionless
global stiffness, the dimensionless parameter b, which is part of the
nonlinear relationship between the indentation force and the local
displacement and the dimensionless impact velocity. Both dimen-
sionless effective mass of the upper face-sheet and dimensionless
effective mass of the whole sandwich beam have less influence
on the system response, although their influence should not be
considered negligible.

Decreasing the dimensionless global stiffness of the structure
reduces the maximum contact force and increases the contact
time; however, the results showed that G4 is not significant in
the system response for values greater than approximately 1. With
the increasing dimensionless global stiffness of the structure, the
response tends to stabilise both in maximum contact force and
contact time values.

Dimensionless b also has a significant influence on the system.
Below approximately the reference value, G6 has a significant effect
on both maximum contact force and contact time results. Increas-
ing the dimensionless parameter, results in a rapid increase of the
maximum contact force, until it stabilises around a constant value.
On the contrary, the contact time shows a strong decrease until
reaching a stable value.

Finally, it was observed that increasing the dimensionless initial
velocity causes noticeable increase in the maximum contact force,
which was adequately represented by linear regression. However,
the contact time remains constant around certain values. As a re-
sult, G7 shows more influence on the maximum contact force than
on the contact time results.
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