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Abstract

In the first chapter, a new kind of additive process is proposed. Our main goal is to define, characterize
and prove the existence of the LIBOR additive process as a new stochastic process. This process will
be defined as a piecewise stationary process with independent increments, continuous in probability but
with discontinuous trajectories, and having "cadlag" sample paths. The proposed process is specifically
designed to derive interest-rates modelling because it allows us to introduce a jump-term structure as an
increasing sequence of Lévy measures. In this paper we characterize this process as a Markovian process
with an infinitely divisible, selfsimilar, stable and self-decomposable distribution. Also, we prove that the
Lévy-Khintchine characteristic function and Lévy-It6 decomposition apply to this process. Additionally
we develop a basic framework for density transformations. Finally, we show some examples of LIBOR
additive processes.

A no-arbitrage framework to model interest rates with credit risk, based on the LIBOR additive
process, and an approach to price corporate bonds in incomplete markets, is presented in the second
chapter. We derive the no-arbitrage conditions under different conditions of recovery, and we obtain new
expressions in order to estimate the probabilities of default under risk-neutral measure. Additionally, we
study both the approximation of a continuous-time model by a sequence of discrete-time models with
credit risk, and the convergence of price processes (in terms of the triplets) under a framework that allows
the practitioner a multiple set of models (semimartingale) and credit conditions (migration and default).

Finally, in the third chapter, we introduce a d-dimensional LIBOR additive process to model the
forward LIBOR market model with different credit ratings. Additionally, we expose the risk-neutral
and forward-neutral dynamic of forward LIBOR rates. Additionally, we introduce a new calibration
methodology for the LIBOR market model driven by LIBOR additive processes. The calibration of the
continuous part is based on a semidefinite programming (convex) problem and the calibration of the
Lévy measure is proposed using a non-parametric (non linear least-square with a regularization term)
calibration.
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Chapter 1

New stochastic processes to model
interest rates: LIBOR additive
processes



1.1 Preliminaries

1.1.1 Introduction

The story of modelling financial markets with stochastic processes began in 1900 with the study of Louis
Bachelier (1900). He modelled stocks as a Brownian motion with drift. However, the model had
many imperfections, including, for example, negative stock prices. It was 65 years before another, more
appropriate, model was suggested by Samuelson (1965): geometric Brownian motion. Eight years later
Black and Scholes (1973) and Merton (1973) demonstrated how to price Furopean options based on
the geometric Brownian motion. This stock-price model is now called Black-Scholes model, for which
Scholes and Merton received the Nobel Prize for Economics in 1997.

However, it has become clear that this option-pricing model is inconsistent with option data. Implied
volatility models can do better, but fundamentally, these consist of the wrong building blocks. To
improve on the performance of the Black-Scholes model, Lévy models were proposed in the late 1980s
and in the early 1990s, when there was some need for models taking into account of different stylized
features of the market.

On the other hand, traditionally, interest rates models for Treasury bonds or Corporate bonds, in
the literature, are mainly models based on Brownian motion although it is known that real-life financial
markets provide a different structural and statistical behavior than that implied by these models. Some
of these interest rates models have been created thinking in Black-Scholes framework, but they found a
great number of inconveniences. Also in this field, Lévy processes are proposed as an appropriate tool to
increase the accuracy of interest rates models. However, the nature of random sources in bond markets
is different from equity markets:

1. Modelling a term structure is completely different from modelling a simple equity. There exists
a collection of ’correlated’” bonds that generate a 'multifactorial’ term structure. In other words,
we have a stochastic surface that is strongly linked to some no arbitrage conditions, completely
different to the no-arbitrage conditions that appear in equity markets.

2. Derivative markets for interest rates (caps/floors and swaptions markets) quote differently ’at-
the-money’ volatilities according to the different maturities inside of the term structure (forward
volatilities). While Brownian or Lévy processes offer nice features in terms of analytical tractability,
the constraints of independence and stationarity of their increments prove to be very restrictive for
this market.

3. Also, these derivative markets quote, for each maturity, a different volatility for every strike (’in-
the-money’ or ’out-of-the-money’ options). Lévy models allow for calibration to implied volatility
patterns for a single maturity but fail to reproduce option prices correctly over a range of different
maturities. In addition, the existence of this term structure of 'volatility smiles’ have a huge impact
in order to price not only plain vanilla interest rate options but also exotic options.

In the First Chapter® of the present thesis, we present a stochastic process that is specifically designed
to represent the random sources that appear in this market, and we develop some basic tools that any
interest rate model needs in order to reproduce the risk neutral dynamics. This Chapter is organized as
follows.

IThis work has been developed under the direction of Javier Nogales and Winfried Stute. I am extremely grateful to
them. I also benefited greatly in my work from discussions with C. Rogers, W. Runggaldier, Rama Cont, David Nualart
and Henryk Gzyl. Comments and suggestions are welcome, all errors are my own.
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- In Section 2 we introduce the stochastic processes of interest together with their main distributional
properties (infinite divisibility, self-similarity, stability and self-decomposability).

- Section 8 introduces the characterization of these processes, using or adapting the well-known
Lévy-Khintchine formula to this framework.

- In Section 4 we propose some limit theorems that will be developed in detail in Chapter 2 of this
thesis.

- Section 5 is mainly devoted to the existence of this new process, mainly under the framework for
Markovian processes.

- In Section 6 we adapt the Lévy-It6 decomposition, and we deduce some interesting applications
that appear in Section 7.

- Probably, Section 8 is the most important section in order to build models using this process. Here,
we expose the two possibilities that any financial engineering has in order to find the risk-neutral
measures: time-changes (subordination) and changes of measure.

- Finally Section 9 is devoted to expose different examples of non-homogeneous processes that can
be used as a LIBOR additive process.

1.1.2 Some frequently used notation and terminology

A probability space (Q, F,P) is a triplet of a set €2, a family F of subsets of 2, and a mapping P from F
into RT satisfying the following conditions:

(1) Qe F,0 € F (0 is the empty set)

(2)If A, € Fforn=1,2,.., then | J;_; A, and (,—, A, are in F
(3) If A € F then A° € F (A¢ is Q\ A, the complement of A)
4)0<P[A]<1,PQ=1and P[] =0

(5) If A,, € F for n=1,2,... and they are disjoint (that is A, N A, = 0 for n # m) then

P Lﬁl An} _ nijlp (4,]

In terminology of measure theory, a probability space is a measure space with total measure 1. In
general, if F is a family of subsets of Q satisfying (1), (2), and (3) then F is called a o-algebra on {.
The pair (,F) is called a measurable space. Very often in this work, we have F = Fo = Vi>0F;
where (F;),~ is a non-decreasing and right-continuous family of o-algebras (in other words, Fs C F; for
s <t,and F; = Ng>Fs). In such a situation a filtered probability space (2, F,P) is called a stochastic
basis . During the whole work we denote by B (Rd) the collection of all Borel subsets of R, called the
Borel o-algebra. Tt is the o-algebra generated by the open sets in R? (that is, the smallest o-algebra
that contains all open sets in R?). A real-valued function f (z) on R is called measurable if it is B (R?)
measurable.

A mapping X from € into R? is an R?valued random wvariable (or random variable on RY) if it is
F-measurable, that is {w : X (w) € B} is in F for each B € B (R?). The distribution of an R%-valued
random variable X is denoted by u = Px or £ (X). Furthermore, fi(2) is the characteristic function of
a distribution p defined as

71(2) = fpaexp i (2,0} u(dz) , 2 € R?



and v, () is the cumulant of g, that is, the continuous function with ¢, (0) = 0 such that ji(z) =
exp (ij u (z)) . The characteristic function of the distribution Px of a random variable X on R? is denoted
by Px (z) and given as

Px (z2) = /Rd exp{i(z,z)} Px (dzx)
= Blexp{i(z, X)}], withz¢eR?

A sequence of probability measures p,,,n = 1,2, ... converges to a probability measure p, written as
[y = ft as n — 00,

if for every bounded continuous function f

Ja (@) g, (dz) — [ou f dr) asmn — oo

When p and p,, are bounded measures, the convergence p,, — 1 is defined in the same way. When
{p;} are probability measures, we say that

O T

if for every bounded continuous function f (x)

Ja | (@) pg (dx) — [ou f (@) py (dz)  as s — ¢t
This is equivalent to saying that p, — u, for every sequence s that tends to ¢.

We say that B is a u-continuity set if the boundary of B has p-measure 0. The convergence p,, — p
is equivalent to the condition that u,, (B) — wu(B) for every p-continuity set B € B (Rd) .

The convolution u of two distributions u; and p, on R? denoted by p = piq * g1 is a distribution defined
by
B = [ [ tmlet)m o) (@)
R4 xR4

The convolution operation is commutative and associative. If X7 and X, are independent random
variables on RY with distributions i, and pu,, respectively, then X; + X, has distribution iy * j5. The
n-fold convolution of 11 is denoted by p™*. A probability measure ;1 on R? is infinitely divisible if, for any
positive integer n, there is a probability measure (i, on R? such that p = u?;).

A family {X;:t> 0} of random variables on R¢ with parameter ¢t € [0,00) defined on a common
probability space is called a stochastic process. For any fixed 0 < t1 < tg < ... < tp,

P[X (t1) € By, ..., X (t,) € By

determines a probability measure on B ((Rd)n) . The family of probability measures over all choices of
n and t1,t9, ..., t, is called the system of finite dimensional distributions of {X;}. Given two stochastic
processes {X;,t > 0} and {Y;, ¢t > 0}, {X;} < {Y}} means that X and Y are identical in law or have a
common system of finite-dimensional marginals. A stochastic process {Y;} is called a modification of a
stochastic process {X;} if P[X; =Y =1for t € [0,00).

We say that X is a semimartingale if it is an adapted process (Fy-measurable for every t € [0,00))



such that X; = Xo+ M; + V; for each ¢ > 0, where X is finite-valued and Fy-measurable, {M;,t > 0} is
a local martingale (for a localizing sequence of stopping times (75,), M, is an adapted process, integrable
for each n € N and M,,_; = E(M,,/ F,—1) < oo a.s) and where {V;,¢ > 0} is an adapted process of
finite variation.

Sometimes it will be necessary to work on the path space of "cadlag” (i.e. right-continuous with left
limits) semimartingales. For I = [0,7*] C [0, 00) with T* > 0, we denote by I = D (R%,I) the Skorohod
space of all cadlag functions o : I — R%. For I = R, = [0, 00) we denote by DY (Rd) the o-field generated
by all mappings a — «a(s) for s < ¢, and D; (Rd) = Ng>¢D? (Rd) . If X is a semimartingale on (2, F,P)
such that X € D (R% I) we denote by X () the value of X at time ¢, and by X (t—) its left-hand limit
at time ¢ (with X (0—) = X (0) by convention) and AX (¢t) = X (¢) — X (t—).

We will use, during the whole work, the definitions as outlined in Sato (1999) of infinite divisibility of
processes, self-decomposability (of distributions), self-similarity and stability of processes, Lévy processes,
additive processes, increasing or decreasing processes. We use :=’ to mean ’is defined to be equal to’.
In particular we set Ry = [0,00), R := 0,00)%, Zy :=ZNR,;, Q) :=Q NR,. Elements of R? are
column vectors. If f and g are real numbers or real-valued functions, we define f V g := max(f,g),
fAg:==min(f,g), fT:=fV0, f~ :=(—f) V0. In particular, we have f = f* — f~ and |f| = fT + f~.
For z = (xj)gjgd and y = (yj)1§jgd in C¢ we write (z,y) = Z?:I TjYj-

1.1.3 Basics about Lévy Processes

The aim of this preliminary section is to give a brief introduction to the theory of Lévy processes.
Inclusion of this material is justified not only because Brownian motion or Poisson processes are Lévy
processes, but also because an additive process will be defined later as a nonhomogeneous Lévy process.
Additionally, Lévy processes also provide one of the most important examples of Markov processes and
semimartingales.

This preliminary section is an attempt to gather some basic and typical results to describe several
main directions of this chapter. It is not intended to give a systematic presentation of the most important
results or to explain how to prove them; for these purposes one would need many more pages. A more

comprehensive picture of the present knowledge can be obtained from the two books Bertoin (1996) and
Sato (1999).

Definition 1 An R%-valued stochastic process X = {X;:t >0} is a family of R -valued random
variables Xy (w) with parameter t € [0,00) defined on a probability space (Q, F,P).

Definition 2 An R%-valued stochastic process X = {X; : t > 0} is called a Lévy process in law on R?
or d-dimensional Lévy process, if the following four properties are satisfied:

(L1) X starts at the origin, Xo = 0 a.s. (almost surely)

(L2) X has independent increments, that is, for anyn > 1 and 0 < tg < t1 < ... < ty, the random
variables Xy, X¢, — Xy, Xty — Xty ooy Xt,, — Xt,,_, are independent.

(L8) X is stochastically continuous, that is, for any e > 0, P[| X35 — Xi| > €] — 0 as s — 0, for all
t>0.

(L4) X is time homogeneous (or stationary), that is, the distribution of {Xs4+ — X5 : ¢t > 0} does not
depend on s

10



Notice that if X is a stochastically continuous process with independent and stationary increments (a
Lévy process in law), there exists a cadlag version of X with the same properties called Lévy process
(cf. He, Wang and Yan (1992), Theorem 2.68). Therefore a Lévy process can be defined as a d-
dimensional stochastic process starting in 0 with cadlag paths and independent and stationary increments
under P (if there is no ambiguity about the measure involved) (cf. Bertoin (1996)).

Proposition 3 If X is a Lévy process, then X(t) is infinitely divisible for each t > 0.

Proof. To see this, let t; = it/m with ¢ = 0,1, ...,m and some ¢t > 0. Let u = Px, and p,,, = P?LX
t; ti—1

which is independent of ¢ by temporal homogeneity. Then p = u?;‘:), since

Xo= (X = X7 4 (X - X))

tm tm—l

is a sum of m independent identically distributed random variables. m

Recall that the characteristic function of a distribution x on R? is defined by ji (z) = Jza e!=) y (dx)
z € R%. Also remember that here (z,z) = S¢

i=1%j%;, the Buclidean inner product of z = (z;) and = = (z;)
in R, Thus |z| = (z,2)"/?.

Proposition 4 If X is a Lévy process, then fix, (z) = exp{t- ¥ (2)} for each z € R, t > 0 and where
U (2) is the Lévy exponent.

Proof. For the sake of clarity, define i, () = fiy, (2). Then for all s >0
f(t+s) = B(eXe)
- K (ei<z,xt+rxs>6i<z,xs>)

(ei(z,XH_S—XS)) B (e¢<z,xs>)
= fi, (t) 1 ()

&

|
=

Notice that using (L1) in Definition 2 (about Lévy processes) we have ji, (0) = 1 and by (L3) the map
t — fi, (t) is continuous.

However the unique solution for i, (¢t + s) = fi, (¢) i1, (s) and 1, (0) = Lisgiven by 1, (t) = exp {t- ¥ (2)}
where ¥ : R? — C (see e.g. Bingham et al. (1987) pp.4-6). Notice that X (1) is infinitely divisible and

U is the Lévy exponent. The result follows. m

The following three theorems are fundamental. For their proofs see the monographs Doob (1953),
Loéve (1955), Breiman (1968), Gihman and Skorohod (1975), Kallenberg (1997) or Sato (1999).

Theorem 5 If i is an infinitely divisible distribution on R?, then there exists, uniquely in law, o Lévy
process in law {X;} such that £ (X1) = p.

Theorem 6 If {X,;} is a Lévy process in law on R%, then there is a Lévy process {X|} on R? such
that {X,} is a modification of {X:}, that is X[ = X; a.s. for every t > 0.

Theorem 7 (Lévy-Khintchine representation) If i is infinitely divisible, then
~ - 1 (z,x .
() =exp i (12) = 5 (s dsh + [ (€00 1 i) ey (@) v <dm>} (L.1)
R

11



where A is a symmetric nonnegative-definite d x d matriz, v € R%, v is a measure on R satisfying
v ({0}) =0 and [5. (\a:|2 A 1) v (dz) < oo .

The representation (1.1) by A,y and v is unique. Conversely, for any choice of A,y and v satisfying
the conditions above, there exists an infinitely divisible distribution p having characteristic function (1.1).

It follows that the Lévy process {X;} corresponding to p, by Proposition 4 and Theorem 5, has
characteristic function

E {ei<z,Xt>} — exp [t- (z {y,2) — % (2, Az) + /Rd (e“z’m) —1—i(z,z) Lz <1} (»T)) v (dx))]

Notice that we can define fi, (z) = exp {t - ¥ (2)} for each t > 0, where ¥ (z) is the Lévy exponent. We
call (v, A, v) the generating triplet, A the Gaussian covariance matrix, and v the Lévy measure of p.
However, v does not have any intrinsic meaning, since its value depends on the choice of i (2, 7) 1{|/<1} (@)
of the integrand in (1.1) as a term to make it v-integrable.

If v = 0 then p is Gaussian. If A = 0 then we say that p is purely non-Gaussian. If d = 1 then
A is a nonnegative real number called Gaussian variance. If v satisfies f\m|<1 |z| v (dz) < oo then (1.1)
may be written as -

it (2) = exp [z (g, 2) — % (2, Az) + /R d (ei<w> - 1) v (dx)]

with some 7, € RY. This v, is called the drift. If v satisfies flw\>1 |z| v (dz) < oo then (1.1) can be
written as

A () = exp [ (102) = g ) [ (0 1= ) e @) 0 (d@}

with some 7, € R, called the center.

Brownian motion is a Lévy process with A = identity matrix, v = 0 and 7 = 0, and a Poisson
process with intensity A > 0 is a Lévy process on R with A = 0,7 = 0 and v = AJ;, where we denote
by 0, the distribution concentrated at a. A Lévy process on R? with A = 0,7 = 0 and v (Rd) < 00
is called compound Poisson process. The I'-process with parameter ¢ > 0 is a Lévy process on
R corresponding to the exponential distribution p with mean 1/¢; that is A = 0,7 = 0 and v (dz) =
L(0,00) () x~'e~%dg. This p is not a compound Poisson distribution, because v has total mass oc.

Any Lévy process {X,} is a Markov process and allows for a cadlag version. Let us define two

other processes: X_ = (X¢),cp, and AX = (X; — Xy ), -

Theorem 8 If X is a Lévy process, then for fired t > 0, AX; =0 (a.s).

Proof. Let (t(m),m € N+) be a sequence in Ry with #(,,) T ¢ as m — oco. Then since X has cadlag
paths, limy, oo X (¢(m)) = X(t—). However by stochastic continuity the sequence (X (t(n)),m € N)
converges in probability to X (t) and so has a subsequence that converges almost surely to X (¢). The
result follows by uniqueness of limits. m

Notice that Theorem 8 is equivalent to the fact that any process with cadlag paths and stationary and

12



independent increments has no fixed times of discontinuity?® (cf. Jacod and Shiryaev (1987), I1.4.3).

The probabilistic meaning of the Lévy-Khintchine representation is explained by the following
result.

Theorem 9 (Lévy-Itdé decomposition of sample functions) Let {X;} be a Lévy process on R? with
the characteristic triplet (v, A,v). For any G € By )xra let J(G) = J (G,w) be the number of jumps
at time s with height X, (w) — Xs— (w) such that (s, X (w) — Xs_ (w)) € G. Then J (G) has a Poisson
distribution with mean u (G). If Gy, ..., Gy, are disjoint, then J (G1) ,...,J (Gy) are independent. We can
define a.s.,

X! (w) = lim {zJ (d(s,2),w) —zu(d(s,z))}
10 J(0,6)x {e<|x|<1}

+/ xJ (d(s,z),w)
(0.8]x{]z[>1}

where the convergence on the right-hand side is uniform in t in any finite time interval a.s. The process
{th} is a Lévy process with the triplet (0,0,v). Let

X7 (W) = Xi (w) = X{ (W)

Then {Xt?} is a Lévy process continuous in t a.s. with the characteristic triplet (A,~,0). The two
processes { X} } and {X?} are independent.

In general, we may call {th} and {Xf} the jump part and the continuous part of {X;}, respec-
tively, but the sum of the jumps actually diverges a.s. if flw\él |z| v (dz) = oo and we need the centering
term —zv (d (z)), the so-called compensator, in order to achieve the convergence. Notice also that an
important result from the Lévy-Ito decomposition is the relationship between Lévy processes and semi-
martingales. Using directly the Lévy-It6 decomposition we can conclude that every Lévy process is a

semimartingale (cf. Jacod and Shiryaev (1987), Corollary I1.4.19.).

2Recall that t is called fixed time of discontinuity of a process X if P[AX; # 0] > 0
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1.2 Definition and Properties of LIBOR Additive Processes

1.2.1 The LIBOR additive process

In this section we define a stochastic process, the LIBOR additive process, that will drive the risk-
neutral dynamics of instantaneous forward rates with independent but piecewise stationary increments
(this means that it is stationary inside of each time interval, usually 6 or 12 months, defined by the
tenor of the LIBOR rate). We will see that this generalization allows taking into account deterministic
time inhomogeneities: the parameters describing the local behavior will now be time-dependent but non-
random. Therefore, all definitions below will be applied to the time interval t € I = [0,7*] C R,, where
T* is a fixed time horizon with T* > 0. Also, let 7 be the family of all finite subsets of I C R,. For a
predetermined collection of dates J = {Ty,T1,...,T,} € 7, such that 0 =Ty < Ty < ... < T,, = T* with
J C1,let 0; =111 —1T; denote the length or "tenor” of the j-th interval.

Definition 10 A stochastic process G = {G;: 0 <t <T*} on R? is a LIBOR additive process in
law if the following conditions are satisfied:

(LAP1) Gy =0 a.s.

(LAP2) G is a process with the independent increment property, i.c., for any choice of m € NT and
0 <t <...<ty <T*, the variables G (t1) ,G (t2) — G (t1) ..., G (tm) — G (tm—1) are independent.

(LAP3) G is stochastically continuous or continuous in probability (but it may have discontinuous
trajectories).

(LAPJ) There exist 0 = Ty < Ty... < T,, = T*, such that G is a process with piecewise stationary
increments, or temporally homogeneous in [T;,T;y1), for any j =0,1,...,n — 1.

Definition 11 A stochastic process {G; : 0 <t < T*} on R¢ is a LIBOR additive process if it satisfies
(LAP1) to (LAP4) and if, additionally, there is Qo € F with P[Qo] = 1 such that, for every w €
Oy, Gt (w) is right-continuous in t > 0 and has left-limits in t > 0 ("cadlag" process).

Notice that, according to Section 1.3, a Lévy process is defined as a stochastic process with stationary
independent increments which is continuous in probability (but may have discontinuous trajectories).
While Lévy processes offer nice features in terms of analytical tractability, the constraints of stationarity
of their increments prove to be rather restrictive.

e The first advantage of our approach is that it allows for preserving the tractability of Lévy
processes while enabling us to model the whole range of cap/floors or swaptions volatilities across
strikes and maturities.

e A second advantage is that the property of piecewise stationarity is the usual performance that
we suppose in the discretised version of the LIBOR market model where the tenor structure plays
a relevant role, and it will be a key issue in our calibration procedure and credit risk modelling.

1.2.2 Properties of LIBOR additive processes

In this section, our aim is to briefly describe some relevant probabilistic properties® of this stochastic
process, and specifically, some properties related with the infinite divisibility of its distribution, self-

3Theoretical and empirical justification of the financial relevance for these properties can be found in Carr, Geman,
Madan and Yor (2002).
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similarity, stability and self~-decomposability.

Infinite divisibility of LIBOR additive processes

Recall that, for any n € N4, we denoted by p* or pu™ the n-fold convolution of a probability measure
w with itself, that is

ph=pt =k p (1.2)
——

n times

p on R? is an infinitely divisible probability measure if, for any positive integer n, there is a

probability measure p,,y on R? such that p = ,u?;), or in other words, i can be expressed as the n-th

convolution power of P(n)- Equivalently, in terms of random variables, we say that X is infinitely
divisible if for all n € N, there exist i.i.d. random variables X\™ .. X{" such that

x L x4 xm (1.3)
Proposition 12 The following statements are equivalent:

1. X is infinitely divisible
2. px has a convolution n-th root that is itself the law of a random variable for each n € N

3. [ix (2) has an n-th root that is itself a characteristic function of a random variable for each n € N.

Proof. (1) = (2) The common law of the X J(TL) is the required convolution n-th root
(2) = (3) Let X™ be a random variable with law (1) /" then we have for each z € RY :
fix (2) = / / et ) () V" (da) o () V" (dan)
= (ax =)
where iy ()™ = Jga €% (y) /" (dz;) and the required result follows.

(3) = (1) Choose Xl("), vy X5 to be independent copies of the given random variable, then we have

B (ei(Z’X)> _E (ei(z,xim)) B (ei(z,Xiﬁ))> _E (ei(z,Xin)_;,__“-ﬁ—Xv(L")))

Now, let us extend the concept of infinite divisibility to stochastic processes.

Definition 13 A stochastic process X = {X;:t >0} on R? is infinitely divisible if all finite-
dimensional marginals of X are infinitely divisible, that is, for any choice of distinct t1, ...,tm, € [0,T%]

with m € Ny, (th) is infinitely divisible. Here (th) is an R™%-yalued random variable.

1<j<m 1<j<m

Notice that it is not difficult to check that a Lévy process is an infinitely divisible process (see
Proposition 3 in Section 1.1.3) due to the homogeneity property.
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The LIBOR additive process does not preserve the homogeneity property anymore (see (LAP4)
in Definition 10) as in the Lévy case. Actually, it is only a piecewise stationary process. However,
we can attempt to prove the infinite divisibility property using independent increments (see (LAP2)
in Definition 10) and stochastic-continuity property (LAP3), following a similar reasoning as in Sato
(1999). It is based on one of the fundamental limit theorems on sums of independent random variables,
conjectured by Kolmogorov and proved by Khintchine.

Definition 14 A double sequence of random variables {ZZ-(n) i=1,2,.,r;n=1,2, } in RY is called

a null array if for each fized n, ZYL), Zén), vy Zr(ff) are independent and if, for any € > 0,

lim max P HZ}") >el =0 (1.4)
n=00 1<i<r,
The sums S, =Y ", Zi("), n =12 ..., are called the row sums.

Theorem 15 ( Khintchine (1937) ) Let {Zi(n)} be a null array in R? with row sums S,. If, for

some b, € R?, n =1,2, ..., the distributions of S,, — b, converge to a distribution 1, then p is infinitely
divisible (id).

Proof. cf. Khintchine (1937) =

Lemma 16 The LIBOR additive process in law G = {G;:t > 0} is uniformly stochastically
continuous on any finite interval [0, T*], that is, for every € > 0 and n > 0,there is 6 > 0 such that, if
s and t are in [0,T*] and satisfy |s — t| < 0, then P[|Gs — G¢| > €] < n.

Proof. Fix € > 0 and n > 0. From property (LAP3) in Definition 10, we have that for any ¢ there is
d¢; > 0 such that
P[|Gs — G| > €/2] <n/2 for |s—t| <,

Let It = (t — 6¢/2,t + 0¢/2), then {I; : t € [0,T*]} covers the interval [0, T*].
Hence there is a finite subcovering {Itj 1j=1, ,n} of [0,T™].

Let § be the minimum of d;,/2, j = 1,...,n. If |s —t| < ¢ and s, € [0,7*] then ¢ € I;, for some j.
Hence |s —t;]| < dy,, and

P(|Gs — G| > €] <P[|Gs — Gy,| > /2] +P[|G: — Gy, | > ¢/2] <n
And finally, we can state the result that we look for.

Theorem 17 If G = {G; :t > 0} is a LIBOR additive process in law on R?, then for every t the
distribution of Gy is infinitely divisible.

Proof. Fix a time interval [0,¢] with ¢ > 0. Let tz(-n) =it/nfori=0,1,2,...nand n =1,2,... Set

z™=q (tﬁ”)) e, (tﬁ’j)l) fori=1,2,...n
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Let us recall that Khintchine’s theorem shows that G (t) is infinitely divisible if {{ZZ(”)} 1}
i=1J n=1

is null-array. To prove that Zi(") is a null array (with 7, = n) we use the uniform stochastic
continuity from Lemma 16 : when n — oo

> E} < sup P HG (_én)) -G (tgi)l)) > 6] — 0

1<i<n n—00

max P{‘Zi(n)

1<i<n

n

Therefore {{Zi(n) } ‘
with 4 = Pg, and I;:l: 0. m

oo
} is a null-array. Hence we can apply Theorem 15 or Khintchine’s Theorem
n=1

Remark 18 Notice the strong relationship that exists between the concepts of independent increments
and stochastic continuity with infinitely divisible distributions. These concepts will be helpful to work
not only with the concept of efficient financial markets, but also with limit law distributions class
(see Theorem 25).

Stability and self-decomposability of LIBOR additive process

If {W; : t > 0} is the Brownian motion on R? then for any a > 0 the process {W,; : t > 0} is identical in
law with the process {al/ W, it > 0} . This means that any change of the time scale for the Brownian
motion has the same effect as some change of the spatial scale. This property is usually called self-
similarity. There are many self-similar Lévy processes other than the Brownian motion. They constitute
an important class called strictly stable processes.

Roughly speaking, stable processes are Lévy processes for which a change of time scale has the same
effect as a change of spatial plus a linear drift. In other words, they are invariant in distribution under
an appropriate scaling of time and space. They are important in probability because of their connection
to limit theorems (see Lamperti (1962)) and they are of great interest in financial modelling.

In this subsection, we define both concepts and some extensions, and we determine the conditions for
the self-similarity of LIBOR additive processes.

Definition 19 Let p be an infinitely divisible probability measure on Re. It is called stable if, for any
a >0, there are b > 0 and ¢ € R? such that

71(2)" = i (b2) i) (1.5)
It is strictly stable if, for any a > 0, there is b > 0 such that
(=) = i (b2) (1.6)

Definition 20 Let {G, :t > 0} be a LIBOR additive process on RY. It is called a stable or strictly
stable process if the distribution of Gy at t =1 is stable or strictly stable, respectively.

Definition 21 Let {X; :t > 0} be a stochastic process on R%. It is called self-similar if, for any a > 0,
there is b > 0 such that J

1t is called broad-sense self-similar if, for any a > 0 there is b > 0 and a function c(t) from [0,00) to
R? such that
(Xop it >0} L {bX, +c(t) 1t >0} (1.8)
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Now let us consider the Generalized Central Limit problem. Let Z;, Z5,... be an independent,
identically distributed sequence of random variables. Let S(™) be defined as the sum of m of these
independent identically distributed random variables. We are interested in the case where there exists
the following relationship

lim P (b<m>s(m) +cm < q;) = P(X <) forall z € R? (1.9)

m—00

Theorem 22 A probability measure i on R? is stable if and only if there is a random walk {S(’”)} ) >

0 and '™ € R? such that Pyim) g(m) 4 otmy — 4t as m — 00. And in particular, it is strictly stable if each
(m) =0

c .

Proof. cf. Sato (1999) Theorem 15.7. m

It is immediate to see that it is only possible to talk about stability of the LIBOR, additive process inside
of the interval [T}, Tj41) with j = 0,...,m, where the increments are identically distributed. But we can
generalize the definition of a stable process if we weaken the conditions on the process in the central limit
theorem by requiring these to be independent but no longer necessarily identically distributed. This is the
case of the LIBOR additive process, in which case the limiting process is called self-decomposable.

Definition 23 Let p be a probability measure on R, It is called self-decomposable if for any c € (0,1)
there is a probability measure p'© on R? such that

i1(2) = i (e) (=) (1.10)

1t is called semi-selfdecomposable if there are some ¢ € (0,1) and some infinitely divisible probability
measure p(c) satisfying (1.10).

Definition 24 A stochastic process X = {X; : t > 0} on RY is self-decomposable if all finite-dimensional
marginals of X are self-decomposable that is, for any choice of distinct tq,...,t, € [0,T*], (th)1<j<m

is self-decomposable. Here (th)1<j<m is an R™?-valued random variable.

The class of self-decomposable distributions is obtained as a class of limit distributions described below.

Theorem 25 (i) Let {Xi(m) 1=1,2,..., m} be independent random variables on R4 and S(™) = Dy Xi(m).

Let p be a probability measure on R%. Suppose that there are b™ > 0 and ¢™ € R for m = 1,2, ...
such that
(1.11)

b(7”>S("”)+c(7”) 777?00

and that*
{b(m)Xi(m) i=1,...,.mm=1,2, } is a null array (1.12)

or equivalently
lim max P{‘b(m)Xi(m)‘ > 6} =0

mToo 1<i<m

Then u is self-decomposable.

(ii) For any self-decomposable distribution p on R we can find {Xi(m)} independent, b > 0 and
™ € R? satisfying (1.11) and (1.12).

4See Definition 14.
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Proof. cf. Sato (1999) Theorem 15.3 m

Remark 26 Limit laws are probably the best explanation for the wide-spread use of the Gaussian law
in the study of financial markets. The self-decomposable laws are limit laws and this is also their ap-
peal. Notice the relationship that appears between the concepts of independent increments and stochastic
continuity with self-decomposable distributions.

Theorem 27 If G = {G;:t >0} is a LIBOR additive process in law on RY then for every t, the
distribution of Gy is self-decomposable.

Proof. Fix a time interval [0,] with ¢ > 0. Let £ = it/n for i = 1,2,...,n and n = 1,2, ... Let us
define Z™ as
Zi(") =G (tgn)) -G (tgﬁ)l) fori=1,2,...,n
n

Let us recall that {{Zl(")}
i=1

property given in Lemma 16. The assertion follows as in the proof of Theorem 17. Therefore, by
direct application of Theorem 25, we conclude that the LIBOR additive process in law has a self-
decomposable distribution. m

(o]
} is a null-array, by Definition 14 and uniform stochastic continuity
n=1

Theorem 28 A stochastic process X = {X;:t >0} on RY is self-decomposable if and only if for
every ¢ € (0,1),
XLcx +U© (1.13)

where X' = {X/ :t >0} is a version of X, and U(®) = {Ut(c) it > O} is a stochastic process on R% and

X’ and U'®) are independent. The law of U'®) is uniquely determined by ¢ and the law of X, and U©) is
an infinitely divisible process.

Proof. cf. Barndorff-Nielsen, Maejima and Sato (2006). m

Theorem 29 Let G be a self-decomposable LIBOR additive process on RY, then for every c € (0,1)
the process U'®) can be chosen to be a LIBOR additive process.

Proof. Notice that the LIBOR additive process G is a self-decomposable, according with Theorem
27. Let us denote p, = L(Gy) and p,, = L(Gy —G) for 0 < s < t. According to Theorem 28, fix

¢ € (0,1) and denote U, = Ut(c), pr =L (U), and p,, = LUy — Us) for 0 < s < t.

Then
fiy (2) = b5 (2) s (2) (1.14)
where
i (2) = fu(cz)py(2)
Ias,t (Z) = l&s,t (CZ) f)s,t (Z)

Notice that p;; — 1 when s | ¢ or ¢ T s. It follows that U = U(©) is stochastically continuous
(property (LAP3) in Definition 10). Obviously Uy = 0 a.s (LAP1).

In order to prove that U is a LIBOR additive process in law, according to Definition 10, additionally
we need the independent increments (LAP2) and piecewise stationary property (LAP4).
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Let 0=tg<t; <..<t,=T*and zq,..., 2, € R* and Zn+1 = 0, then

E lexp (iz<zj,Utj — Utj1>)] = E [exp (z
j=1

= E |exp (z

exp | ¢

L J

M=

(2 — 211, Ut.7>)

1

<.
Il

-

<
Il
-

(2 — Zj+1,th>)

[
hE

Il
=

1

<.
Il
<.

Il
=

IE [exp (z <Zj7Utj - Utj71>)]

<.
Il

/
) (21.Gr, th1>)] /E [exp (ij_l <zj,cG;j - cG@))}

E [exp (i (zj,Gr, — Gi,_,)) ]/ ﬁ

—

j=

E lexp (zzn: <zj - zj+1,cG;j>>

<
3

E [exp (2 <zj7 Gy, — cG2j71>)}

This shows (LAP2) and (LAP4), therefore U is a LIBOR additive process in law. m
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1.3 Existence of LIBOR additive processes

The aim of this section is to provide a simple proof of the existence of the LIBOR additive process
according to the definition given in section 1.2.1 (Definition 10). A direct construction in the Skorohod
space is described in the current section, and it is based directly on the fact that the LIBOR additive
process, in terms of trajectories, can be observed as a piecewise stationary Lévy process. Therefore
the existence of the Lévy process guarantees the existence of LIBOR additive process in the Skorohod
space.

Recall that we are given a time interval [0,7*] with 7™ fixed. Also, notice that, given n € N, we
have a predetermined collection of fixed dates 0 = Ty < 11 < ... < T, = T*. Let us define 7 as a
right-continuous function 7 : [0,7,] — {0,1,...,n} by taking n (¢) to be n(t) =sup{0 <i<n:T; <t}.

Let GU), with 0 < j < n, be a family of n + 1 independent Lévy processes such that GU) has the
triplet (v, A;j,v;). Set for 0 <t < T*

(t)
G(t) =Y (GV (T nt) - GO (1)) (1.15)

3

<.
Il
o

Then G(t) has characteristic function, due to the independence of the G/)’s:

elel(2)+(T2*T1)%(Z)erJr(t*Tn(t))1/17,(,:)(2) — e2j<nt (Ti41At)=T;)9;(2)

where v, (z) is the Lévy exponent of GU) (see Theorem 31 for further details). Since GY) has sample
paths in the Skorohod space, it immediately follows from the above construction that the same is true
for G. Let us prove that G is a LIBOR additive process.

Theorem 30 Let {Gy,t > 0} be a stochastic process on R?, defined by (1.15). Then G, is a LIBOR additive
process.

Proof. Notice that to prove that G is a LIBOR additive process, we just need to prove properties
(LAPI) to (LAP4) in Definition 10 as properties of G. (LAP1) is obvious taking into account property
(L1) in Definition 2 of Lévy process in law. To prove (LAP2) in Definition 10, notice that using
the property (L2) in Definition 2, we have that for any s,t¢ € [0, 7*] belonging to the same sub-interval
Tj§8§t<Tj+1Z ' ‘

G —G,=GY -GV
is identical with the increment of GU) that has independent increments by (L2) in Definition 2 of Lévy
process in law. If s <T; <t < T}, are in adjacent intervals, then

Gi—-G. = G-6P+6Y-a,
GUtY _ G(T'jj+1) n (G%> _ G%),l) _ (ng> _ G(T'?,l)
= (eGP =)+ (6 - 6V)
Hence this increment may be decomposed into two independent increments over adjacent intervals.
These two facts finally lead to the independence property of the adjacent increments and hence to incre-

ments in general.

Since each G has no fixed discontinuities (Theorem 8), the stochastic continuity (LAP3) is guaranteed,
and finally (LAP4) is obvious using (1.15). =
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1.4 Characterization of LIBOR additive processes

The following results recall the representation of characteristic functions of infinitely divisible distribu-
tions, briefly shown in Section 1.1.3. The Lévy-Khintchine formula was obtained on R around 1930 by
De Finetti and Kolmogorov in special cases, and then mentioned by Lévy (1934) in the general case.
It was immediately extended to R%. This theorem is essential to the whole theory, and a simpler proof
was given by Khintchine (1937) and Gnedenko and Kolmogorov (1954). Here we show a detailed
version, however, the proof is omitted.

Theorem 31 (Lévy-Khintchine) (i) If u is an infinitely divisible distribution on R?, then its char-
acteristic function [i(z) has the form

fi(z) = exp [¢) (2)] (1.16)

where the Lévy exponent v (z) with z € R? equals

Vv (z) =1i{y,2) — % (2, Az) + /Rd (ei<z’9> —1—i{z,g) 1{|g|§1}) v (dg) (1.17)

and where A is a symmetric nonnegative-definite d x d matriz, v € R, v is a Radon measure
on R4\ {0} and g € R? satisfying

v ({0}) =0 and /Rd (|g|2 A 1) v (dg) < o0 (1.18)

(i) The representation of i(z) in (i) by A, v, and v is unique.

(#it) Conversely, if A is a symmetric nonnegative-definite dxd matrix, v is a measure satisfying
(1.22) and v € RY, then there exists an infinitely divisible distribution yu whose characteristic function
is given by (1.20).

Proof. cf. Sato (1999) Theorem 8.1. m

Definition 32 We call (A, v,7) in Theorem 31 the generating triplet of . The A and the v are called,
respectively, the Gaussian covariance matrir and the Lévy measure of . When A =0, p is called
purely non-gaussian.

Corollary 33 If u has the generating triplet (A,v,7v), then u' has the generating triplet (tA,tv,ty).

Now, let G = {G¢;t > 0} be the LIBOR additive process with a given tenor structure 0 = Ty < T <
.. < T, =T* with T* fixed. Let us recall that, given a set of n-Lévy processes, the LIBOR additive
process can be constructed as Gy = Z;I(:t()) (GY (Tj41 At) — GY)(T})) (in 1.15). Let us call pb) as
the distribution (or law) associated to the Lévy process G, and additionally, let us define ,u% )’Tjﬂ
and ﬂ%)’TjH as the distribution and characteristic function respectively associated to the increment
(G(j) (Tj11) — G (T})) . The next theorem shows how the distribution function of Gy, is characterized

by the sequence of triplets {(Ajavj>7j)}j<n(t)'

Theorem 34 A d-dimensional process G = {Gy;t > 0} is a LIBOR additive process if and only if it

is a semimartingale admitting a sequence of triplets {(Aj, Uj,'yj)}j<n(t) such that for allt € RT and
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z € R% we have

= ]I ﬂ%,tATJ+1 (2) (1.19)
J<n(t)

where (Aj,uj,"/j) is the triplet associated with the characteristic function of BTy Ty for any j =
0,1,..,n(t).

Proof. For any t € [0,7*] and given a tenor structure 0 = Ty < Th... < T, = T*, then with
Ge = i<n) (GY) (Tj41 At) — GY) (T})) and using the independent increments property we have

E [f (GTm sy GTT,(tWGt)]

//f (90,90 + g1y g0 + oo + Gyry) 119 (dgo) x ) (dgr) x ... x p"®) (dg, 1)

for any bounded measurable function f. Let z1, ..., z, € R? and

n(t)

f (90,91,-~-,9n(t)) = exp iZ<Zj’gj+1 = 95)
7=0

Therefore

n(t)
ju(2) = Elexp|iY (2,041~ ;)

j=0

. 0
= / / exp | iy zg,gj+1 =950 | | 18" (dgo) x pig) r, (dgn) x . x p, (dgyr)
7=0

= H/ /GXP P27, 9541 — 7)) 1) 1, e (dgy)

J<n(t
- L (o it -]

and using Lévy-Khintchine Theorem 31.7) we have

i, (2) = exp Z (tANTj1 —T5) 9, (2)
j<n(t)
= H IU’T],t/\T]+1 ) (1.20)
J<n(t)
where
ﬂ%)ﬂ’_m (2) = E [exp (zz (G%)_*_1 _ G%)>>]
= exp [(Tj+1 — Tj) z/;j (z)] (1.21)
and

0 () = i(2) = 5 Az £ [ (50 <1 ) e ) v (d)

The sufficient condition came as a direct consequence of (ii7) in the Lévy-Khintchine theorem. m
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Remark 35 Let G = {G, :t > 0} be a LIBOR additive process. Notice that, given a tenor structure
0=Ty <Ty < ..<T, =T withT* fixed, and a set of n infinitely divisible measures {[ig, [ty s tp, }
associated to this tenor structure, then, for any s,t € [0,T*] with s < t, st the distribution of Gy — G,
is uniquely determined in law by its sequence of triplets {(Aj,vj,'yj)}

) (as a direct
consequence from Theorem 31, ii) and Theorem 34 ).

n(s)<j<n(t
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1.5 Infinitesimal generators of LIBOR additive processes

Here we turn our attention to the infinitesimal generator of the LIBOR additive process which will
play an essential role in Chapter 2. This section is an attempt to gather some basic and typical results in
order to introduce some of the results that appear in Chapter 2. It is not intended to give a systematic
presentation of the most important results or to explain how to prove them; for these purposes the reader
can find a more comprehensive picture in Ethier and Kurtz (1986) or Sato (1999).

This section has been divided in two subsections:

- In the first, we review a number of basic definitions and theorems related with the infinitesimal
generator of its transition semigroup. Basically, the aim of this preliminary section is to give a brief
introduction to the theory of semigroups of linear operators.

- In the second subsection, we apply directly these definitions to the LIBOR additive process. Further
developments can be found in Chapter 2.

1.5.1 Strongly continuous contraction semigroup and infinitesimal generator

Let B be a real (or complex) Banach space. That is, B is a vector space over the real (or complex)
scalar field equipped with a mapping || f|| from B into R, called the norm, satisfying

(1) Nafll = la[ [ £] for f€B, aeR (oracC)
2) F+gll <IfII+llgll for f,g € B
3) IIfll=0 if and only if f =0

such that if a sequence { f,, } in B satisfies lim,, —oco || fr. — fm|| = 0, then there is f € B with lim, .o ||fn, — ]| =
0.

A linear operator P in B is a mapping from a linear subspace D(P) of B into B such that

P(af +bg) =aPf+bPg for f,g e D(P) a,beR (ora,beC)

The set D(P) is called the domain of P.

A linear operator P is called bounded if D(P) = B and Sup| <1 |Pf]| called the norm of P and
denoted by || P]|, is finite. A linear operator P with D(P) = B is bounded if and only if P is continuous
in the sense that f, — f implies Pf,, — Pf.

A linear operator P is said to be closed if f,, € D(P), f, — f and Pf, — ¢ imply f € D(P)
and Pf = g, in other words, if the graph of P, {(f,Pf): f € D(P)} is a closed set in B x B. The set
{Pf:f€D(P)} called the range of P, is denoted by R(P). The identity operator on B is denoted
by I. A subset D; of B is said to be dense in B if, for any f € B, there is a sequence {f,} in D; such
that f, — f.

Definition 36 A family {P; : t > 0} of bounded linear operator on B is called a strongly continuous
semigroup if

(1) P.Ps= Pys fort, s € [0,00)

(2) Py=1

(3) limyoPf=f foranyfeB
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It is called a strongly continuous contraction semigroup if, moreover,
1P <1
Definition 37 The infinitesimal generator L of a strongly continuous contraction semigroup
{P;} is defined by
1
Lf=lim- (P f — 1.22
f=lim= (Bf—f) (1.22)
with D(L) being the set of f such that the right-hand side of (1.26) exists.

One of the major theorem of the theory of semigroups of operators is as follows. It was independently
proved by Hille (1948) and Yosida (1948), and the proof can be found in Ethier and Kurtz (1986).

Theorem 38 (i) If L is the infinitesimal generator of a strongly continuous semigroup {P;}, then L is
closed, D(L) is dense and, for any ¢ > 0, R(qgl — L) =B, qI — L is one-to-one, ‘(q[ — L)le < 1/q,

and

(@I L) ' f=[TePfdt forfeB

(#4) The infinitesimal generator determines the semigroup. That is, two strongly continuous contraction
semigroups coincide if their infinitesimal generators coincide.

(#i7) If a linear operator L in B has a dense domain D(L) and, for any ¢ >0, R(¢I—L) =B, qI — L is
one-to-one, ||(qI — L)_1 H < 1/ q, then L is the infinitesimal generator of a strongly continuous semigroup

on

Proof. cf. Ethier and Kurtz (1986) m

1.5.2 Infinitesimal generators of LIBOR additive processes

Let Cy = Cp (Rd) be the real Banach space of continuous functions f from R? into R satisfying
lim|;| o f (z) = 0 with norm || f| = sup, |f (z)|. Let Cg be the set of f € Cy such that f is n times
differentiable and the partial derivatives of f with order < n belong to Cj.

Suppose now that {G;} is a LIBOR additive process on R? and the transition function Py . (g0, B)
is defined by
Po,t (90, B) :== 1, (B — go)

fort > 0,99 € R? and B € B(Rd)

Define, for f € Cy,

®D @) = [ PPy

/Rd f (90 + 9) 11y (dg)
E[f (90 + Gy)]

Theorem 39 The family of operators {P; : t > 0} defined above from a LIBOR additive process {G:}
onR? is a strongly continuous semigroup on Cy (R?) with norm ||[Py|| = 1. Let L be its infinitesimal
generator.
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Then

&2 f d )
Lf (9) = Z ey (n,m)) P B (%7@ ) g{l (9)
n,m=1 n=1

+/Rd (f (g+x an 1\1|<1 ( )) Un(t) (d.’]ﬁ) (123)

for f € CZ, where {(771(t)’A77(t)7U77(t))t>0} is the generating triplet of {Gi} with t > 0 and Ay, =

(ance) (”’m))n,mgd v () = (777(15) (n))ngd

Proof. Notice that, according with Definition 37, the infinitesimal generator of the LIBOR additive
process is the Lévy infinitesimal generator and the proof in. Sato (1999) Theorem 31.5 applies here (see
also in Barles, Buckdahn and Pardoux (1997) Theorem 3.4. or Nualart and Schoutens (2001) for
Lévy processes, or Pardoux, Pradeilles and Rao (1997) in the no-homogenous case). ®

27



1.6 The Lévy-Itdé decomposition of LIBOR additive processes

In the present subsection we exhibit the canonical representation for multidimensional semimartin-
gales, and for practical purposes, we introduce here the Lévy-Ité6 decomposition of sample functions.
This decomposition expresses sample functions of a LIBOR additive process as a sum of two independent
parts; a continuous part and a part expressible as a compensated sum of independent sums.
This decomposition was conceived by Paul Lévy (1934) using a direct analysis of the paths of Lévy
processes, and formulated and proved by Kiyosi It6 (1942) using many pages. However there are many
proofs available in the literature.

Let us recall that we assume a stochastic basis (2, G,P) equipped with the "usual" filtration
G= (gt)te[o,T*] which satisfies the "usual conditions". Additionally, let us consider an auxiliary mea-

surable space (E,€) which we assume to be a Blackwell® space. Further
E =[0,00) x (R"\ {0}) = [0,00) x Do, (1.24)

where Dy o, = R?\ {0} . Recall that we defined a time interval [0,7*] with T* fixed. Also, notice that
we have a predetermined collection of fixed dates 0 = Ty < T < ... < T,, = T*. Recall also that 7 is a
right-continuous function 7 : [0,7,,] — {0,1,...,n} by taking 7 (¢) to be n(t) =sup{i > 0:T; <t}.

A marked point ¢ in E (usually E = R%) is denoted by € = (s, z) with s € (0,00) and & € Dg o The
Borel g-algebra of E is denoted by £ = B (FE) . Let us define a random measure on Ry x F as a family
v = (v(w;dt,dg) : w € Q) of nonnegative measures on (Ry x E, Ry x &) satisfying v (w; {0} x E) =0
identically. Hence, the integral of ¢ (¢) with respect to a measure v on F is written as

/ d(e)v(de) = / d (s,z)v(ds,dz) (1.25)
E (0,00)X D0, 00)

Now we formulate the Lévy-Itd decomposition for the LIBOR additive process as the main
theorem of this subsection®.

Theorem 40 (Lévy-It6 1) Let G = {G;:t >0} be a LIBOR additive process on R¢ defined on a
stochastic basis (2,G,P) with the system of generating triplets {(’yn(t) (1), A,](t),v,](t)> >0} and define
t>

the measure p, iy on E by pu((0,t] x B) = ) (B) for B € B (RY). Using Qo from Definition 11 of
LIBOR additive process, for B € B(E)

ﬂn(t) (B,(.L)) — { g{t : (t’Gt (Cu‘) - Gt— (W)) € B} :};Z:Z ; 82 (126)

Then the following holds:

(1) {Mn(t) (B): Be B(E)} is an integer-valued random measure (Poisson) on E and vy is a

predictable random measure namely the compensator of the random measure o (t) (B) associated to
the jumps of G.

5In all the sequel, E will actually be Ri or R, or at most a Polish spaces with its Borel o—fields
6For the sake of simplicity, let us define Dyp = D(a,b] = {z€R?:a<|z|<b} and Dgo = D(a,00] =
{zeR?:a < |z| < oo}
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(i) There is Qe F withP [Q] =1 such that, for any w € Q

Gilw) = tmf (& b0y (@ (s,2) ;) = @ vy (d (5,2) } (1.27)

+/ T () (d (Sa .Z‘) 7w)
s€(0,t],z€D(1,00)

is defined for all t € [0,00) and the convergence is uniform in t on any bounded interval. The process
{th} is a LIBOR additive process on R* with {(O,vn(t),O)} as the system of generating triplets.

(ii1) Define } R
Gt (w) =Gt (w) — Gy (w)  forwe (1.28)

There is Q € F with P {Q} =1 such that, for any w € Q, Gf (w) is continuous in t. The process {G’f}

is a LIBOR additive process on R? with {(’yn(t)(t),An(t), 0) N } as a system of generating triplets
>0
(iv) The two processes {G’t} (jump part) and {G’t} (continuous part) are independent.

Proof. cf. Sato (1999) Section 20 m

Theorem 41 (Lévy-Itd 2) Suppose that the LIBOR additive process G = {G; :t > 0} in the last
Theorem satisfies fm<1 |z| vyr) (dx) < 0o for allt > 0. Let vo(t) be the drift of Gy. Then, there is ) € F

with P {Q} =1 such that, for any w € Q
Gilw) = [ ity (d (5,7) ) (1.29)
(0,t]x D(0,00)

is defined for all t > 0. The process {Gt} is « LIBOR additive process on R% such that
B iG] — / ilze) _q d 1.30
[6 } exp [ » (6 ) Un() (dz) (1.30)

Define

Gt (w) = Gt (w) — Gt (w)  forw € Qg (1.31)

Then, for any w € anQ, G, (w) is continuous in t and {G’t} is an LIBOR additive process on R?
such that

E [ei<z7ét>} = exp |:—; <z7 An(t)z> +1 <’7n(t) (t), z>:| (1'32)

The two processes {G’t} (jump part) and {Gt} (continuous part) are independent.

Proof. cf. Sato (1999) Section 20 m
Theorems 40 and 41 are called the Lévy-Itd decomposition for the LIBOR additive process.
As we have already mentioned, several proofs of the Lévy-It6 theorem exist and they are very well

known in the literature, even for additive processes (Sato (1999)). The simplest proof begins, first, with
the construction of the Poisson random measures. Second, given any LIBOR additive process {G},-
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we use its system of generating triplets {(’yn(t) (t),An(t),Un(t)) N } in order to construct an additive
t>0

process {Y;},~, such that {Y:},-, < {Gi},> and {Y;},~ has the Lévy-It6 decomposition. Third, using
the facts that {Gt}tzo and {Y; >0 induce an identical probability measure on the Skorohod space

D=D ([0, 00) ,Rd) of right continuous paths with left limits with the o-algebra Fp generated by the
Borel cylinder sets and that all relevant quantities are Fp— measurable, we can prove that {G;},~ also
has the Lévy-It6 decomposition. -
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1.7 Applications to sample-function properties: continuity, jump-
ing times and increasingness

From the Lévy-It6 decomposition we can deduce many sample function properties of LIBOR
additive processes. Following Sato (1999), we devote this subsection to studying fundamental prop-
erties of sample functions of processes with independent increments and piecewise stationarity, such as
continuity, jumping times, and increasingness.

Theorem 42 (Continuity) Sample functions of {Gi},~, are continuous a.s. if and only if v,y = 0
for every t € [0,T%] B

Proof. By Theorem 40 (Lévy-Itd 1) the number of jumping times satisfying |Gt — Gt_| € D « has
meant [ . Uy, (dg). Hence the number of jumps is 0 a.s. if and only if Uy, =0 for every s € [0,¢]. m

Theorem 43 (Jumping times) If v, (Rd) = oo for every t € [0,T*], then, almost surely, jumping
times are countable and dense in [0,00). If 0 < v, ) (Rd) < o0 for every t € [0,T*] then, almost surely,
Jumping times are infinitely many and countable in increasing order, and the first jumping time T'(w) has
exponential distribution with mean 1/ vy (Rd) .

Proof. Countability of jumps is a consequence of right-continuity with left-limits. For € > 0 and
w € Qo let T.(w) be the first time that G (w) jumps with size > e. Let T.(w) = oo if G (w) does not
have any jump with size > €. Since T.(w) < ¢ is equivalent to if f(o 1% (e,00) Mn(t) (d(s,2z),w)>1,

P[T. <t]=1-—exp [—t/ Un(t) (dg)]

£,00

by Theorem 40 (Lévy-Ito 1). Hence, if [,  wv,) (dg) = ¢ > 0, then T, has exponential distribution with
mean 1/c.

Suppose that v, (R?) = oo for every t € [0,7*], then lim. o P [T. < t] =1 for any ¢ > 0, and hence
lim, o T. = 0 a.s. Hence there is Ey € F with P [Ey] = 1 such that for any w € Ej the time 0 is a limiting
point of jumping times of Gt (w), and for any s > 0 there is E; € F with P [E,] = 1 such that for any
w € E; the set of jumping times s as a limiting point from the right. Consider £ = Nycq+ Es. Jumping
times are dense in [0, c0) for any w € E.

Now, suppose that 0 < v, (Rd) < oo for every t € [0,7*]. By Theorem 40 (Lévy-Ito 1), p, ;) has a
Poisson distribution with mean tv,, ) (]Rd) and p, ) < oo a.s. Hence the jumping times are enumerable in
increasing order. The first jumping time 7" has exponential distribution with mean 1/ v, (Rd) because
PT<t]=Plu(t)>1]=1- et (') Tt follows that T (w) < o0 a.s. Let T®) be the first jumping
time after s, hence T < 0o a.s. Hence there are infinitely many jumps, a.s. ®

Notice that in the case of 0 < vy () (Rd) < oo we can actually say more: if we denote the nth jumping
time by U, (w) and Uy (w) = 0, then {U,, — U,,—1 : n € N} constitutes independent identically distributed
random variables, each distributed with mean 1/ vy« (Rd) and lim, . U, (w) = 0o a.s. To see this

note that {Mn(t)} is a Poisson process with parameter v,,(s (Rd) .

Definition 44 A LIBOR additive process {Z;},- is said to be increasing if Z; (w) is increasing as
a function of t, a.s. -
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Theorem 45 (Increasingness) Letd =1. A LIBOR additive process {Zi},., on R is increasing
if and only if A,y = 0, f(foo,O) U (dz) = 0, f(o’oo)z “Upy (dz) < oo and v,y > 0, for every
tel0,T%].

Proof. The ‘only if ’ part follows from the fact that f(foo 0) Un(®) (dz) = 0implies p, ) ((0,t] x (—00,0)) =
0 and therefore {Zt}tgo does not have negative jumps. Hence, by the last theorem we have that

Zy =19y + / Z+ iy (d(s,2)) as. for every ¢ € [0,77]
(0,t]%x(0,00)

because the continuous part Z; =t - Yty and this shows that {Z;},., is increasing.

And the ’if” part follows from the fact that since {Z;},., has no negative jumps, we have that
V() ((—00,0)) = 0 for every t € [0,7*]. Since an increasing function remains increasing after a finite
number of its jumps are deleted, we have Z (t) — Z. () > 0, hence

Z'() = lmZ()

= z iy (d (s, 2))
/(O,t]X(O,oo) )

exists and is bounded above by Z (¢) .

Hence, we have that the generating function or Laplace transform of its distribution is

E |:e—uZ5(t):| = exp lt/ (e_uz _ 1) “Un(t) (dz)]
(g,00)

= exp lt/( : (e_“z —1+uzlpq (z)) S Un (1) (dz) — tu/
£,00

2 Up () (dz)]
(e,1]

for u > 0.

Ase |0, E [e7##®)] tends to E {e*“Z/(t)} which is positive, and

/( : (67"’2 —1+wuzloy (z)) “Up() (d2)
£,00

tends to the integral over (0, 00) which is finite.

Hence, we have that f((),oo) z - U (dz) < 0o, and directly by application of Theorem 41 (Lévy-Ito 2)
we have that Z (t) = Z (t) + Z (t) , where the jump part Z (t) = Z’ (¢) and the continuous part Z (t) has
the generating system of triplets (A,,(t), 0, ’yn(t)) .But Z(t) = Z (t) — Z' (t) > 0 and therefore Apy =0
and 7, ;) > 0 for every t € [0,7*]. m

According to the last theorem, notice that a LIBOR additive process on R generated by { (’yn(t) (1), Apeys vn(t)) }
with A,y = 0, vy ((—00,0)) = 0 and f(0,1] 2+ Uy (dz) = oo for every t € [0,T*], has positive jumps
only, does not have Brownian-like part, but it is fluctuating, not increasing, no matter how large ~ is.
An explanation is that such a process can exist only with infinitely strong drift in the negative direction,
which cancels the divergence of the sum of jumps; but it causes a random continuous motion in the
negative direction. It is clear that an increasing LIBOR additive process will not have negative
jumps, but also the drift has to be positive or zero, for every interval in I.
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1.8 Density Transformations of LIBOR additive processes

In this subsection we cite the most important results from Jacod and Shiryaev (1987) Chapter III,
Bjork, Kabanov and Runggaldier (1997) and Sato (1999) Chapter 6, concerning Girsanov’s the-
orem and the explicit computation of density processes of absolutely continuous probability measures.
This subsection mainly serves the purpose of preparation for the usual change of measure for financial
models driven by LIBOR additive processes.

Roughly speaking, the basic idea is the following. Let G be a semimartingale on some stochastic basis
(Q,F,P). Then it is well known that the class of semimartingales is invariant with respect to equivalent
transformation of measure, or in other words, G remains a semimartingale on (2, F,Q) (see Rogers
and Williams (1987) IV.38) where Q is locally absolutely continuous to P. This change of measure
can be described by two sequences (3, and Y; (we will give an explicit expression later) called Girsanov
quantities, in the sense that the density process Z of Q with respect to [P can be expressed via 3, and
Y;.

As usual, we assume that two measures P and Q on a common measurable space (£2, G) are called mutu-
ally absolutely continuous or equivalent measures, written P ~ Q if the collection {B € G, : P(B) = 0}
is 1dent1ca1 w1th {B€G;:Q(B)=0}. The Radon-Nikodym derivative of Q with respect to P is de-
noted by P = Q then @ is positive and finite P-almost everywhere.

Let us start with the following useful theorems about stochastic exponentials, and nice-versions
of triplets characteristics for the LIBOR additive process.

Theorem 46 Let G = {G;:t > 0} be a LIBOR additive process and consider the stochastic differ-
ential equation
dZ =7_dG, Zy=1

This equation has a unique (up to indistinguishability) "cadlag" adapted solution, called the stochastic
exponential of G, which is a semimartingale and is denoted by € (G) . Explicitly

E(G), = exp <Gt - % <é>t> Sl;lt (1 + éé) e ¢

where Gy is the continuous part in t, and Gy is the jump part of Gy. If we define T := inf {t >0:G = 71}
then £(G) #0 on [0,7), and £(G) =0 on [r,0).

Proof. cf. Jacod and Shiryaev (1987) Theorem 1.4.61 m

Theorem 47 Let G = {G; :t > 0} be a LIBOR additive process on R%. Then there exist a "nice-
version" of the triplet characteristics for G which is of the form

.. TiAt o
An(t) = (An(”,( j)) <d J<77(t) fT] 1 a/n(t) 1 ]) dHn(t) ( )
Ung,, (widt,dg) = Kyt (dg) dHy,, (w)
TjAt
Ty, (i) = EJ<v7(t) 1 b”(t)v (i) - dH”(f) (w,t)

where Hn( " is a real-valued predictable, increasing and locally integrable process, ’yn(t) (t) = (bnm (i )

1<i<d

is an R¥-valued predictable process, A

N = (an(t) (Z’j))1<ij<d is a predictable process with values in

the set of all symmetric nonnegative definite d x d matrices, and K, (dg) is a transition kernel from
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(Q x Ry, P) into (RY, BY) which satisfies for any t € [0,T*]

Koy ({0}) = 0 and /R (1o A1) Kur (dg) <1

Proof. cf. Jacod and Shiryaev (1987) Proposition 11.2.9. m

Theorem 48 (Girsanov’s theorem for semimartingales) Assume that P and Q are (locally) equiv-
alent measures, and let G = {G; : t > 0} be a LIBOR additive process (piecewise homogeneous semi-

martingale) with P-characteristics (An(t),yn(t),'yn(t)(t))‘P, Let ay, and H,, be the processes of the

©)
"nice-version" from Theorem 4T for every ny =0,1,...,n and t € [0,T*], and let P~ Q. Then there ex-
ists a sequence (Ynm , 6%)) where Yn(t)j 1s a P-measurable nonnegative function and /877(1:) = (ﬂn(t) (i))igd

is a sequence of predictable processes, for any t € [0,T*] satisfying
P
J (Ymt) — 1) c(g) dvn(t) < 00

TNt
Zjén(t) Tj_1 a"mﬁnm dH”(t) <

Tj/\t / A~
ngn(t) Tj_1 (ﬁnmanmﬁmf,)) dH”(t) <

Q-a.s. for anyt € [0, T*] and such that a version of the characteristics of G relative to Q are (A%t) , l/g(t) , 'y(%t) (t)) ,
such that

Q _ 4P
Aﬂ(t) A’l(t)
YUney = Iy " Ung,

Q P T At
777(1,) (t> - 777(1,) + Zjﬁ’l(t) Tjg—l

;3| dH; + fy (Yo, = 1) ¢(9) V5, (dg)
Proof. cf. Jacod and Shiryaev (1987) Theorem 171.3.24 m

Definition 49 The quantities 5; and Y; for any j = 0,...,n (t) from Theorem 48 are called Girsanov
quantities of Q with respect to P relative to G, or simply Girsanov quantities of Q.

Remark 50 Notice that the Yoo, describe how the jump distribution of G change when we pass from P

to Q, and Bmt) together with Y,](/t) determines the changes in drift. On the other hand, notice that the
Girsanov quantities are not unique: from the uniqueness of UI,F;U) and US’U) we only get uniqueness of
Ynm on supp vlﬁ;m. And with the uniqueness of V;Qi(t) (t) and 'y]f;(t) we only get the uniqueness of dmt)ﬂ

for fized ay,,, for any t € [0,T*].

N(t)

Example 51 Let W be a standard R*-valued P-Brownian motion and let A be a d X d matriz. Set
G = A-W and take P =~ Q with Girsanov quantities 3 andY relative to G. Then G = G, so (G), = AA't,
and the P-characteristic triplet of G are given by

AP = at
=0
() =0
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where a := AA’ is the covariance matriz of G. By Theorem 48 we get the Q-characteristic triplet of G by

A = at
1/9:0

() = / (aB,) ds

Note that G remains a Lévy process under Q if and only if 8 is deterministic and independent of time.
In this case, G is a linear transformation of a standard Brownian motion with constant drift, i.e. Gy =
AWR + apt.
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1.9 Examples of LIBOR additive processes

In the following sections we briefly list a number of popular processes that can be studied as special cases
of the LIBOR additive processes or non-homogeneous Lévy processes. We pay special attention to
their density function, their characteristic function, their characteristic triplet together with some other
properties.

1.9.1 The non-homogeneous Poisson Process

Given a tenor structure 0 = Ty < Ty... < T, = T*, the non-homogeneous Poisson process is the
simplest LIBOR additive process we can think of. It is based on the Poisson (\;) . distribution
which has

J=1l...7

15 (2) = exp [\ (expliz] — 1))

as a characteristic function for any j =0,1,...,n.

Like an ordinary Poisson process it has independent increments and these increments are Poisson
distributed, but increments over different intervals of equal length can have different means. In particular,
the number of jumps in an interval (T},T11] has a Poisson distribution with mean A (T;41) — A (T})

where
t/\Tj+1

A= > / A (s)ds

. T
J<n(t) "7

Therefore, the Poisson distribution lives on the nonnegative integers {0, 1,2, ...} , such that

Since the in-homogeneous Poisson (uj) ,, distribution is infinitely divisible we can define an in-

j=1...
homogeneous Poisson process as the procjess that starts at zero, has independent increments property, is
stochastically continuous and has piecewise stationary increments. The in-homogeneous Poisson process
turns out to be an increasing pure jump process, with jump sizes always equal to 1. This means that the
additive process triplet is given by

[Oa 0’ >‘71(t)6 (1)}

where ¢ (1) denotes the Dirac measure at point 1.

1.9.2 The non-homogeneous Compound Poisson Process

Let N = {N;,t > 0} be a non-homogeneous Poisson process with intensity parameters (A;);_; ,, and
let Ji be independent and identically distributed (i.i.d.) random variables independent of N and fol-
lowing a law, w; say, with characteristic function fi;(z). Then we say that G = {G;:t >0} is a

non-homogeneous Compound Poisson process if

Ny
Gt = ZJk,t 2 0
k=1

The value of the process at time ¢, Gy, is a sum of N; random numbers with law p;. Notice that the
ordinary non-homogeneous Poisson process corresponds to the case where Ji, k = 1,2,... i.e. have law
1ty degenerate at the point 1.
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Let us write, for a Borel set A, the distribution function of the law y ; as follows

Unt) (A)

P(Jk€A>t: A )
n

where v,,4) (R) = Ay < 00 with vy ({0}) = 0. Then the characteristic function of G is given by

E[exp (izGt)] = H E (eXp [ZZ (Gt/\Tj+1 - GTJ)])
i<n(t)
= H exp (t/\Tj 1 —T]) (eizg_l) Uj (dg)
J<n(®) ( ' /R )
= [ exp((EATja = T) Aj (s (2) — 1))
J<n(t)

From this we can easily obtain the characteristic triplet

+1
[ / Uaey (dg) .0, 0 <dg)}
-1
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Figure (1): Sample-path of a jump-diffusion process, with the Lévy-Ito decomposition

The non-homogeneous compound Poisson process is usually introduced in the simulation of jump-
diffusion sample paths on a fixed grid is shown in Figure (1). On the left side, the figure shows us two
independent sample paths, the usual continuous-part given by a Brownian motion, and the jump-part
simulated using a compound Poisson process. Both together, by application of Lévy-Ité6 Theorem 42,
form the jump-diffusion sample-path that appear in the right part of Figure (1). Efficient algorithms to
simulate Poisson, exponential and Gaussian processes can be found in Press et al. (1992). Different
methods of approximation of the small jumps are discussed in Schoutens (2003).
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1.9.3 The non-homogeneous Gamma Process

Here the non-homogeneous Gamma process G = {G; : t > 0} with parameters a;j,b; > 0 for every
7 =0,1,...,n, is defined as the stochastic process which starts at zero and has independent increments,
is stochastically continuous and has independent Gamma distributed increments inside of each interval
for every j =0,1,....,n

The density function of the non-homogeneous Gamma distribution (a;,b;) with a; > 0 and
b;j > 0 for every j =0,1,...,n is given by
aj

Hj (g5aj’bj) = F(ja,)gaj_leXp (—gbj)7 with g > 0
j

Notice that this function has a semi-heavy (right) tail.

The characteristic function is given by

. iz\ "
fuj (25 a5,b5) = (1 - b)
J

and obviously, it is infinitely divisible. The characteristic triplet of a non-homogeneous Gamma process
is given by

a; (1 —exp(b;)) 0 a‘exp(—bjg) 1{g>0}dg]
b; Y g

The most common method of simulation for Gamma processes can be found in Marsaglia and Tsang
(2000).

1.9.4 The non-homogeneous Inverse Gaussian Process

Let T(®?) be the first time a standard Brownian motion with drift b > 0 reaches the positive level a > 0.
It is well known that this random time follows the so-called Inverse Gaussian IG (a,b) law. The IG
distribution is infinitely divisible. Hence we can define the IG process G = {G; : t > 0} with parameters
a;,b; > 0 for any j = 0,1,...,n as the process which starts at zero, is stochastically continuous and has
independent IG distributed increments, homogeneous only inside of each interval for every 7 =0,1,...,n
such that for any ¢ € [0, T*]

E (exp [izGy]) = H E (exp [iz (Giat,,, — G1y)])
7<n(®)
= H exp[ a; (¢ ATjp1 — T)(,/—Qiz—kb?—bj)}
J<n(t)

The density function of the IG (a;,b;), for any j = 0,1, ..., n is explicitly known:

a: . 1 a2,
1 (g;aj,b;) = \/TJ—WGXP (ajb;) g%/ % exp (—2 (; + b?g>>

and the Lévy measure associated to the IG (a;, b;) law is given by

a; 1
vj (dg) = 7\/2%9 3% exp (—2b§g> 1{g>0ydyg
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The first component of the characteristic triplet equals

v = L 22 (b)) - 1)

where ® () is the Normal distribution function.

Non-homogeneous Normal Inverse Gaussian process
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Figure (2): Non-homogeneous IG process with parameters (a;,0).

Figure (2) represents a non-homogeneous inverse Gaussian process with parameters (aj, 0) where a;
goes from ag = 1 to a1ppo = 2. Simulation algorithm can be found in Prause (1997).

1.9.5 The non-homogeneous Generalized Inverse Gaussian Process

The Inverse Gaussian IG (a,b) law can be generalized to what is called the Generalized Inverse
Gaussian distribution GIG (a,b). This distribution on the positive half-line is given in terms of its

density function
(b/a)k A—1 1 (a® 2
Nab) = L1 (= 4+
1(giA a,b) 2K, (ab)g P 2\ g o9

The parameters A\, a and b are such that A € R while a and b are both nonnegative and not simultaneously
0.

The characteristic function is given by

i (kM a,b) = ﬁ (1 - 2ik/6?) M K, (ab\/l - 2z‘k/b—2)

where K (g) denotes the modified Bessel function with the index .
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Hence we can define the non-homogeneous GIG process as a stochastic process that starts at zero, is
continuous in probability with independent increments, and is piecewise stationary or stationary inside
each interval [Tj,T;41] for j = 0,1,...,n. According to Barndorff-Nielsen and Shephard (2001), it
has an infinitely divisible distribution with the following Lévy measure

exp (—5bj9)

v; (dg) = 7

(a? /000 exp (—gz) h;(2)dz + max {0, A, }) dg

where

hj(z) = (7r2ajz (‘]IQM (CL]'\/Z) +N|2M (aj@)))_l

and where J and N are Bessel functions. Simulation algorithm can be found in Prause (1997).

1.9.6 The non-homogeneous a-Stable Process

Since Mandelbrot (1963) introduced the a-stable distribution to model the empirical distribution of
asset prices, the a-stable distribution became a popular alternative to the normal distribution which has
been rejected by numerous empirical studies that have found financial return series to be heavy-tailed
and possibly skewed.

More explicitly, we can define the non-homogeneous a-stable process as a stochastic process that
starts at zero, is continuous in probability with independent increments, and is piecewise stationary or
stationary inside each interval [T}, T} 1] for j = 0,1,...,n with a Lévy measure of the form

A B
vj (dg) = Wl{po}dg + Wl{g<0}dg

for some positive constants A and B”. The characteristic function of a real-valued non-homogeneous
stable random variable G has the form

0 (2) = exp {—O‘?'j 2| (1 —iB; sgn z tan "5%) +ifz}, ifa#1
Hite) = exp {—o;|z| (1+iB,;2 sgn z log|z|) + 0z}, ifa=1

™

where a; € (0,2],0; > 0,3, € [-1,1] and 6 € R,

"Note the link between between a-stable processes and T'S processes. A tempered stable process (T'S) is usually obtained
by taking a one-dimensional stable process and multiplying the Lévy measure with a decreasing exponential on each half
of the real axis.
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Non-homogeneous alfa-stable process
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Figure(3): Non-homogeneous a-stable process, where « goes from 1 to 2 (Brownian case)

Chambers, Mallows and Stuck (1976) describe a simulation method for generating a-stable
processes with a set of admissible parameters, and also provide a list of Fortran programs to simu-
late this process. Figure (3) shows us a sample path of a non-homogeneous a-stable process where «
moves uniformly with the time from 1 to 2 (Brownian case).

1.9.7 The non-homogeneous Tempered Stable Process

The class of the Tempered Stable (7'S) distributions was proposed by Tweedie (1984) and Koponen
(1995), but this class of distributions may be generalized to the so called class of Modified Stable
distributions due to Barndorff-Nielsen and Shephard (2003) and Rosinski (2006). The distribution
function is not available in closed form but the characteristic function of the Tempered Stable (T'S)
distribution law T'S(A, a,b) with a > 0, b > 0 and 0 > A > 1, is given by

A
i(z; A, a,b) = exp (ab —a (bl/)‘ - Qiz> )

We can define the non-homogeneous Tempered Stable (T'S) process G = {G; : t > 0} as the process
which starts at zero, has independent increments and is stochastically continuous with piecewise stationary
increments. It has an infinitely divisible distribution and, from the characteristic function, we can derive
the Lévy measure of the non-homogeneous TS process

A

v; (dg) = anAp(li_)\)

o 1 1/a
g exp (ij/ g) 1{g>0ydyg

The process is a subordinator and has infinite activity. The first term of the characteristic triplet is
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given by
oA e (<) a
’7] J 1—1(1_>\) 0 g p 2 7 g g

As we have mentioned in the case of the a-stable case, neither the density function nor specific random
number generators are available. In order to simulate other techniques are available in the literature.
The most common method is based on the so-called rejection-method by Rosinski (2002).

1.9.8 The non-homogeneous Variance Gamma Process

The class of Variance Gamma (V' G) distributions was introduced by Madan and Seneta (1990) and
Madan and Milne (1991) as a model for stock returns, and it generates a finite variation process with
infinite but relatively low activity of small jumps. The VG process proposed in Madan et al. (1998) is
obtained by evaluating arithmetic Brownian motion with drift # and volatility ¢ at a random time given
by a gamma process having a mean rate per unit time of 1 and a variance rate of v. Specifically, we have

Gy (0,v,0) = 0G} + cWgy

where G} is the gamma process with mean rate 1 and variance rate v, independent of W.

Variance-Gamma Process VG decomposition
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Figure (4): Simulation of a VG Process as a Time-Changed Brownian Motion

Figure (4) shows this composition of processes on the right side, and the resulting process G; (o, v, 0)
(on the left side) is a pure jump process with infinite activity that has two additional parameters, providing
control over skewness and kurtosis, respectively.

The characteristic function of the VG (o,v,60) law is easily evaluated as
1 —1/v
i(z0,0,0) = (1 — 120V + 202vz2>
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Hence, we can define the non-homogeneous Variance Gamma (VG) process {G; : t > 0} as the

process that starts at zero, has independent and piecewise stationary increments, with the following
characteristic function

E (exp [izGy]) = H E (exp [iz (Gint,,y — Gry)])
J<n(t)
1 —(tNTj41—T;)/v;
— H (1 — izgjvj —+ 20’?’()]'22)

J<n(t)

The Lévy density for the variance gamma process may be derived directly from the Lévy-Khintchine
theorem. Alternatively, one may exploit the representation of the variance gamma process as the difference

of two independent gamma processes. It is shown in Carr et al. (2002) that this characterization leads
to the following Lévy measure

Cjexp (Gig) gl tdg g<0
(dg) =< 7/ s
vs (dg) {cjexp<ng>|g| Ydg g>0

for any j =0,1,...,n where

Cj = 1/’0]- >0
—1

Gj = (\/ %93@? + %0’?’1}]‘ — %ej’l}j) >0
—1

Mj = 1/%9?’032- + %U?Uj + %erJ) >0

With this parametrization, we are implicitly assuming that the non-homogeneous VG process is ex-
pressed as the difference of two independent non-homogeneous Gamma processes, where G(1) is a Gamma
processes with parameters a; = C; and b; = M;, whereas G® is an independent Gamma process with

aj = Cj and b = G;. Figure (5) shows how these two mentioned gamma processes (right side) can

generated the sample-path for the variance gamma process (left side).
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Figure (5): Simulation of a VG Process as the Difference of Two Gamma Processes

On the other hand, the Lévy measure has infinite mass, and hence a VG process has infinitely many
jumps in any finite interval. Since

1
/ l9lv; (dg) < oo
1

a VG process has paths of finite variation. A VG process has no Brownian motion component and its
characteristic triplet is given by [’y]-, 0,v; (dg)] where

_ —C; (G (exp (=M;) — 1) — M; (exp (=G;) — 1))
M;G;

Vj

Non-homogeneous VG Process
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Figure (6): Non-homogeneous Variance Gamma Process.

1.9.9 The non-homogeneous Normal Inverse Gaussian Process

Following Barndorff-Nielsen (1995), the Normal Inverse Gaussian (NIG) distribution with para-
meters o > 0, —a < f < a and 6 > 0, NIG (a, 8, 9) has characteristic function

ft(za,8,6) = exp (—5 (\/a2 (B+iz)— \/az —52>>

and we can define the non-homogeneous NIG process {G; :t > 0} as a process with Gyoy = 0 a.s. with
independent NIG distributed increments, continuous in probability and piecewise stationary.
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The Lévy measure for the NIG process is given by

_ 8505 exp (B;9) K (a5 |g])

dg
m ]

v; (dg)
where K (g) denotes the modified Bessel function of the third kind with index .

A NIG process has no Brownian component and its Lévy triplet is given by [0, Vs Vj (dg)] where

1
20,
—_ J=J :
v, = ==L [ sinh (8;9) K1 (ey9)dg
J J
n 0
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Figure (7): Simulation of a NIG process as a Time-Changed Brownian Motion

As in the VG case, we can also simulate an NIG process as a time-changed Brownian motion. Figure
(7) shows a path of an NIG process (left side) obtained by sampling a standard Brownian motion and
an IG process (right graph).

1.9.10 The non-homogeneous CGMY Process

In order to obtain a more flexible process than the Variance Gamma process, that has finite or infinite
activity and infinite variation, the additional parameter Y was introduced by Carr, Madan, Geman
and Yor (2002). Later, in Carr et al. (2003), this four-parameter distribution was generalized to a
six-parameter case, however we present here the first case, the CGMY (C,G, M,Y") distribution, with
characteristic function

(2 C,G, M,Y) = exp (cr (-Y) ((M —i)Y MY +(G+iz)Y - GY))
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CGMY process with parameters (0.5, 3, 5, 0.5)
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Figure (8): Simulation of a CGMY process

Based on this distribution, we can define a non-homogeneous CGMY process {G; : t > 0} as the
process that starts at zero, has independent and piecewise stationary increments, with the following
characteristic function

E (exp [izGy]) = H E (eXp [zz (GMTJJr1 - GTJ.)])

J<n(t)

= I atscy Gy M, v;) D=0
J<n(t)

= [ At AT —T5)Ch Gy, My, Y)
J<n(t)

= T e (6 AT~ 1) T (¥ (04— i) = M) + (G, + )" = G)Y))
J<n(t)

The CGMY process is a pure jump process with triplet [y;,0,v; (dg)], that is, it contains no Brownian
part. The path behavior is determined by the Y; parameter, which has a value restricted to Y; < 2 for
every j = 0,1,...,n. If Y; < 0 the paths have finite jumps in any finite interval; if not, the paths have
infinitely many jumps in any finite time interval, i.e. the process has infinite activity. Moreover, if the
Y; € [1,2), the process is of infinite variation.

The Lévy measure for the nonhomogeneous CGMY process is given by

v (dg) = L CiexP(Gig)|=g| """ dg g <0
’ Cjexp(=Gyg)lgl™ " dg 9>0

and the first parameter of the characteristic triplet equals

1 0
v; = C;j </ exp (—M; )g’degf/ exp (ng)gyfdg>
0 —1

46



1.9.11 The non-homogeneous Meixner Process

The Meixner process was introduced in Schoutens and Teugels (1998), Schoutens (2000) and Grige-
lionis (1999) later suggested that it may serve for fitting stock returns. This application to finance was
worked out in Schoutens (2001, 2002). The density of the Meixner distribution (Meixner(c, 3,0)) is

given by 6
. ~ (2cos(8/2))? Bg ig
n(g;e, B,6) = “oanT(2d) P (a) ‘r <5+ a)

2

where @ > 0, —m < 8 < 7,0 > 0. The characteristic function of the Meixner (a, 8, d) distribution is given
by

cos (53/2) ))”

[L(Z;a?575) = <COSh ((az - Z/B) /2

Hence we can define the Meixner process {G; :t > 0} as the process that starts at zero, has in-
dependent and piecewise stationary increments, with a distribution given by the Meixner distribution
function Meixner(a;, ;,;t).

According to Grigelionis (1999), this non-homogeneous Meixner process has no Brownian part while
the pure jump part is governed by the Lévy measure

. exp (ng/aj)
v (dg) =85 ey

The first parameter in the characteristic triplet equals

sinh (ﬁjg/aj)d

v, = ;6 tan (B,/2) — 251/1 sinh (7g/a;)

This process has infinite variation due to fjll lg| v; (dg) = oo, for any j =0,1,...,n.

1.9.12 The non-homogeneous Generalized Hyperbolic Process

The Generalized Hyperbolic (GH) distributions were introduced by Barndorff-Nielsen (1977) as
a model for the grain-size distribution of wind-blown sand. In order to use this distribution in financial
modelling, two subclasses of the GH distribution appear in 1995. Eberlein and Keller (1995) used the
Hyperbolic distribution and in the same year Barndorff-Nielsen (1995) proposed the NIG as a special
case of a GH distribution.

Following Barndorff-Nielsen (1977) the Generalized Hyperbolic (GH) distribution GH («, 3,0, v)
is defined through its characteristic function

o — )1}/2 K, ((5\/@2—(64—1'2)2)
a? — (B +iz)? }Q@Mﬁ—ﬁ)

where K, is the modified Bessel function, o and § determine the shape of the distribution and ¢ is the
scale of the parameter.

ﬂ(k;a,ﬂ,&v)—(

The density of the GH («, 3,6, v) distribution is given by

g .0,0) = 50,0) (7)1 (06 g?) exp (30
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with
(2 - 5"
V2rav—1/26" K, ((5\/ a? — 62)

a}(a’B’é?U) =

where
0>0, |fl<a if v>0
0>0, |fl<a if v=0
0>0, |f|<a if v<O0

and using this distribution and characteristic function, we can define a non-homogeneous GH process
{G} : t > 0} as the process that starts at zero, has independent and piecewise stationary increments, and
where the distribution of G; has characteristic function

E(explizGi]) = ][ B(exp [iz (Ginry,, — Gry)])
J<n(t)
= H /:LJ (g;ajvﬁja(sjavj)(t/\Tj+1_ )
J<n(t)

It is an infinite variation process without Gaussian part (in the general case). The Lévy measure
v; (dg) is known, but the expression is rather complicate as it involves integrals of special functions.
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Chapter 2

Reaction-Additive systems to
modelling Corporate Bonds:
no-arbitrage and weak convergence
conditions
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2.1 Preliminaries

2.1.1 Introduction

Notoriously, works in mathematical finance should reflect the market reality, and they have to be compre-
hensible for practitioners. Unfortunately, the ones which are realistic are not necessarily comprehensible
and those comprehensible are not necessarily realistic.

But both are needed. Usually the trade-off between reality and simplicity in modelling is not easy
to break, and unfortunately, the mathematics of finance are not effortless, and much market practice
is based on soft or partial use of these tools, working and pricing with models that do not reflect in a
complete manner what is actually going on.
Basically the main goal of this Second Chapter' is to develop a sufficiently wide model for corporate
bonds with credit risk, and develop a set of mathematical tools and results that would allow the prac-
titioner to simplify this framework and conditions in order to implement these models according to the
specific needs of the market (with or without continuity and with or without jumps, with or without
credit migration or under different types of default).

But additionally, we recognize that it is true that continuous-time models and pricing rules, presented
in this chapter, are often too complex to handle. Therefore it is convenient to both discretize time and
space and show that the discretization is good in the sense that the discretized models and pricing rules
converge to the continuous-time model as the discretization steps tend to zero. An additional goal of
this chapter is the treatment of this aspect of mathematical finance. We study both the approximation
of a continuous-time model by a sequence of discrete-time models with credit risk, and the convergence
of price processes under a framework that provides the practitioner a multiple set of models and credit
conditions.

Therefore, in this Second Chapter, we present basically two results:

- First, anew framework to model interest rates with credit risk and a new approach to price corporate
bonds with credit migration, under risk-neutral probability. We derive the non-arbitrage conditions
under different conditions of recovery, and we obtain new expressions in order to estimate the
probabilities of default under risk-neutral measure.

- Second, we investigate the conditions of weak convergence in incomplete markets, and more specif-
ically, we study the weak convergence conditions of a composition of processes, between a semi-
martingale and an additional process that represent the untradeable risk factor (credit risk or credit
migration). Obviously, these results have direct applications to our model.

This chapter is organized as follows:

- In Section 1 we introduce the basics such as definitions and technical notation that will be used dur-
ing the whole chapter. Additionally, we expose here the different assumptions about the dynamics
of forward rate models under a semimartingale framework.

IThis work has been developed under the direction of Javier Nogales and Winfried Stute. I am extremely grateful to
them. I also benefited greatly in my work from discussions with seminar participants at Statistical Lab. at University
of Cambridge (Oct.2006), participants at IV Bachelier Congress in Tokyo (2006), and very specially with Rama Cont,
David Nualart, C. Rogers, W. Runggaldier and T. Schmidt. Their advice, suggestions and assistance has been key in the
development of this work. Comments and suggestions are welcome, all errors are my own.

Contact email: jpcolino@gmail.com
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Section 2 is devoted to develop the basic expressions for corporate bonds under different recovery
frameworks, basically extending the results of Heath, Jarrow and Morton (1992) to our framework.

In Section 3 we obtain the no-arbitrage expressions for each model and we derive a risk-neutral
form for the probability of default.

Section 4 is mainly devoted to show some relevant results related with the reaction-additive system.
Firstly, we expose very briefly different methodologies that guarantee the existence of a solution
to our system. Second, assuming the existence of this solution, we show the Markov property and
uniqueness, and finally we prove that this solution has sample-paths in the Skorohod space.

Finally, Section 5 analyzes the conditions for weak convergence of this system in the Skorohod
space, but not only from the theoretical point of view but also we obtain the conditions in terms
of the sequence of triplets that characterize the distributions.

2.1.2 Basic Assumptions for the risk-free Interest Rates model.

We will consider processes on a complete stochastic basis (2,G,P). Let G = {Gy;t > 0} be the LIBOR
additive process with a given tenor structure 0 =Ty < Ty < ... < T, = T™* with T™ fixed, according to
the definitions given in the previous chapter.

Now, the LIBOR additive process G is introduced here as a source of uncertainty in our model.
Notice that the trajectories of this process belong to the Skorohod space D. We can associate with G
a random measure of its jumps, denoted by s, for any ¢ € [0,7*], A € B (R?) and t € [T;,1), Tyy)+1)-
Actually, set

foey (0,8, 4) = D 14 (AG(s))

0<s<t

and let us introduce the measure v, ;) as

One) (4) =B (1,0 (10,1], 4))

is called the Lévy measure of the process G.

The Lévy-Khintchine formula (Theorem 31) and Theorem 34 in the previous Chapter, have shown
that the characteristic function has the form:

fip (z) = BE(expli(zG(1)])

H E (eXp [Z <Z, (GtATj+1 - GTJ)>:|)

J<n(t)

exp Z (EATj1 = T5) 0, (2)

J<n(t)

with z € R% and

. 1 il . .
wj (Z) :Z<7j,z>7§<Z7AjZ>+/d (€< -9) *17'L<Zag> 1{|g|§1}) Uj (dg)a J :0,1,...,7'&
R

and where A; is a symmetric nonnegative-definite d x d matrix, v, € R, v; is the mentioned Lévy

measure on R%\ {0} and g € R? satisfying

v ({0 =0 and fuu (IgI* A1) v; (dg) < o

forany j=1,...,n.
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Under these two conditions, and using Jacod and Shiryaev (2003, 17.2.29), G is a special semi-
martingale and G has a well known Lévy-Ité6 decomposition or canonical representation (assum-
ing jumps bounded by a truncation constant):

Gy = GO)+ Z/ " (s)ds + Z/ " o (5) W (ds)

) T . T;
J<n(t)" "7 J<n(t) "7

S [ ) @san
+ x (v; — ;) (ds,dz
)’/ Ti |z|<1 ’ !

J<n
where a5 € R?, W is a standard d-dimensional Wiener process with values in R? and Tty 18

a measurable version of the square-root of the diagonal elements of a symmetric nonnegative-definite

d-dimensional matrix A, ) = (O‘n(t) (z,j))Z i<d

Let r (t), t > 0 be the short rate process. If at moment 0 one puts into the bank account 1 unit,

then at moment ¢ one has ;
B; = exp [/ T(S)d8:|
0

Let B(t,T) be the market price at moment ¢ of a bond paying 1 unit at maturity time 7. The forward
rate f(t,T) curve is a function defined for ¢t <T < T* and such that

B (t,T;) = exp [—/t i f(t,s)ds]

We postulate here the following dynamic for the forward rates

df (t,T) = Qi (1) (t,T)dt + Tn(t) (t,T)dW; + / h(t,T,x) 1iz1<1) (,u — Un(t)) (dt,dx)
E
Notice that the usual short rate is defined as r (t) = f (¢,1) .

2.1.3 Basic Assumptions for the Credit Risk Model

In this section, we mainly focus on corporate (defaultable) bond featuring two different issues,

- first, the dynamic of defaultable instantaneous forward rates in incomplete markets, which
are specified through the Heath, Jarrow and Morton (1992) model, driven by a LIBOR ad-
ditive processes,

- and second, we additionally assume that the credit migration is modelled by a SDE driven by a
multivariate marked point process.

In order to achieve this aim, we have to establish some assumptions that will be applied during the
whole work.

Assumptions related with the Credit Risk dynamic

1. Given a fixed horizon date T* € R, let us assume that our continuous-time financial economy ’lives’
on a "sufficiently rich" stochastic basis (2, F,P) endowed with the filtration F = (]:t)te[o,T*] .

52



Notice that in our case, a "sufficiently rich" stochastic basis is one such that the filtration is
generated by two stochastic processes G and C'

Fi=0{Gs,Cs;0 < s <t} (2.1)

which satisfies the "usual conditions". Notice that we can define the embedded filtration G; C F;
such that
G =0 {W,,v(0,s] xE);0<s<tEeB(RY}

and additionally, we can define as well a second embedded filtration C; C F; such that
Ci=0{Cs;0<s<t}
Henceforth, we can define F; as the original full filtration such that
Fe=GVC =0{Gs,Cs;0 < s < t}

with respect to which all processes are adapted. In following subsections, assumptions about the
nature of G and C are detailed.

Additionally to these three filtrations, we also have three smaller filtrations F', G’ and C’ that will
be called observed filtrations such that 7, = G, V C; and F; C F;. They are originated directly
from the observed time series of market prices and notice that implicitly, we are assuming different
notions of equivalent martingale measures, according to which filtration we are interested in.

2. We assume that the process G is a LIBOR additive process. According to the results obtained
in Chapter I, this process has an infinitely divisible and self-decomposable distribution and
it admits the Lévy-Khintchine formula and the Lévy-It6 decomposition.

3. On the other hand, we are assuming also that the credit quality of corporate debt is represented
by the random variable C' categorized into a finite number of (mutually disjoint) credit rating
classes (credit classes, for short). Each credit class is represented by one of m+ 1 € NT elements

of a finite state space, say K = {O, %, %, e mT_l, 1} (state space). By convention, the state 1 is

always assumed to correspond to the default event. In addition, the states are ordered so that
the state 0 represents the highest ranking, whereas the state mT’Ll represents the lowest ranking.

Let us define the credit migration process by C; for any 0 < ¢t < T* as a random variable on
(Q,C,P) adapted to the filtration C= (Ct)te[o,T*]- Let us assume that the dynamic of this process
can be defined by the following stochastic differential equation with values in [0, T*] x K

dCy = Y (b—a)l{c, —a}dNa (t), Co € K\ {1} (2.2)
a,be

where both the m + 1-vector point process Ny = (Ngo (t),...; N, m-1 (t), Ny1 (¢)) , such that

Ny (t) has (P,C)-intensity Agp () for a,b e K

where A\gp 1 [0,7%] x R? — [0, 0o] are bounded functions with bounded gradients.

4. The double sequence (74, C7, )~ is called a C-adapted multivariate marked point process’.
Notice that the 71’s form a sequence of stopping times that define the moments of time that the
credit rate C' changes. More explicitly, for any & € N the random variable (random stopping time)
71, will be defined as

To = 0

= inf{t > Tp—1/Ct # CTk—l} ANT* (2.3)

Tr=inf{t > 741/ Cy = 1} NT*

2See Liptser and Shiryaev (1989) 3.4 p.168 or Brémaud (1981) 2.1 p.19
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and it represents the time of the &** jump or transition for C. Therefore, 7 : Q — R, is a non-
negative random variable defined in the probability space (2, F,P). For convenience, we assume
for any k € N that P{r; =0} =0 and hence P{r; > 0} = 1.

Notice that the default time 7 is the first moment when the rating process hits the state 1 or
reaches the state of default. Default is, by definition, an absorbing state and sometimes, and for
the sake of simplicity, it will appear as 7*.

5. The usual approach to continuous-time Markov chains is based on transition semigroups, and
the principal mathematical object is then the infinitesimal generator. The transition semigroup
is the continuous-time analogue of the iterates of the transition matrix in discrete time.

Given an initial rating Cy of a defaultable bond, as in the discrete case, the future changes in its
ratings are described by a Kvalued stochastic process C; referred to as the migration process
under the real-world probability P that follows a continuous-time homogeneous C-Markov chain,
with the transition semigroup P of the following form:

P () = [pas (£)], pexc » With 0 < < T* (2.4)

where
Pab (t) ;=P (Cirs =b|Cs = a) for every s,t € [0, T7] (2.5)

In a credit risk framework, we shall postulate that the default state C(t) = 1 is absorbing, i.e.
p1,1(t) =1 or equivalently p; (¢) = 0 for any b € I\ {1}.

On the other hand, it is also very well-known that the right-hand side continuity at time ¢t = 0 of
P(-) implies the right-hand side differentiability at ¢ = 0. More specifically, the following finite limit
exists for every a,b € K and equals

Pab (t) — Pab (O) — lim Pab (t) - 5ab )

Aap = 1i 2.6
=l I 2.6)
Observe that for every a # b we have Ay > 0, and Ay = *Zizo astb Aap- The matrix A =

[Aablo<ap< is called the infinitesimal generator matrix for a Markov chain associated with
P(-). Since each entry of A\, of the matrix A can be shown to represent the intensity of transition
from the state a to the state b, the infinitesimal generator matrix A is also commonly known as the
intensity matrix.

Assumptions related with the stochastic process

1. Let us define the LIBOR additive process with the credit rating G¢ as a F;-adapted LIBOR
additive process that is also a function of the credit state such that

Gf =G(t,C(1))

Notice that (Gt),s, is a Gi-adapted LIBOR additive process® on R?, and (Cy),s, is a Ci-
adapted multivariate point process on . We have in mind a map from D? x D into D¢, where
D=D (R%,I), with I = [0,T7*] C R, is a d-dimensional Skorohod space and D=D (K, ) is
also a Skorohod space, with K = {0, -, %, .., =11} as a finite space in [0,1], and ¢ € [0,T*].
For the sake of clarity, in the future the final d-dimensional Skorohod space will be denoted as
Dio, 1+ (Rd, IC) . Several proofs and developments in this context will be provided in sections (2.4)

and (2.5) in this chapter.

2. We will take for granted the structure of infinitely divisible distributions on R?, and in partic-
ular the Lévy-Khintchine formula. We have seen that (Gf),-, is a LIBOR additive process

3S8ee Section 1.2. in Chapter 1 for the definitions and properties of LIBOR additive processes
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on R%, and for every ¢ € K\ {1} given, and for every ¢, G¢ has an infinitely divisible distribution,
and the driving process G§ has a triplet characteristic (7 J( ), A, ?)J> o that is connected with
the mentioned canonical (Lévy-Ité) decomposition of G¢ for any ¢ € K\ {1} in the following

manner:

C
G(t,c) = Gj
t/\Tj+1 t/\Tj+1

= G+ Z / aj(u, c)du + Z / o;(u,c)dW,

. T
J<n() "7

/ e /R 8w z) (15— v5) (du, d) (2.7)

J<ri(t)

where o, (u, c)dW; is the continuous martingale part of Gf and, on the other hand, Uy 18
the random measure associated with the jumps of Gf, and pj , (du,dx) = du Fp, (dz) is its
(non-random) compensator.

Notice that W; is the usual standard d-dimensional Brownian motion and o,,)(u, c) is a d-
dimensional vector that is the diagonal of the square-root of the symmetric nonnegative-definite
matrix A%(t);

Also we had assumed that the process G¢ has jumps bounded by a constant i = 1, however this
truncation function can be any h € RT by replacing G¢ by G¢/h (which has jumps bounded by

1) and vy, (t) by by, (t), so the (G:)© and the rates are unchanged. It is clear that any martingale
solution will depend on the choice of the truncation function. In the sequel we fix one truncation
function and sometimes do not mention the dependence of the characteristics on this truncation
function.

Assumptions related with the forward rates with credit risk

1. Let us define f (¢,T,¢) as the instantaneous defaultable forward rates at time ¢ € [0,7] for
any T' < T* and for every ¢ € K\ {1}. It corresponds to the rate that one can contract for a time
t, on a loan with credit risk ¢ that begins at date T" and is returned an instant later. It is usually
defined by

0log B(t,T,c)

t,T,c) = —————"——>

f( ) 7C) 8T

where B(t, T, c) is the value in ¢ of a zero-coupon bond conditional to the credit rate c until
maturity 7', or in other words

(2.8)

B(t,T,c) :== B(t,T,Cy)|¢,—. for every c € K\ {1}

and therefore, the conditional zero-coupon bond with maturity 7" and the credit rate ¢ follows

B(t,T,c) = exp {—/t f(t s, ds} (2.9)

2. We assume that the evolution of this forward rate is driven by a d-dimensional LIBOR additive
process for a given credit rate ¢ € K\ {1} that admits the Lévy-It6 decomposition, such that
the dynamics of the instantaneous forward rate f (¢, T, c) given the credit rating ¢ € K\ {1} in
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t < T € I, under the real-world probability P, which we assume as follows?:

df (t, T7 C) = an(t) (ta Ta C) dt + Un(t) (tv Ta C) th + / 0 (tv T7 LE) (:u“fy(t) - Uf](t)) (dta dLU)
E
(2.10)

when t <T € I wheren (t) =sup{j > 0:T; <t} with j =0,1,...,n (for the sake of clarity, we will
denote this by the generic index 5), W; is a d-dimensional standard Wiener process in R? and it
is identical for any ¢ € K\ {1}, ;) is a random measure for a given credit rating ¢ € K\ {1}
such that u € Nt with the compensator Vo) (dt, dz).

Notice that a forward rate is not a financial asset issued by a company that has the probabilities
of default, therefore ¢ := Cy| F; € K\ {1} for every t € [0,7], T € I. This means that modelling
these forward rates, we are not considering the probabilities of credit migration that usually appear
in a specific corporate bond valuation.

On the other hand, we are implicitly assuming that (f (¢, T, c))ce,c\{l} is a sequence of semimartin-
gales, because G° is a semimartingale, and also the risk-free forward rate f (¢,7,0) := f(¢,T) is
another semimartingale.

3. Let us make some assumptions on the coefficients. Basically the functions ¢; : Q2% [0,7*] x[0,T*] —
Rand o : Qx[0,7*] x [0,T*] — Ry for any j =0, 1,...,n and both are R *B ([0, T*])-measurable.
The coefficient § : Q x R” x [0, T*] x [0,T*] is R4 * B([R"]) x B ([0, T*]) measurable as well, and all
the coefficients cited previously are finite for all times ¢, and fixed T' > ¢, or in other words

t/\T]‘+1 ]+1/\T
Z / Z / laj (u,8,¢)|ds | du < o0 (2.11)
tv

j<n(e)”Ti n(u)<j<n(T
t/\Tj+1 ]+1/\T
Z / Z / lo; (u, s o)) ds | du < o (2.12)
j<n(t)”Ti n(w)<j<n(T) 7
and
t/\T7+1 J+1/\T
Z / / Z / (u, s,2)|* ds v (du,dz) < oo (2.13)
J<n(t) () <j<n(T)

Notice that all coefficients are equal to zero for T' < ¢, and we are assuming that £ = R%. Also to
abbreviate the formulae we will use fij := v§ — u§ where ¢ € K\ {1}, at this moment, is a fixed
credit rate.

4. Additionally, for every s,¢,T € [0,7*] and s,t < T, and ¢ € K\ {1} such that there is a constant
C < oo and

|aj (53T7C)7Oéj (thaC)| < C‘Siﬂ
loj (s, T,c)—o;(t,T,c)] < C'\s—t|
|5(u,s,x)—(5(u,t,x)| < é‘s_ﬂ

then the Equation (2.10) will admit a unique (strong) solution (see Fujiwara and Kunita (1989),
Tang and Li (1994) or Protter (2004) Theorem V.6).

5. By definition r§{ = f (¢,t, ¢) is the instantaneous spot rate or simply the spot rate given a credit
rating (called in the literature also as short-rate). Also let us define the concept of instantaneous
spread rate, as

s(t,Tj,c) = f(t,Tj,¢)— f(t,T;,0) (2.14)

4Notice that if ¢ = 0 we are considering the risk-free or default-free case.
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Assumptions related with the Corporate Bond dynamic

1. We consider a continuous-time trade economy for every ¢ inside the trading interval [0, 7*] with
a fixed T* > 0. Assume the existence of a (frictionless) continuous-time bond market where a
set of assets B (t,T,C;_) stand for the price at time t < T < T* of a zero-coupon bond with
rating C;_ € K\ {1}, maturity at time 7' < T™* and recovery-rate ¢ in case of default.

2. For the sake of simplicity, let us select a subset of n-corporate bonds with maturity 7T; with ¢ =
0,1,...,n and T; < T* for every ¢ = 0,1, ...,n. Notice that a (frictionless) market for T;-corporate
bonds with rating C;_ € K\ {1} generate a family of bond prices for i = 0,1,...,n with the
same rating C;_. It basically means a finite family of strictly positive real-valued adapted processes
B (t,T;,C:-), with ¢t € [0,7T;], and the terminal (par) value at maturity B (T3, T;, C;—) = 1 for every
T; € [0,T*] given a C;_ € K\ {1}. Let us assume that the price process of a defaultable bond
with credit migrations and fractional recovery should satisfy

B (t,ﬂ, Ct) == EQTl (B (t,Ti, O) 1{T*>Ti} + qB*l{T*ST.L}

Gt) (2.15)

where Qr, is the forward martingale measure for the date 7;, for every ¢ = 0,1,...,n, with 0 < ¢ < T,
and ¢ can be defined as the recovery rate or the fractional part of B* that the investor will recover
in case of default, such that ¢ € [0,1]. Notice that this structure of bond maturities is the time
structure that mark the tenor structure in the LIBOR additive process.

3. Additionally, the value of the bond in case of default can be defined as

=B (7'*7 Ti, Cm,,l) —  market value
B*:=4 =B("T;0) —  treasury value (2.16)
=1 —  par value

4. On the other hand notice that if C;— € K\ {1}, we shall interpret B(¢,T;, C;—) as the pre-default
value of a T;-maturity zero-coupon corporate bond, or more formally

T;
B(LT,Cr) = B(LT,0) exp (-/ s(t,u,Ct_)du> (2.17)
t
— BWLT)-S(LT,C)

where s(t,u, Cy_) is the instantaneous spread rate (see expression 2.14).
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2.2 The building-blocks for Interest-Rate modelling

Given the mentioned conditions in the previous section, here we characterize the functional forms of the
dynamic of corporate bonds, when the LIBOR additive process is driving the forward rates dynamic,
and more specifically, when we consider different frameworks in credit risk. Basically the term structure
model is based on an exogenous specification of the dynamics of instantaneous, continuously compounded
forward rates f (¢,7,¢). Our aim in this section is to recover the functional form of corporate bonds from
(2.10) for different frameworks of credit risk.

This section is organized as follows:

- Subsection 1 is devoted to develop the simplest case, the risk-free case, following closely Bjork et
al. (1997) and Eberlein et al. (2006) for the Heath, Jarrow and Morton approach (1992),
but now, introducing the LIBOR additive process.

- Basically the next subsections are extensions of the first one, in the sense that we include different
credit risk frameworks for the corporate bond. Therefore, subsection 2 includes the credit risk
but without the possibility to have credit migration between different rates.

- And it is in subsection 3 where we introduce the credit migration and we obtain specific functional
forms for corporate bonds with these characteristics.

2.2.1 Risk-free Bond Market Structure

In this subsection, we introduce some well-known results due to Bjork, Di Masi, Kabanov and
Runggaldier (1997) for risk-free bonds, that will be extended later for different credit-risk frameworks.
Basically, here, we present the functional expression for the discounted default-free bond when the forward
rates are driven by a LIBOR additive process.

According to the assumptions shown in section 2.1.4, it is easy to conclude that we have to consider a
model of the dynamics of the default-free forward curve with the following SDE:

daf (¢, T,0) = df (t,T)

= a’r/(t) (t7 T) dt + 0—7](15) (t7 T) th + /R 67/(15) (t7 xZ, T) (U’r/(t) - :U’n(t)) (dt7 dl’)

r

Basically, this model is an extension of the discretized Heath, Jarrow and Morton (1992) model,
where the dynamic of forward rates include jumps, as appear in Bjork, Kabanov and Runggaldier
(1997) and Bjork, Di Masi, Kabanov and Runggaldier (1997).

Henceforth, we can define the price of a discounted default-free zero-coupon bond as

B(t,T;
21y = 20

exp{—/otr(s)ds—/tTif(t,s)ds} (2.18)

for any 0 <t <T;, with T; € [0,T7*], andi=0,1,...,n.
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Proposition 52 The discounted bond price process Z (t,T;) has the form

tAT) 41 tAT) 41
Z(t,T)) = Z(0,T}) exp Z/ a; (u, Ti)du + Z/ b;(u, T;)dW,
j<n(t) i j<n(t) i

t/\TJ+1
/ [ hww ) iy ()
Rd,

and satisfies the linear stochastic differential equation

J<n(t)

az (t,T;) . N
m = an(t)(t> Ti)dt + bn(t) (t’ Ti)th + - h (ta z, Tz) o) (dt, dx)

+ /Rd (eh(t’z’T"’) —1-nh (t,a:,Ti)) U (dt, dx)
with 1 )
ity (6 T2) = ey (,T0) + 5 [byey (8 T0)|
and

J+1
anwy(t,Ti) = - Z /T

t)<j<i—1

Tj+1
by, T;) = — Z / oj(t,s)ds

ty<j<i—17 TiVt

/ d(t,x,8)d

h(t,z,T;)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

Proof. This proof follows the same ideas as in Heath, Jarrow and Morton (1992), Brace, Gatarek
and Musiela (1997), Bjork et al. (1997), Glasserman and Kou (1997) or Musiela and Rutkowski

(2004).

Notice that according to the assumptions mentioned in section 2.1.3 we have

exp{—/tnm,s)ds}
exp{—/tTi F(0,5)ds

S /T

B(t,T;)

t/\T]'+1
Z / o (u,s)du | ds

n(u)<j<i—1 j<n(t)”Ti
Tjt1 tATj 1
- [ [T ewsan) as
n(u)<j<i—1 v i<n(t) T;
Tj+1 tATj 41
a Z / Z/ /51'(U7$,3)1{\$|§1}ﬂj(du,daz) ds
nw)<j<i—17 TVt \j<n) i R4
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whence using the stochastic version of Fubini’s theorem (see Protter (1995) Theorem IV.4.45) we have

InB(t,T;) = —/Tif(t,s)ds
¢

= —/tTif(O,s)ds

tATj41 Tj+1
— Z/ / ds | du
j<n(t) 7T 7I(U)<J<l 1
tATj41 Tj+1
- Z/ / ds | dW,
j<n(t) i n(u)<J<z 1

t/\TJ+1 TJ+1
/ / Z / (u,,8) 1yjg1<1yds | i (du,dx)

i<n(t) n(u)<j<i—1 Tivi

Splitting the integrals, we obtain

/Otf<o,s>ds—/0nf<o,s>ds

tATj 41 Tjrant Tj+a
+ Z / Z /T a; (u,8)ds — Z / a; (u,8)ds | du

i<n(t)’ T n(u)<j<n(t) n(w)<j<i—1” Ve
AT 41 7+1At Tjt1
v 3 / Sws)ds— ) / ds | aw,
j<n(e)” i n(u)<j<n(t) T3V n(uy<j<i—17TiV

7+1/\t 7+1
Z / (u, 2, 8) L{jz)<13ds — Z / (u,,8) Lijgj<1yds | fi; (du,dz)
;v v

n(u)<j<n(t) n(u)<j<i—1

t/\T7+1

For the sake of simplicity, let us rename

a;(t,T;) @ =— Z /T7+1

n(t)<j<i—1

bt T) = o= Y /Tm

n(t)<j<i—1

h(t,x,T;) :—/ 0 (t,x,s)ds
t

J<n@

and notice that the sum of the four integrals in the left-hand side of the last equality coincides with the
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expression for the integrated short rate

fg reds = /Ot 1(0,s)ds

tAT 41 Tjt+1
+ Z/ / a; (u,s)du | ds
j<n(t) T n(u)<j<i—1* TV
tATj41 Tjt1
+ Z/ / o;(u,s)dW, | ds
j<n(t) T n(u)<j<i—17 Ve
t/\Tj+1 Tj+l
+ Z / / /5(u,x,s)1{‘m|§1} fi; (du,dz) | ds
j<n(t) T n(u)<j<i—1” Tive JX
Hence we obtain
InB(t,7;) = InB(0,T;)
f//\Tj+1
+ Z / a;(u, T;)du
FETOM
t/\TJ+1
+ ) / b;(t, T;)dW,
j<n(t)”Ti

t/\TJ+1
/ / (u,z,T;) ji; (du, dz)
J<7I(t) ®

+/ reds
0

and this proves (2.19). By the Ité formula for semimartingales®, we have that
1 2
dZ(t,T;) = Z(t—,T;) [a"(t)(u,Ti)dt+ 5 by (8, T3) | dt + by (8, T;)dWy

[ e T Liag<ay fingy (A d) + /Rd (eh("’z’m -1- h(w%ﬂ)) Ha(o) (dt,dw)]

whence if we define @, (u, T;) = ay)(u, T;) + 3 |bye) (t,Ti)|2, (2.20) follows. =

2.2.2 Conditional Corporate-Bond market structure

In this subsection we introduce the credit risk for corporate bonds. Let us go one step further, including
the credit rating ¢ € K\ {1} in the model of the dynamics of the instantaneous forward rate f (¢t,7, ¢)
in ¢ <T € I, using the form (2.10) under P,

df (t,T,c) = o) (4, Ty c) dt + oy (T, c) dWy + | 6 (¢, T, ) (uf,(t) - u;(t)) (dt, dz)
R’r‘

Additionally, assume that the price of a defaultable bond zero coupon bond with credit rate

5See Jacod and Shiryaev (1987) Ch.1 (4.57), or Cont and Tankov (2004) Ch. 8
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Cy_ € K\ {1} can be expressed as

T;
B(t,TZ-,Ct)zexp{—/ f(t7s,C’t)ds}
t

for any 0 <t <T;, with T; € [t,T*], and i =0, 1,...,n. Notice that this value is the price of a corporate
bond conditional that between t and T; there is no possibility of credit migration. This is theoretically
possible to define but impossible to find in the real world. However, it is worthy to develop this definition
as a basic tool for the next section.

Theorem 53 For any C:_ € K\ {1}, the discounted defaultable zero coupon bond price process
Z (t,T,-,C’L) with 0 <t < T; <T*, has the form

ATy tAT]+1
Z(t,T;,C, ) = Z (0,T;,C;_) exp > / aj (u, T3, Cy_)du+ / i (u, T3, Cy ) dW,

. T,
g<n(t)” "7 J<n(t)

tAT 41
/ / (u,2,T;) f; ~ (du,dz) (2.24)
R4
J<n(t

and satisfies the following linear stochastic differential equation
d(Zt,T,C)) = Z(t-,T;,Cy_) [anw (¢, Ti,Ct ) dt + by (8, Ti, Cy_ )dWy

/ h(t,x T)1{|m‘<1} M (t (dt,dx) (2.25)

h(t,I,Ti)i _ :
+/Rd (e 1 h(t,x,ﬂ)) o (dt, dz)}

with
- 1 2
Qyy(t) (t,T;, th) = Gyt (157 T;,Cy_) + 5 |b77(t) (t,T;,Cy_ )| + s(t, T3, th)

and

Tyt
QAn(t) (t7 T, Ct,) o= Z / o7 (t, S, Ct,) ds

n(t)<j<i—17Tivt
Tjt+1
by (t,T3,Cy) = = — Z / 0 (t, s, C’tf) ds
n(t)<j<i—17 Ve
T
h(t,z,T;) - :—/ 0(t,z,s)ds
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Proof. Following the similar procedure as in the proof of Proposition 52 we obtain

T;
InB(t,T;,C,_) = —/ f(0,5,Cy_)ds
/\TJ+1
/ (u, T;, Cy_)du
J<71(t)
t/\T]+1
/ (u, T;, Cy_)dW,
J<n(t)

t/\T7+1
/ h(u,x T) ~ (du, dx)
Rd

J<n@
t/\TJ+1
Cy_
+ Z/ rs ds
j<n(t) T

Additionally if we decompose the defaultable short rate into the risk-free short-rate and short term credit

spread such that
t e, t t
/rt ’dt:/ r?dt—i—/ s (t,t,Cy_)dt
0 0 0

then this proves (2.24). By the Ité formula for semimartingales’®, we get from that

1
dZ(t,T;,Cy ) = Z(t,T;,Cy ) [(an(t) (t,T;,C_) + s (t,t,C_) + 3 |bn(t)(t,Ti,ct)|2> dt
+byy1) (£, Ty, Cy_ ) AW,

_Ci_
+/Rd h(t7.'L‘,Ti) 1{|m‘§1} Mn(t) (dt,dm)
h(t,il?,Ti) _ _ :
+/Rd (e 1 h(t,x,m) o (dt, dm)]

If we define ) (£, T, Cr_) = an@) (¢, Ti, Co_ ) +s (6,8, Co_ ) + 5 |y (8, T, Ct_)|2 then (2.25) holds.

2.2.3 Corporate-Bond Market Structure with Credit Migration and Default

This subsection is devoted to expose the dynamics of the corporate-bond prices with credit migration,
and different structures of recovery in case of default (see assumptions for the credit risk model).
Basically here we consider that the price process of a defaultable bond with credit migrations
and fractional recovery should satisfy

B (t7 1, Ct) = EQTi (B (tv T, 0) ) (226)

where Qr, is the forward martingale measure for the date T; for every i = 0,1,...,n, with 0 < ¢ < Tj,
where ¢ € [0, 1] represents the fractional part of B* that the investor will recover in case of default
(recovery rate). More specifically, here we will consider three possible cases

=B (r*,1;,C-,_,) — market value
B*=< =B(r* ,TZ, 0) —  treasury value
=1 —  par value

6See Jacod and Shiryaev (1987) Ch.1 (4.57), Goll and Kallsen (2000) Lemma A.5, or Cont and Tankov (2004)
Ch. 8

63



In the first case, the investor only can recover a fraction of the market value of the bond just quoted
in the moment prior to default. In the second case, we consider the recovery in case of a default, of a
fractional part of a different bond, usual a risk-free or treasury bond, and finally, a fractional recovery
of the par value of the bond.

Corporate-bond dynamics with fractional recovery of market value

Consider the price of a defaultable zero-coupon bond with a given recovery rate’, i.e.,
B(t,T;,C) =By, (B(t,T;,0) Lirsny + 4B (74,10, Cr ) 1ire<tiy| Gr) (2.27)

where Qr, is the forward martingale measure for the date T} for every i = 0,1,...,n, with 0 <t <T;, k €
N4, and C; € K\ {1} with

t
Ct = CU + Z / (b - (l) ]-{CS_:a}dNab (8)
abek ’0

where C;_ € K\ {1} is the credit rate in the prior to the moment of jump in ¢ (see assumptions in section
2.1.3).

We define the price of a discounted defaultable zero coupon bond as
B (ta Tia Ct)
By
= EQTi (Z (t,T3,0) Loy 92 (T*’Ti’ C"'k—l) 1{7*§T,;}| gt)

Z(t7T’iaCt) =

Proposition 54 For any C,_ € K\ {1}, the discounted defaultable zero coupon bond price process
Z (t,T;,C,) with fractional recovery q of market value on [0,T;] satisfies the following linear sto-
chastic differential equation

dZ(t,T;, Cy) = dZ(t, T;,Co-) — - Z(t, T3, Cp—) - d (1{c,=1)) (2.28)

where | is the loss rate | =1 — q.

Proof. Under the fractional-recovery of market value hypothesis®, since 1{c,=ny is a process of finite
variation, for any h =0,..,1 — %, 1, with m € N*, therefore, an application of Itd’s rule yields

1
-

dZ(t,T;, Cy) = Z [dZ(t,T;, Ci ) go,=ny + Z(t, T3, Cr)d (Licy=ny) | + Z(4, T3, Ci o) - q - d (1{c,=13)
h=0

Notice that Cj is a Ci-adapted process. Therefore

1—L

> dZ(t T, Coo) o, =ny = dZ(t, T, c)
h=0

"See details in Schénbucher (2003)

8See Duffie and Singleton (1999) for an extensive mathematical work of valuation under a "recovery of market value"
framework.
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and

-5 -1
Z Z(t7ﬂact—)d (I{Ct:h}) = Z(t7ﬂ’c) Z d (1{Ct:h})
h=0 h=0

= —Z(tTi,c)d (1gc,=1y)
using the fact that ZZ:O# lic,=iy = 1 —1{¢,=1y whence 21:0# d(Lic,=iy) = —d (1ic,=1y) -
As a direct result, we have the expression
dZ(t,T;, Cy) = dZ(t, Tiy ) + (¢ = 1) Z(t, Ty, ¢)d (1c,=1y)
and taking into account that [ =1 — ¢, we proved (2.28). m
Theorem 55 For any Ci— € K\ {1}, the discounted defaultable zero coupon bond price process
Z (t,T;,¢) on [0,T;] follows

dz(t,T;,Ch)

1 2
= (a; (T, tt,¢) + = |bi(t, T, dt
FA Dol (a0 T+ st + 5 0,700

+b; (t, Ty, ) AW,

+ /d h (t,:E,Ti) 1{‘x|§1} [Lg (dt, dl’)
R

+/ (ehWTi) —1- h(t,x,ﬂ)) 1S (dt, dw)
]Rd'

~-d(1ge,, —y)

Proof. Directly, using Theorem 53 and Proposition 54. =

Corporate-bond dynamics with fractional recovery of treasury
In this second case, we are assuming that under this model, the issuer of the corporate bond, in the
default case, will pay a fractional part of a risk-free bond with identical maturity, such that

B(t,T;,Cy) = By, (B (t,Ti,0) Lizsny +¢B (7%, T;,0) 1 <13 | Gr) (2.29)
Proposition 56 For any C;— € K\ {1}, the discounted defaultable zero coupon bond price process

Z (t,T;, Ct) with fractional recovery q of treasury-bond value on [0,T;] satisfies the following linear
stochastic differential equation

dzZ(t,T;, Ct)

1 2
7T <a,n<t) (t,T;,Cs—) + s (t,t,Cr_) + 3 by ey (8, Ty, Co) | >dt

+bn(t) (t, T;, Ci—)dWy

+/ h(t,z,Ti) 1{‘1|§1} [an(tt_) (dt,dm)
R4

+ / (eh“ﬂ*Ti) —-1—h (t,m,n)) uc(;-) (dt, dz)
Rd K

- (1 - suTqO>> (e, -1y)
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where S (t,T;,Cy—) = exp {—ftTj s(t,s,Cio) ds} .

Proof. In this case, under the fractional recovery of treasury hypothesis, we have

1—L

m

dzZ(t,T;,Cy) = Z [dZ(t, T;, Co—)yc,_=ny + Z(t, T, Ce)d (L, =ny) |
h=0

+B(t7 na 0) g d (1{Ct:1})

where if we set j =7 (¢) and ¢ = C;— € K\ {1}, and using the following expressions (see Proposition 54)

1—L
i dZ(t,T;, Co_) (o, —ny = dZ(t, T}, c)
h=0
and
1-L 1-1
Z(t.T;,Co)d (Licmny) = Z(tTi0) > d(Lic,—ny)
h=0 h=0

= —Z(tTi,c)d (1gc,=1})

1

Vz/'e obtair)l the assertion upon using the fact that Z;;om Lic,=iy = 1 = lig,=13: Z;‘:o% d(lic,=i}) =
—d (l{c,=1y) -

Therefore we obtain the following expression

Z(t, Ty, c
AZ(t, T, C)) — dZ(t,Ti,c)—Z(t,Ti,c)d(l{Ct_l})+S((tTC;.q.d(l{ct_l})

1
= Z(t,T;,c) {(aj (t, T; ) + s (t, t,c) + 3 |bj(t,Ti,c)|2> dt

+b;(t, T, c)dW; + /

) h (t7 T, Ti) 1{|$‘§1} [L; (dt, dx)
R L

+/ (eh(t,ﬂc,Ti) —1-nh (t,x,Ti)) w5 (dt, dx)}
Rd

—Z(t,Ti,C) (1 — S(t’qj_,uc)) d (1{Ct:1}>

Corporate-bond dynamics with fractional recovery of par value

Finally, we assume that the issuer of the corporate bond, in the default case, will pay a fractional part
of the par value, such that

B(t,1},Cy) = Boy, (B (8,15,0) Lzesry) + qlir-<1;y| Gr) (2.30)

Proposition 57 For any Cy;— € K\ {1}, the discounted defaultable zero coupon bond price process
Z (t,T;, Ct) with fractional recovery q of par value on [0,T;] satisfies the following linear stochastic
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differential equation

dZ(t, T;, Ct)

1 2
m (an(t) (t, ﬂ, th) + s (t, t, C) =+ 5 |b"7(t) (t, Ti» th)’ > dt

~Cy_
+bﬁ(t) (t,Ti, Ct_)th + /Rd h (t,m,Ti) 1{|$|§1} ,un(t) (dt,dx)

+/ (eh(t*E’Ti) —1-h (t,z,ﬂ)) uSes (dt, dz)
R4 K

- (1 - Z(th(J)) (e, -1y)

Proof. Similar to the previous Proposition 56. m
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2.3 Absence of arbitrage and dynamics under a martingale mea-
sure

Let us recall that we are given a stochastic basis (2, F,P) where P can be interpreted as the real-world
probability measure and the original filtration F = (F;) with respect to which all processes are
adapted; it is the filtration generated by G and C.

Let us define Q as the set of all probability measures P with I@ft w Pg, for all finite ¢ such

that all the discounted zero-coupon bond prices process, Z (t, T, Cy) , are local P— martingales for every
T; € J and relative to (G;), or in other words

Qr + ={PeM'(Q.9): Py, «Pg, and (Z(t,T,C)))ocrcr

-1 .
L, 1} is a local P-martingale for any 0 <t < T € [0, T*]}
m

5 g ey

1 2
forCtGIC:{O, —
m’ m

where M1 (2, G) denotes the set of all probability measures on the measurable space (2,G).

We say that a model admits the existence of an equivalent martingale measure property (EMM)
if the set Qx is non empty, and the economy represented by this model is complete if this martingale
measure is unique. Then two questions naturally arise:

1. Can our model be an equilibrium or no-arbitrage model? Or equivalently: Can we find the martin-
gale measure using our model? The answer is "no" unless we have a very special structure for the
coefficients of our model. The present section is devoted to show these conditions under different
credit risk frameworks.

2. Assuming that there exists an equivalent martingale measure, Is our model complete? or in other
words, Is this martingale measure unique? The answer is "no", even if the dimension of the LIBOR
market process is one (see Eberlein et al. (2006)) due to the introduction of the credit migration.

This section is basically focused to derive the necessary and sufficient conditions on the forward rate
process with credit risk, such that there exists an equivalent martingale measure according to the well-
known theorems of asset-pricing that appear in Harrison and Kreps (1979) and Harrison and Pliska
(1981). Basically we generalize the corresponding results of Heath, Jarrow and Morton (1992) and
Bjork et al. (1997) and we obtain the no-arbitrage expressions for different frameworks of credit risk
and we derive a new risk-neutral form for the probability of default. An outline of this section is as
follows:

- In subsection 1 we mainly focus to obtain the no-arbitrage conditions when we assume corporate
bonds with credit migration and fractional recovery of market value. Under this framework we
obtain the necessary conditions to have a discounted corporate bond martingale, and we derive
some relevant results and expressions for the forward rate process and probability of default.

- In subsection 2 we derive similar results but when we assume corporate bonds with credit migration
and fractional recovery of treasury.

- And identically, in subsection 3 we study how to obtain the equivalent martingale measure in the
case of corporate bonds with credit migration and fractional recovery of par value.

In order to construct this set Qx we will follow Jacod and Shiryaev (1989), Bjork et al. (1997)
and Eberlein et al. (2006). Let us consider the sequence of pairs (3;,Y}) such that
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° ;= (ﬁ?l (t))i’ . is a predictable R%valued process such that

t/\Tj+1 ,
Z / (,BjAij> ds < oo: for any t € [0,T7] a.s. (2.31)

j<n(t)”T:

o V; = (Y (w,t,2)) is a sequence of R%measurable (0, c0)-valued function such that

t/\T7+1
/ / (s,2) — 1) dvyy (dz,ds) < oo : fort € [0,T%] a.s. (2.32)
J<n(t R

Using these definitions, let us formulate a modified ’short’ version of Girsanov’s Theorem for
semimartingales’,

Theorem 58 Let the sequence of pairs (ﬁj, Y;)j=01,...n be defined as above, and let us define the density
process M by

th = Mtﬁn(t)th =+ Mt_ /Rd (Yﬁ(t) (t,x) — 1) (,un(t) — Un(t)) (dt, dl‘)

with My =1 and suppose that for all finite t
EF (M) =1

Then there exists a probability measure P on F locally equivalent to P with
dP, = M,dP,

such that:

t/\TJ+1

(i) W, =W, — 2 j<n(t) f s)ds is a P-Wiener process, and

(i) v[:’;(t) (t,dx) = Yy (t,2) - vy (t, dx) is the P-compensator of Hoap(t)-

Remark 59 Notice that the real-world probability measure P itself belongs to QF if we use directly as
Girsanov’s quantities (5j =0,Y; = 1) for any j =0,1,....,n, (see Example 51 in Chapter 1).

In the following three subsections, for sake of clarity, we assume directly that P € Q or equivalently,
using the Girsanov’s quantities (ﬁj =0,Y;, = 1) for any j =0,1,...,n

2.3.1 Absence of arbitrage condition in a corporate-bond market with frac-
tional recovery of market value

Basically this subsection is devoted to show the main results concerning the existence of an equivalent
martingale measure when we assume credit migration with fractional recovery of market value. They
generalize the corresponding results of Heath, Jarrow and Morton (1992) and Bjork et al. (1997).
Let us recall that a model has the equivalent martingale measure property (EMM) if the set Qx
is not empty.

9The reader can find an extended and complete version of this Girsanov Theorem for Semimartingales in the Chapter 1
of this thesis (Theorem 48).

69



Proposition 60 The initial probability measure P itself belongs to Qr if and only if the following two
conditions hold, for everyT; € J:

tAT) 41 o
Z / / (eh(tvszi) —1-=nh(t, x,ﬂ)) 14 = (ds,dz) < 00 (2.33)
i<n(t) 7T R
and .
Qo (4) (t,T;,Ce) — 1 Aee 1+ fRd (eh(t,x,Ti) —1—h (t,.’L‘,Ti)) ,un(t;) (dt,dz) =0 (2.34)

for any t € [0,T;], and any C;_ € K\ {1} where '°

- 1
Qn(t) (ta ﬂv Ct—) F= Ay (t) (ta ﬂv Ct—) +s (tv ta Ct—) + 5 |b17(t) (tv Ti7 Ot—) |2 (235)

Proof. [«<] According to Theorem 55 and assuming, for the sake of simplicity, that j = 7 (¢)

dz(t,T;, Cy)

1 2
= i (¢ Ti; tat, = |bj t,T%, dt
Z(t_,Ti,Ct_) <a’](7 C)+S( C)+2| J( C)| )

+b;(t, T;, c)dWy

+/dh(f,$,T¢) L{ja|<1y £ (dt, dz)

R

- / (eh(t’x’Ti) —1-h (t,x,n)) 1S (dt, dw)
Rd

~td (1o, )

Notice that using the Doob-Meyer expression
d (1{Ct:1}) = dM(t) + ACt_,ldt

we get

dZ(t, T;, Ct)

T = ( (6 Te) = 1-2c,_ 1) dt

+bj (t, T’i, C)th
+ [ ha ) ey 7 (dtde)
R
+ / (P4 1 = (2, T3)) g (dt, de)
Rd
—1-dM;(t)
which has a local martingale solution if
(a'j (thia C) =1 /\Cc .1> dt + / (eh(t,m,T,;) —1-nh (ta .T,E)) ,Uf; (dta dl‘) =0
- ”
and

/ (eh(t’x’Ti) —1-h (t,a:,Ti)) w5 (dt, dr) < oo
Rd

[=] Let us define the process M := [Z(t_,T;, Cy, )] " Z(t,T;, Cy) that is a local martingale. Let p
be the jump measure of M, and v™ be its compensator. According to Jacod and Shiryaev (1989)

10 Notice that if Cr,, = 0 it means default-free asset and s?(Ti) = 0. It is the risk-free bond.
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(11.2.29) we have that [,, |z| A |z|* vM (dz) < oo for finite t. Hence, for every j = 0,1, ...,n,

2
h(t,z,T5) ‘ ‘ h(t,z,T5) ‘ M _ 2\ M
/Rd (‘e 1| Ale 1 )vj (dx) /]Rd (|a:| A || )UJ (dz) < oo

Since [pa |h (t,z, T;)|? vy (dz) < oo the first condition holds, by virtue of the following inequality
2
ehteTi) 1 _ h(t,z,T;) <C (‘eh(t7$,Ti) _ 1’ A ’eh(t7I,Ti) _ 1’ + h(t,x,ﬂ-f)

where C is a constant. Using the dynamic of [Z(t—, T}, C,_ )]_1 Z(t,T;,Cy), we infer that M is a local
martingale only if the process given by the left hand side is equal to zero. m

Remark 61 This is a generalization of the Heath, Jarrow and Morton (1992) drift condition when
the credit migration and default are possible. It reveals that in a simple remarkable way, this model can
be specified under a (local) martingale measure.

Remark 62 Notice that under this framework, the risk-neutral condition has a direct relationship with
the intensity matrix or with the default probabilities in the following sense:

>\Ct,,1 = # |:&] (taTiaCt—) +/

=) (eh(m’vTi) —1-h (t,:c,Ti)) ,uft‘ (dt, d:c)}
-9 R4

Additionally, we can obtain, almost directly, the following results:

- The first one (Proposition 63) is related with the risk-neutral dynamics of instantaneous
forward rates, and this result will be invariant with respect to the recovery framework we use.

- The second proposition (Proposition 64) basically exposes the dynamics of corporate-bonds
with fractional recovery of market value when we impose the risk-neutrality using conditions
(2.34) and (2.35).

Proposition 63 Assume that we specify the forward rate dynamics under a martingale measure P
by

df (t, T, ) = ) (8, T, ¢) dt + oy (1, T, ¢) dW; + / Sty (6,2, T) (mi(t) - vf](t)) (dt,dz).  (2.36)
.

Then the following relation holds
Qi (1) (t,T,c) = =0 () (t,T, C)T bn(t) (t,T,c)+ s(t,t,¢)

+/ (eh(t’x’T) —1—h(t, x,T)) I (r) (dL, dz) (2.37)
Rd

Proof. Since we are working under a martingale measure P we have by Proposition 60 that

i (7. C) = Ao+ [ (05D 1= h(t01)) o (ddn) =0

Rd

and differentiating this equation with respect T gives us the equation (2.37). m
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Proposition 64 The corporate-bond price dynamics under a martingale measure P, and under
the fractional recovery of market value hypothesis, will follow the stochastic differential equation

dB (ta Ti) Ct)

AP TG dt 4 bt T, O AW, h(t,z,T)) Liai<ry S (dt,dz) — 1 -dM; (¢ 2.38
B(t_. 1,0 ) +0;(0, T3, G ) t*/Rd (t, 2, T3) o<1y A5 (dt, dx) L) (2.38)

where /15 is the P-compensated Lévy measure, | = 1 — q € (0,1) is the portion of the market value that
the investor will lose in the default case.

Proof. Similarly to (2.18) we have that

B (thi7Ot) = BtZ (t,ﬂ,Ct) .

Then, under the risk-neutral measure,

dB(t,7;,Cy) = Z(t,T;,Cy)dBy + BidZ (t,T;,Ch)
= (t ,15,Cy ) [’I“tdt + bj (t, T, Cy )th

/ h(t,z,T;) 1{|m‘<1} /L] (dt,dx) — - dM;(t)
R

d

2.3.2 Absence of arbitrage in a corporate-bond market with fractional recov-
ery of treasury

In this second subsection, we basically reproduce the results given in the last subsection, but under
fractional recovery of treasury framework.

Proposition 65 The initial probability measure P itself belongs to Qr if and only if the following two
conditions hold, for every T; € J:

tATj 41 h(th) 17h(t " T)) Cy_ dt. d
py ~ (dt,dx) < oo (2.39)
Rd

J<71(f)

and
aj (t,Ti, Cr—) — (1 - W) Aer o+ Jpa (MBI — 1 —h(t,x T)) "~ (dt,dz) =0 (2.40)

for any t € [0,T;], and any C;_ € K\ {1} where '

1
a; (t,T5,Ci_) == a; (t,Ti, Ci_) + 5 (t,£,Cy_) + 3 1b; (t, T3, Cy )| (2.41)

T
S(t,T,-,c):exp{—/ s(t,s,c)ds}
t

Proof. Basically the proof is the same as for Proposition 60. m

and

11 Notice that if Cr,, =0 it means default-free asset and sg(Ti) = 0. It is the risk-free bond.

72



Remark 66 Notice how in this case we obtain the following expression for the default intensity, under
risk-neutral measure

_ S (t,Ti,C) ~ h(t,z,T;) Cy_
>\Ct_,1 = m |:U,] (t,TZ,Ct_) + Ad (6 —1- h(t,.’l?,Tl)) ,U/J (dt,d.’l?)

Proposition 67 The corporate-bond price dynamics under a martingale measure P, and under the
fractional recovery of treasury hypothesis, will follow

dB (¢, T}, Cy) ( q >
25T C) g (11— —L ) ¢
BiT.C) Sttg) MO

by (T, Gy )W, + / B (b2, 7)) oy JiC (dt, do) (2.42)
Rd

where ry is the usual short-rate, My (t) is the martingale from the Doob-Meyer decomposition of the default
indicator and [L; s the P-compensated Lévy measure.

Proof. As in Proposition 64. =

2.3.3 Absence of arbitrage in a corporate-bond market with fractional recov-
ery of par value

And finally, in this third subsection, we give the results under the hypothesis that in the case of a default
the investor will recover a fractional part of par value .

Proposition 68 The initial probability measure P itself belongs to Qr if and only if the following two
conditions hold, for every T; € J:

tAT; 11 Ct
3 / / (ehmm —1-h (t,x,n)) v (dt,de) < oo (2.43)
<n(ty’Ti ke

and

C
a; (t,Ti,Cp) — <1 - Z(thc)) Nep o F Jpa (€EPT) — 1 — b (t, 2, T)) v, " (dt,dz) =0 (2.44)

for any t € [0,T;], and any C;_ € K\ {1} where '2

. 1
0 (T3, Cr) = a; (4, T3, o) + 5 (8,1, Cr) + 5 [by (T3, G )P (2.45)
Proof. Basically the proof is the same as for Proposition 60. m

Remark 69 Notice how in this case we obtain the following expression for the default intensity, under
risk-neutral measure

Z (t, Ti, C)

Aee v = l:&j (t.1;,Cy-) +/

Z(t,T,0) (s — 1 h(t,2,T) 0] (dt,da:)]
,14,C) — (@ Rd

12 Notice that Cy = 0 means default-free bond and consequently the spread s?(Ti) =0.
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Proposition 70 The corporate-bond price dynamics under a martingale measure P, and under the
fractional recovery of par value hypothesis, will follow

dB (t,E,Ct) q
20 g (1 -2 ) am
B(t—vTivctf) " ( Z(t7ﬂ,0) 1( )
+bj(t,1},Ct7)th+/ h(t 2, T) <1y B (dt, d) (2.46)
Rd

where 1 is the usual short-rate, M (t) is the martingale from the Doob-Meyer decomposition of the default
indicator and [i§ is the P-compensated Lévy measure.

Proof. As in Proposition 64. m
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2.4 Corporate-Bond valuation in a Reaction-Additive system

In this section, we turn our attention to the Reaction-Additive system which can be defined as a
system of stochastic differential equations (SDEs). The first of these SDEs is based on the bond price
process B as a tradeable risky asset which is modelled using a LIBOR additive process. On the
other hand, the second SDE models the non-tradeable factor of uncertainty (credit migration) which
is represented by a finite-state process C driven by a multivariate point process.

The present section is mainly devoted to show how due to this system of stochastic equations we can
obtain a realistic sample-path for corporate bond prices, driven by the composition of these two processes.
In order to achieve this goal, we proceed in three different steps:

- First, we introduce some ideas and references where the reader can find the proof of existence and
uniqueness of solutions for such SDEs systems.

- In the second subsection, we face the question of markovianity and uniqueness of the sample
paths generated by the composition of these two processes.

- Finally, in the third subsection, we prove that these sample paths are 'cadlag’ or equivalently, they
’live’ in a Skorohod space.

In order to clarify the framework, let us briefly summarize some assumptions and results that we have
developed in the previous sections. Recall that B (t,T;, Cy) is the price of a zero-coupon corporate
bond, valued in ¢t € [0,T;] for any fixed maturity 7; < T™, with credit rating C;. Additionally we
assume that the corporate bond is modelled with a fractional recovery of market value in case of
default (see (2.26)). Notice that B (¢,T;,C:) is a strictly positive and F-adapted process, defined on a
"sufficiently rich’*® stochastic basis (2, F,P) endowed with the filtration F = (F4)1ejo,r+) generated by
a d-dimensional LIBOR additive process G and the credit migration process C, or in other words
Fi=0{Gs,Cs;0 < s < t}.

Let us fix the following elements: first, fix m € N, such that I = {(), %, ey 1 — %, 1}, second fix the
time horizon T; € [0, T*], as the maturity of the corporate bond; and finally, a domain, that in our case
will be RY. Given any starting point (¢, B, C;) € [0, T;] x R? x K we have the following system of SDEs,
where (B, C) is a solution, under risk-neutral probability, with values in R? x K :

Blsy = (re L Aoy ) dt 4 by, (6T, G )dWe o fou (2, T) Ljai<ay i (dt, do)
acy= > (b= a)lge, _y (Cri) dNay (1)
a,be K
(2.47)
where r; = f (t,¢,0) is the usual risk-free ’short-rate’; [ is the rate of losses in case of a default, such
that [ € [0,1], by, is the coefficient of diffusion such that b, :[0,7;] x K —R? is C! with respect to

(t, B) € [0,T;] x R? for any ¢ < T; with ¢,T; € [0,T"].

(t)

Notice that we have three sources of randomness,

- first, W = (W’) _; Is the usual Re-valued (P,G)-Brownian motion;

i=1.
- second, [an(tt; is the compensated random measure, for a given credit rate C;_, that satisfy the
usual integrability conditions for any ¢ < T; with ¢,T; € [0,7™]

13See definitions in section 1.1.2 and assumptions in section 2.1.3
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- and finally, N = (Nab), pex is @ F-adapted multivariate point process such that (N (¢)) has
(P, G)-intensity A’ (¢, B) for a,b € K = {o,L,..,1-2L1}.

This model is a non-standard SDE system because of its dependence structure. The coefficients in
the SDE (2.47) for corporate bond dynamic contain the credit risk rating and, on the other hand, the
intensities in the multivariate point process N that drive the credit migration process, depend in turn on
the credit rate of the corporate bond.

2.4.1 Classical and Viscosity solutions for reaction-additive systems under
local regularity

In this section we mention different methodologies to derive existence and uniqueness results for classical
and viscosity solutions of interacting systems of partial integro-differential equations (PIDEs). Such
systems will be called reaction-additive equations and play a key role in subsequent sections. These
methodologies and results have been studied previously by different authors, such that Bensoussan and
Lions (1982), Crandall and Lions (1983), Barles, Buckdahn and Pardoux (1997), or Pardoux,
Pradeilles and Rao (1997). We mention here , very briefly, some of the main results, in order to show
the existence of solutions to the reaction-additive system.

We consider the system of integral-partial differential equations (PIDEs) of parabolic type for
ce K\{1},7=0,1,...,n and boundary conditions at terminal time 7. Denote by USC (respectively LSC)
the class of upper semicontinuous (respectively, lower semicontinuous) functions u : (0,7] x K x R? — R
and, on the other hand, let us define by C’;‘ ((O,T | x K x Rd;R) the set of measurable functions on
[0, T x K x R? with polynomial growth of the degree p at +oo, Lipschitz and bounded on [0, 7] x K x R~
such that

e eCF((0,T]x KxR) <= 3K,p> 0, (t,z)] < K (1+ |z" L{z>0})

Consider the following system of backward integral-partial differential equation of parabolic
type (initial-boundary value problem) on (0,7] x K x R for all j =0,1,...,n

—%uj (t,z,¢) — Luj (t,z,¢) — f; (t, 2, ¢,uy, (Vubs) (t,2,¢), Buy (t,2,¢)) =0
(2.48)
Uj (T7 xZ, C) = gj(wv C)

where the second-order integral-differential operator £ for any ¢ € K\ {1} on sufficiently smooth
functions has the form

L=A+T
with
_ 3 Un(t) 05 )
Ay (B, ) = Zan(f) t,T,c) D Z by (8, T, ¢) Er (t,z,c)
=1
+ Z Ab,c “n @) (@,t,¢) — Uy (2,t, b)]
ceX
jun(t) (ta &€, C) = /Rd [un(t) (.’E + v, ta C) - un(t) (:L'7 ta C) - yl{\y\<1}] /‘L;(t) (dy)

and B is an integral operator defined as

Buy ) (z,¢) = /Rd [un@y ( +y,t, ) = uny (2, ¢)] pspy (dy)
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Existence and uniqueness of classical solutions for the PIDEs considered above in Sobolev-Holder
spaces have been studied in Bensoussan and Lions (1982) and Garroni and Menaldi (2002) in the
case where the diffusion component is not degenerated (basically with o) (£, T, c) > 0 for every ¢ € [0, T
and c € L\ {1}).

However, as we have already mentioned in Chapter 1, many of the examples of the LIBOR additive
process can be pure-jump processes (with o) (t,7,c) > 0 for every t € [0,T] and ¢ € K\ {1}) for
which such results are not available. A notion of solution that yields existence and uniqueness for such
equations without requiring nondegeneracy of coefficients or a prior knowledge of smoothness of solutions
is the notion of viscosity solution introduced by Crandall and Lions (1983) for PDEs, and extended
for integro-differential equations of the type considered here in Alvarez and Tourin (1996), Barles,
Buckdahn and Pardoux (1997), or Pardoux, Pradeilles and Rao (1997).

For such a system, we introduce the notion of a viscosity solution

Definition 71 We say that u € Cp® " ((0,T] x K x R4 R) is
(1) a viscosity subsolution of (2.48) if
uj (T, z,¢) < gj (z,¢) with z € R?
and if for all c € IC, all j = 0,...,n, and p; € C’;’Qﬂ' ((O,T] x K x Rd;R) , such that (t,z) € [0,T] x R4

is a global minimum point of uj — ¢;, we have

_&% (t7.'17,C) _ASDJ (t,.’E,C) _\7 (U’j7@]) (t,.’I],C) - fj (t7m7uj (t,.’L‘,C), (V(p]b;) (tamac) 7BCSDj (t7mac)) Z 0

(79) a viscosity supersolution of (2.48) if
uj (T, z,¢) > gj (x,¢) with z € R?
and if for all c € K, all j = 0,...,n, and p; € C1*T ((0,T] x K x R%:R), such that (t,z) € [0,T] x R?

is a global mazimum point of uj — ¢;,

9 ¢
—a% (t, z, C) - ASOJ (t, Z, C) - \.7 (uj, 90]) (tv z, C) - fj (t, Z,Uj (t, z, C) ) (v(pjb]) (ta z, C) 7Bc<pj (ta z, C)) < 0
(#it) a viscosity solution of (2.48) if it is both a sub and a supersolution of (2.48)

Note that existence and uniqueness of viscosity solutions for such parabolic integro-differential equa-
tions in R are discussed in Alvarez and Tourin (1996) in the case where v is a finite measure, and in
Barles, Buckdahn and Pardoux (1997) or Pham (1998).

Theorem 72 Under the conditions that u belongs to the set of measurable functions on [0,T] x K x RY
with polynomial growth of the degree p at +00, Lipschitz and bounded on [0, T] X K xR~ then the function
u 1s a viscosity solution of the system of backward PIDEs (2.48).

Proof. cf. Barles, Buckdahn and Pardoux (1997) Theorem 3.4. or Pardouz, Pradeilles and
Rao (1997) Theorem 4.1. m

7



2.4.2 Markov property and uniqueness

A standard way to show the Markov property is to prove uniqueness of a corresponding (time-
inhomogeneous) martingale problem. We expose here a direct argument in the mentioned way.

Consider the mentioned reaction-additive system of SDE under risk neutral probability

dB(t,T;,Cy ~Cy_
W = (re+1-Aey_) dt+ by, (8,13, Co)AW, + [oa h (8,2, T) Ljaj<ay Byt (dt, dx)

acy =y (b—a)lge, _o (Ci_) dNap (t)

a,be K

Let h (B, Ct) be a Borel-measurable function, where B; means B (¢,T;,C:). Define the function
u(t,B,C) € Cy (R;R x K), for any t € [0,T;], that satisfies the following PIDE system

ou,

1(t)
0 = t, B, C,
8t (a ty t)
Ouy,,
+ (Tt + l N ACt,,l) Bt, ﬁ(m Bt7 Ct)
b (t,T, Ct7)2 62u
10 5 ‘- 837];) (t, B, Cy)

+/ |:’U/n(t) (t, Btfex, Ct,) - un“) (t; Btfactf) - Bt7 (eﬂf - 1):| /Ug(tt; (d.’L')
Rd

aun(t) ab
+ 5 (8, B, C) bze:K [unm(t,Bt,a)—unm(t,Bt,b)} Lo, =y (Cio) X? (2.49)

for a,b € K, x € R? and terminal condition

un(T) (T’ B’ C) = h(BT7 CT)
Proposition 73 For u,,, given as above, the process uy,, (t, B, Cy) with t € [0,T;] is a martingale.

Proof. Applying Ité formula to Un, (t, B, Ct) yields

ou
dun(t)(taBtact) = ai‘gtt)(t,Bt,Ct)dBt
6unt 1 9 a?u
+ ( at( ) (t, Bt, Ct) + §b] (t,T, C) TBf(t7 Bt; Ct)) dt

x z Ce_
+/Rd [“n(t) (t,Bi_€e",Cy_) — Un,, (t,B;_,Cy_) — B;_ (e" — 1)} Un,, (dz)

+ 37 [t (8 Bi@) = (6 Be )] 146,y (Ci) ang®
a,be K

where substituting the Doob-Meyer decomposition, dN#* = dMa® + )\fbdt and using PIDE (2.48)
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yields that the drift term vanishes on [0, 7] . From this we obtain

ou
dun(t) (t; Bt7 Ct) = Bt_ 8;(1') (t, Bt7 Ct)bn(t) (t’ ﬂ7 Ct_ )th
t
ouy,, y
+B; aé ) (t By, Ct / h (t,:C,Ti) 1{‘$|§1} 5 (dt, dx)
t R
+ Z [Un(w (t,B:_,a) — Un,, (t,B:_, b)} 1{Ct7:b} (Ct,) dMgb
a,be K

Therefore the process u;(t, By, Ct), t € [0,T;] is a martingale. m

Notice that the last theorem is equivalent to the following fact: for any continuous function f (t, G¢ )
on [0,T] x [Rd X IC] with compact support that is of class C? in g, the process

f(t,GtC)—f(O,Gg)—/tﬁsf(s,GSC)ds
0

is a martingale, with the operator £, being given by

¢ N f ., e & f o
Esf (S7GS) = Zan(s) (t,C) o0G C t G Z 677( s) 8Gi,Can,C (t’ Gt )
i=1 3,j=1
+ 20 M@ [F (G~ f (1G] + /R P GE+9) = £(1.GD) — glggi<ny] pgs) (d9)
b,ceX

Proposition 74 G{ with t € [0,T}] is a (time-inhomogeneous) Markov process with respect to P and
F. Its distribution is uniquely determined by the SDE system.

Proof. For any h € C, (R? x K,R) there is a unique viscosity solution u to the PIDE (2.48). By
Barles, Buckdahn and Pardoux (1997) Theorem 3.4 or Pardoux, Pradeilles and Rao (1997)
Theorem 4.1 we have

E[h(Gr,Cr)| F2] = E [u(T,Gr, Cr)| Ft] = u(t, Gt, Ct)
for 0 <t <T < T*, and this establishes the Markov property of (G, C) (by Theorem 38.77).

To show uniqueness of the finite-dimensional distributions by induction, let hq, ..., hy—1, by be arbi-
trary continuous bounded functions. For any times ¢y < ... < t,,—1 < t,, conditioning on F,,_1

m—1
Hh GtJ,Ct) m-1| =B H h th,ct) m—1 Un(tm_l)(Gtm,UCtm,l)
Jj=0 7=0

where Ung, ) denotes the solution to the PIDE (2.48) in ¢;. Since the right-hand side of the last equation
J

is determined by the n-dimensional distributions, the claims follow. m

2.4.3 Sample-paths in the Skorohod space D 1+ (Rd, IC)

Let us recall that the main "engine" that moves our system of stochastic differential equation is a LIBOR
additive process with credit tran51t10ns GY such that G : (w,t) — (G4, Cy) = (Gc)celc for every

t€[0,7*] and C € K™ = {O, sy L= o 1} with a fixed m € N, . The main goal of this subsection

m’
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is to specify the necessary and sufficient conditions for G € Dio, 1+ (Rd7 IC), or in other words, G¢ has

sample paths in the Skorohod space or the space of real functions G () on [0, 7*] x R x K™ that
are "cadlag’ (right-continuous with left-limits).

Notice that if we consider C' fixed with value ¢ € K with K €[0,1] N Q, then G° € Dy 1+ (]Rd,IC)
by direct application of Theorem 11.1 in Sato (1999), or roughly speaking, if G° is a stochastically
continuous and Markov process then it has a version in the Skorohod space D 7+] (Rd, IC) . Properties of
such processes and spaces are very well-known and perfectly reflected in Lipster and Shiryaev (1989)
or Jacod and Shiryaev (1999). Our aim in this subsection is to extend these results when G is a
semimartingale that depends directly on the process C.

There exist different ways to prove that G has sample-functions in the Skorohod space Dio, 1+ (Rd, IC) .
In our case, we will follow the most generic manner, closely related to Billingsley (1999), Carmona,
Kesten and Walsh (1986), Jacod and Shiryaev (1987), Liptser and Shiryaev (1989), and Vostrikova
(1988).

Let us begin with the following definitions:

o Let H((;n) be the partition {0 =tg < t; < ... <t, <T* <1} of the time interval [0, 7], where n €
N, satisfying the condition ming<;<n—1 (t; —t;—1) > d on the "normalized" interval [0, 1]

e And let K™ be the set of credit-ratings {0 = Cy < C; < ... < C,,, = 1} where m € N.

Let us define the following moduli of continuity in Dy 7+ (]Rd, IC)

Lgm) Q@) = inf  max  sup sup |GS — GY (2.50)
g 0SI<ng ety t 1) ceklm)
tip1—t;>0
]L]L((;m) (@) = sup sup |GE —GE (2.51)
0<t<1 C",CEIC("I)
|c’—c|<é

with n,m € N;,7* € R, and § € Ry.

Additionally, let us define an additional modulus of continuity in Djg 7+ (Rd, IC)

LS (G)= inf  max sup ’GSC - Gtcl (2.52)
M5 O<JSngic(t; tiqq)
tj+1—t;>6 T

Theorem 75 G¢ belongs to Do, 74 (Rd,IC) if and only, if for every n,m € N, T* € Ry the following
conditions hold:
lim LS (G) =0 (2.53)

and

lim LL™ (G) =0 (2.54)

In order to prove this theorem, we need three additional results: The first result (Lemma 76) came
directly from Billingsley (1999), and jointly with the second one (Lemma 77), both give us the basic
condition or criteria to establish when G¢ belongs to Do, 1+ (Rd,IC). The third result (Lemma 78)
develops a basic tool to be used in the proof of Theorem 75.

Lemma 76 For each G in Dy p+ (R, K) with m € Ny and € > 0, there exists n € Ny such that
[0,7%]

O=tg<t1 <..<t,<Tr<1
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and
max sup sup ‘GSC — GtC’ <e
0<j<n e (m)
s,t€[t;,t541) Ceky

Proof. cf. Billingsley (1999) Lemma 1 p.122. =

Lemma 76 is equivalent to the following assertion.

Lemma 77 G¢ belongs to Do, 1+ (Rd,IC) if and only if for every n,m € Ny, T* € Ry and § € Ry, the
following conditions hold:
lim L™ (@) =0

Proof. Fixed a T* < 1, we defined Dy r+) (R%,K) as the Skorohod space of functions in [0, 7]
with values in (™ which are right-continuous at any point in [0,7*] and left-limits at any point in
[0, T*] for every m € N,. It is clear that G¢ belongs to Dio, 1+ (Rd, IC) if it belongs toDjg 1 (Rd) for any
T* € [0,1] and for any m € N, and it is not difficult to see that Billingsley’s proof of Lemma 26 for
Do 1 (Rd) can be extended for Dyg 7+ (Rd, /C) changing the absolute value | | of R with the expression
Supoexom | | forany m e Ny, m

Before we came to the next lemma, let us introduce the following notation: fix any m € N and 5>0,
then K™ can be covered by a finite union of open-balls with radius . Therefore there are C1, ..., Cr5

in £(™) such that B (C’k,g) with k= 1,...,7(9)

K™ € B (C1,8) U UB (Crz,9)

Lemma 78 For anyn,m € N, § >0 and 6 > 0, the following conditions hold:

(1)
sup LS (G) <L{™ (@)
CEK("‘)

(2) There is a dg, 0 < dg < 9§ such that

L{™ (@) <2 LS* (G) + 2LLY™ (G
s (@) =2 max L;*(G) 5 (G)
Proof. The inequality (1) follows from taking into account that

|G -Gl < sup |GY-GY.
cekm)

Therefore
inf  max sup |G§ — G?| < inf  max sup sup ’GS — Gtc‘
H(()-n) 0<j<n S,te[tj,tj+1) Hgn) 0<j<n S,te[tj7tj+1) CceK(m)
tj+17tj>5 tj+17t]‘>5

and this proves inequality (1).

In order to prove the inequality (2), notice that for any k = 1,...,7(d), we can write

GE - GE| < |69 - 69| + |6t — P

+ ‘Gfk - G¢
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Therefore

sup |GS - GF| < QLLgm) (G)+ ‘GSC" — GY
CeB(Cy,8)NK(m)
Notice that we can easily establish
sup |G§ - GtC’ = max sup |GS - Gtc{ < ZILJL%M) (G)+ max_ ‘Gf’“ — G
cekxim 1<k<r(6) CEB(Cr,3)NKm) 1<k<r(3)

and for any 6’ > 0 we have

Lgtn) (G) < QILJL%’”) (G)+  inf max ~ sup max ‘GS’“ — G
m{™m  O0SISngielt; i) 1<k<r(9)
(tj41—t;)>0

< QL}L(%M) (G)+  inf max max  sup GSr — GO
m{™  1<k<r(3) SIS s teft; 1)

(tj+1—t5)>6

To achieve the inequality (2) in our Lemma 78, we just need to prove the existence of a §p, 0 < dp < ¢
such that

inf max  max sup GC — G| < 2 max inf max sup GSr — GO
Hfsz) 1<k<r(8) 0SISm s te(t;,t511) 1<k<r(3)  m{™ 0SISn s tefty )
(tj+17t]‘)>50 (tj+17tj)>6
= 2 max L$* (@)
1<k<r(9)

Notice that by definition of infimum, for every k = 1,...,7(0) there exists a subpartition on [0, 7]
{trjto<j<n, 11 such that tg 11—ty ; = 6 for any j =0,...,ny — 1 and

G — GPr

max sup
0<5<nk s te(tn j b 1)

< 215" (@)

Define {t,},,;,, as the subpartition of the interval [0,7™] built with the set of different ¢ ; with

j=0,.,ng+1, k=1,...,7(5). Finally let us define as §p the minimum distance between two points of
the given partition. Therefore we have 0 < §g < § and

max max  sup G —G9F| <2 max LS*(G)
0<k<r(8) OSP=l s tefty,tpi1) 1<k<r ()
so that we finally obtain
inf max max  sup GO —GY%| <2 max LS$* (@)
ngg) 1<k<r(3) OSIST s teft; ti01) 1<k<r(9)
tj+1—t;>80

Finally, we can prove the Theorem 75, using the last three results:

Proof. (Theorem 75) Here we attempt to show if the condition that appear in Lemma 77 is equivalent
to conditions (1) and (2) in Theorem 75.

First, let us assume the conditions in Theorem 75 in the following sense: given a € > 0 there exists a
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61 > 0 with § < §; such that

LL((SM) (G) < %
and related with condition (1) in Theorem 75, there exist a d2 > 0 with & < 02 such that, for every
k= 1, ...,7“((51)

L§* (@) < 7

Notice that the condition (2) in Lemma 78 guarantees the existence of dg such that 0 < §y < do and
L{™ (G) <2 max L$* (G)+2LLM™ (G).

1<k<r(5)

It is easy to see that I[,((;m) (G) is an increasing function of §, therefore we have that for every § < §

]L((;m) (G) <e.

This proves the condition of Lemma, 77.

Second, notice that if we assume the condition that appears in Lemma 77 and using the first assertion
in Lemma 78, then the first condition in Theorem 75 is proved for every C € K("™). On the other hand,
to establish the condition (2) in Theorem 75, let us consider a € > 0, and assuming the condition that
appears in Lemma 78, then there exists Ag > 0 and a partition 0 =ty < #; < ... <, = 1 on [0, 1] such
that t; —t;_1 > Ag for any j =1,...,n and

€
max sup sup |G5C - Gtc| <3
0SSN s tefty ty41) CEL™ 3

Notice that for any j = 1,...,n the mapping Gy, : Cy, — Gg from [0, 1] to R? is a continuous function

over the compact (™). Hence it is uniformly continuous. Additionally for any j = 1,...,n there is a
d; > 0 such that for any ¢ € [0, 6]

!
sup |G —G¢
o’ cetm J J
|c'—c|<s

9
< =
-3

Let us define §* = min (A, do, ..., d,,). Then for any ¢ € [0,7*], and choosing ¢; under the condition
that t € [t;_1,t;), we have for any § > 0

sup ‘Gtc, — Gtc’ < sup

Gth—Gf‘—&- sup )Gg,—Gtcl‘

C/,CE)C("L) Cek(m) O’ ek (m)
|c'—c|<s
!
+  sup Gg—Gth .
C’,CE’C("L}
|c'—c|<s

Using the inequalities shown before, for any 0 < § < §*, we conclude the condition (2) of Theorem 75
from
sup sup )Gtc/ ~-GY <¢
0<t<T* c’,cex™
|c'—c|<s
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2.5 Uniform Weak Convergence in the Reaction-Additive sys-
tem

In order to implement certain models and pricing rules, continuous-time models are often too complex
to handle. Therefore it is convenient to both discretize time and space and show that the discretization
is good in the sense that the discretized models and pricing rules converge to the continuous-time model
as the discretization steps tend to zero. The fourth subject of this chapter is presented in Section 2.5
and treats this aspect of mathematical finance. We study both the approximation of a continuous-time
model by a sequence of discrete-time models and the convergence of price processes for corporate bonds
with credit migration.

Some authors have presented different discrete-time solutions to model defaultable or corporate bonds
(Jarrow and Turnbull (1995), Jarrow, Turnbull and Lando (1997) or Schénbucher (2002) among
others) as a mixture of trees, one for the risk-free interest rates, and a second one for the credit risk
factor (untradeable). However, though different authors propose a useful methodology to price credit
derivatives, they do not talk about the conditions of weak convergence when both factors are mixed
using discrete frameworks. In fact, there is no guarantee that these compositions between random factors
converge in a measure in continuous time, and all the usual tools from stochastic analysis in continuous
time can be applied.

On the other hand, at least in the case of the interest-rates derivatives market, the market quotes
caps/floors and swaptions (plain vanilla interest-rates derivatives) using the well-known Black-76 model.
It basically implies that any alternative model written or developed to price exotic options has to guaran-
tee that, at least, it will recover the prices of the plain-vanilla options priced by Black-76. In other words,
our model has to converge in distribution to the implied distribution given by the market through the
quoted volatilities. Therefore, any new interest rate model has to prove that when it goes to continuous
time, it is able to recover the implied distribution in the Black-76 model, which is driven by the usual
Brownian motion (continuous process). Therefore we have to prove that our LIBOR additive process
(semimartingale) is able to converge weakly to the implied probability given by the market. However,
our problem is more complex if we add the reactive or credit risk part to our usual stochastic differential
equation.

Basically, this section is concerned with the approximation of a financial corporate bond model in
incomplete markets, where the corporate bond dynamics is driven by a LIBOR additive process
(tradeable) conditioned to a multivariate point process (non-tradeable).

According to the previous section, we have seen that our reaction-additive system has sample-paths in
the Skorohod space. Therefore, in order to study the weak convergence of this system in such spaces, we
have structured this section in the following parts:

- The first subsection is basically devoted to give a quick review of the basics related with weak
convergence in the Skorohod space.

- The second one is devoted to show the conditions of relative compactness of a subset in the Skorohod
space. Basically, in this subsection, we expose an equivalent result to the well-known Arzela-Ascoli
Theorem for the Skorohod space.

- In the third subsection our efforts are mainly focused to find the basic conditions in order to obtain
the mentioned convergence in law, in the space Do 1+] (Rd, IC) .

- However these conditions would be too theoretical to have any practical application in finance, and
in the fourth subsection, we translate these conditions in terms of the characteristic triplets, which
are the basic parameters for any derivative pricing.
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2.5.1 Introduction to Weak Convergence

Let us first introduce a preliminary section in order to give a brief introduction to weak convergence of
stochastic processes and semimartingales. Inclusion of this material is justified not only because of the
complexity of the subject but also because it is necessary to establish some basic framework, notation
and theorems that will be used later.

Therefore, this preliminary section is an attempt to gather some basic and typical results to describe
several main concepts and theorems that will give us the main directions of this chapter. Again, here
it is not intended to give a systematic presentation of the most important results or to explain how to
prove them; for this purposes one would need more pages. A more comprehensive picture of the present
state of the art can be obtained from Billingsley (1968), Lipster and Shiryaev (1989) or Jacod and
Shiryaev (1999).

Weak Convergence, Continuous Mapping and Skorohod Embedding

In this preliminary subsection we recall some results concerning tightness and convergence of sequences
of semimartingales. As we are concerned with the weak convergence (in distribution), we suppose that
for a sequence (G"), oy of processes, G" is defined on a stochastic basis (2",G",P"). Additionally,
a process G is defined on some (2,G,P), and we denote weak convergence of G" to G i.e. pu" =
L(G"|pn) = p=L(G|p), by G" —, G if there is no ambiguity about P" and P.

Following Jacod and Shiryaev (1999), let us consider a Polish space (F,d) (that is a complete and
separable metric space) with its Borel o-field £ = B, and consider the space P (FE) of all probability
measures on (E, ). The set P (F) is endowed with the weak topology which is the coarsest topology
for which the mapping 1 — p(f) = [, fdp is continuous, for all bounded continuous functions f on E.
P (E) is itself a Polish space for this topology.

Definition 79 The sequence (u"), .y converges weakly to p if, for every bounded continuous function
fon E, (p" (f))nen converges to p(f).

The weak convergence of random variables is defined through the weak convergence of probabilities
measures: let G be an E-valued random variable on some probability space (£, G,P) The image of P
under G is denoted by p = Pg. It is called the law or distribution of G.

Definition 80 (G"), .y converges in law (or in distribution) if (u"), .y converges weakly to p1 in

P(E).

This is equivalent to saying that Ep_ [f (G™)] — Ep [f (G)] when n — oo, for all bounded continuous
functions f on F.

Notice that we can not use other standard modes of convergence on E such as convergence almost surely
or convergence in probability because the random variables G™ may be defined on different probability

spaces.

Now, let us recall two well-known results concerning weak convergence, namely the continuous map-
ping theorem and the Skorohod embedding theorem.

Theorem 81 (Continuous Mapping Theorem) Let (E,d) and (E',d’) be two metric spaces, endowed
with the Borel-o-algebras Bg and Bp: respectively, and let p, ("), be probability measures on (E, Bg) .
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Let furthermore ¢™,p : E — E' be a sequence of measurable functions and denote by D the set of all

g € E such that there exist a sequence ("), cy with g" — g but ©™ (") = ¢ (g9) . If E' is separable, then

D € By and in this case the assumptions p™ — p and (D) =0 imply p™ (™) " — pu(p) "',

Proof. cf. Billingsley (1968) Theorem 5.5. m

Remark 82 Notice that if ¢ = ¢ for all n € NT, Theorem 81 reduces to the usual continuous mapping
theorem, in the sense that if ¢ is p-a.e. continuous, then p™ — p implies p™ (©) ™" — p(p)~".

Theorem 83 (Skorohod Representation Theorem) Let (E,d) be a separable metric space endowed
with the Borel-o-algebra B, and let p, (u™), oy be probability measures on (E, Bg) with ™ — p. Then
there exist a probability space (0, G,P) and E-valued random variables G and G™, all defined on (Q, G, P)
with distributions p and p™ respectively, and such that G™ — G P-a.s.

Proof. cf. Ethier and Kurtz (1986), Theorem 2.1.8. m

Tightness of Sequence of cadlag Processes

Let us consider the Polish space (F,&) with its Borel o-field £. Consider the space P (E) of all
probability measures on (E, ) with the weak topology.

Definition 84 A subset A of P (E) is called uniformly tight in E if for every e there exists a compact
subset K in E such that p(E — K) < ¢ for all u € A.

Then, the Prohorov Theorem reads as follows

Theorem 85 (Prohorov) A subset A of P (E) is relatively compact (for the weak topology) if and
only if it is uniformly tight.

Proof. cf. Billingsley (1968) Theorem 5.1. m

In this subsection we consider only R%valued cadlag processes. Let G be such a process, defined on
a triple (2, G,P). Then it may be considered as a random variable taking its values in the Polish space
D (R%). Consequently its law p = £(G) is an element of P (D (R?)) .

Definition 86 A sequence (G"), oy is said to be uniformly tight if for every e > 0 there exists a compact
set K in E such that P[G" ¢ K] < e for alln € N

Remark 87 Notice that using Prohorov’s theorem, we can conclude that the sequence {L(G™)} is
relatively compact in P (]D) (Rd)) if and only if the sequence (G™),, oy 15 uniformly tight.

The next result is concerned with tightness of sequences of cadlag processes. Recall that in the
Skorohod space we have the following modulus of continuity. Let us fix 7* > 0 such that I =
[0,T*] C R,. Let us assume a time partition 0 =t <t; < ... <t, =T*,§ >0and G € D (Rd) we define

]Lé,tn (G) = inf {m<ax]L(G; [tiflati)) ne N+,O =l <...<t, = T*, lgf (tl — tifl) > 5}

where L (G; I) = supg ;¢ |G (s) — G (t)] for an interval I = [0,7*] C R,
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Theorem 88 Let (G™),,cy be a sequence of cadlag processes. Then (L (G™|Py)), oy is tight if and only
if the following two conditions hold:

(i) for all T* € Ry, € > 0 there exist ng € Ny, K > 0 such that for all n > ng

P, [sup |G"| > K} <e
t<tn

(ii) for allT* e Ry, >0, § > 0 there exist ng € Ny, 0 > 0 such that for all n > ng

P, [L:, (G",0)>6<e

Proof. cf. Jacod and Shiryaev (1987) Theorem VI.3.21. m

Convergence Results for Sequences of Semimartingale

Concerning limit theorems for stochastic processes, it is necessary to introduce characteristics of semi-
martingales, a concept heavily used later in the following theorems. The idea is to associate to a semi-
martingale a triplet of predictable processes which describe drift, volatility and jumps, in analogy to
the concept of characteristic triplet of infinitely divisible distributions, which in turn describes drift,
volatility and jumps of the associated Lévy process. The reader should notice that any theorem related
with weak convergence of stochastic processes will be necessarily related with semimartingales theory. In
fact, in the following sections, we show that if the characteristics triplet of a sequence of the LIBOR ad-
ditive processes (semimartingales) are known, one can show convergence in distribution via convergence
of the characteristics.

First of all, let us assume a time partition tg < t; < ... < ¢, of [0,7*] and let us denote with G™ a d-
dimensional semimartingale with independent increments (PII). On the other hand, G is a d-dimensional
PII without fixed time of discontinuity. Then the distribution of the process G is characterized by a
triplet of characteristics (v, A, v) relative to some fixed truncation function h, or in other words, let G be
a semimartingale and h a truncation function and define the process G(h) by

G(h)t = Gt - Z (AGS —h (AGS))

s<t

Note that )., (AGs — h (AGy)) = fg (9 — h(g)) n€(ds) where u® is the random measure associated
with the jumps of G, and since AG, — h(AG,) # 0 only for finitely many s, this sum converges.
Furthermore AGs—h (AGy) is bounded so G (h) is a special semimartingale with canonical decomposition

G(h) = Go+ M (h) +v(h)

where M (h) is a local P-martingale and  (h) is a predictable process with finite variation. Therefore,
the triplet (v, A,v) with

v =~(h) from the canonical decomposition

A= (<C~¥L, C~¥J>> where G is the continuous part of G
1<ié,j<d

v=0ovl is the P-compensator of ;&

is called the triplet of P-characteristics of G relative to the truncation function h or simply characteristics
if there is no ambiguity about the measure and the truncation function involved. Sometimes v is called
the first, A the second, and v the third characteristic of X.
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Obviously only the first and the modified second characteristic depend on the choice of the truncation
function. In the sequel we fix one truncation function and sometimes do not mention the dependence of
the characteristics on this truncation function.

Concerning limit theorems for stochastic processes, it is necessary to define the modified second char-
acteristic of G, A™ which is cadlag and increasing in the set of all d X d symmetric nonnegative matrices
for their natural order, by

A= (M (), M (1Y)
where M (h) is the martingale part in the usual decomposition of a semimartingale!*.

Recall that we have mentioned that G has no fixed time of discontinuity, it means that p ({t} x R?) =0

and fl, 4™(t) and ¢ - v are continuous functions, then we can state the following theorem!?

Theorem 89 Let G", G be Rd-valyed processes with independent increments and characteristics (y" (t), A", v™)
and (A,v,~(t)) respectively. Let A™ and A be the modified second characteristics of G™ and G respec-

tively, and let D be a dense subset of Ry. Then G™ £ a if and only if the following three conditions
hold:

(1) supy<y [v"(s) = (s)| — 0 for allt >0
(i) ‘fl? - flt‘ — 0 forallt € D

(iil) [pu @ vPdg — [pa - vidg for allt € D, € C (R?)

where

C (Rd) = {f €Cy (Rd) ;de>0VgeU.(0) f(g)=0and lm f(g) ea:ists}

lgl—o00

and Cy (Rd) is the class of all continuous and bounded functions f : R* — R.

Proof. cf. Jacod and Shiryaev (1987) Theorem VIL.3.4. m

Convergence of Stochastic Integrals and Stochastic Differential Equations

In many cases the semimartingales under consideration are stochastic integrals or solutions of stochastic
differential equations driven by a converging sequence of semimartingales. Then one is faced with the
question whether the convergence carries over to these new processes. The discussion of this issue dates
back to Wong and Zakai (1965) and has received growing interest for obvious reasons. Slominski
(1989), Jakubowski, Mémin and Pagés (1989) and Kurtz and Protter (1991) established sufficient
conditions for the convergence of stochastic integrals and solutions of stochastic differential equations in
terms of uniform tightness of the converging processes, which have the drawback that they are not easy
to formulate and sometimes hard to verify. Duffie and Protter (1992) introduce the notion of goodness
of a sequence of semimartingales and state simple (but not very general) sufficient conditions. See Kurtz
and Protter (1996) for more general results.

14Gee Jacod and Shiryaev (1987) Proposition 11.2.17
5 This Theorem can be relaxed to a wider class of functions, however it will be sufficient for our purposes.
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For a sequence (Q",F",P"), let (G™), oy and (H™), .y be sequences of cadlag processes where each

G"™ is an Re-valued (F",P")-semimartingale and H™ is F"-adapted and takes values in R >4, Recall that
the total variation process of a process A of finite variation is denoted by Var(A) = [ |dA].

Definition 90 A sequence (G"), oy of semimartingales is called good (with respect to (P"), .y and P)

if for any sequence (H™), .y the convergence of L(G", H"|p.) = L(G,H|p) implies convergence of

L£(G",H", [H"dG"|,.) > L (G, H, [ H_dG|,) .

Proposition 91 Let (G"), .y be good and suppose L (G™, H"|p.) = L (G, H|3). Then ([ H"dG"™) is
also good.
Proof. cf. Duffie and Protter (1992) Theorem 4.1. m

We next provide a sufficient condition for the convergence of solutions of stochastic differential equa-
tions.

Theorem 92 Let (G"),, oy be good, let G be a semimartingale, and let f: Ry x RY — RY xd satisfy

(i) y— f(t,y) is Lipschitz, uniformly in t

(ii) t— f(t,y) is left-continuous with right-limits, for all y

Furthermore let Y™ and Y be the (unique) solutions of
ayy = f (t,Y;2)dGy, Y € RY

dY; = f (t,Y,-)dG;, Y; € RY
IfG" 5 G, then (Y™,G") 5 (Y, G).

Proof. cf. Duffie and Protter (1992) Theorem 4.4. m

2.5.2 Relative compactness in the space D)1+ (R, K)

This section is devoted to study the conditions for relative compactness of a subset in Dig 7+ (Rd,IC) .
Basically, we look for a result equivalent to Theorem 88 or the Arzela-Ascoli Theorem for the Skoro-
hod space Dy 7+ (Rd, IC). In the sequel, we consider for any n > 1, a semimartingale G™¢ that depends
on a process C,and defined on the stochastic bases (2, F",P"). The main aim of this subsection is to

find conditions such that (G”’C)nGN are relatively compact in Dy 1+ (Rd, IC) .

Let us begin recalling some definitions:
o Let Hgn) be the partition of time {0 =+#y < t; < ... <t, <T* <1} where n € N4, satisfying the
condition ming<j<n—1 (t; —¢;j—1) > ¢ on the "normalized" interval [0, 1]

e And let K£(™) be the set of credit-ratings {0 = Cy < C; < ... < C,,, = 1} where m € N
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Let us define the following moduli of continuity in Dy 7+ (Rd, IC)

]L((;m) (G) = inf  max  sup sup |GS — GY|
m{™  0SIS<ng et tin) ceK(m)
tj+1—tj>5
’
]L]Lgm) (G) = sup sup  |GY — Gf‘
0<t<1 ¢’ cex (™
|c'—c|<s

with n,m € N, 7* € Ry and § € Ry.

Additionally, let us define another modulus of continuity in Dijg 7+ (Rd, IC)

LS (G)= inf max sup |G§ — Gf!
mim OIS et b 41)
tjt1—1; >4

Basically, for the most part, we are concerned with the relative compactness of sequences {IP,, }; this
means that every subsequence {P,,,} contains a further subsequence {P,, =} such that P, = —, Q for
some probability measure.

i(m)

Theorem 93 Let us assume C € K" n,m € N, and a,e > 0. Additionally, assume that the following
conditions hold

1)
lim lim P, ( sup  sup ‘G?C‘ > a) =0

a—+00 Nn—00 0<t<T* Cek(m)

lim Tim P, (L§ (G™¢) >¢) =0

§—0n—oo

lim sup P, (LL™ (G™) > £) = 0
§—0 n>1

Then the processes G™C with n > 1 have sample-paths in the Skorohod space Dio, 1+ (Rd,K) , and
conditions 1), 2) and 3) hold if and only if the set of processes (G"’C) are relatively compact in

Do, 1+ (Rd, IC) .

n>1

In order to prove the Theorem 93, it will be useful to prove the following result.

Proposition 94 Assuming condition 3) in Theorem 93, then the condition 2) in Theorem 93 is satisfied
if and only if the following expression

lim lim P, LS (GMC) >e| =0 2.55
51—I>I(1)n—l>r-&r-1<>o <C:1]él()m) g ( ) ¢ ( )

is true for every m € Nj.

Proof. It is obvious that (2.55) implies the condition 2) in Theorem 93. Conversely, assuming that
conditions 2) and 3) in Theorem 93 are true, let us prove that both implies (2.55).
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Fix a > 0. Using directly condition 3) in Theorem 93, there is a 8’ > 0 such that

sup IP’n(JL]L((;,n) (G") > i) <

n>1

N3

(2.56)

Following the same notation that in Lemma 78, fix any m € N, then IC(m) can be covered by a finite
union of open-balls with radius ¢’. Therefore there are Ci, ..., Cry in K™ such that B (C’k, (5’) with
k=1,..r()

K™ € B(C1,8")U...UB (Cps), ')

On the other hand, assuming that the condition 2) in Theorem 93 is satisfied, there is a 6" > 0 such
that for every k = 1,...,7(5")

—_— n €
T P, (LEF(G7) > 1) < 7(7 7 (2.57)

Using directly Lemma 78, there exists a 6° such that 0 < 6° < §” and

sup LS (G") <2 max LS (G™) +2LLYY (G7
Cexim o (G") 1<k<r(s’) O (&™) ( )

notice that L§ (G"’C) is an increasing function of &, therefore we have for every ¢ < §°
r(8") o) c
P, | sup LS (@G >e|<S P, (L (G ) +P, (]L]L ™ (G > 7) 2.58
(Ce)cm > Z 0 71 s (@) 4 (2.58)
Finally taking into account the expressions (2.56), (2.57) and (2.58) we obtain for every § < §°

lim P, [ sup ]L(;C (G"’C) >e| <np
n—-4o0o cercim)

which implies (2.55) and the proof is complete. ®

Proof. (Theorem 93) Let us first prove that if conditions 1), 2) and 3) hold then G™¢ have sample-
paths in the Skorohod space Dy 7+ (Rd, IC) .

We know that the process G™¢, defined in (Q",F”,P"), has sample-paths in Do, 1+ (Rd, IC) if and
only if
P, ({w € Q",G" (w) € Dy r+) (R4, K)}) =

or, equivalently
P, ({w e Q",G" (w) ¢ Djor+) (RLK)}) =
and, using directly Theorem 75, we have that

{weQ™,G" (w) ¢ Djor (Rd,lC)}

{w €eqQ",3C e IC,%in%IL(? G") > 0} U {w €O, Im e N,%in})ILILfS'”) (G") > 0}

C jweQ"ImeN,lim sup L§ (G") >0 {w € Q" 3m e N, lim ILIL((;m) (G™) > 0}
550 cekc(m) 6—0
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Therefore, our goal is to prove that

P, [{we Q" lim sup LY (G")>0p] =0 (2.59)
6=0 oegcim)

and
P, ({w e, ;ir%mgm) (G™) > 0}) =0 (2.60)

Let us begin with (2.59). Notice that (2.59) can be proved using the following equivalence

1
P, we ™ lim sup LY (G") >0 = lim P, we Q" lim sup LS (G") > =
<{ =0 Celcgn) s () }) k—+00 ({ 5—0 CEKI()'"L) 5 (") k })

and noting that L§ (G™) is an increasing function of § therefore we have
lim P we Q" lim sup L§ (G") > 1 < lim limP weQ, sup L§(G") > 1
k—+o00 " 550 CEICI?’") J k T k—+00d5—0 " ’ CGICI()W) J k '

Notice that for every n > 1 and for every C' € K™ the process G™ is a semimartingale and it has
sample-paths in the Skorohod space Dy 7+ (Rd, IC). Therefore we have, for every k € N (cf. Liptser
and Shiryayev (1986) Theorem 6.1.6).

P, ({w c Q" LS (G™) > ;}) = (2.61)

Notice that following the same reasoning than in Proposition 94 we can show that the equality (2.61)
and the condition 3) in Theorem 93 implies for every k € N

1
P, ({w cQ", sup L§ (G") > }) =
Ccek(m) k

and notice that when k — 400 we obtain (2.59).

Similarly, we can prove (2.60) following a similar reasoning, noting also that }LIL((;”) (G™) is an increasing
function of 4,

P, ({w € Qn,mmg’”) (G™) > o}) < lim limP, <{w e LLI™ (G™) > ;})

k—4o00 6—0

where )
lim P, ({w e " LLM™ (G™) > k}) =0

6—0

and finally, we conclude that the process G™ has sample-paths in the space D 7+ (Rd, IC) .

In the second part, we have to show that these three conditions in Theorem 93 are necessary and

sufficient conditions to have relative compactness of (G”’C)n21 in Dy 1+ (Rd, IC) .

According to Theorem VI.1.14 in Jacod and Shiryaev (1989), a subset A of Dy« (R% K) is
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relatively compact for the Skorohod topology for every m € N and for a fixed 7™ if and only if

1) sup sup sup ‘Gﬂ < 400
GeAO<t<T* cek(m)

2) lim sup ]Lgm) (G)=0
—0GeA
Notice that using a similar reasoning as in Theorem 75, condition 2) can be split into these two equivalent

conditions
1) limsup sup L§(G)=0
0=0GeA cexim

2) lim sup ILIL((Sm) (G)=0
—0GecA

Therefore we can show that a subset A of Dy 7+ (Rd,IC) is relatively compact for the Skorohod
topology for every m € N and for a fixed T™ if and only if

1) sup sup sup |Gtc| < 400
GeA0<t<T* ceKk(m)

2) lim sup sup L¢(G)=0
) 5—>0Geacei£n> 5 (G) (2.62)

3) lim sup ]L]L((;m> (G)=0
i—0GeA

Now we prove that conditions 1), 2) and 3) in Theorem 93 are necessary and sufficient to guarantee
than (G"),,-, is relatively compact in Dy 1+ (Rd, IC) .

Notice that using Prohorov Theorem (Theorem 85), if the subset A is relatively compact, then
it is tight. Let us assume that the set (G”)n21 is relatively compact and let us give a € > 0. Therefore,

according to Prohorov Theorem, there exist a compact A. in Dy 7+ (RdJC) such that if A, is the
complement of A, then we have for any n > 1

P, (A.) <e

where P, is the law of G in the space Do r+) (R%,K). Then, using the set of conditions (2.62), and
replacing A by A. we have that for any C' € K(™) with m € N, with a fixed T*, and any 5 > 0 there
exist am, 7+, Om, 7+ € R such that

1) A. C {GC € Dio, 1] (Rd,lC) , sSup  sup |Gtc| < amw}
0<t<T* Cekm)

O, 7% ,n

2) A. C{G% €Dy (RLK), sup LY (G)<n
cekim

3) A. € {G° € Doy (RLK)LLYY | (G) <}

*.n

and for any C' € K™ with a fixed T* and any 5 > 0, we finally obtain conditions 1), 2) and 3) in
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Theorem 93

1) supP, | sup sup
n>1 0<t<T™* ceK(m)

G;MC‘ < (Lm,T*> <e¢

2) sup]P’n< sup L§ - (G”)<77> <e
w1 Ceicimy o T*m

3) supP, (]L]L(m) (G™M < 77) <e

n>1 Om.Tm

Conversely, in order to prove the ’only if” part of this theorem, let us assume the conditions 1), 2) and
3) holds, for any C' € K™ with a fixed T* and any n > 0, and for any n > 1. Let P,, be the law of G"
in Dy 7+ (Rd, IC) . Notice that using condition 1) we can obtain some results about tightness, or more
specifically, there is an a,, r~ large enough such that

A= {GC € Dio,r+) (Rd,lC) , Sup  sup |Gt0| < am,T*}

0<t<T* cek(m)

therefore, we have

n—-+4oo

Wl M

And similarly, using conditions 2) and 3) we can assume that exists a d,, 7+, small enough such that

1
Am,T*,k = {GC (= D[O,T*] (Rdylc) , sup ]L(;m_’T*‘k (G) < k}
ceKk

and )
B = {GC € Dy, (R%,K), LLJ™ | (G) < k}
such that .
him P, (Am,T*,k:) >1—-—
n—-+oo 3
and .
himPn(BmT*k)Zlff
n—-+oo ’ ’ 3

Let us define now the set K in Do 1+ (Rd, IC) as the set K = AN Ay, p+ ks N By 1+ s, therefore K is a
compact set in the space Do 1+ (Rd, IC) , and verify that

lim P,(K)>1--—-—S>1-¢

and it shows directly that (G™), -, is tight in Do 7+ (Rd,IC), and relatively compact, according to
the Prohorov theorem. m -

2.5.3 Weak Convergence in Dp 7+ (R?, K)

As in the last subsection, let us consider, for any n > 1, the semimartingale G™¢ with C € K, defined
on sufficiently rich’ stochastic bases (2",G",P") endowed with the filtration G" = (G¢'),¢(g 7+, and
additionally let us define the stochastic process G¢ with C' € K, also in a “sufficiently rich’ stochastic
basis (€2, G, P) endowed with the filtration G = (Gt),¢[o 7+ - This subsection is mainly devoted to find the
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basic conditions in order to obtain a G™¢ with sample-paths in Do 74 (Rd, IC) , and convergence in law
to G, in the space Djg 1+ (R%,K).

Theorem 95 We assume that the finite-dimensional distributions of G converge weakly to the finite-
dimensional distributions of G€. Let us assume C € K™, n,m € N, and €,a > 0. Additionally, assume
that the following conditions hold

1)

lirf lim P, [ sup sup ‘G?C‘ >al =0
a—+oon—oo 0<t<T* (m)
<t<T* cek

2)
lim lim P, (L§ (G™) >¢) =0

§—0n—oo

3)
lim sup P, (LLY™ (G™) > €) = 0

6=0p>1

Then the processes G™C with n > 1 have sample-paths in the Skorohod space Do 1+ (Rd, IC) , and

the weak convergence of G™¢ () GY in the Skorohod space Do+ (Rd, IC) takes place.

Proof. First, we have to prove that the process G™¢ has sample paths in the Skorohod space
Do, 1+ (Rd, IC) , and that (G”*C)n>1 is relatively compact. In order to show that, it is enough to see that

the conditions in Theorem 95 are the same as the conditions in Theorem 75 and Theorem 93.

Second, we have to prove the weak convergence of the sequence (G”’C)n>1 . Let us define Q™ as the

law of G™ in Dy 7+ (Rd, IC) . Also let us consider two subsequences (Q™) and (Q™”), from the sequence
(Q"),,~1 » that converge to the probabilities Q" and Q" in the measurable space Do 7+ (Rd, IC) . According
to Theorem 2.8 in Billingsley (1968) in order to prove weak convergence, it is enough to prove that Q'
and Q" are the same.

For 0 < t; < .. <t <1 with & € N, let us define the natural projection from D (R*) to R* by
I, .4, (G) = (Gyy, ..., Gy,) , such that for A € R™ we can denote

Hf;];m,tk (A) = {(th, ...,Gtk) S A}

and notice that IT;, . ,, is continuous for all i = 1,...,k, t; € A(G) ={t > 0,AG; =0} U {0}.

.....

Now, let us define

AQ/ {t >0: Ql (G S D[07T*] (Rd,IC) L,AGy = 0) = 1} U {O}
Agr = {t>0:Q" (G € Dy r+) (RLK),AG, =0) =1} U{0}

Then we can say that, for any ¢1, ..., t; € Ag/NAgr, the sequences (Q™ o Ht_lltk) and (Q™ o Ht_l}--wtk)
converge weakly to (Q' o Ht’lltk) and (Q" o H;ltk) respectively.

Now, let us fix t1,...,ty € Ay NAgr and 0 < C < ... < Cp, < 1 with Cy,...,Cp, € Ry and m € N ..
Additionally let us define the continuous mapping

C Cn C Cm
oo (Giy, s Gy) = (thl,...,th sy GO GO )

.....
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from R* to R*™. Notice that according to the continuous mapping theorem (Theorem 81), the se-
quences (Q"’ o Ht_l1

and (Q” o H;llt

otk

------
k

Notice that, if we assume that the finite-dimensional distributions of G™¢ converge weakly to the
finite-dimensional distributions of G, then we have that

/ —1 —1 1" —1 —1
Q oIl 4.0 Hcl,..i,cm =Q oIl 4 © Hcl,...,cm (2.63)

Let us prove that, for any C,...,C,, € Ry with m € N, we have
Qoll' , =Q"oIL" (2.64)

or in other words, if we denote Cj, as the o-field from (K)", and Cj, as the o-field from (K)* generated by
H(}ll o (A), with Cy,...,Cp, e Ry, me N, and A€ B (R’“") , then we have to prove that Cy, = Cg.

y“m

Notice first that, for any C1, ..., Cy, € Ry, the application I, . ¢,, such that

is continuous. Therefore C;, C Cj.

On the other hand, in order to show the inclusion in the opposite direction, it is enough to show
that any ball in (IC)]C is Cr-measurable, because K is a complete and separable space. Let us choose C
from C4, ..., Cy(s) in the compact K; such that K; € B (C1,6)U...U B (C,s),6) and such that r (6) is the
minimum number of balls with radius § that cover IC;. Therefore let us define, the following C;-measurable
application with

SUPcek, ‘GC — YC’
1 +supger, |GC =Y

—+o0
G—d(GY)=) 27"
1=0

Using basic properties of measurable mappings we have that

G — sup |GC — YC}
cek;

for any Y € R?, is also a C;-measurable mappings, for any i € N.. Therefore for any ¢ € R,

GeRY, sup |GY —YC| < }: GeRY|GY -YC <
{ R, sup | | <e CDQ{ €R| | <e}

which are C;-measurable. Henceforth, (2.63) implies (2.64).

Now notice that, according to Liptser and Shiryaev (1989) we know that Ag and Ag~ are dense in
R. Therefore Agr N Ag~ is also dense in R, and we conclude that Q" = Q” because a probability in the
Borelian o-field of Dyg 7+ (Rd, ]C) is entirely determined by its finite-dimensional distributions. Therefore
the sequence (G"’C)n>1

paths in Dy 1+ (R4, K) .

weakly converges in Diyg 7+ (Rd, IC) towards a certain process GC with sample

In order to complete the proof, we have to show the link between G€ and G€. According to Billingsley
(1999), and using the continuity property of the following mappings

Iey,..c,, G — (GCI7...7GCm)
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from D (Rd) to D (Rd’7 IC) , and
My, 4t (GO, GO — (GfomeGfm)
from D (Rd, IC) to RE™™ for every ty,...,t, € Ag where

Ao = {t>0,Q/ 0Nz ¢, (G€Dpr(RK),AG, =0) =1} U {0}

and we obtain the weak convergence in R¥*™ from Q™ o II ;! oIl !
C1,..,Cm 1,0y

;! Weknow that QollG! | o oI, is the law in RY*™ of avector (GE, .., G, o, GG, GE ).

¢, towards Q' o HE‘}C o
tr
Using the weak convergence of the finite-dimensional distribution we know that, for every tq,...,t; € /_\Q/

n,C n,Com, n,C n,Crm C Cm C Cm
(th L, GO GO G )H (thl,...,th sy GO GE )

th PARRS

or
/ -1 -1 _ —1
Q OHCl,...,Cm OHf,l,...,fk - chv"'7cm OHt1,..4,tk

where Qc,,...c,, is the law in D (Rd,IC) of the processes (GCl,...,GCM). Because a probability in
D (Rd, }C) , is entirely determined by its finite-dimensional distributions then
Qollg! o =Qc. . .c.n

™

Hence we have the link between G€ and G€ : for every m € N, and Cy,...,C,, € Ry the law in
D (Rd,lC) of the processes (Gcl,...,écm) and (GCl, ...,Gcm) coincide. m

2.5.4 Previsibility conditions for weak convergence of G¢ in the space Do+ (Rd, /C)

This section is devoted to develop the conditions in Theorem 95 in terms of the characteristics or triplet.
Roughly speaking, the idea that we have in mind is related with the following question: Under which
conditions, in terms of the triplet, our model will converge in distribution to the continuous time model
that the market imposes?

Let us first define the setting assuming that we are given a "sufficiently rich” stochastic bases (Q",F™ P")
and (2, F,P) endowed with the filtrations F* = (7)o 7+ and F = (F),c (0,7 - Let GmC = (Gm° (t))CelC 0
and G¢ = (G¢ (t))Celc,tzo be semimartingales depending on the process C' = (Cy)¢g ) With C' € Kcom,
defined on the spaces (2", F"* P") and (Q,F,P) respectively.

Additionally, we assume that the semimartingale G™¢ is a special'® and locally square-integrable

martingale, or in other words, a martingale that admits the canonical decomposition
Gn,C _ GTL,C + M’n,C + Bn,C
t = Yo t t

where M," % is a local P-martingale and B;' “is a predictable process with finite variation over each
finite interval. Let us assume that G¢ is a continuous semimartingale!”, that admits also the canonical

168ee Liptser and Shiryayev (1986) definition 2.2

171t is well-known that interest rates derivatives quotes use the Black-76 model. This model is a continuous-time model,
and it generates continuous sample-paths. However, taking into account the tenor structure, we can strip the quoted
volatilities into a set of forward volatilities with skews/smile for each tenor. It basically implies that if n = number of
tenors, G™< has to be a LIBOR additive process with jumps and G€ is a LIBOR additive process without discontinuities.
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decomposition
Gy = G§ + M + Bf

This means that the characteristics of G™¢ and G€ are (’y"’c, AMC U”’C) and (70, AC, UC) , respec-
tively, with v¢ = 0 in the second case.

The aim of this section is to give conditions expressed in terms of the predictable characteristics
(’y"’C,A”’C,v"VC) and (")/C,AC,’UC) of the semimartingales G™¢ and G¢, providing the existence of
: : . « ,C C, C _ C
the modifications processes G™¢ = (G (t))Cethzo and G¢ = (G (t))celc,tzo
Do 14 (IRd7 IC) for which a weak convergence in Djg 1+ (Rd, IC) takes place. During the present subsection,
basically we follow Liptser and Shiryaev (1989) section 8.3.

with trajectories in

_ In addition to the previous definitions of G™¢ and G, and for the sake of simplicity, let us introduce
G™¢ and GY as the continuous martingale components of G™¢ and G, respectively, or in other
words,

tAT]+1
GnC GnC+ Z / u C)de
J<n(t)
and
t/\T,Jrl
Ge=65+ 3 / o),
J<n(t

with the usual conditions on the coefficients (see Chapter 1, or section 1 in this chapter).

Therefore, using the assumption that G?’C is a special semimartingale, we have

t/\T7+1
G?C:G?LC—&-B”C—FG"C—I— Z/

J<n(t)

5 (u, ) (,u?’o - v?’c) (du, dx)

where Bt” “isa process, with locally integrable variation, such that

~ tAT) 41
BMY = Z / aj (u,C)du < oo
i<n(e) T

Let us assume that for any C,C’ € K™\ {1} the previsible quadratic variation of W< and W is,
for every t > 0,

tAT 41
<WC,WC Z / covj u, WC, we' ) du

J<n(t)

Additionally, and for the sake of simplicity in the sequel, we denote with M™¢ = (Mtnc) cex the
€K,t>0

martingale part of the semimartingale G, for every t > 0, such that

t/\TJ_H
M = Z/ 7 (u, C) AW, + Z/

J<n(t) J<n(t)

t/\TJ+1

6 (u, ) (u?’c vl C) (du, dz)

and the quadratic variation <M "’C> , is given by (according to Liptser and Shiryaev (1989) Theorem
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3.5.1)

(M€Y = <én7c>t+ > /t_ATM Rd52 (u, 2) v (du, dz) - > /MTM /Rd5(u,x) (v?’c (~{u}7da:))2

j<n(t) T i<n(t)

Let us recall that our goal is to translate the conditions of Theorem 95 in terms of the previsible charac-
teristics of the semimartingales. Notice that assuming that G™¢ is a special and locally square-integrable
martingale, and the semimartingale G is continuous with deterministic initial value, is equivalent to con-
dition 1 in Theorem 95. Therefore, in order to obtain the weak convergence, we have to establish the
following group of conditions:

Condition Group (1): in order to establish Condition (2) in Theorem 95 for every C' € K we need

(1.1) )GOC’” - Gg“ L

(1.2) .o, [Fer o 62 (u, @) 1 dv"% (du, dz) B0
j<nJr;  JR\{0} L) L] >a) U u, T o
S, AT n i

(1.3)  supg<i<r- | By c_ > i<n Jr A "t C,G ’C)ds) T 0
n TJ n, IP”

(14) supocyars |(M™OR), =5 for T 0,(8.C,G C)ds’ o0

Condition Group (2): Additionally, to obtain weak convergence in the ’fidis’, jointly with condition
group 1, for every C,C’" € K™\ {1} we need
(2.1) sup ’<C~¥"’C,C~¥"’C > — J<77(t) fMT”I cov; (u,Wc,Wcl> du’ oo

0<t<1 n— oo

Condition Group (3): Finally, to obtain the Condition (3) in Theorem 95, assume p > 2 and @ > m
such that for a bounded stopping times 7 and C,C’ € K™\ {1}, C # C’ we have

(3.1) st:lp (]E” FEm — AT p/ \C - a) < ¢(p)
(3.2) sup (E" <G’f” - G’fl /|C | ) < c¢(p)
(33) sup (B [} [ (91— g2)" dp™ " [lO=C'") < e(p)

where 7=inf<0<t<1: sup ‘Gtc’”—GtC/’”
jc—cv|<s

> e} and ¢ (p) is a positive constant.

Theorem 96 We suppose that the condition groups (1) to (3) are satisfied. Then, the processes GO =
(GC’" (t))CG]C >0 and G¢ = (GC (t))CeIC >0 have paths in Dig 7+ (Rd,K) such that weak convergence

Gon GY in Dio, 1+ (Rd,IC) takes place.

w(P™)
hait

Basically, the proof of Theorem 96 requires the verification of the conditions of Theorem 95 according
to the following plan:

e First, we suppose that GO" = (GO (t))Celc,tzo and G¢ = (G¢ (t))CeIC,tzo
Dio,1+) (Rd,lC) . Using the conditions of group 1 we establish a weak convergence of the process
GE" to G with C € K™, given m € N, in Do, (]Rd,IC) . In turn, this convergence implies
the condition 2) in Theorem 95.

are the paths in
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e Second, using the conditions of group 1 and 2 we establish the convergence of the finite-dimensional
distributions B
LN

(Gnycl’Gn1C27...7GnaCm) (GCI’GC2,”.7GCm,)

n—oo

in the Skorohod space D 7+ (Rd7 IC) for every m > 2.

e Third, using the conditions of group 3, the result from Valkelia and Dzaparidze (1990), we prove
that for every C,C" € K™\ {1} and a bounded stopping time 7 :

supE" (’Gf" — Gf/’"
n

"Jle-c) <6,

and using specially chosen stopping times, this inequality and the lemma about the estimation of
the modulus of continuity allow us to verify the condition 2) of Theorem 95.

In order to prove the Theorem 96, we need the following results.

Proposition 97 Let G be a stochastic process defined on the stochastic basis (Q,F,P) with sample-paths
in the Skorohod space Do 1+ (Rd, IC) . Then for any € > 0 the function T defined in Q by

7(w)=1inf | t >0, sup Gtc/ (w)—G?(w) >c | AT*
¢’ ,cex™
|c'—c|<s

is a F-stopping time.

Proof. According to Lipster and Shiryaev (1989) let us define the process Z as

Zi(w)= sup |G (w)-GY ()
c',cex(™
|c'—c|<é

and notice that it is enough to prove that Z is a process with sample-paths in Dy 7+ (Rd, IC) , Fr-adapted.
Let w € Q. Then we have for every s,t > 0

Zo@) - Ziw) = s |67 @) -GCW] - sw |GF @) - GF W)

c’,cex(™ c’,cex(™
|c'—c|<s |c’—c|<s

< s |69 W) - 67 (@) - 6F (@) + GF ()
c’,cex(™
|c'—c|<s

< 2 sup |G (w) - GY (W)
cr,cex(™

Notice that G has sample-paths in Dio,1+) (Rd, IC) . Therefore we have that

lim inf max sup |Zs(w)—Z:(w)] =0
6=0  m{m  0SIS<ngelr; ti) ’
tip1—t; >0

This, according to Lemma 77, proves that Z is a process with sample-paths in Do 1+ (Rd, IC) .

In order to prove that Z is a Fi-adapted process, notice that for any w € Q, and any ¢t € Ry, the
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mapping C' — G¢ (w) from K to R? is continuous. Therefore we have that, for every t € R, and any
C e K™, Z is a Fy-adapted process. m

Proposition 98 The condition 3) in Theorem 95 is equivalent to

lim sup P, sup  |GPC (w) = GPC (W) >e| =0
3=0n>1 c’,cex{™
|c'—c|<s

where T is the F-stopping time defined in Proposition 97.

Proof. Let us recall that according to Proposition 97, the stopping time 7 (w) was defined as

7(w)=inf [ t>0, sup G?’C, (W) — G (w)| >e | AT
c’,cex(™
|c'—c|<s

Hence

}P’n(]L]Lgm) (G™) > ) =P,( sup sup |GPY -G > e) <Pu( sup  |GMC - GO > e
0<t<T* ¢ cex(™ c’,cexi™
|c'—c|<s |c'—c|<s

Conversely, it is easy to see

P,( sup |G —GMC|>e) <P, (LLY™ (G") > €)
c',cexim™
|c'—c|<s

Another relevant result that we need to prove Theorem 96, is the next one, given by Dzhaparidze
and Valkeila (1990)

Lemma 99 Let M be a locally square integrable martingale with My = 0. Let T' be a stopping time. If v
is the compensator of the jump measure of M, then there exist for every p > 2 constants k, and K, such

that
5 T
ka<<M>§’/ + / / |g|”dv>
o Jr\{0}

IN

E( sup Mt|p>
0<t<T

T
KPE<<M>$/2+ |/ |gpdv>
0 JR\{0}

Proof. cf. Dzhaparidze and Valkeila (1990) Lemma 2.1 p.108, based on the Burkholder-Gundy
inequality for martingales. m

IA

And the last useful result in our proof is the following,

Proposition 100 Let T be a finite stopping time and C1, ...,C,, € K and m € Ni. Additionally let define
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u" the integer-valued random measure for jumps of a process (G"’Cl, e G"’Cm) and v™ the compensator,
let f be a real function on R such that the following integrals has sense for any i =1,...,m

1) fot fR\{o} [ (gs) p™ (dt,dga, ..., dgs, ..., dgm) = fOT fR\{o} f(9) d/‘"’ci

2) fot f]R\{O} [ (gs) (u™ — ") (dt,dgy, ..., dgi, ..., dgm) = foT fR\{o} f(g)d (:“n’ci - Un’ci)

Proof. Both results can be proved using similar ways. Let us define two local martingales M = (Mt)t20
and M'" = (M), for any t € RY,

t
M,; = / / f (gl) (Mn,Ci _ ,Un,ci) (dt,dgl, ...,dgi, ,dgm)
0 JR\{0}

and

t
M£=// flg)d (ume —u™e)
0 JR\{0}

Notice that M and M’ are purely discontinuous processes and to prove that they are indistinguishable,
it is enough to show for any ¢t € RT
AM; = AM]

or
AM, = /R\{ }f(gi) (u™ ({t},dg1, ..., dgiy ...,dgm) — 0" ({t},dg1, ..., dgs, ..., dgm))
0

and

AM] = / F(9)d (% ({8}, dg) —v™C ({1} , dg))
R\{0}

Notice that the processes

(IR\{()} fga) (™ ({t} . dgn, ..., dgs, ~--7d9m)))t20 and (fR\{o} f(9) (Un’ci ({t}, dg)))t>0

are respectively the compensators of
) n . n,C;
(oo £ (0 (" ({1} o, dgisndgn)) - and (i oy 7 (0) (0 (48 1))
and it is enough to establish the following equality for any t € R™ :

f]R\{o} f(gi) (w™ ({t},dgr, .., dgi, ..y dgm)) = fR\{o} f(9) (Nn’ci ({t}, dg))

and in order to complete the proof we only need to see that
[ £ 0 (8} dgr.adicdgn) = 1 (G
R\{0}

and

/ f(9) (Mn’Ci ({t}, dg)) =f (AG?’Q)
R\{0}

Finally, we can proceed with the proof of Theorem 96.

Proof. (Theorem 96) Let us proceed with the first part. To prove weak convergence condition
according with Theorem 95 or equivalently, to prove the weak convergence from G to G¢ with C €
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K™ given m > Ny, in Dy v (Rd, IC) , means, according to Lipster and Shiryaev (1989) Theorem
8.3.1 (p.625), the following conditions, for every C € K| given m > N, for every a € (0,1] and
0<t<T*<1:

1) |66 - 6§ o

Tj n,C P
2') Y i<n fT,- o f]R\{O} Le|>aydv;™™ =0

n,C tAT; P"
3) supgci<rs |BeT = X j<u) ij a6 (L, C, GTL,C)dS‘ — 0

!
4') SUPg<t<T*

n t/\TJ n ]Py”'
<M ’C’h>t - ngn(t) ij o Tn(s) (8, C, G ’C)dS’ -0

Now, we have to prove that conditions 1.1, 1.2, 1.3 and 1.4 (in the condition group 1) imply 1/, 2/, 3’
and 4’. It is clear that 1.1 implies 1’. The condition 2’ can be proved using 1.2 and the inequality, for
any € > 0,

j+1 J+1
Lijpomdv™® > | <P" / / 621 (1o dv™C > ca?
(S L e YRR I TR

= \{0}

Related with the condition 3’, we use the canonical decomposition for semimartingales and special semi-
martingales (using directly definitions in Liptser and Shiryaev (1989) 4.1.1 and Jacod and Shiryaev
(1999) I7.2.38)

nC _ mC nC _ AnC AT c n,C
B, = G7 -Gy~ -G , 6 (u, ) Ljzi<ay (15 — v ) (du, dz)
J<n(t) R

(")/\T]+1
— Z / / 5 u €T 1{‘$|>1},uj (du diE)

J<n(t)
and
~ ~ tAT 41
B =ar? —arl —apC - / 5 (u,x) (,u?’c - 'U?’C> (du,dz)
J<n(t)
Therefore
n,C Hn,C AT
B — B = / dd(u ) L{jg|>13V5 “ (du, dz)
J<n(t) R
and we obtain
c_ mnC o
P ( sup |B;"" — B}" ‘ > 5) < Z/ / (w, )| 1|51y v} < (du, dz) >
0<t<T™ = R
i<n
j+1
< Z/ / (u, x) 1{|I‘>1}v < (du, dz) >
i<n R

This shows that conditions 1.3 and 3’ are equivalent, using condition 1.2.
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Related with condition 4’, let us recall

B tATj 1
(MmORy - = <G”C Z/ 6% (u, @) Ljaj<nyv]™ (du, dr)

J<n(t)

- > / 0 (u,z 1{\z|<h}( “({u}, dw))2

Fi<n(t) T; <u<tAT;i1
and

<M"’C>t = <G”C Z /MTJ+1 6% (u ;) Uy < (du, dz)

J<n(t)

Y ¥ /5um "C({u}dx))

F<n(t) T <u<ltATji1

Let us simplify the notation redefining § (u, ) = §. Therefore

tATj 1
|<Mn,C,h>t _ <MnC'> / / 52 L{je|>nyvy” < (du, dz)

J<n(t)

UDINEDY

2
/ 51{|m|<h} < ({u}, d:c))
J<n(t) Ty SustATj 1

_ /R K (3 ({u},dx))Q‘

t/\TJ+1
/ / 52 1{‘$|>h}v du dz) + Z Z / 9] 1{|z\>h}v ({u} dx)

J<n i<n(t) T; Su<tATjt1

x ( / 61y} () da) + [ 10107 () o))

IN

tAT 41
= / / 6 L{je|>nyvy’ < (du, dz) Z Z / 0] L{jz|>nyv}” “ ({u},dz)

gt J<n(t) Tj Su<tATj 41
n,C n.C
. (2 /Rd 1611 jzi<nyvj ™ ({u}, de) +/Rd 10 1 o> ny 0] ({uhdm))
taking into account that, using Liptser and Shiryaev (1989), for any ¢t > 0 and any w € Q

U (w, {t} x B) <
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we have

|<M7L,C,h>t _ <M7L,C>

IN

tATj+1 ) c
Z / / ) 1{‘r|>h}v?’ (du, dx)
)1 R4\ {0}

J<n(t

LD INED Sy U (O

J<n(t) Tj Su<tATjq1

DI (/Rd|5|1{|m>h}v?’c({u},dx)>2

J<n(t) Ty SustATj 1

tATj41 ) c
Z / / 1) 1{|m\>h}'U;‘L’ (du,da:)
R

g<n(t) 7T
Tj+1
n,C
/ |6] 1|z nydv;
E Rd

IN

+2aZ/

j<n(®) T

LD INEDY /Rd 1 jalsmyvy @ ({u}  do)

J<n(t) T <u<tATji1
and finally, we obtain the inequality

Tjt1
sup (704, = () [ <4 30 [ [ 1€

0<t<T* )
== J<n(t)

This means that conditions 1.4 and 4’ are equivalent.

Therefore, all the conditions of Theorem 8.2.1 in Liptser and Shiryaev (1989) pp.608 — 609 are
satisfied and we have
GC,n H GC

for every C' € K("™)| given m > N, in the Skorohod space Dio,1+) (Rd, IC) .

Second, we have to prove the convergence of the finite-dimensional distributions

(Gn7CI;Gn7C27 '..7G1’L,Cm) K (GCI’GCQ’ "‘VGcm)

in the Skorohod space Dy 7+ (Rd, /C) for every m > 2.

Let us define Y = (G, G, .. G"C") and Y = (G ,G%,...,G%"). Then, it is enough to
prove the weak convergence of Y™ to Y in Dy r+) (R%, K) . Additionally, let us define

By (Y) = () (8, C1, GO, oy oy (t, Cr, GE™))

and
O’,,(t)(t,cl,Gcl) 0 cee 0
_ 0 :
Coy (V) =
: . . 0
0 e 0 oyt C, GO
such that

tATj41 tATj1
Vi=Yo+ Y By (V)ds+ > / Coiny (V) d (W, W)
i<n(t)”Ti i<n(t) 7T
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According to Liptser and Shiryaev (1989) section 8.3.5 there exists a Brownian motion in R™ (Wl, e Wm)

such that the process Y satisfies the following stochastic differential equation
t/\T]+1 _ AT 41 12 - -
Vi=Yo+ Y / (V)ds+ > / Dy (V) d(W W)
J<n(t) j<n(t) T

where D,](t) (Y)l/2 is the square root of the semidefinite-positive matrix Dn(t) (V)= (D,](t) (Y) (s, j)) I<ij<m

given by
Doy (V) (0,3) = 0yt (8 Cis G) oy (1, Cy, G2 cov (65,67

On the other hand, let us define u™ as the jump-measure of Y™ and let v™ be the compensator. Then
p" and v™ are random measures on Rt x (R™\{0}) and we can choose a version of v™ such that for

every t € R
o ({8 x (R™\{0))) < 1

Additionally let us denote as B}’ = (Bt"’cl, ey Bt"’Cm> , and C{* as the m x m matrix of predictable

quadratic variation at ¢ € R*. This basically represents the continuous martingale part of Y™ such that
for any h >0

h t/\TJ+1
M;L’ = C!'+ / / 66" 1{H93H<h}v (du dzx) (2.65)
Rm\{0}

J<n(t)

- > / Ol gay<myvy ({u}, do) x / Oy <myvy ({u}, de)
R\ (0) R\ (0}

J<n(t) Ty <u<tnTyga

where || || is the Euclidean norm in R™. Therefore, for any ¢ = 1,...,m and any j = 1,...,m we denote
MM (i, §) as the (i, §)-th value in the matrix M}",

Let us recall the conditions established in Theorem 8.3.3 in Liptser and Shiryaev (1989) in order to
prove the weak convergence of (Y"), 5, to Y, for any h € (0,1], any t <7 € R} and any 4,5 = 1,...,m

1"y Y - Yol 50

T; n P"
2) Yj<n I Jrvgoy Lzl mdvy = 0

Pn

AT
3") supg<i<r+ || BEF — Zan(t) T, It B dsH

"
4") SUPp<i<T*

n T, .o P™
M (65) = ey Jro ™ Dty (V) (i) ds| 5 0

In turn, according to the Cramer-Wold theorem (in Billingsley (1986) p.397), 1) it is equivalent
to prove for any (Aq, ..., \,) € R™ that

SAGe B ST NG

i<m i<m

which is equivalent to the condition 1 of group 1 (condition 1.1).
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As to 2”), noting that for any A > 0

m

h2
{z = (21,22, ..., Tm) : ||z|]| > h} C U {33 = (21,22, ., Tp) 1 T > }

q<m
we have

Tj+1 J+1 d
1z do < n
Z/Tj /R\{O} (lzl1>R) 03 Z/ /R\{O} {z>22 v 0{a2>22}) Y

i<n i<n

ID O R A

q<m j<n \{0}

dv”
x >%}) J

Therefore, according to Proposition 100

7+1 J+1
Lo >hydv] <
) IRTIRVERS 335y Ky AT

g<m j<n

This proves that 2”) is given by the hypotheses 2 in the group of conditions 1 (condition 1.2).

1/2

To check the condition 3”) let us recall the inequality (a +b)"/% < a'/2 4 b'/2 for every a,b > 0 and

taking into account this result, it is easy to see

tATj 1 _ C tAT; 1 C
swp 87— 3 [ By () as <3 o, |50 Z/ Cun(s) (t s G0 ds

o<t<T* . . 0<t<T*
sts j<n(t)”Ti j<n(t)

Finally notice that the condition 3 in group 1 (condition 1.3) implies the equivalent condition 3') and
consequently 3").

Before proving condition 4”) we have to check the following result: for any h > 0

Z/ / ]2 Loy de? 55 0 (2.66)

i<n

Notice that we have

Tj+1 J+1
Z/ /R 2] L aysmydvy = > Z/ /R . Tal({]z, 1>k AV}

ji<n q<m j<n \{ }
]+1 J+1
— Z/ / T2 ({2l >n3n{|aql>h}) V] +Z/ / L{llel>hyn |z, <k AVT
q<m \j<n R\{O i<n R\{O}
J+1 9 Jj+1
< > Z/ / 2 ((Jzg>np VT +a* > Z/ / Li{jjzl>n})dvy
qg<m j<n R\{O} qg<m j<n R\{0
Tjy1 Tj+1
< > Z/ / 221 ({jag>nndv;  +a mZ/ / L)z >n}) AV}
g<m j<n R\{0} i<n
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We have proved that condition 1.2 implies condition 2”) and therefore

Tj41
a*m / / L(( >y dv = S0
2 R\{0}

i<n

On the other hand, using condition also 1.2 we have that for every ¢ =1,...,m

J+1 ]P)n
Z/ / 21 (g >y AV 0
T R

i<n \{0}

This shows that (2.66) is true.

The next step is to prove condition 4”) using (2.66). According to expression (2.65), for any p,q €
{1,...,m} we have

N B t/\T7+1
sup <Gn,C’p’Gn,Cq> / / .Z‘pqu{‘|$|‘<h}’l) (du d.%‘)
0<t<T* b Rm\ {0}

_ Z Z / xpl{l\ml\gh}@'?’o ({u} ,dx) % / qu{\lmHSh}U?’C ({u} ,dx)
R™\{0} R\ {0}

3<n(t) Ty <utATj41

AT c c P
- Z /T Tn(s)(t, Cp, GC”)UW(S)(t, Cy, G%)cov (W1 W q) ds| — 0
J<n(t) "

Notice that
cov (ch”, Wf“) 5= <WCP,VVC‘1>S

Taking into account the condition group (2), it is enough to prove

c c An,Cp Am,Cy S
sup - <M” roM™ ‘1>t — <G”’ r Gt / / TpTglyz)<nyvy (du, dx)
0<t<T J<n(t) ™\{0}

+ / zpl v ({u}, dw X/ x4l v ({u},dz)| 5 0
> > oy PSS ({u}, dz) oy “HI IS ({u},dz)

J<n(t) Ty Su<tATj1q
For this note that

~ ~ AT 41
sup <M"’C”, M™C >t - <G"’CP, G"’C Z / /]R TpTgl{|z|<n}Vy (du, dx)

0<t<T™ J<n(t) m\{0}

+ Z / $p1{||m\|§h}U? ({u},dm) X / qu{H-’EHSh}U? ({u}7d:c)
Ty <u<tAT)41 Rm\{0}

J<n(t) T; < Tj+
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tAT) 41
Z/ / Tp7qv} (du, d)
R

tAT; 11
sup / / TpTal{ja)<nyvy (du, dr)
osi<re | S R\ (0} j<n(t) o

+ / Tpleis " u,dacx/ Zolipe o ({u}, dz
> X gy P11V ({u}, dz) g0y ISR ({u}, dx)

J<n(t) T Su<tATjq1

SD D VR B IO RERY BT

J<n(t) T; <u<tATji1

J+1
Tpxyl| 1 Udud:c+ / 211 o ({u) , da
> / / ey [Tl o [ el el ({u}do

J<n T;<u<Tji1
X l/ Tolyzy<nyvy ({u}, dz) —/ xq“?({u}adﬂﬁ)]
R\ {0} Rm\{0}

+> ) / |zq| Lgjje<nyv ({u}, d)

i<nT;<u<T;i1

x l/ Tplyjjz)<nyvy ({u}, dz) — / z,v? ({u}, dz)
R™\{0} Rm™\ {0}
+ / zq|l x v? ({u ,d.T
> 2 Rm\{o}| al Lay>nyvy ({u}, dz)

J<nTj<u<Tjp

|

/ Tplye)<nyvy ({u}, dz) — / zu ({u}, d)
o) ™\{0}

Notice that we have assumed that v™ ({¢t} x (R™\{0})) < 1. Therefore

IN

~ _ tAT) 41
sup [(M™C MMy, — <G”’Ci,G"’C / / TpTil{e)<ny vy (du, dz)
0<t<T™ J<n(t) Rm\{0}

+ / Zply. vl u,dmx/ x;1 A" ({u}, dz
> X oy P IV ({u}, dz) ML 0L ({u}, d)

7<n(t) T <u<tATj41

Tjt1
TpZi| 1) v (du,dzx) + a / 21 o ({u) , da
/ /m\{o} pZ5| Lzl >np 05 ( Jtay Y Rm\{o}l il Lgen<nyvi ({u}, dz)

J<nT;<u<Tjiq

ta / ZTp| Lijzsmivy {u},de
> 2 oy 271 L7 (e do)

J<n T <u<Tjiq

i<n

+ / Tp| Lija 'Unu,dx/ To| L)1z v ({u}, dx
2 2 Rm\{o}| pl L(zi>ny vy ({u}, dz) Rm\{o}\ al Ljz>nyvy ({u}, d)

J<n T <u<Tji1
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Using the inequality ab < % (a2 + b2) valid for every a,b > 0, we have

t/\TJ+1
sup <M"’CP,M"’C‘1> <G” Cp G”C + Z / /R TpTgl{|jz)<nyvy (du, d)

0<t<T™ J<n(t) m\{0}

+ / Tpl{|z)<nyvy u,dxx/ zoliaiemo™ ({u},dz
> > —— 1<nyvy ({u}, dz) g "M 1<npv ({u}, dx)

J<n(t) TjSuSEAT; 41

i+l ]+1
< = / / T 1{||z“>h}v (du, dz) + / / x21{“m“>h}vn (du, dx)
J;L R\ {0} ;n R0} ’
J+1 Jj+1
+a Z/ / |£Cp| 1{Hx|‘>h}v du diE + CLZ/ / |:Eq| 1{|\r||>h}U§L (du, dm)
i<n Rm i<n
Z Tj+1 ) Z Tj+1 )
+= / / T, Lz >ny V] (du, d) / / T 12>y 0] (du, d)
]<n Rm\{0} : j<1’7, Rm\{0} ! !
Jj+1 J+1
= 22/ / 21 1m0 (du, da) +22/ / a||$||1{|\x|\>h}v (du, dx)
i<n i<n ™\
Tj41 )
SO DY B SN Cp RS AT
i<n R \{0}

and using the expression (2.66) we achieve the condition 4" ).

Finally, in order to complete the proof of Theorem 96 we just need to show that the conditions of
group 3) imply then condition 2) in Theorem 95. Notice that G™¢" and G™¢ are special semimartingales.

Therefore ~
G:-L7C _ G(TJL,C + B;I_L,C + M‘I’I_L,C

and )
! 7C‘f ~ ’ ’
Gr =GgY + BYC + M©

whence )
p / ’C 7C' ~ ~ ’ ’ ’
G- G| < |Gy = G|+ | B = B |+ |upC - e

Let us recall the following inequality, for every a > 0, b > 0 and p > 1 we have

(a+0)" < (p+1)(aP +b7)

Therefore,

B (jore—ar ) < w1 [ (jenC -] B (|Bre - B

)

p)} (2.67)

+En (‘M‘I’V—L,C _ M‘I’V_L,Cl

Notice that if G and G™C are special semimartingales (locally square integrable), then the local

martingales M nC" and M™C are square integrable. Additionally, let us define ﬂ"’c’c/ as the jump
measure of M™C — M™C" and 99" its compensator. Therefore we can use directly Lemma 99 to prove
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the following inequality for any p > 2

P , T4
n (‘M:_L,C _ M:L’C ‘ ) < CPE" <Mn,C M™ ,C > / / |.,L,|;D do™ ,C,C’ (2 68)
m {0}
J<n(t

and using Proposition 100 we have

c c’ Kol A+ c
MmC — M = gnC g +Z/ /]R —vj’)

J<n(t) \{0}

A n,C’ n,C’
yd (:U‘j — Yy )
J<n(t) i R\{0}
/\T7+1
Gre o gne 4 Y / /
R

d (Mn ,C,c’ T'L,C,C/)
J<n(t) MO, 0} ’ E

According to Liptser and Shiryaev (1989) Theorem 3.5.1 we get

TATj 41
n,C _ psn,C’ — GmC G"L,C / / 2 e
<M M >T < J;T) o, O} d (U] )
TATj 41 P C . 2
) J<zn:7')/ /Rz\{o 0} 7 ({ut, d, dy)

and again, using the fact that v™ ({t} x (R™\{0})) <1 we have

c o’ c c AT 2 c.c’
(e oaen®) = (@) 2 3L o )
i<n(e) o

+ / x—yzvn’c’c u}, dz, dy)?
Sy [ @ (o)

F<n(t) Ty <u<TAT) 41

(Gm@—am) + 3 /MTM/RQ\{O)O} (z—y)*a (o] )

J<n(T)

IN

Recall the inequality (a +b)” < (p+ 1) (a? + bP), for every a > 0, b > 0 and p > 1, and similarly as

before
(e ane)) < () [ (<Gn,c_m,c,>m>

T

T/\T]+1
+2r2E [N / /
R2

J<n(r) \{0, O}

On the other hand, we have

/T/\TJ+1/ |x‘pd(@"?’cﬁc/) I /T/\TJ+1/ :L"p nC’C)
R2\{0,0} I R2\{0,0}

_]<7](7') ’ .1<77(7')

T/\Tj+1
. T

J<n(r)

A€ - anpe|’
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so that

AMnC’ AM”C/)

o™ ({u}, dz) — 2™ ({u}, dz
W ({u} >/R\{O} "€ ({u} , da)
/ (2 — ) 1O ({u} , de, dy)
R2\{0,0}

)

R\{0}

J<n(r) T <u<tATji1

- / yC ({u} d) + / ' ({u}, dz)
R\ {0} R\{0}

vz, T

J<n(r) Tj SustATj41

_ /]R oy Y VO ({u} , de, dy)

<eefE (XX [ e () dody)
J<n(7) T Su<7tATj41 R2\{0,0}
XY [ el () dady
J<n(r) Tj Su<rAT; 4, ¥ RE\MO0,0}
TATj 11
< 2(p+1)E" Z / / |x7y|PdUnCC (2.70)
R

J<n(r) 0,03

Finally, insert the results (2.70), (2.69) and (2.68) in (2.67). We obtain for every p > 2 the existence
of a constant c,, such that

1 |P 7|P ~ ~ 1 |P
v (o) < oo -ape) v (320 - 2e)

n <<Gn < _om c’>p/2>

TATs+ % foXel
+E" / / dv?’ ’
R2\ {0, o} '

J<n(r)

p/2

T/\TJ+1 co
+E" Z / / ‘SL’ _ y|P d’U?’ )
R

J<n(r) 0.0

Now, the proof is complete, because it is easy to see that condition 2) of Theorem 95 follows immediately
from the group of conditions 3 in Theorem 96 and Lemma 99. m
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Chapter 3
LIBOR Market Model driven by

LIBOR additive processes: Pricing
and Calibration
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3.1 Preliminaries

3.1.1 Introduction

As was mentioned in the previous chapters, the acronym LIBOR stands for the London Interbank Offered
Rate. Tt is the rate of interest offered by banks on deposits from other banks in Eurocurrency markets.
But also it is the floating rate commonly used in interest rate swap agreements in international finan-
cial markets. LIBOR is determined by trading between banks and changes continuously as economic
conditions change.

In this Third Chapter' we consider the most popular family of interest rate model: the LIBOR
Market Model extended with jumps and credit risk. But why are such models so popular among
practitioners? The main reason lies in the agreement between such models and well-established market
formulas for caps/floors and swaptions, the basic interest rates derivatives.

Indeed, the lognormal forward-LIBOR model (LFM) prices caps with Black’s cap formula, which is
the standard formula employed in the cap market. Moreover, the lognormal forward-swap model (LSM)
prices swaptions with Black’s swaption formula, which again is the standard formula employed in the
swaption market. Since the caps and swaptions markets are the two main markets in the interest rate
options world, it is important for a model to be compatible with such market formulas. Before market-
models were introduced, there was no interest-rate dynamics compatible with either Black’s formula
for caps/floors or swaptions. The introduction of market models provided a new derivation of Black’s
formulas based on rigorous interest-rate dynamics.

Recall that the Heath, Jarrow and Morton approach (also known as HJM) of term structure
modelling (extended in Chapter IT) is based on the arbitrage-free dynamics of instantaneous continu-
ously compounded forward rates. However the assumption that instantaneous rates exist is not always
convenient, since it requires a certain degree of smoothness with respect to the tenor (i.e. maturity) of
bond prices and their volatilities. An alternative construction of an arbitrage-free family of bond prices,
making no reference to the instantaneous, continuously compounded rates, is in some circumstances more
suitable.

The basic log-normal Forward LIBOR (also known as LIBOR Market model, or BGM) model has
proved to be an essential tool for pricing and risk-managing interest rate derivatives. It was the first model
that was easy to calibrate to the grid of at-the-money swaptions volatilities across all swaption expiries
and underlying swaps’ maturities. This calibration ability is recognized as perhaps the most important
requirement for a model to be successfully applied to such complicated interest rate derivatives as flexi-
caps, chooser caps, Bermuda swaptions, and various callable LIBOR exotics.

While the log-normal forward LIBOR model has established a standard for incorporating all available
at-the-money volatility information, it was less successful in recovering other essential characteristics of
interest rate markets, particularly the volatility smile. In a lognormal forward LIBOR model, swaptions
of the same expiry/maturity but of different strikes have the same implied Black volatilities, a feature
of the model that is inconsistent with the market. Various extensions of the log-normal forward LIBOR
model have been proposed. These extensions have been designed to incorporate the volatility smile effect
in one form or another. Local volatility, jump-diffusion, and stochastic volatility extensions of a forward
LIBOR model have all been introduced.

I This work has been developed under the direction of Javier Nogales and Winfried Stute. I am extremely grateful to
them. I also benefited greatly in my work from discussions with seminar participants at Statistical Lab. at University of
Cambridge (Oct.2006), participants at IV Bachelier Congress in Tokyo (2006), and very specially with Rama Cont, David
Nualart, C. Rogers, J.H. Leén, W. Runggaldier and T. Schmidt. Their advice, suggestions and assistance has been key in
the development of this work. Special thanks to the Fixed Income Derivatives desk of Caja Madrid, for the set of historical
market volatilities provided. Comments and suggestions are welcome, all errors are my own.

Contact email: jpcolino@gmail.com
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The importance of recovering all volatility smiles for all swaptions cannot be underestimated. Struc-
tured interest rate derivatives, derivatives that are a natural application for forward LIBOR market
models because of their complicated volatility dependence, are rarely, if ever, depend on at-the-money
volatilities. They are typically structured with strikes that are far away from money, and typically depend
on swaption volatilities with different expiries and maturities. To accurately value such an instrument,
a model should be able to match all market volatilities for all strikes for many, if not all, swaption
expiry /maturity combinations. As market sophistication grows and bid/ask spreads on structured deriv-
atives tighten, such requirements become more and more imperative.

A model that can calibrate to market-implied skews for the whole swaption grid is needed. This third
Chapter introduces such a model, a model that aims to reproduce the skew structure modeling what a
log-normal forward LIBOR model did for the volatility structure modeling. We build a model that takes
a swaption grid of volatility skews as an external input. By allowing the Lévy parameters responsible
for inducing skews on swaptions to be time-dependent and LIBOR rate specific, we are able to create a
model that can recover all available market volatility smile information.

Therefore, in this third chapter, two results are presented:

- First, a new framework to model forward LIBOR interest rates with credit risk, and the no-arbitrage
conditions under risk-neutral or forward-neutral probability.

- Second, we investigate new methodologies of calibration for LIBOR market model with jumps,
that adjust not only the usual at-the-money swaption prices but also include the information from
in/out-of-the-money swaptions. It is based in convex programming that guarantee global solutions
and stability in the calibration against market changes.

This third chapter is structured as follows:

- Section 1 is basically devoted to introduce the preliminaries and basics such that definitions, nota-
tion and previous models that will be basic to understand the subsequent sections. We introduce
and summarize the main ideas about the log-normal LIBOR market model, the Lévy Market model
and the Lévy forward price model. Additionally, we develop the LIBOR market model driven by a
LIBOR additive process and we obtain the non-arbitrage conditions under the risk-neutral measure.

- Probably, Section 2 is the most practical and numerical section where we propose a calibration
methodology to fit this sort of models to the swaption market prices, not only at-the-money swap-
tions but also in/out-of-the-money swaptions.

3.1.2 Basic assumption for the LIBOR additive model with credit transitions

In this section, we mainly focus on forward LIBOR rates assuming, first, that the dynamics of default-
able instantaneous forward rates are specified through the Heath, Jarrow and Morton (1992)
model, driven by LIBOR additive processes (piecewise homogeneous Lévy process) as in Chapter 2.
And second, we additionally assume that the LIBOR rates can be derived from the bond prices of
forward prices. In order to achieve this aim, we have to establish some assumptions that will be applied
during the whole work.

Assumptions related with the forward LIBOR rates

1. Assume that for a predetermined collection of dates 0 < Ty < T} < ... < T, with a fixed accrual
period or tenor ¢, for any credit rate ¢ € K\ {1} and any ¢t < T; € [0,T*], we denote by L (¢,T;,¢)
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the forward rate for the interval from T; to T; 41 as

V4 6L (4 Ty e) : = Fp(t, T Tip, ) (3.1)
B(t,T;,c)
N B (t7T‘i+17 C)

Tiq1
= exp{/T‘ f(t,s,c)ds}

— B(I,Ti1,0)" (3.2)

where B (t,T;, c) represents the pre-default value of a corporate bond with zero recovery

and credit rate ¢ € K\ {1}, so that B (t,T;,¢) = 17> B (¢, T, ) .2

2. Hence these simple forward rates should be contrasted with the instantaneous, continuously com-
pounded defaultable forward rates (and short rates) in the framework of Heath, Jarrow and
Morton (1992) which satisfy

Tit1
L(t,T;c) = % (exp {/T f(t,s,c) ds} — 1> (3.3)

Now we can define for any 0 < ¢ < T; and any ¢ € K\ {1} the forward LIBOR spread

S.(t,T}) = L(t,T;¢c)— L(t,T)) (3.4)

Assumptions related with the Swap rates and Swaptions

1. As usually, let us define a predetermined collection of dates 0 < Ty < ... < T,, = T* with a fixed
accrual period or tenor 4;, and any ¢t < Ty € [0,T*] with T* fixed. We first consider a fixed-
for-floating forward start swap settled in arrears with notional principal N, usually equals to 1,
without loss of generality. We shall frequently refer to such a contract as the forward start payer
swap. A long position in a forward start payer swap corresponds to the situation when an
investor , between T;, and T3 with 0 < a < 8 < n, will make periodic payments determined by
fixed interest rates K, g, and will receive in exchange payments specified by some floating rate,
usually L (¢,T;_1). A short position in a forward start payer swap defines a closely related contract
known as the forward start receiver swap.

2. Let us place ourselves within a framework of some arbitrage-free, or equivalently risk-neutral
term structure model (under P*). Then, the value at time ¢ of the forward start payer swap
denoted by F'S; or F'S; (K, g) equals

B
FSy(Kap) = Be{ Y BT (L(Tj1) — Kap)d;
B
= ZEP* {B,T;) (B(T;j-1,T;) " — (1+ Ka0;))| Fe} (3.5)

2Let us recall that the double sequence (Tk,Cry,) is called a C-adapted multivariate marked point process.

E>1
Notice that the 74’s form a sequence of stopping times that define the moments of time that the credit rate C changes.
And more explicitly, the random variable (random stopping time) 7* will be defined as the moment of default so that

7* :=inf {t > 7,1/ C¢y = 1} AT*. Further explanations can be find in Chapter 2 Section 2.1.2.
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where writing ¢; = 1 4 kd; and rearranging we obtain the following important result:

FSt tT] 1 —C]B(t,Tj))

Mm

Jj=a

= t TO& 1 ZCJ t T (3'6)

3. Alternatively, notice that the process L (¢,7;_1) is a martingale under the forward measure Pr,.
Then

FSt (Koz,ﬁ) B(t7Tj)EPTj {( (t TJ 1) K, B)(Sj}

|
.MQ

<
Il
Q

B(t,T;)d; (L (t,Tj-1) — Ka,p)

I
M=

<
Il
Q

I
Mm

(B(taijl) - B(t7Tj) - Kaaﬁij(thj))

(o3

.
Il

= t Ta 1 ch t T (37)

where again ¢; = 1 + KJ; and we used the fact that

B(t,T;—1) — B(t,T})

L(t. T q) =
(t:T5-1) 6;B(t, T})

Therefore, as we can observe in (3.6) and (3.7) a forward swap is essentially a contract to deliver
a specific coupon-bearing bond and to receive at the same time a zero-coupon bond, and this
relationship provides a simple method for the replication of a swap contract.

4. The forward swap rate K, at time ¢ for the date T, is that value of the fixed rate K that
makes the value of the n-period forward swap zero, i.e. that value of K for which FS;(K) =0

5. Let us define the payer (respectively, receiver) swaption with strike rate K, s as the financial
derivative that gives to the owner the right to enter at time T, the underlying forward payer
(respectively, receiver) swap settled in arrears with maturity Tz, with 0 < oo < 8 < n. Because
FSt, (Kap) is the value at time ¢ of the forward payer swap with the fixed interest rate K, g, it
is clear that the price of the payer swaption at time ¢ equals

PS (1, T, Tp, 07 5, Ko ) = B {B(t,Ta) (FSr, (Kaﬁ))*‘ }'t} (3.8)

where t is the moment of valuation, T, is the moment where the forward start swap begins and
T} is the swap maturity, o7, 5 is the implied volatility quoted in the swaption market for the strike
K, g. Therefore it is apparent that the option, in the payer swaption, is exercised at time T, if and
only if the value of the underlying forward swap with maturity T}, is positive.

And for the receiver swaption we have

RS (t, T Ty, 05 5 Ka,) = By { B(, Ta) (~FSr, (Kap))*| 72} (3.9)
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3.1.3 The LIBOR market model: a quick review

Short rate models as well as term structure (Heath, Jarrow and Morton (1992) or HIM) models, like
the Lévy term structure model discussed in the previous chapter, specify the dynamics of continuously
compounded interest rates. From a mathematical point of view, these rates that apply for an infinitesimal
time interval are very convenient for modelling purposes. However, interest rates quoted in real markets
are usually effective (simply compounded). Sandmann, Sondermann, and Miltersen (1995), Mil-
tersen, Sandmann, and Sondermann (1997), and Brace, Gatarek, and Musiela (1997) (or BGM)
managed to incorporate a model for effective rates into an HJM-framework. An extended introduction
to LIBOR models can be found in several textbooks and articles, e.g. in Musiela and Rutkowski
(2004), Brigo and Mercurio (2001), or Rutkowski (2001).

The forward-LIBOR Model, which is often referred to as the LIBOR Market Model or BGM
model, became a very popular approach among practitioners since it is consistent with the market prac-
tice of pricing caps and floors. Jamshidian (1999) generalized this model by considering semimartingales
as driving processes, but pricing of caps and floors was not discussed in this setup. A model that lies
in between Jamshidians’s approach and the LIBOR market model as far as generality is concerned has
recently been developed by Eberlein and Ozkan (2005). Their Lévy LIBOR Market Model is more
flexible than the usual LIBOR Market Model since it uses general Lévy processes as drivers instead of
the special case of a Brownian motion. Moreover, explicit pricing formulae for caps and floors can be
obtained.

The Brace, Gatarek, and Musiela (1997) or BGM model

The aim of this preliminary section is to give a brief introduction to the LIBOR Market Model or
BGM model. A more comprehensive picture of the present knowledge can be obtained from Musiela
and Rutkowski (2004)

To introduce formally the notion of a forward LIBOR, we assumed that we are given a family B(¢,T) for
bond prices, and thus also the collection Fg(t,T,U) of forward price processes. For a given horizon date
T™* and a real positive number § < T™* representing the length of the accrual period, be fixed throughout.

By definition (see assumptions in section 3.1.2), the forward J-LIBOR rate L(¢,T) for the future
date T < T* — § prevailing at time ¢ is given by the conventional market formula

1+6L(t,T) : =FgtT,T+50) (3.10)
B(t,T)
B(t,T + )

- oo [ ss)

so that the forward LIBOR. L(¢,T) represents in fact the add-on rate prevailing at time ¢ over the
future time period [T, T + 4].

Following Brace, Gatarek and Musiela (1997), assume that we are given a family Fp (¢,7;,T;+1)
of forward processes satisfying

dFp (t,T,T*) = Fg (t, T, T*)~ (t, T, T*) dW™"

on (2, F;,Prs), where W7 is a standard Brownian motion under Pr-.
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Then, we can derive the dynamics of the associated family of forward LIBOR rates. For instance, one
finds that under the forward measure Py s we have

dL(t,T) =6 "Fg (t, T, T + )~ (t,T,T + &) dWT+°

where W1+ and P, s are defined by

t
WtTJré:WT* _/0 ¥ (u, T, T +0) du

The process W79 is a standard Brownian motion with respect the probability measure Py, 5 ~ P«
defined on (€, ;) by means of the Radon-Nikodym density

Pres _ Erts (/ v (u, T, T + ) de*)
P ;

This means that L(t,T) solves the equation

dL (t,T) =6 (1 + 6L(t,T)) v (u, T, T + &) dW,+°

Additionally let us assume that the forward LIBORs L(t,T') are strictly positive. Then the last
expression can be rewritten as follows

dL (t,T) = L(t, T)X (t,T) dW I +°
where for every ¢ € [0,T] we have

1+ 06L(t,T)

AGT) = =5 TaT

v (T, T +9)

under the following assumptions:

- first, A(t,T) is a R%valued bounded and F;-adapted process that represents the volatility of the
forward LIBOR process L(t,T)

- and second, let us assume a strictly positive initial term structure B (0,7) with T € [0,7*] and
thus an initial term structure L(0,T') of forward LIBORs

B(0,T) — B(0,T + 6)
§B(0,T + 0)

L(0,T) = , for every T € [0,T"]

Recall that the arbitrage-free dynamics of the instantaneous forward rate f(¢,T'), according to the
HJM model, are
df ¢, T) =0 (t,T)o* (t,T)dt + o (t,T) dW;

1+ 6L(t,T) =exp (/TT+6 f(t,u)du)

and additionally we have

Applying Itd formula to both sides, and comparing the diffusion terms we find that

T+6
o* (6, T +6) — o* (t,T) = /T o (t, u)du = %)\ (t,T)
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Therefore we can conclude that the process L(t,T) satisfies, under the spot martingale measure P
dL(t,T) = L(t,T)o* (t, T) (¢, T)dt + L(t, T\ (t,T) dW,
or equivalently, under the forward measure Pr s

dL(t,T) = L(t, T)\ (t, T) dW*°

The LIBOR market model with jumps or Lévy market model

Eberlein and Ozkan (2005) take two different approaches to model forward LIBOR rates in a discrete
tenor setting. Both approaches have in common that they do not specify zero coupon bond prices directly
(it is only assumed that the processes describing the evolution of bond prices are special semimartingales
whose values as well as all left hand limits are strictly positive; moreover, the terminal value of each bond
equals one). Instead, ratios of bond prices are specified. Eberlein and Ozkan (2005) consider a fixed
time horizon T as well as a discrete tenor structure 0 =Ty < 171 < ... < T, = T and build up the model
in one of the two following ways:

- The first approach, the Lévy LIBOR model, uses the (ordinary) exponential of a non-homogeneous
Lévy process to model forward LIBOR rates directly, which are defined by

L(t, Tk-) = a (B(t,M 1) for any ke {1,...,n ].}

where (Sk = Tk+1 — Tk.

- In the second approach, the Lévy forward price model, the mentioned authors define forward
price process
B (t,Tk)
B (ta Tk+l)
are specified as starting value times the exponential of a non-homogeneous Lévy process. Notice that
this immediately provides a model for forward LIBOR rates since L (¢, T}) = i (Fp (t, Tk, Tkt1) — 1).
It is usually called the Lévy forward price model.

Fp (t, Ty, T + Ok) := for any k € {1,....,n — 1}

The Lévy LIBOR model The main aim of this subsection is to give a short overview over the Lévy
LIBOR model. We are not going to present a construction of the model since this is done in Eberlein
and Ozkan (2005) in detail. Instead, we list some of the model properties that will be needed for option
pricing in the subsequent sections as well as for the Lévy LIBOR model with credit risk which will be
discussed in a later section.

The model is constructed by backward induction and driven by a Lévy process LT on a complete
stochastic basis (2, ¢, Pr+). As in the Lévy forward price model, Pp« should be regarded as the forward
measure associated with the settlement day 7*. Notice that LT is required to be a martingale and can
be written in its canonical decomposition as in Theorems 42-43 in section 1.6, such that

t t
L :/ o dWI” +/ / x (;L - UT*) (ds,dx)
0 0 JRrd

Here, WT " denotes a standard Brownian motion with respect to Py, v is the random measure associated
with the jumps of GI~ and v (dt,dz) = FI" (dx)dt is the compensator of  with respect to Pr+. The
characteristics of LI are given by (0,0, FT"). Note that without loss of generality we assume L to be
driftless.
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Additionally, let us assume the following:

1. For any deterministic 7; there is a deterministic function A (-, T;) : [0,7;] — R? which represents
the volatility of the forward rate process L (¢,T;) . In addition

n—1

D N8, T)| < M for all s € [0,T7]
i=1

where M is the constant and A (s,T;) = 0 for s < T;.

2. The initial term structure B(0,T;) for any i € {1,...,n} is strictly positive and strictly decreasing.

Therefore the dynamics of the forward LIBOR rates are specified as

t t
L(t,Ty) = L(0,Ty) exp < b(s, Ty, T+1)ds + At Ty) dLZkJrl)
0 0

with initial condition

1 ( B(0,Ty)
LoD =75, (B(o,Tki) B 1)

LT+ equals LtT* plus some — in general non-deterministic — drift term which is chosen in such a way
that LT+ is driftless under the forward measure associated with the settlement day 7T} 1, henceforth
denoted by P, . More precisely,

t t
LZ"kﬂ _ / USde"“ +/ / z (’u _ ,UTk+1) (ds7d$)
0 0 JRd

where W2 **" is a standard Brownian motion with respect to Pr,,, and v’k is the Py, ,,-compensator
of . The drift term b(s, T), Tk1) is specified in such a way that L(-, Tx) becomes a Pr, , -martingale, i.
e.

b(S,Tk,Tk_H) = <)\ (S,Tk),US/\(S,Tk»

1

2

_ /d <e<)\(5,Tk)7ZE> — 1= <)\ (S,Tk) 7£C>) F5Tk+1 (dx)
R

Notice that the connection between different forward measures is given by

dPr,, _ ﬁ 1+ 6L (Ths1,T0) BO,T*) Tr

= 1+ 8L (Tysr, T
dPr- 1+06,L(0, 1) B(o,Tm)l:kHH( th T, 1)

and notice that once restricted to the o-field F; this becomes

dPTk +1
d]P)T*

n—1
B(0,T*
_ (0,77) H (14 6,L(¢t,T;)) for every t € [0, T41]
7 B0, Tiw) I=k+1

The Brownian motions and compensators with respect to the different measures are connected via
Girsanov theorem for semimartingales (see Theorem 48 in Chapter 1), such that

t n-l
WtTk+1 — WtT* _/ O ( Z Oz(S,TlaTl+1)> ds
0

I=k+1
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with
0L (Tit1,Th)

« (SaTl7Tl+1) = m)\ (SaTl)
and X
MTHI (dt,dx) = ( H 8 (8,$7Tl>Tl+1)> MT* (dt,dz) =: F5Tk+1 (dz) ds
I=k+1
where SL (T -

Notice that LT++1 is not a Lévy process under any of the measures Pz, (except for k = n — 1 since LT
is by definition a Lévy process under Pz ). However, the construction by backward induction guarantees

B(,T)
that 5T

is a Py, martingale for all 5,k € {1,...,n}.

The Lévy forward price model The Lévy forward price model is constructed by backward induction.
It is driven by a Lévy process LT~ (see section 1.1.3) on a complete stochastic basis (Q,F;, Pr+).
The measure Py« plays the role of the forward measure associated with the settlement day 7*. Two
of the characteristics (b, o, FT") of LT" can be chosen freely, namely ¢ and FT" | whereas the drift
characteristic b7 will be derived later. Since we proceed by backward induction, let us denote T* := T,
and ¢ := Ty_;41 — Tp,—; for any ¢ € {0,...,n}. As in the previous model we have to add the following
assumptions:

1. For any deterministic 7; there is a deterministic function A (-, T;) : [0,T;] — R? which represents
the volatility of the forward rate process L (¢,T;) . In addition

n—1
> A (s, Ti)| < M for all s € [0,7%]

i=1
where M is the constant and A (s,T;) = 0 for s < T;.

2. The initial term structure B(0,7;) for any ¢ € {1,...,n} is strictly positive and strictly decreasing.

We begin by constructing the forward price with the longest maturity and postulate that

t
F(t,Ty_1,T*) = F(0,T,,_1,T*) exp (/ A(s,Tn_l)dLZ’>
0

subject to the initial condition
B(0,T,-1)

FO T T = g7y

Notice that an equivalent way to write it is in terms of the forward LIBOR rate

t
14+ 6L (t,T;):=1+ 6L (0,T;)exp (/ A(s,Th-1) dLST*>
0

Our goal is to specify the drift characteristic b7~ in such a way that the forward price process
F (-, T,,—1,T*) (or equivalently the forward LIBOR rate L (-,T},—1)) is a martingale with respect to Pp«
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. For this purpose, we choose b such that
t X 1 [t
/ <A(3,Tn,1),b§ >ds - —7/ N8, Tu1) , s A (5, Tur)) ds
0 2 Jo
t
,/ / (e</\(s,Tn71),z) —1—(\(s,THh_1) ,x)) o (ds, dz)
0 JRd

where vT" (ds, dz) :== FT" (dz)ds is the compensator of the random measure x that is associated with the
jumps of LT". Lemma 2.6 in Kallsen and Shiryaev (2002) yields that the forward price F (-, T},_1,T*)
can then be expressed as the stochastic exponential of a local martingale, namely

Ft,Th-1,T")=F (0,11, T*) & (H (-, T,-1))

with

t
Ht,Thy) = /USA(S,Tn,l)dWST*
0
t
+// A& Tn-1)m) 9 (4 — ;7" (ds,dx (3.11
)L ) (") (ds,da) )

Note that H (t,T,—1) is also a Lévy process. The stochastic exponential of a process that is a local
martingale as well as a Lévy process is not only a local martingale, but in fact a martingale (see e.g.
Eberlein, Jacod, and Raible (2005) for a proof). Hence, F (¢,T,,_1,T*) and thus also L (¢t,T,,—1) are
martingales.

We define the forward martingale measure associated with the date T,,_; by setting

dPTn,l L F(Tn—laTn—laT*)
dPr« — F(0,Tp_1,T%)

= ng—l (H ('aTn—l))

From equation (3.11) we can immediately identify the two predictable processes § and Y in the
Girsanov’s theorem for semimartingales (sec Theorem 48 in Chapter 1) that describe the change
of measure, namely

B(s)=A(s,T—1) and Y (s,2) =exp(A(s,Tn_1),2)

Notice that W, := WZ" — fot osA(s,Ty,—1)ds is a standard Brownian motion with respect to Pr, _,
and vTn=1 (ds, dz) := exp (A (s,T,,_1) ,z) v (ds,dz) is the Py, - compensator of u. Therefore, we have
the following Pr, _ -canonical representation of L7 :

t t t
r :/ bsds+/ O'deST"_l-l—/ / @ (p— ') (ds, d)
0 0 0 JRd

with a deterministic drift coefficient b which can be calculated using the Girsanov’s Theorem.

Now we are ready to construct the forward price F(-,T;,—2,T,,—1) by postulating that

t
F (taTn727Tn71) = F(OaTnf%Tnfl)eXp </ >‘ (San72) dL§n1>
0

where

t t t
L :/ bf"*lder/ adengfw/ / z (p—v'1) (ds,dzr)
0 0 0 JR4
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In order to ensure that F'(¢,T;,—2,T,,—1) is a Pp _ -martingale, we choose the drift characteristic bsT"’1
appropriately, namely such that

t 1 t
/(A(S,Tn,Q),bsTnﬂds = —5/ (N8, Tp—2),04\ (5, Tp_2))ds
0 0

¢
f/ / (eo‘(S’T"*Q)’z) —1—=(A(s,Th—2) ,x)) vTn=1 (ds, dx)
0o Jre

Note that L;;F"’l differs from LtT* only by a deterministic drift term. In particular, both processes are
Lévy processes under Pr. and Py, _,. Again, we can express the forward price process F (¢, Ty,—2,Th—1)
as the stochastic exponential of a Lévy process and local martingale H (¢,T,,—2) and use the martingale

(% to define the forward martingale measure associated with the date T, _o by

setting

)OStSTn—Z

d]P)Tn—l 3 F(Tn727Tn727Tn71)

dPT* o F(O7T]L—17TIL—1)

And proceeding as before, forward prices F(-,T;,T;+1) for i = n — 1,...,3 and forward measures Pr,
for it = n —2,...,2 are defined inductively. We obtain a model where the forward price F(-,T;,T;y1) is
given by

t
F (6,15, Tiga) = F (0,15, Tiya) exp (/ A (5>Ti)dLZil>
0
with
o t t t
Ll = / bli-1ds +/ o dWli-1 +/ / z(p—v" 1) (ds, dz)
0 0 0o JRrd

where I/VtTi’1 is a P, _,-standard Brownian motion and v7i-1 is the Pz, ,-compensator of p, given by

i1

vTi-1 (ds,dx) = exp Z (A (s,T7) ) FI" (dx)ds

j=1

and the characteristic b7i-1 satisfies

t 1 t
/<)\(s,Ti,2),bZ"*1>ds = —5/ (N(s,Ti2),04)\ (5, Ti_2)) ds
0

0
¢
7/ / (6<)‘(5’T"*2)’x> —1—(\(s,T;—2) ,x>> vli=1 (ds, dx)
0 JRe

Notice that the driving processes L;F" differ only by deterministic drift terms. Hence, all of them are
Lévy processes with respect to each forward measure.
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3.2 The LIBOR Market Model driven by a LIBOR additive
process

Under the conditions and assumptions given in sections 3.1.2 and 3.1.3, in the present section, we char-
acterize the functional forms of the LIBOR Market Model (LMM) driven by a LIBOR additive
process, and more specifically, when we consider the existence of credit risk. Basically our aim in this
section is to recover the functional form of LMM under different martingale measures with credit risk.

LMMs have been developed in Brace, Gatarek, and Musiela (1997), Miltersen, Sandmann,
and Sondermann (1997), and Jamshidian (1997) to construct an arbitrage-free term structure model
which is consistent with the market practice of pricing caps and floors by Black’s formula. Black’s
formula for caps is motivated by the option formula of Black and Scholes (1973) and implies that the
LIBOR rates follow a geometric Brownian motion. We propose a more general model where the driving
process of the LIBOR rates is a general Lévy process instead of a Brownian motion. An introduction to
LIBOR models can be found in several textbooks and articles, e.g. in Musiela and Rutkowski (1998),
Brigo and Mercurio (2001), or Rutkowski (2001).

This chapter is linked to the recent developments given by Glasserman and Kou (2001), Jamshidian
(1999) and to Eberlein and Ozkan (2005). In Glasserman and Kou (2001) the term structure of
LIBOR rates is driven by a jump diffusion process. In this case the purely discontinuous part is of bounded
variation. In Jamshidian (1999) the LIBOR rate process is driven by a general semimartingale, but
the pricing is not considered. Basically, it is in Eberlein and Ozkan (2005) where the LIBOR, market
model is driven by Lévy processes, and using Bjork, Di Masi, Kabanov, and Runggaldier (1997),
they derive the functional forms for the LMM under different martingale measures. This chapter can be
seen in parts as a special case of the Eberlein and Ozkan approach, but we specify the driving process
as a LIBOR additive process.

This section is organized as follows:

- Subsection 1 is devoted to introduce the concept of change of measure in the LIBOR market
model driven by a LIBOR additive process. Following closely Bjork, Di Masi, Kabanov, and
Runggaldier (1997) we introduce the basic tools to change the measure in this new framework.

- Basically the next subsections are examples of the first, in the sense that we obtain the functional
form of LMM driven by LIBOR additive process, under risk neutral measure.

- And it is in subsection 3 where we introduce the concept of forward neutral measure and we
obtain specific functional forms for LMM driven by LIBOR additive process, under forward neutral
measure.

3.2.1 General framework: an introduction to the extended LMM

This first section introduces the basic tools to proceed with the change of measure under the framework
of forward LMMs. Basically it is a direct application of the Girsanov’s theorem already mentioned
and described in Chapter 1 (Theorem 48)

Assume that we are given a family of B (t,T;,c) defaultable bond prices and thus also the collection

Fg(t,T;,U, c) of forward price processes. According to Section 3.1.2, we have seen that the forward price
Fp (t,T;,T*, c) for the future date T; < T* prevailing at time ¢ and for any credit rate ¢ € K\ {1}, is
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given by the well-known expression

B (t7 Ti, C)
B (t,T*,¢)

1.+1
= exp Z/ f(t s, c)d

i<j<n

FB (t7T‘i7T*7C)

Assume that, under P,, we are given a family Fg (¢,T;,T*,¢) of forward processes satisfying
dFp (t,T;, T*,¢) = Fp (t—,T;, T*,¢) - dGZ™
with initial condition

B (07 Ti7 C)

Fp(0,T;, T, ¢) = =206
5 (0T T7¢) = 50, 7w o)

Notice that assuming that P; = P,, and by Jacod and Shiryaev (2003) (Theorems 171.3.24, I11.5.19,
111.5.35), we can redefine Fiz (¢,T;,T*, c) under any equivalent forward measure P; as

Fg (4, T3, T*,¢) = Fg (0,T;,T*,¢) - € (G,f’T""T*)

where £ (Gf’T"’T*) is the the Doléans-Dade exponential. More specifically, there exists a deterministic

sequence of processes (f3;(t)) and a measurable deterministic sequence (Yj (t))

8= (ﬁ j (t)) , a sequence of predictable processes
Y = (Yj(t)), a sequence of P-measurable nonnegative functions

called Girsanov’s quantities such that

TNt .
Fg (-, T;,T*,c) = Fg(0,T;,T* c)exp Z/T B (s, Ty, T, c) dW/[
J<n(t) -

1 TjAt
—= Z / B? (s, T3, T%,c)ds

j<n(t)’Ti1

TAt X
/ / (s, T3, T%,c) — 1) (M; — ’U;’T ) (dt,dz)
J<n(t R

T AL
/ / (s, T;,T*,c) flflan(s,Ti,T*,c))u;’T (dt,dx)
J<77(t)

Furthermore, recall that the notion of forward 6-LIBOR rate L (¢, T;, ¢) for the future date T; < T; — ¢
prevailing at time time ¢ and for any credit rate ¢ € K\ {1}, is given by the well-known formula

1+46L (t7 T;, C) = Fp (t, T, Tivq, C)
and notice that the forward process can be written as

FB (thZL'aT*v C)

Fp LT 0 = 5o T o)
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hence

T, At
Fo (6T Tne) = Fo(0.TuTonoen | 3 [ 5 (6T, W]
j<n(e) iz
1 Tint 2 * 2 *
- Z/ (B2 (5, T, T ¢) — B2 (5, i1, T, ) dis
j<n(t) 7T

At J—
/ G (5, T Trin,0) = 1) (15 — 05T (dt, i)

8 Tz,T‘hLlu )) - ij (S,T‘ivTiJrlvc) + ]-) ,UI?T* (dt,d.’b)

/T
J<77
J<n(t /
where we have to substitute
6]’ (5,13, Tiy1,¢) = Bj (5,13, T",c) — Bj (8, Ti+1, 17, ¢)
)/}(SaﬂvTi+lyc) 5/}(871‘%71_‘*76)_}/j(SvTi-‘rhT*vC)

1+ ij (SvThT*vC)
1+ }/J (S,Ti+1,T*,C)

Y’j/ (Sa Ti, Tig, C)

The Pr+ dynamics of Fp (-, T;,T;+1,c¢) can again be derived by Ité formula
dFB (t7naTi+l7C) = FB (tfajjhﬂ—&-lac) (B] (Sanaﬂ-‘rlac) (dW;T* 76] (saThT*aC) dt))
+/d (Y; (s, T3, Ti41,¢) — 1) (N; — U?’T*) (dt, dx)
R

+/ (Y—J/ (87 Tia E+17 C) - }/] (Sa ﬂv Ti+1; C) - ]-) M;’T* (dt’ di))
R4

Notice that using Girsanov’s theorem (see Chapter 1, Theorem 48), we can define a measure P; ~ P

with the property
T; /\t
W Wt : Z / 8 Tuﬂ-‘rla )d

J<n(t)
and

T (dt, da) == (Y (5, Tip1, T* ) — 1) 03T (dt, dz)
hence under P;

dFp (taTi,Ti-l-lac) = Fg (t*’TgaTi+1ac) (6] (Saﬂa,ri+lvc) dWsTI

+/Rd (Y] (5, T3, Tir,) — 1) (N; — v TL) (dt, dm))

is a martingale.
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Let us study now the dynamics of the forward LIBOR . rates under P;
dL (¢ T, ) =§M%@nnﬂﬂ
— %FB (t—.T;, Tig1,¢) (B, (s, T, Tiga, ) AW,
b [0 T = 1) (i - ™) o)
= (U OL (T3 ) (B, (5T Tig, ) AW
+/le (YJ/ (s, T3, Ti1,¢) — 1) (uj — vj’Ti) (dt,dm))

hence under P;

dL (t,T;,c) = L (t—,T;,c) (OJ1 (5,T;,c) dW ] + 95 (s,T;,¢) (uj - vj’Ti) (dt, dm))

Rd
where
1+ 0L (t—,T;,c)
1 s Ly
0.7 (S,E,C) = 5L (t—,/_TZ'7C) BJ (S7Ti7ﬂ+17c)
1+ 0L (t—,T;,c)
0 (5 Te) = 5 ge (O 5T Tene) = 1)

3.2.2 No-arbitrage conditions under the risk-neutral measure

Our purpose, in the present section, is to give the appropriate drift-restrictions in order to find the LIBOR
rate dynamic under the martingale (or equivalently, a risk-neutral) measure, for a given credit level of
rating ¢ € K\ {1}.

Recall that the tenor 6 > 0, with § < T* — T for any 7 = 0,1, ...,n then the §-forward LIBOR rates
defined (see section 3.1) by

1
L(t,ﬂac) = S(FB (taTi,Tk—Q—laC)*l)
_ 1/ B (t,T;, ¢) 1
0\ B(t,Tit,0)
The 6— forward LIBOR rate coincides with the forward swap rate of a single period swap settled

in arrears. The next theorem is an adaptation of Glasserman and Kou (2003), and Eberlein and
Ozkan (2005) and it states the dynamics of L (¢, T;, ¢) under the risk-neutral measure.

Theorem 101 If f (¢,T,c) satisfies the dynamics that appear in (2.36) then the dynamics of L (t,T;,c)
under Q (risk-neutral probability) is given by

)

AL, Ti,¢) = o “dt + oFdW,
1+(§L(t,Ti,C) ( ) C) 0 Z UJ +Uz W,

n(t)<j<i

(65? — 14 eXnmsi<i % (653+1 — 1)) v (dt, dx)

/
Jr/r (e = 1) (¢ — v%) (dt, dz)

_|_
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with

Ti+6
o; = / oi(t,s,c)ds

T;

Ty+5
A / 8; (t,x,8)ds

T;

Proof. Following similar ideas as Eberlein and Ozkan (2005), we get

Fp(t,T;,T; +0,¢) = 1+4+6L(t,T;,c)
_ B(,T;,¢)
B B(ta,TiJrva)
B (0,T;,c) EARES
= BO.T. 10,0 exp Z /Tj (aj (uw,T;,¢) — aj (u, Tix1,¢)) du

J<n(t)

t/\TJ+1
+ ) / (bj (u, Ty, ¢) — by (u, Tis 1, ¢)) dW,

i<’

tAT) 41
/ / (u,z,T;) = h(u, 2, Tit1)) 1{je)>13v5 (du, dz)
J<n(t Rt

We know that the dynamic of the LIBOR rate is related to the dynamics of the forward process in the
following way
ddL (t,ﬂ,C) _ dFB (taTi,T'ileac)
1 + oL (t; 1—17;7 C) B FB (t_) 1—77;7Ti+l) C)

Since Fp (t,T;,T;+1,c¢) is a positive semimartingale, it can be expressed as the stochastic exponential
of the stochastic logarithm

log (Fg (t,T;, Ti41,¢)) = /ClFB (t, T3, Tix1,¢) /Fp (t—, T3, Tit1, ¢)

and this process can be represented as follows (based on Kallsen and Shiryaev (2002) Lemma 2.4 and
Jacod and Shiryaev, Theorem /7.8.3):

FB(t,TZ‘7Ti+1,C)
log (Fg (t, Ty, Titn, - 1
0g (F (t.T5. Tisr. ) og<FB e

t/\Tj+1 1

T} 2F2 ( Tlaﬂ‘l’l? )

+ 2
J<n(t)

/t/\TJ+1 / < T
log (‘1 +
J<7I 7“ ( Tza n+17 )

Fp,c
— “(ds,d
Fp (SaTiaTi—&-laC)> Hi ( > m)

d<F§ ('7Ti’Ti+1a6) g ('7Ti?Ti+1ac)>

)

Following Eberlein and Ozkan (2005) and introducing the martingale assumption (EMM) we have
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that

dFB (ta T;aTi+l)

—_— b; (t,T;, b; (t,T;41,¢)) b; (8, Ti41,c)dt
Fp (t—, 15, i) (bj (¢, Tisc) — b, +1,0)) bj (¢, Tiv1, )

(
(bj th,C) b (t,TH_l,C)) th

h(t@,T)=h(t,a,Ti+8) _ | 4 oh(taTi+s) _ eh(tﬁz,Ti)) ve (dt, de)

+

/ MO TOMRTAD) 1) (i — ) (dt, de)

"

Also notice that if we define

7.+l
o; + =0b;(t,Tic)—b; (¢, Tit1,0) / (t,s,c)ds
T;
L+1
57« =ht,T,z)—h(tTip1,x) / (t,s,z)ds
T;
we finally obtain the expression
0 * . *
dL(t,Ti,c) = o Y ojdt+odW,

1+0L(t T ) n(t)<j<i

_|_/ (653 — 14 eXnw=<i<i 9] (e‘ml - 1)) v§ (dt, dz)

. (eﬁz - 1) (u§ — vf) (dt, dz)

The next theorem shows the drift constraints in order to obtain the risk-neutral measure. It is an
adaptation of Proposition 3.15 in Bjork et al. (1997), Theorem 3.1. of Glasserman and Kou (2003)
or Eberlein and Ozkan (2005).

Theorem 102 For anyi = 0,1,...,n let 0;(.) be a bounded R? valued function and §; (t,x,s) : Ry xR" —
(=1,00) be deterministic. Then our default-free LIBOR model

AL (t,Ti,¢)

Lt T,c) " (t,Ti,c)dt + o (t,Ti,c) dW; + / §(ta, Ty) (us — v) (dt, da)

is arbitrage-free if the drift takes the following expression

: 50'(t,T',C)Ui(t,n,C)L(tf,Tj,C)
(L, Te) = Y
14+0L(t—,T;
J=n(t) +oL{t=T5.0)
: 1+ 0L (t—,T;, c)
+ [ 62T [1— L vf (t,dx
T\ L e g o s e | 0

Proof. For the sake of clarity, let us skip the notation related with the conditional credit rating.
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Therefore, we know that

0

— 2 __dL(T) = o} j i
1+5L(t71_‘1)d (t, z) a; Z ‘U]dt—FO'lqu
n(t)<j<i
N / (¢~ 14 eZnom= 5 (e 1)) v (dt, o)
+/ (e . 1) (1; — v;) (dt, dz)
Let us define
) Ti+6 doi (t) L (t,Ty)
of = /n ai(t,s)ds.zHéL—(t,m
) Ti+6 14+ 0L (¢, T;) (1 +6; (t,x))
o = /n 0; (t,x,s)ds .:10%( L+6L(t—, 1)) )
so that doj (t) L (t,T;)
. _ 905 \t) L\, L)
: _Uj— Z 14+ 6L(tTy)
n(t)<j<i n(t)<j<i
and
o LHOL(—T) (1+6i(t2))
- 1+5L(t T;)
L AL ()
1+6L(t . T;)
E”(t)<J<15j _ H e_fT 5 (t,z,s)ds
J= nt)
B H 14 0L (t—,T;)
= 1+ 0L (t—,T;) (1+ 0, '
J=n(t) + ( T + (42

Hence, we have that the first part of the stochastic differential equation can be written as:

LHILUmT) o 5 ey _ LHSLOST) I IET) 5~ b0, (LT
’ n(t)<j<i J + 0L (t—,T3) e 1O (t—,T;)
do; (t)oi(t) L (t—,T;)
= LT ’ 1 gt
(= T) Z 1+ 0L (t—,T))
n(t)<j<i

and working in the second part, we obtain

1+6L(t—,n) * o 1+5L(t—,TL‘)6U¢(t)L(t—,Ti)
5 o= 5 e AT A

= 0y (t)L(t—,Tz)th
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the fourth part will be

T oLz, 1) ‘5L(§t_’T”> / (% = 1) ;= vi) (dt, dz)
R’r‘
L4 OL(t-T) [ (SL(t-.T) 5 (t,x) |
- L (B - v o)

)
= L) [ 6 () (1~ vi) (. do)

and using the last result, the third part can be re-written as

1+0L(t—,T; " -
%/ (651- — 14 eXnws<i<i-19; (651- — 1)) v, (dt, dz)

14 0L(t—,T;) SL(t—,T;) 6; (t,x) : 1+ 6L (t—,T))
f/ ( 1+06L(t=,T) (1_j_1;[(t) L+ 0L (t—.T7) (1 + 9 (t,x)))) vi (dt, dz)

: 1+ 6L (t—,T))

- L“‘J”IW&“”>G_}£LQ+6LG,nm1+@aﬂw>v““@”

Finally, combining the last four results, we conclude that

L(t—-,T) 1+ 6L (t—,T;)

t)<j<i

drL(t,Ti) Z 5Uj(t)01:(t)L(t—vTi)+
(n(

: 1+6L (t—,T))
0 (1 - j_l}(t) 11 0L(—T) (1+0; (t,x))) vi (t’d“)) dt

+0; (t) th

[ 60 (s = va) )
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3.3 LIBOR additive model calibration to swaptions markets

To have a robust and efficient algorithm is a central topic in the successful implementation of a model.
The amount of reality that the model can collect is not only related with the sort of process that drives
the model but also with the calibration methodology that you use to substract the information from
the market prices. Therefore the calibration of the financial models has become an important topic in
financial engineering because of the need to price increasingly complex options in a consistent way with
prices of standard instruments liquidly traded in the market. The selection of the calibration methodology
is a crucial step in the correct implementation of the model.

Let us recall that the sort of non-homogeneous processes studied in Chapter 1 can be divided into
two categories: in the first category, called jump-diffusion models, the 'normal’ evolution of prices or
interest rates is given by diffusion processes, punctuated by jumps at random intervals. Here the jumps
represent rare events (crashes and large breakdowns). Such an evolution can be represented by modelling
the interest rates as a non-homogeneous Lévy process with a nonzero Gaussian component and a jump
part, which is a compound Poisson process with finitely many jumps in every time interval. In these
models, the dynamic structure of the process is easy to understand and describe, since the distribution
of jumps sizes is known. Examples of such models are the Merton (1976) jump-diffusion model with
Gaussian jumps and Kou (2002) model with double exponential jumps. They are easy to simulate and
efficient Monte Carlo methods for pricing path-dependent options can be used. Models of this type
perform quite well for the purposes of implied volatility smile interpolation. However they rarely lead to
closed-form densities: statistical estimation and computation of moments or quantiles may be difficult.

The second category consists of models with an infinite number of jumps in every interval, which we
will call infinity activity models. In these models one does not need to introduce a Brownian motion as
a component in the model since the dynamics of the jumps is already rich enough to generate nontrivial
small time behavior (see Carr, Geman, Madan and Yor (2002)) and it has been argued in Madan
(2001) or Geman (2002) that such models give a more realistic description of the price process at various
time scales. In addition, many models from this class can be constructed via Brownian subordination
which gives them additional analytical tractability compared to jump-diffusion models.

But independently of the category of the process that drives our model, the practitioner has to guar-
antee two properties in the calibration process:

- first, the calibration solution has to be unique and global and this sort of results are only possible
if the calibration problem is a convex problem,

- and second, the calibration process has to provide an indication of the sensitiveness of our cali-
bration to market movements (robustness). It is usually given as the dual solution of the convex
problem.

Basically, the main goal in this section is to propose a convex problem that provides a unique
and global solution for the primal and a solution in the dual problem that will be an indicator of
robustness. Our proposal is related with how to calibrate and work with the first category of models
using convex programming methods. Notice that as a direct implication of the Lévy-It6 decomposition
is that every Lévy process is a combination of a Brownian motion with drift and a possibly infinite sum
of independent compound Poisson process (see Theorem 9 in section 1.1.3). This also means that every
LIBOR additive process can be approximated with arbitrary precision by a sequence of jump-diffusion
processes (Theorems 40 and 41 in section 1.6), that is by a sum of a sequence of Brownian motions with
drifts and a sequence of compound Poisson process, a point which is useful not only in theory but also
from the practitioner point of view.

Therefore this section contains three different parts:
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- The first part (section 3.3.1) gives basically a brief introduction about what we called two-steps
calibration

- The second part (section 3.3.2) is devoted to the first-step calibration or calibration to the continuous
part of the model. Using the at-the-money swaption volatilities, we propose a convex methodology
to obtain the term structure of instantaneous volatilities and covariances from the market data.

- In the third part (section 3.3.3), our aim is to propose the second-step calibration as an inverse
problem to calibrate the sequence of Lévy measures according to the information given by the
smile/skew in the swaption market.

3.3.1 An Introduction to the two-steps calibration for the LIBOR additive
process

From the beginning of the present thesis, the reader would wonder to know the advantages of this new
stochastic process, the LIBOR additive process, in the interest rates modelling. This subsection will
show briefly the main reason: the double-calibration of this process against a non-homogeneous swaption
market with volatility smiles. Basically the idea is simple: according to the Lévy-Ité6 decomposition of
the LIBOR additive process (Theorems 40 and 41 in section 1.6), we can define the calibration problem
as an inverse problem of a sequence of triplets that completely characterize the entire process.

Let us consider the following discretization in [0,7*], 0 < T} < ... < T,, = T*. Let us define the price
of a payer swaption at time t as PS(t,T;, T} NERT Kh ) as a call-option to get into a swap that begins
in 7; and finish in 7 with the swap rate S(t E,T) (underlying of the option) with strike K; ; and
0<i<j<n,and Where oy ; is the Black (1976) cumulative variance of swaption on S (¢, T;, T};) for the
mentioned strike K ; quoted in the swaption market.

Proposition 103 The general calibration problem at the moment t can be written as an inverse prob-
lem defined as

m n n
(%'vAhUi)ie{l,...,n} = arginf Z Z Z [w?jHPS"(t,Tz, JAj v, K ) PSM(t, T;, Ty, 07 th)H]
h=—m i=1 j=i+1

(3.12)
where, on the right part of the equality, we have denoted as PS°(t,T;, T}, A;,v;, K, ) the theoretical
payer swaption price int, given by our model, and defined as the value of an optwn with maturity T;
that gives to the holder the right to get into a forward payer swap between T; and T} settled in arrears,
with 0 < i < j < n, and PSM(t,T; T U,J,Kfj) as the market value of a payer swaption in t,
priced using Black-76 model, with strike Kf’J, where h € N such that if h = 0 then FS; (K?]) =0
(at-the-money case), and market volatility o7 ; such that

PS7(8,T,, Ty, Aiyvi, KI) = Be { B, T) (FSr, (K7,))"| 7
PSM(t,T;, T, 0% Kh) Black(tTL,T],al],Kfj)ZlSJB(tTi)di

2,57

and (’YivAian)i:L,. is the sequence of triplets consisting of

L

d
v; €R
A; = (045), adxd symmetric non-negative matriz, withd=n —1i+1

v; a positive measure on R\ {0} with [, (\g|2 A 1) v (dg) < o0

Proof. Notice that the basic underlying that is moved by the LIBOR additive process is the
forward LIBOR rates, according to the model specified in this chapter. Let us consider the usual
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payer swaption definition that we have to price it using our model is

PSU(t,Ti,Tj,Ai,UZ',Ki}?j) = E]p* {B( ) (FST ( ’ff}
j +
= Ep{ B(t,T)) [Bp: | > B(T:,Tp) (L(t,Tp-1) — K};) 6,| Fr, Fy
B=i+1

that after simple manipulations and using assumptions in 3.1.3 related with swaps and swaptions, then
this yields, as expected
, +
J
Kl!) =B { B(t,T) | 1= > ¢gB(T;,Ts) | | F
B=i+1

PS°(t,T;, T}, o7

1,57

or in other words, the payer swaption may also be seen as a put option on a coupon-bearing bond, where
cg = Ki}fﬁéﬁ when f=4,..,j—1landc; =1+ Ki’:’jéj when 8 = j.

Additionally, notice that using the same approximation that has already been employed by Brace,
Gatarek and Musiela (1997) we can write the payer swaption value as a function of the LIBOR rates

as
j +
PS°(t,T;, Ty, 005, K) = BT)Epq | 1= > ¢gB(T;,Ts) | |F
B=i+1
j +
= B(t,T)Ep< [1- Z s H (1+65L(T;, 1) | | A
=i+1 l=i+1
n—1 J +
= BtT)E{ [[ A+6,L(T1T)) [1- Z s H (1+65L(T5, )" | | A
l=a+1 =i+1 l=i+1
. +
J n—1
= Bt,T)Ep (=D |es [ 0 +05L (T, 10)) F
p=i I=j

where the dynamics of the forward LIBOR rates driven by a LIBOR. additive process, is specified as

L(t,Tx) = L (0, Ty) exp (/Of A\ (s,Tk)dGZ*>

We have proved in Chapter 1 (Section 1.3) that this process is uniquely determined in law by its
sequence of triplets (v,, 4;, 'Ui)ie{l‘__. n} consisting of

v €RY
A; = (0i5), a dx d symmetric non-negative matrix, with d =n —i+1
vi a positive measure on R4\ {0} with [, (|g|2 A 1) v (dg) < 00

Notice that using directly the independence property between the continuous and the jump part,
implicit in the Lévy-Ité theorem (theorems 40 and 41 in section 1.6.), we can prove directly the following
proposition,

Proposition 104 The inverse problem (3.12) can be split in two different and independent inverse prob-
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lems

(1) A;= zaurgian?:ile [w% HPS"(t,Ti,Tj,Ai,vi,K?,j) — PSM(t,T;,T;,0% K{LJ)‘H

1,37

(2) wv; = arginf th=—m Zj=z’+1 [wfj ||PS"(t,Ti,7},Ai,vi,K£j) - PSM(t,Ti,Tj,o* thj)H]

2,77

Therefore we can calibrate this sequence of triplets against the market separately: on one hand, the
continuous part calibration will be achieved using at-the-money swaption volatilities, and on the other
hand, the sequence of Lévy measures will be estimated using in/out -of -the-money swaption smiles for
different maturities.

The main goal of this two-step calibration is to collect as much information as we can from the market
prices, in order to simulate the most realistic possible scenarios, but also provide robust and global
solutions to the calibration problem. The methodology behind this calibration procedure is not new,
several authors have introduced these ideas in the continuous process framework or in stock market.
However, our approach has two improvements.

- In the first-step, we introduce some relevant changes in the SDP problem that guarantee not only the
convexity but also the stability of the solution, something essential to achieve the correct simulation
in the full-rank LIBOR additive model.

- And with the second-step of the calibration, we introduce the information given by the smile in
the swaption market directly in the sequence of the Lévy measures, creating a direct link between
jumps and smile.

3.3.2 First-step: semidefinite programming to calibrate the continuous Mar-
ket model

Obviously, a robust and efficient calibration algorithm is a central element in the successful implementa-
tion of a derivatives pricing model, independently if the model is driven by semimartingales or directly by
a Brownian motion. Recent developments in interest rates modelling have led to a form of technological
asymmetry on this topic. The theoretical performance of the usual continuous models such as the al-
ready mentioned (Heath, Jarrow and Morton (HJM) (1992) or the LIBOR Market Model of Interest
Rates by Brace, Gaterek and Musiela(BGM)(1997)) allows a very flexible modelling and pricing of
the basic interest rate options (caps and swaptions) at-the-money. However, due to the inefficiency and
instability of the calibration procedure, only a small part of the market covariance information (that
could theoretically be accounted for in the model) is actually exploited.

To be precise, the most common techniques to calibrate the continuous part of the model (see for
example Longstaff, Santa-Clara and Schwartz (2000), Rebonato (2000) or Brigo and Mercurio
(2002)) are methods clearly limited. Usually it is necessary to substitute a statistical estimate to the
market information on the forward LIBOR correlation matrix because the numerical complexity and
instability of the calibration process makes it impossible to calibrate a full market covariance matrix. As
a direct consequence, these calibration algorithms fail in one of their primary mission: they are very poor
market risk visualization tools.

The forward rates covariance matrix plays an increasingly important role in exotic interest rate deriv-
atives modelling and there is a need for a calibration algorithm that allows the retrieval of a maximum
amount of covariance information from the market. As far as we know, Brace and Womersley (2000)
and d’Aspremont (2003) are the only that propose a methodology to calibrate a multivariate LIBOR
market model without assuming any ’a priory’ structure to the covariance matrix, based on semidefinite
programming, allowing at the same time robust and global solutions. They showed how semidefinite pro-
gramming based calibration methods provide integrated calibration and risk-management results with
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guaranteed numerical performance, the dual program having a very natural interpretation in terms of
hedging instruments and sensitivity.

Our main goal in this subsection, is to provide an extension of Brace and Womersley (2000)
or d’Aspremont (2003) methodologies that has the goal of solving the calibration problem for the
continuous part of our model, improving the stability and robustness of the Brace and Womersley
(2000) or d’Aspremont (2003) solutions. Basically, our proposal is based on a relevant change in the
objective function that allows us to skip the dependence of the solutions with respect to how to formulate
the objective function.

Introduction to the swaption calibration problem

Let us study the swaption market under the Brace, Gaterek and Musiela model. Let us define the
swap rate as the fixed rate that zeroes the present value of a set of periodical exchanges of fixed against
floating coupons on a LIBOR rate of given maturity at futures dates. Denoting by S(¢,T1,T,,) a forward
swap rate at time ¢ for an interest rate swap with first reset at 77 and exchanging payments at 17, ..., T,,.
It is clear that it is stochastic and under the appropriate measure swap measure Q"™ we can assume a
lognormal dynamics for the continuous part of the swap dynamics

~ 1,n

dS(t, Tl, Tn) = S(t, Tl, Tn)UI,n (t) th

However, analytical approximations are available for swaptions in the LIBOR Market model framework.
Indeed, Brace, Dun and Barton (1999) suggest to adopt the LIBOR, forward market as the central
model for the two markets, mainly for its mathematical tractability. We will stick to their suggestion, also
because of the fact that forward rates are somehow more natural and more representative coordinates of
the yield-curve than swap rates.

To introduce the formula we will use in the following, note that a crucial role in the swap market model
is played by the Black swap volatility o7 ,,(71) entering Black’s formula for swaptions, expressed by

1 [h

-7/
1 M

-7/ (dlnS’(t,Tl,Tn)) (dmé(t,Tth))

o7, (T1) (o1 (1)) dt

Notice that if we choose the LIBOR Market Model as a central model, we must resort to different
pricing techniques. It is possible to price swaptions with a Monte Carlo simulation, by simulating the
forward rates involved in the payoff through a discretization of the dynamics presented above, so as to
obtain the relevant zero coupon bonds and the forward swap rate. In fact, recall that we can write the
forward-swap as a basket of forwards (see Rebonato (1998))

S(t, Ty, T,) = iwi (t) F (t,T}) (3.13)
i=1

where w; are the weights (with an explicit expression) such that 0 < w; < 1 (in fact, they are always
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positive, monotone and sum to one) such that

TiB(t; T17 CZ—‘Z)
Z?:Q TiB(tv T17 Tz)

Wi (t) =

) 1
Ti H T+, F(,1;)
j=2

7
S [ ety
=2 "1 1+7; F(t,T})
Jj=2

One can compute, under a number of approximations, based on “partially freezing the drift” and on
“collapsing all measures” in the original dynamics, an analogous quantity o7 ,(71) in the LMM.

We present here one of the simplest ways to deduce this formula based on a similar setting, appeared
earlier for example in Rebonato (1998), and tested against Monte Carlo simulations for instance in Brigo
and Mercurio (2001). Such approximated formulae, are easily obtained, first, freezing the weight’s at
time 0, so as to obtain

t 7717 ZCLM ) .

Notice that this approximation is justified by the fact that the variability of the w’s is much smaller
than the variability of the forward rates. This can be tested both historically and through simulations of
the forward rates via Monte Carlo methods (see Brigo and Mercurio (2001)).

Then, let us differentiate both sides and we obtain

dS(t, Ty, T,) =~ sz YdF (t,T7)

) dt + Zwl o (t) F (t,T;) dW; (t)
under any of the forward-adjusted measures, and compute the quadratic variation
dS(t, Ty, T,)dS(t, Ty, T, Z F(t,T;) F (t,T) p; joi (t) oy (t) dt
and the percentage quadratic variation is
dS(t, T, T,) \ (dS(t,T1,T,)
= (dinS(t,T dln S(t, T
(S(t,Tl,Tn) S(t, Ty, Tp) ( nS T, T, ))( nST, T )>

1 2= wi (0w (0) F (8, T) F (£ T)) piyoi () 0 (£)
Ty S(ta TlaTn)z

dt

Now we can assume that freezing all forward rates in the above formula to their time-zero value

1 2”: w; (0)w; (0) F (0,T;) Fi (0,T;)

(dln S, Ty, T, )) (dln S, T, T, )) ~ ST P

T 4 o (t)oj(t)dt
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and finally we can obtain the expression for (JIm(Tl))Z such that

/OTl (dln S(t,Tth)) (dln S(aTl,Tn))

() wj i L o « 2
Y s

4,5=1

and this result proves the following proposition, given by Rebonato (1998)

Proposition 105 The LIBOR market model (squared) swaption volatility can be approzimated by

n . Wi i’ T Ty
(07, ()T = Y & © ngzl;l(og)l”o T)pi,j/o i (t)o; (t)dt (3.14)

ij=1

The quantity o7 ,,(T1) can be used as a proxy for the Black volatility of the swap rate S(t,T1,T5,).
Putting this quantity in Black’s formula for swaption allows one to compute approximated swaptions
prices with the LIBOR market model (continuous part). Notice this result is obtained under a number
of assumptions, and at first one would imagine its quality to be rather poor. However, it turns out that
the approximation is very accurate as also pointed out by Brace, Dun and Barton (1998) and Brigo
and Mercurio (2001).

The calibration problem

In this subsection we introduce the practical implementation of the calibration program using the swaption
pricing approximation detailed above. Now, for the sake of reality, let us introduce a change of the
notation.

We suppose that the calibration data set is made of m swaptions with option maturity 7, written on
swaps of maturity T3 — T, for o < 3, where o, 3 € N*, and T,,7s € {T1,...,T,} with n € N, with
market volatility given by o7, 5(T,). Notice that in our non-homogeneous case where o; (t) is of the form
o (t,T;, Tiyq1) for any i = 1,...,n, with ¢ < T; and piecewise constant on intervals of size 7 = Tj11 — Tj.

Therefore, the expression of the market cumulative variance, according to Rebonato’s formula (3.14),
can be expressed as

T, B
: " & Wi () F(0,T) w; (0) F (0,75)
on3(Te)) To = / p; 0 (8)oj(s)ds
( ,ﬂ( )) o ZJZ:a O Ta,Tﬁ) S(O,Ta,Tﬁ> ,J ( ) .7( )
T, B

I
S~

+0i; (s) - ds
i, j=a
T,

Il
S—

Tr (Qa,pAs)ds

To
Tr (Qaﬂ / Asds> (3.15)
0

where A, = (055 (s))i’je[ 8= (pwaZ (s)o; (s))i,je[aﬁ] and Q, 5 = & (0) & (0)" = (&; (0) @y (0))i,j€[o¢76] .

These conditions show that the cumulative market variance of a particular swaption can be written
as the linear function of the forward covariance matrix, or equivalently we can say that here swaptions
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are priced as basket options with constant coefficients. As detailed in Brace and Womersley (2000) or
d’Aspremont (2003), this simple approximation creates a relative error on swaption prices of 1 — 2%,
which is well within bid-ask spreads.

On the other hand, if we want to formulate the calibration problem, this conditions has to be extended
for every a = 1,...,n in order to capture all the swaptions volatilities that the market quotes. Therefore
the calibration problem becomes, using the approximate swaption variance formula in (3.16):

Find A
subject to  Tr (Q;,A4) = (az*n(TZ))2 T, withi=1,...,n
A=0

which is a semidefinite feasible problem in the covariance matrix A € S and Q€ S™, and (a;—in(Ti))z T; €
R™ is given by the swaption market as the Black (1976) cumulative variance of swaption on S (0,7}, 75,) .
Notice that A and Q are block diagonal matrices that represent how the different factors disappear with
the time (see Brigo and Mercurio (2001) section 7.1) such that N = n(n —1)/2 and A4; € S"~ (1 in
the following sense

A 0 - 0
0 A -+ 0
A= . . :
o 0 --- A,
where (A;),_, ,, represents the sequence of semidefinite covariance matrices that characterize the con-

tinuous part of the LIBOR additive process.

The general form of the problem proposed by Brace and Womersley (2000) or d’ Aspremont (2003)
is the following:

minimize Tr (CA)
subject to  Tr (;A) = (U;‘n(TZ))2 T, withi=1,...,n
A=0

however the calibration problem gives an entire set of solutions, extremely sensible to the matrix in the
objective function C' € SV. That is clearly the biggest drawback in this framework. The general form of
the problem that we propose to solve is the following:

Proposition 106 The general calibration problem can be written as an infinite-dimensional linear matrix
inequality with the following objective function:

find k,A
subject to Tr(QA) = (ij(Ti))2 T, withi=1,..,n (3.16)
||A - AhistHFT. S kIN
Ax0
or equivalently,
minimize |A = Apist|| o
subject to  Tr (;A) = (J:n(ﬂ))z T, withi=1,..,n (3.17)
Ar0

which is a semidefinite feasibility problem in the covariance matriz A € SN where Apist € SN is the
historical covariance matriz, k € RT,Q; ,, € SN, and (J:n(ﬂ))Z T; € R is given by the swaption market
as the Black (1976) cumulative variance of swaption on S (0,T;,T,) where T; is the maturity of the
option over a swap rate at time 0 for an interest rate swap with first reset at T; and exchanging payments
at Ti, ceey Tn
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Primal-Dual SDP problem and Algorithm Implementation

According to the last proposition the general form of the problem to be solved is given by:

minimize |A = Anist|| o,
subject to  T'r (;A) = (Uz*n(TZ))2 T, withi=1,..,n
Ax0

Because their feasible set is the intersection of an affine subspace with the convex cone of nonnegative
vectors, the objective being linear, these programs are convex. Or in other words, their solution set is
convex as the intersection of an affine subspace with the (convex) cone of positive semidefinite matrices
and a particular solution can be found by choosing Ap;s; and solving the corresponding semidefinite
program. If the program is feasible, convexity guarantees the existence of a unique (up to degeneracy or
unboundedness) optimal solution.

The first method used to solve these programs in practice was the simplex method. This algorithm
works well in most cases but is known to have an exponential worst case complexity. In practice, this
means that convergence of the simplex method cannot be guaranteed. Since the work of Nemirovskii
and Yudin (1979) and Karmarkar (1984) however, we know that these programs can be solved in
polynomial time by interior point methods and most modern solver implement both techniques. More
importantly for our purposes here, the interior point methods used to prove polynomial time solvability
of linear programs have been generalized to a larger class of convex problems. One of these extensions is
called semidefinite programming. Nesterov and Nemirovskii (1994) showed that these programs can
be solved in polynomial time. A number of efficient solvers are available to solve them, the one used in
this work is called SEDUMI by Sturm (1999). In practice, a program with n = 50 will be solved in
less than a second.

Now, let us show how the dual solution to the calibration program provides a complete description of
the sensitivity to changes in market condition. In fact, because the mentioned algorithms used to solve
the calibration problem jointly solve the problem and its dual, the sensitivity of the calibrated covariance
matrix is readily available from the dual solution to the calibration program. Notice that according to
the standard form of the primal semidefinite program, we can write the following Lagrangian

L(AN) = = 1A = Aniatll g + D N ((07,0(10)" T2 = T (4))
i=1

and because the semidefinite cone is self-dual, we find that L(A, \) is bounded below in A > 0, hence the
dual semidefinite problem becomes:

7,M

maximize — i i (o (TZ-))2 T;
s.t. — ||A - AhiSt”FT’ - Z;L:l )\ZTT (QZA) t 0

For a general overview of semi-definite programming algorithms see Vandenberghe and Boyd (1996),
Nesterov and Nemirovskii (1994) or Alizadeh, Haeberly and Overton (1998). We followed the
implementation structure given in Toh, Todd and Tiitiincii (1996), having adapted in C the Mathe-
matica algorithm by Brixius, Potra and Sheng (1996). Some more recent libraries including a more
efficient formulation of the SOCP (quadratic, smoothness, euclidean distance ...) and L.P. constraints
are available. These include the SEDUMI 1.1 library package by Sturm (1999) for symmetric cone
programming, which we have extensively used here. One of the most efficient ways to use this library
of function in Matlab is using CVX programming. CVX is a Matlab-based modeling system for convex
optimization developed by Grant, Boyd and Ye (2005).

All modern solvers as SEDUMI 1.1 in Sturm (1999) or SDPT3 in Toh, Todd and Tiitiincii (1998)
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can produce both primal and dual solutions to this problem. It is clear that this dual solution can be
used for risk-management purposes, and it is shown here as a indicator of sensibility of our calibration
problem.

Numerical Results

As a first attempt of calibration, let us use the well-known data from Brigo and Morini (2005). It
will allow the reader to compare the results. Therefore, we have introduced the following inputs to the
problem:

1. Initial curve of annual forward rates, as a vector with the following components (February 1st, 2002
from Brigo and Morini (2005))

0.036712
0.04632
0.050171
0.05222
0.054595
0.056231
0.057006
0.057699
0.05691
) 0.057746
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2. Swaption Black volatilities (February 1st, 2002 from Brigo and Morini (2005)), where we sub-
stract just the following annual data, from 1 to 10 years,

ly 2y 3y 4y oY 6y Ty 8y 9y 10y
ly 0.179 0.165 0.1563 0.144 0.137 0.132 0.128 0.125 0.123  0.12
2y 0.154 0.142 0.136 0.13 0.126 0.122 0.12 0.117 0.115 0.113
3y 0.143 0.133 0.127 0.122 0.119 0.117 0.115 0.113 0.111  0.109
4y 0.136 0.127 0.121 0.117 0.114 0.113 0.111 0.109 0.108 0.107
5y 0.129 0.121 0.117 0.113 0.111  0.109 0.108 0.106 0.105 0.104
6y 0.125 0.118 0.114 0.1095 0.1075 0.106 0.105 0.104 0.1035 0.1025
7y 0.121 0.115 0.111 0.106 0.104 0.103 0.102 0.102 0.102 0.101
8y 0.118 0.112 0.1083 0.104 0.1023 0.1017 0.101 0.101 0.1007 0.1
9y 0.115 0.109 0.1057 0.102 0.1007 0.1003 0.1 0.1 0.0993 0.099
10y 0.112 0.106 0.103 0.1 0.099 0.099 0.099 0.099 0.098 0.098

3. Historical forward rate correlations (February 1, 2002 from Brigo and Morini (2005)),

ly 2y 3y 4y 5Y 6y Ty 8y 9y 10y
ly 1 082 069 065 0.58 047 0.29 0.23 0.43 047
2y 082 1 0.8 0.73 0.68 0.55 0.45 0.4 0.53 0.57
3y 0.69 0.8 1 0.76 0.72 0.63 047 0.56 0.67 0.61
4y 0.65 073 0.76 1 0.78 0.67 0.58 0.56 0.68 0.7
5y 0.58 0.68 0.72 0.78 1 0.84 0.66 0.67 0.71 0.73
6y 0.47 055 0.63 0.67 084 1 077 0.68 0.73 0.69
7y 029 045 047 058 066 0.77 1 0.72 0.71 0.65
8y 023 0.4 056 056 067 0.68 072 1 0.73 0.66
9y 0.43 053 067 068 071 0.73 071 0.73 1 0.75
10y 0.47 0.57 0.61 0.7 0.73 0.69 0.65 0.66 0.75 1
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The following figures compare some of the most relevant results, in terms of variance-covariance and
correlation matrices:

Implied Var-Cov Historical Var-Cov

Implied Var-Cov: contour Historical Var-Cov: contour
10 10
0.025
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Figure (1) Covariance Matrix: Historical estimation vs. risk-neutral calibration

The solution of the primal SDP problem proposed here, is the following calibrated instantaneous
forward volatility structure:

0.2264 0.2369 0.2346 0.2351 0.2398 0.2445 0.2495 0.2625 0.2788 0.3099
0.2350 0.2394 0.2487 0.2565 0.2655 0.2734 0.2831 0.3011 0.3206 0

0.2208 0.233 0.2469 0.2563 0.2662 0.2766 0.2878 0.3055 0 0
0.2091 0.2251 0.2398 0.2492 0.2611 0.2724 0.2826 0 0 0
0.2011 0.218 0.2327 0.2441 0.2570 0.2672 0 0 0 0
0.1927 0.2091 0.2256 0.2379 0.2492 0 0 0 0 0
0.1834 0.2014 0.2183 0.2288 0 0 0 0 0 0
0.1770 0.1954 0.2100 0 0 0 0 0 0 0
0.1717 0.1871 0 0 0 0 0 0 0 0
0.1663 0 0 0 0 0 0 0 0 0
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Figure (2) Correlation Matrices: Historical estimation vs. Risk-neutral calibration

Figure (3) Implied Term Structure in the Correlation Matrix (first row:1y-2y-3y and second row:
4y-6y-8y)

Figures (1) and (2) show two interesting properties: First, how the shape of the implied covari-
ance matrix and historical covariance matrix look quite similar. That is an expected consequence of the
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objective function. Second, the implied covariance matrix has higher value in absolute terms than the
historical covariance matrix. This characteristic is usual in many different derivatives markets. Addi-
tionally, Figure (3) shows us the future dynamics of the variance-covariance matrix where the number
of factors decrease with time. It is easy to see the effect of interpolations in the long term part of the
volatility structure, basically because of the low liquidity of the 6, 8 and 9 years swaptions.

The reader can compare that the numerical results from the original Brigo and Morini (2005) (after
rank reduction to enforce positive forward volatilities). Let us briefly summarize here some differences:

- It is clear that a first relevant improvement is that the procedure here exposed guarantee a semidef-
inite positive covariance matrix, something essential to achieve a correct simulation in the full-rank
LIBOR additive model.

- The second relevant property is that our procedure always guarantees a unique global solution. In
some of the other cited methodologies, usually one has multiplicity of possible solutions, some of
them with negative volatilities.

- And finally, this procedure does not require any rank reduction, and allows us the retrieval of a
maximum amount of covariance information from the market.

Computing sensitivity and risk-model management

In this subsection, following d’Aspremont (2005), we investigate how the dual optimal solution can be
exploited to manage the sensibility of the primal solution to movements in the market. Let us suppose
that we have solved both the primal and the dual calibration problems above with market constraints
O':n(TZ) and let us denote with X and Y the optimal primal and dual solutions, respectively. Suppose
also that the market price constraints in the original calibration problem are modified by a small amount
A € R™. The new calibration problem becomes the following semidefinite program:

minimize |A = Anist|| .
subject to  Tr (QA) = (07,(T))° T + A withi=1,..,n (3.18)
A=0

where A € SV is the covariance matrix that we look for, and Ap;s+ € SV is the historical covariance
matrix, k € RT,Q; ,, € SV, and (a;"(Ti))2 T; € R* is given by the swaption market as the Black (1976)
cumulative variance of swaption on S (0,7;,T,). If we note A(A) the primal optimal solution to the

revised problem, we get the sensitivity of the solution to a change in market condition as:

DA(A)
A,

=\ (3.19)

where X is the optimal solution to the dual problem (see Boyd and Vandenberghe (2004) for details).
More specifically, the dual solution for the calibration problem proposed in 3.1.4 is (x 1.0e-007)

0.15590 0.01058 0.06334 0.03071 0.17700 0.11090 0.55298 0.01178 0.07040 O
0.23461 0.01677 0.09225 0.06832 0.16764 0.12237 0.55440 0.04306 0.05752 0
0.26118 0.02001 0.16164 0.07118 0.21080 0.11018 0.24672 0.02131 0 0
0.25988 0.03141 0.16433 0.04552 0.24894 0.14307 0.37939 0

0 0
0.43288 0.03126 0.12174 0.04007 0.32598 0.11148 0 0 0 0
0.44196 0.02360 0.10298 0.05126 0.26754 0 0 0 0 0
0.35816 0.02253 0.14567 0.04492 0 0 0 0 0 0
0.32410 0.02378 0.11929 0 0 0 0 0 0 0
0.36771 0.02268 0 0 0 0 0 0 0 0
0.30537 0 0 0 0 0 0 0 0 0
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This result, represented in Figure (4), shows the degree of stability of our primal solution, providing
a direct indicator of robustness, but also it illustrates how a semidefinite programming based calibration
allows to test various realistic scenarios at a minimum numerical cost and improves on the classical non-
convex methods that either had to "bump the market data and recalibrate” the model for every scenario
with the risk of jumping from one local optimum to the next, or simulate unrealistic market movements
by directly adjusting the covariance matrix.

Optimal dual solution

Figure (4) Sensibility of the primal solution (optimal dual solution)

Robust dynamic calibration

The previous sections were focused on how to compute the impact of a change in market conditions.
Here we propose two different dynamic calibration solutions to dynamically provide a robust matrix
for a certain period of market sessions (10 days). Let us assume that the initial problem (3.17) for
t = 0, therefore, in order to improve dynamically the robustness of our calibration, we solve the following
sequence of problems

minimize HA(t) _ A(t71)||FT
2
subject to  T'r (QiA(t)) = (U:,%)(Ti)) T, withi=1,..,n (3.20)
AW =0

or, alternatively

winimize A~ AV = 40— A,
2
subject to Tr (Q;AW) = (af’g)(Ti)) T; withi=1,...,n (3.21)
AWM =0

for every t = 1,...,n, where A® e SV is the covariance matrix that we look for, and A¢~1 e SN
is the previous optimal covariance matrix solved in ¢t — 1; i,n € Rt and 1 < i < n, Q;,, € SV, and

2
(a:,(;) (E)) T; € Rt is given by the swaption market as the Black (1976) cumulative variance of swaption
with underlying S (¢,7;,T;,), and @, in problem (3.21), in a regularization constant.

Here, we have three examples of calibration of LIBOR market model proposed. In all cases, we have
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used the same forward term structure and swaptions volatilities, that the market quoted from March
12th to April, 2007 23th®. In the first example (Case 1), we solve the calibration related with the SDP
problem (3.17), and the second example (Case 2) is related with the proposed robust dynamic calibration
as the SDP problem (3.20) for the 10 consecutive mentioned market sessions. Additionally, we solve the
third calibration problem, regularized for a ¢ = 0.1, proposed as SDP problem in (3.21) as (Case 3).

0.14 ‘ ‘ 021 ,
0.19
i~
0.18 — \
017 \ N
-
0.16
0.15
0 2 4 6 8 10 1 2 3 4 5 6 7 8 09
0.26 03
0.25 0.29
\ —_—
0.28f—
024 N
0.27
023 N
0.26
0.22 N
0.25
021 N 0.24 \\\
02 0.23
1 2 3 2 5 6 7 8 1 2 3 4 5 6 7

Figure(5) (Case 1) Dynamic solution from (3.17). Forward volatility structure calibrated using
correlation (from initial period (10 factors) to fourth period (7 factors))

3Data courtesy of Caja Madrid, Fixed Income Derivatives desk.
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Figure(6) (Case 2) Dynamic solution from (3.20). Forward volatility structure calibrated using robust
dynamic calibration (from initial period (10 factors) to fourth period (7 factors))

0.14 ‘ ‘ 0.21
013 iy =
i 0.2
o |
’ 0.19 \\
—
0.11 // / o5 § \
01 ,/ / N \\
0.17
0.09 P
/ ~ N\
0.08 0.16
0.15
0 2 4 6 8 10 1 2 3 4 5 6 7 8 9
0.26 03
0.25 0.29
-
0.28
0.24
| — | —
—— 0.27
0.23=—-+ —
0.26
0.22
SN 0.25
0.21 \ 028 \\
0.2 0.23 ~
0.19 0.22
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7

Figure (7) (Case 3 with ¢ = 0.1) Dynamic solution from (3.21). Forward volatility structure calibrated
using robust dynamic calibration (from initial period (10 factors) to fourth period (7 factors))

It is not surprising to see in Figure (5) and Figure (6) how the second case produces more stable
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or robust results than the first case. Because of that, the usual daily variation in the market prices
will not affect the derivatives valuation and it will minimize the variability in the hedging and greeks
computation. Figure (7) shows us an intermediate situation basically because we have introduced a
regularization term in the objective function. This third case is useful if the trader wants to introduce
any personal or historical view related with the covariance matrix but without loosing robustness.

3.3.3 Second-step: the jump-part calibration

In the previous section, we proposed a new method to obtain the calibration of the diffusion or continuous
part, against the at-the-money swaption prices. However, during the whole thesis, we have introduced
the jump framework in order to fit the implied forward volatility structure for in-the-money and out-of-
the-money swaptions implied volatility. In order to obtain a practical solution to the calibration problem
and fit the smile, many authors have resorted to minimizing the in-sample quadratic pricing error (see, for
example, Andersen and Andreasen (2000), Bates(1996)) or Cont and Tankov (2004) but always
in the equity framework. Here, we extend some of these ideas to the Lévy-calibration problem in the
swaptions market.

Basically the idea that we expose here is related with the calibration of a sequence of Lévy-measures
under the jump-diffusion framework. As we have shown previously, the calibration of the diffusion part
can be made just for the at-the-money swaption prices. It guarantees the compatibility with Black at-
the-money prices. However, if the trader or practitioner wants to introduce the effect of the smile in the
pricing of exotic derivatives, then we need to introduce a sequence of jump measures that adjust every
of the maturities of the option, and for the different strikes.

For a predetermined collection of dates 0 < Ty < Ty < ... < T}, with a fixed accrual period or tenor §,
and for any ¢ < T; € [0,7*], let us denote by L (¢,T;) the forward rate for the interval from T; to T;41,
and PS7(t,Ta,Tp, (xi;),vi, Kag) and PSM(t,TZ',Tj,Uj,j,KZj) are respectively the payer-swaption
price given by our model and payer-swaption price given by the swaption market (according to Black
(1976) model).

Following the similar idea in Andersen and Andreasen (2000) or Bates(1996) for equity markets,
notice that we can formulate the following sequence of calibration problems, for every ¢ = 1,...,n, we
calibrate the Lévy measures minimizing the in-sample quadratic pricing error as

m B

(vi) = argint > Y [wg |PS°(t, T, Ty, Aiyvs, KPy) = PSM (8, T, T, 07, K;jj)ﬂ (3.22)
h=—m j=i+1

where i,j € {1,...,n}, with ¢ < j and Ki}fj € {K;;"’, ceey Klm]} are the different strikes that the swaption

market quotes, with h € N such that if h = 0 then F'S; (ng) = 0 (at-the-money case), or in other words

if K 2 ; = F'S; ; then we have introduced at-the-money swaption, and no relevant information is added to

the calibration problem because PS?(t,T;,T;, A;,vi, F'S; ;) = PSM(t,T;, T}, or i F'Si ).

Let us recall that an European payer swaption is an option giving the right (and no obligation) to
enter in a IRS at a given future time, the swaption maturity 7;. Usually the swaption maturity coincides
with the first reset date of the underlying interest rates swap (IRS). The underlying IRS length (T; — T;)
is called the tenor of the swaption. As we have previously mentioned, it is the market practice to value
swaptions with a Black (1976) formula.

Precisely let us define the price of a payer swaption at time t as PSM (¢, T;, T}, o7 i Kffj) given by the
swaption market, as a call-option to get into a swap that begins in 7; and finish in 7} with the swap rate
S (t,T;,T;) (underlying of the option) with strike K; j, and where o7 ; is the Black (1976) cumulative
variance of swaption on S (¢,T;,T}) for the mentioned strike K; ; quoted in the swaption market, such
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that _
J
K;;) = Black(t,T;,Tj, 07 ;, Ki;) Y B(t,Ts)ds
B=i+1

PSM(t, T, T;, 0}

1_77

On the other hand, the usual swaption definition that we have to price it using our model is
L J
PS(t,T;,T;, Ai,vi, KJ';) = Bpe { B(6T) (FSe (KJ5)) ™ Y. B(t.Tp) 65
B=i+1

= EP*{ i B t TB)(Sﬁ ((S(thlvT])_KﬁJ))+
B=i+1
= EP*{ (t, T3, T5) Ki,j))Jr} i B(t,T3)dp

B=i+1

= Ep

+ j
Zwa )—K”>> Z B(t,T5) 0p
B=it1

where

n(t)
Lt,T) = D> (LEATT) = L(T;-1,T))

j=1

= L(0,T)) Zexp{( (T}, T;) — ;aj(zy,Ti)Q)(MTj—Tj_l)

N; (tATy)

+0; (T3, Ti) (Winr, = Wr,_,) } H eVt

I=N;_1(Tj-1)

An example of calibration under the double exponential jump-diffusion model

Let us assume that our LIBOR additive process follows a jump-diffusion scheme or more specifically,
a double exponential jump-diffusion or Kou (2003) model, which has two components, a continu-
ous part modeled as Brownian motion, and a jump-part with jumps having a double exponential
distribution and jump times driven by a Poisson process, assuming that

tAT 41 tAT 41
GT::Z/ sTlds—&—Z/ sTldW—s—ZZY

. T,
J<n(t)” "7 J<n(t) J<n(t) 1=

where «; under risk neutral measure has an specific form, W; is the standard Brownian motion, N; is
a Poisson process with rate A; and Y; is a sequence of independent and identically distributed of jumps
with double exponential distribution i.e. the common density of Y is given by

fy(dy) =p-me " 101 +q - me™ <oy

where p,q > 0,p+¢q=1,1; > 0 for every j =0,1,...,n, and n; > 1,7, > 0. Note that the means of the
two exponential distribution are 1/n; and 1/n, respectively.

It is clear that the Fourier transform (or characteristic function) of G¥~ admits the (unique) repre-
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sentation given by the Lévy-Khintchine Theorem (Theorem 31 in Chapter 1), in this case

fulz) = B [e=00]
= H B (exp [zz (Gt/\TJ'+1 - GTJ')])
F<n(t)
= exp| Y (AT —T)) ¥, (2)
F<n(t)
where the characteristic exponent ¥; (z) equals
W (2) =iy, 2) — 5 (2, 4j2) + [pa (ei<z7y> —1—i(z,y) 1y <1}) v, (dy) with z € R?

where A; is a symmetric nonnegative-definite (n — j + 1) x (n — j 4+ 1) matrix given as a solution by the
first calibration problem, with j = 0,1, ...,n, and a; under risk-neutral measure follows (see Glasserman
and Kou (2003) and Kou and Wang (2004))

9

do; (t,Ty) o (t,T;) L (t—,Tx)
Ozj (t,ﬂ) = E J
1+ 6L (t—,T,
k=n(t) + ( ) k)
: 1+ 0L (t—,Ty) _
1- 1] A (p-me ¥l €21 d
+/7‘y 14+ 0L (t—,Tk) (1 +y) 3 (peme™ gz + 40 M Lo ) dy

k=n(t)
and the Lévy measure can be defined as
Vj (dy) = Aj (p : 7713_7'1y1{y20} +q- 7726772yl{y<0}) dy

where p,q > 0,p+q =1, n, > 0 and additionally the condition that n; > 1 is imposed to ensured that
L (t—,T;) has finite expectations.

Therefore, the forward LIBOR rate can be described with the following SDE

N; ()
dL (t,T;) v,
2T (LT (6T AW, Yo e
L—T) a; (t,T;)dt + o, (¢, T;)dW, +d 2 e

Let us recall that we interpret the swap rate as a linear combination of forward rates, and in our case
forward LIBOR rates, such that the payer swaption PS? (¢, T;, Tj, Ai, vs, th]) may also be seen as

i
Be- { > B(6Ts)ds (S T0Ty) — Kly)

PSU(t?TthvAiaUhKi}fj)

B=i+1
j AT
= Ep > ws () L(tTp) - K > B(t,Ts) s
B=i+1 B=i+1

Let us define the following two auxiliary variables

§; = Inw; (0) L (0,7})
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and

n(t) N; (tAT;)

anexp{(aj 5,T;) + QJJ (s,T3) > (EANT; = T5) + 0 (5, T;) (Winr, —WT].)} II ¢

lN(71)

then we have

S (t,T;, T;) Z efotXs

will allows us to redefine the value of a payer swaption in ¢ as

Y g

B—1
PSU(t,Ta,TB,fizKa,ﬂ) = Ep- Zefj—i-Xj —Kup Z B(t,Tj)(Sj
j j=a+1

+
We consider the modified payoff ® (z, K e”i — K, and, for the sake of clarity, setting
o, B
€= (gj)a<j<ﬁ , X = (Xj)a<j<[3 and K, g for T, Tg given inside the tenor structure {77, ..., T, } € [0,T*],

B
PS7(§,Kap) = Ep{®(E+ X, Kap)l >, B(tT))5;
j=a+1
B
= > B(t,Tj)%'/‘1’(§+X,Ka,ﬁ)¢(w)dl‘
Jj=a+l R

where ¢ is the 'unknown’ density of X (however, we know the Fourier transform or Lévy-Khitchine
characteristic function fiy (2) = H fix; (2))-
at+1<j<pB

The expectation under P, g can be computed inverting the Fourier transform, according with Raible
(2000), in the following way

1 R+ioco
PSJ(EaKa,,B) = % s egzﬂX (Z) dz
I :
= 5 S (R +iu) du
s
ebilt N

=l [, s d

0 N
= lim / efitu H fix, (R +iu)du

2T N,M—oco M .
a+1<j<p

that can be solved numerically, after some additional transformations, using FFT*.

Fourier transforms have been widely used in valuing financial derivatives. For example, Carr and
Madan (1998) propose Fourier transforms with respect to the log-strikes prices; Geman and Yor
(1993), Fu, Madan and Wang (1999) use Fourier transform to price Asian options in the Black
Scholes setting; Fourier transforms for the double-barrier and lookback options under the CEV model
are given in Davydov and Linetsky (2001); Petrella and Kou (2004) use a recursion and Fourier
transforms to price discretely monitored barrier and lookback options. Raible (2000) proposed a method
for the evaluation of European stock options in a Lévy setting by using bilateral (or, two-sided) Fourier

4See Carr and Madan (1998)
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transforms. This approach is based on the observation that the pricing formula for European options
can be represented as a convolution. Then one can use the fact that the bilateral Laplace transform of
a convolution is the product of the bilateral Laplace transforms of the factors (the latter transforms are
usually known explicitly).

Therefore, the second step calibration problem can be formulated in the following way

(Nism1,m25p) = arginf >0 ST [w?] ‘PSU(t,Ta,TB,Ai,U%Kg,B) - PSM(t;Ta7TB7U£n7K§75)‘H
s.t. p+qg=1
p,q=0

n > 1,m3>0

where the weights w?j are positive and sum to one and they reflect the pricing error tolerance for the
wn T o

swaption with maturity 7;, and swap ends at T with strike K('X”B, PSM(t,T,,Ts, 0 Khﬁ) is directly

m

given by the market price of a payer swaption, KZ,B € {K{;g?, e Ka’ﬁ} are the different strikes that the

swaption market quotes, with h € N such that if h = 0 then F'S; (Kg’ﬁ) = 0 (at-the-money case).

3.3.4 Numerical Performance

The reliability of the two steps swaptions calibration depends mainly on the accuracy of the underlying
approximation (3.14) and (3.15) in the first calibration step. This formula has already been tested,
for instance by Brigo and Mercurio (2001) and Jackel and Rebonato (2000). Here we extend
similar tests, based on Monte Carlo simulation of the LMM dynamics calibrated using semidefinite
programming, and we compare, for payer and receivers european swaptions at-the-money, the estimated
prices using the Monte Carlo versus the theoretical Black-76 swaption value.

As we have mentioned before, let us define a predetermined collection of dates 0 < Ty < T7 < ... < T,
with a fixed accrual period or tenor §, and for any ¢ < T; € [0,7*], and by L (¢, T;) we define the forward
rate for the interval from T; to T;4+1, and PS?(¢, Ty, T3, (), vi, Ko g) and PSM(t,Ta,Tﬁ,U;‘,n,Kaﬁ)
are respectively the payer-swaption price given by our model and payer-swaption price given by the
swaption market (according to Black (1976) model). Let us, first of all, discretize the continuous dy-
namics seen in Section 3.1.3. Taking logs in order to get the stronger convergence of Milstein scheme,

one obtains for every a < j < § < n with

1. pioi (8 6L T))

log L (t+ At,T;) = logL(t,T;)+o;(t) Z 1+ 0,L (t,T5) At
i=a+1 ¢ T
AV ét)Q At +o; (t) (W (t+ At) — W (1)) (3.23)

where the instantaneous volatility o; (t) and correlations p; ; (t) between the n-factors has been estimated
solving the SDP problem (see Proposition 106) and they are piecewise stationary. The base scenario we
use for most of our results sets 6 = 1 year, n = 10 years corresponding to a ten-years term structure of
annual rates, and generating 10 points of data per year. Therefore o will take values between 1 and 5,
and 8 between 1 and 10 (with a < 8 < 10) where T, indicates the expiry date of the option and T is the
maturity of the swaption. We generate 10.000 simulations under the terminal measure in order to reach a
two-side 98% window, according to the standard error of Monte Carlo method®. All the swaptions priced
here using this methodology, are at-the-money swaptions, and the data set used in this simulation are
real market data (quoted March 12th, 2007)°.

5See Glasserman and Zhao (2000) for a complete description and implementation methodology.
6Market volatilities kindly provided by Caja Madrid Capital Markets (Fixed Income Derivatives Desk) using reliable
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Figure (8) compares the prices between both methodologies and estimated relative errors (in percent-
age) between the prices generated using Monte Carlo with a LMM and Black-76. In the x-axis, the swap
maturity in years is represented as the market used to quoted swaptions, without the option term (5 —a),
and in the z-axis, the option expiry (payer in the left and receiver in the right side) in years.
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Figure (8): Relative error (in percentage) in the payer-swaption (left) and receiver-swaption
(right) price using LMM-valuation (Monte Carlo) calibrated using SDP versus Black-76.

Not surprisingly, considering the structure of the SDP problem, Figure (8) shows that all swaptions
seem to fit reasonably well, except for the longest underlying, in line with the d’Aspremont (2003) or
Longstaff et al. (2000). With the exception of the payer-swaption with longest option expiry, in the rest
of the cases, the price approximation appears good enough, and it confirms the accuracy of a full-rank
calibration using SDP for at-the-money swaptions market (with 10 factors). It helps us to confirms the
advantages of this methodology to price and hedge more sophisticated exotic swaptions, that usually have
a great price dependence of the covariance structure.

market sources. All errors are my own.

154



Bibliography

Alizadeh, F., Haeberly, J. A. and Overton,M. L. (1998). Primal-dual interior—point methods for
semidefinite programming: Convergence rates, stability and numerical results, STAM Journal on
Optimization 8, pp. 746-768.

Alvarez O. and Tourin A. (1996). Viscosity solutions of nonlinear integro-differential equations,
Ann. Inst. H. Poincaré Anal. Non Linéaire, 13 pp. 293-317.

Andersen L. and Andreasen J. (2000). Jump-diffusion models: Volatility smile fitting and numerical
methods for pricing, Rev. Derivatives Research, 4 pp. 231-262.

Applebaum, D. (2004). Lévy Processes and Stochastic Calculus. Cambridge University Press.

Ascher U. M. , Ruuth S. J., and Wetton B. T. R. (1995). Implicit-explicit methods for time-
dependent partial differential equations, STAM J. Numer. Anal., 32 pp. 797-823.

Avellaneda, M. (1998). Minimum entropy calibration of asset pricing models. International Journal
of Theoretical and Applied Finance 1, pp. 447-72

Avellaneda, M., Levy, A. and Paras, A. (1995). Pricing and hedging derivative securities in markets
with uncertain volatilities, Applied Mathematical Finance 2, pp. 73-88.

Avellaneda, M. and Paras, A. (1996). Managing the volatility risk of portfolios of derivative secu-
rities: the lagrangian uncertain volatility model, Applied Mathematical Finance 3, pp. 21-52.

Bachelier, L. (1900). Théorie de la spéculation. Annales scientifiques de 'E.N.S. 3(17), pp. 21-86.

Bakshi, G., Cao, C., and Chen, Z. (1997). Empirical Performance of Alternative Option Pricing
Models, J. Finance 52, pp. 2003-2049.

Barles G., Buckdahn R., and Pardoux, E., (1997). BSDEs and integral-partial differential equations,
Stochastics Stochastics Rep., 60, pp. 57-83.

Barles G. and Jakobsen E. R., (2002). On the convergence rate of approximation schemes for
Hamilton—Jacobi—Bellman equations, M2AN Math. Model. Numer. Anal., 36, pp. 33-54.

Barles G. and Souganidis P., (1991). Convergence of approximation schemes for fully nonlinear
second order equations, Asymptotic Anal., 4, pp. 271-283.

Barndorff-Nielsen, O. E. (1998). Processes of Normal Inverse Gaussian Type, Finance Stochast. 2,
pp. 41-68.

Barndorff-Nielsen, O.E., Pedersen, J., and Sato, K. (2001). Multivariate subordination, self-
decomposability and stability. Adv. Appl. Probab. 33, pp. 160-187.

Barndorfl-Nielsen, O. E., and Shepard, N. (2001). Non-Gaussian Ornstein-Uhlenbeck-Based Models
and Some of Their Uses in Financial Economics, J.Roy. Statist. Soc.B, 63, pp. 167-241

Barndorfl-Nielsen, O.E., and Shephard, N. (2005). Continuous Time Approach to Financial Volatil-
ity. Cambridge University Press. (To appear)

155



Barndorff-Nielsen, O.E., and Shiryaev, A.N. (2005). Change of Time and Change of Measure. (In
preparation.)

Bates, D. S. (1996a). Jumps and stochastic volatility: the exchange rate processes implicit in
Deutschmark options. Review of Financial Studies 9, pp. 69-107.

Bates, D. S. (1996b). Testing option pricing models. In Statistical methods in finance, vol. 14 of
Handbook of Statististics, pp. 567-611. North-Holland, Amsterdam.

Bertoin, J. (1996). Lévy Processes. Cambridge University Press.

Bielecki, T. and Rutkowski, M. (2002). Credit Risk: Modeling, Valuation and Hedging. Springer
Verlag, Berlin Heidelberg New York

Billingsley, P. (1968). Convergence of Probability Measures. John Wiley and Sons, New York.
Billingsley, P. (1986). Probability and Measure. John Wiley and Sons, New York.

Bingham, N.H., Goldie, C.M. and Teugels, J.L. (1987). Regular Variation, Cambridge University
Press, Cambridge.

Bjork, T., G. Di Masi, Y. Kabanov and W. Runggaldier (1997). Towards a general theory of bond
markets. Finance and Stochastics 1, pp. 141-174.

Bjork, T., Y. Kabanov, and W. Runggaldier (1997). Bond market structure in the presence of
marked point processes. Mathematical Finance 7, pp. 211-239.

Black, F. and Scholes, M. (1973). The pricing of options and corporate liabilities. Journal of Political
Economy 81, pp. 637-654.

Black, F. and Cox, J. (1976). Valuing corporate securities: some effects on bond indenture provi-
sions. Journal of Finance 31, pp. 351-367.

Boyd, S. and Vandenberghe, L. (2004). Convex Optimization, Cambridge University Press.

Brace, A., Dun, T. and Barton, G. (1999). Towards a central interest rate model. Working Paper.
FMMA

Brace, A., D. Gatarek and M. Musiela (1997). The market model of interest rate dynamics. Math-
ematical Finance 7, pp. 127-155.

Brace, A. and Womersley, R. S. (2000). Exact fit to the swaption volatility matrix using semidefinite
programming, Working paper, ICBI Global Derivatives Conference .

Breiman, L. (1968). Probability, Addison-Wesley, Reading, Mass., (republished STAM, Philadelphia,
1992)

Brémaud, P. (1980). Point processes and Queues. Martingale dynamics. Springer Series in Statistics.
Springer Verlag, Berlin Heidelberg New York.

Brigo, D. and Mercurio F. (2001). Interest Rate Models: Theory and Practice. Springer.

Brigo D. Mercurio F. and Morini M., (2005). The Libor Model Dynamics: Approximations, Cali-
bration and Diagnostics, European Journal of Operation Research 163, pp. 30-41.

Brigo D. and Mercurio F. (2002). Calibrating LIBOR. Risk Magazine, January issue.
Brigo D., Mercurio F. and Rapisarda, F. (2004). Smile at Uncertainty, Risk, May issue.

Brigo D. and Morini M. (2006). Efficient Analytical Cascade Calibration of the LIBOR market
model with Endogenous Interpolation. Accepted for publication in the Journal of Derivatives.

Carr, P., Geman, H., Madan, D. and Yor, M. (2002). The fine structure of asset returns: An
empirical investigation J.Bus. 75, pp. 305-332.

156



Carr, P., Geman, H., Madan, D. and Yor, M. (2005). Pricing options on realized variance. Finance
Stochast. 9, pp. 453-475.

Carr, P., Geman, H., Madan, D. and Yor, M. (2003). Stochastic Volatility for Lévy Processes.
Mathematical Finance 13, pp. 345-382.

Carr, P. and Madan, D. (1998). Option Valuation using the Fast Fourier Transform. Journal of
Computational Finance 2, pp. 61-73.

Chan, T. (1999). Pricing contingent claims on stocks driven by Lévy processes. Annals of Applied
Probability, 9(2), pp. 504-528.

Chambers, J. M., Mallows, C.L., and Stuck, B.W. (1976) A method for simulating stable random
variables. J. amer. Statist. Assoc. 71 pp. 340-344.

Cont, R. (2001). Inverse problems in financial modeling: theoretical and numerical aspects of model
calibration., Lecture Notes, Princeton University.

Cont, R. and Tankov P. (2004). Financial modelling with Jump Processes. CRC Press.

Cont, R. and Tankov P. (2004). Nonparametric calibration of jump-diffusion option pricing models,
J. Comput. Finance, 7, pp. 1-49.

Cont, R. and Voltchkova E. (2005). Integro-differential equations for option prices in exponential
Lévy models, Finance Stoch., 9 pp. 299-325.

Crandall M. G., Ishii H., and Lions P.-L. (1992). User’s guide to viscosity solutions of second order
partial differential equations, Bull. Amer. Math. Soc. (N.S.), 27 , pp. 1-67.

Crandall M. G. and Lions P.-L. (1984). Two approximations of solutions of Hamilton-Jacobi equa-~
tions, Math. Comp., 43, pp. 1-19.

d’Aspremont, A. (2002) Interest Rate Model Calibration and Risk-Management using Semidefinite
Programming, PhD thesis, Ecole Polytechnique.

d’Aspremont, A. (2003) Interest Rate Model Calibration using Semidefinite Programming. Applied
Mathematical Finance 10, pp. 183-213.

d’Aspremont, A. (2005) Risk-Management Methods for the Libor Market Model Using Semidefinite
Programming. J Computational Finance 8, pp. 77-99.

Davydov, D. and Linetsky, V. (2002) Structuring, Pricing and Hedging Double Barrier Step Options,
J. Comput. Finance, 5-2, pp. 55-87.

Doob, J. L., (1953) Stochastic Processes, Wiley.

Doob, J. L., (1954) Semimartingales and subharmonic functions, Trans. Amer. Math. Soc. 77, pp.
86-121.

Duffee, Gregory R., (1998). The relation between treasury yields and corporate bond yield spreads,
Journal of Finance 53, pp. 2225-2241.

Duffee, Gregory R., (1999). Estimating the price of default risk, The Review of Financial Studies
12, pp. 187-226.

Duffie, D. and Ming Huang, (1996). Swap rates and credit quality, Journal of Finance 51, pp.
921-949.

Duffie, D. and Rui Kan, (1996). A yield-factor model of interest rates, Mathematical Finance 6,
pp- 379-406.

Duffie, D. and Singleton, K. (1999). Modeling term structures of defaultable bonds, Review of
Financial Studies 12, pp. 687-720.

157



[64]

[65]

[66]

[67]

[68]

[81]

[82]
[83]

[84]

Duffie, D. and Singleton, K. (1997). An econometric model of the term structure of interest-rate
swap yields, Journal of Finance 52, pp. 1287-1381.

Duffie, D. and Lando D. (2001). Term structure of credit spreads with incomplete accounting
information, Econometrica, 69, pp. 633-664.

Duffie, D. and Protter, P. (1992). From discrete to continuous-time finance: weak convergence of
the financial gain processes. Mathematical Finance, 2(1), pp. 1-15.

Dzhaparidze, K. and Valkeila, E. (1990). On the Hellinger type distances for filtered experiments.
Probability Theory and related Fields 85, pp. 105-117.

Eberlein, E. (2001). Application of generalized hyperbolic Lévy motions to finance. In O. E.
Barndorff-Nielsen, T. Mikosch, and S. Resnick (Eds.), Lévy Processes: Theory and Applications,
pp- 319-337. Birkh&user Verlag.

Eberlein, E., Jacod, J. and Raible, S. (2005). Lévy term structure models: no-arbitrage and com-
pleteness. Finance and Stochastics 9, pp. 67-88.

Eberlein, E. and Kluge, W. (2006). Exact pricing formulae for caps and swaptions in a Lévy term
structure model. Journal of Computational Finance 9 (2), pp. 99-125

Eberlein, E. and Kluge, W. (2006). Valuation of floating range notes in Lévy term structure models.
Mathematical Finance 16, pp. 237-254.

Eberlein, E., Kluge, W. and Papapantoleon, A. (2006). Symmetries in Lévy term structure models.
International Journal of Theoretical and Applied Finance 9 (6), pp. 967-986.

Eberlein, E., Keller, U. and Prause, K. (1998). New Insights into Smile, Mispricing and Value at
Risk, J. Business 71, pp. 371-406.

Eberlein, E. and Ozkan, F. (2005). The defaultable Lévy term structure: Ratings and restructuring.
Preprint Nr. 71, Freiburg Center for Data Analysis and Modeling, University of Freiburg.

Eberlein, E. and Raible, S. (1999). Term structure models driven by general Lévy processes. Math-
ematical Finance 9, pp. 31-53.

El Karoui, N., Jeanblanc-Picqué, M. and Shreve, S. E. (1998). On the robustness of the Black-
Scholes equation, Mathematical Finance 8, pp. 93-126.

El Karoui, N. and Quenez, M. (1995). Dynamic programming and pricing of contingent claims in
an incomplete market, Siam Journal of Control and Optimization 33, pp. 29-66.

Engl, H. W., Hanke, M. and Neubauer, A. (1996). Regularization of inverse problems. Vol. 375 of
Mathematics and its Applications, Kluwer Academic Publishers Group, Dordrecht.

Embrechts, P., and Maejima, M. (2002). Self-Similar Processes. Princeton Series in Applied Math-
ematics. Princeton, NJ, Princeton University Press.

Esche, F., and Schweizer, M. (2003). Minimal entropy preserves the Lévy property: How and why,
Preprint, Technical University Berlin.

Ethier, S. N. and Kurtz, T. G. (1986). Markov Processes. Characterization and Convergence. John
Wiley and Sons, New York.

Fitzsimmons, P. (1987). A Converse to a Theorem of P. Lévy, Ann. Probab. 15, pp. 1515-1523.

Fu, M. C., Madan, D. and Wang, T. (1999). Pricing Continuous Time Asian Options. Comparison
of Monte Carlo and Laplace Transform Inversion Methods. J. of Computational Finance, 2, 2, pp.
49-74

Gihman, I. I. and Skorohod, A. V. (1982). Stochastic differential equations and their applications.
Kiev. Naukova dumka.

158



[100]

[101]
[102]

[103]

[104]
[105]

[106]

[107]

Glasserman, P. and Kou, S. (2001). The term structure of simple forward rates with jump risk.
Preprint, Columbia University.

Goll, T., and Kallsen, J. (2000). Optimal portfolios for logarithmic utility Stochastic Processes and
their Applications, 89(1), pp. 31-48.

Grigelionis, B. (1978). Additive Markov Processes, Lithuanian Math. J. Vol.18.3, pp. 340-342.
Grigelionis, B. (1999). Processes of Meixner Type, Lithuanian Math. J. 39, pp. 33-41.

Grigelionis, B. and Mikulevicius, R. (1981). Weak Convergence of semimartingales, Lithuanian
Math. J. Vol.21.3, pp. 213-224.

Grigelionis, B. and Mikulevicius, R. (1981). Weak Convergence of sthochastic point processes,
Lithuanian Math. J. Vol.21.4, pp. 297-301.

Grigelionis, B. and Mikulevicius R. (1983). On stably weak convergence of semimartingales and of
point processes, Theory Proab. Appl., Vol.28.2, pp. 337-350.

Halmos, P. R. (1950) Measure theory, Van Nostrand Pricenton, NJ.

Harrison, J.M. and Kreps, D. M. (1979). Martingales and Arbitrage in Multiperiod Security Mar-
kets. Journal of Economic Theory, 20, pp. 381-408.

Harrison, J. M. and Pliska S. (1981). Martingales and Stochastic Integrals in hte Theory of Con-
tinuous Trading. Stochastic processes and Their Applications, 11, pp. 215-260.

He, S. W., Wang, J. G. and Yan, J. A. (1992). Semimartingale Theory and Stochastic Calculus.
Science Press, Beijing.

Heath, D., Jarrow, R. and Morton, A. (1992). Bond pricing and the term structure of interest rates:
A new methodology for contingent claims valuation. Econometrica 60, pp. 77-105.

Hoover, D. N. (1991) Convergence in distribution and Skorokhod convergence for the general theory
of processes. Probability Theory and Related Fields, 89(3), pp. 239-259.

Jacod, J. (1975). Multivariate point processes: predictable projection, Radon-Nikodym derivative,
representation of martingales. Z.Wahrsch. Verw. Geb. 31 pp. 235-253.

Jacod, J. (1979). Calcul stochastique et problémes de martingales. Lecture Notes in Mathematichs
714. Springer.

Jacod, J. (1985). Théorémes limite pour les processus. Ecole d’été de St-Flour XIIT 1983. Lecture
Notes in Mathematics 1117, Springer.

Jacod, J. and Shiryaev, A. N. (1987). Limit Theorems for Stochastic Processes. Springer.

Jakubowski, A., Mémin, J. and Pages, G. (1989) Convergence en loi des suies d’integrales stochas-
tiques sur I’espace D! de Skorokhod. Probability Theory and Related Fields, 81(1), pp. 111-137.

Jamshidian, F. (1997). LIBOR and swap market models and measures. Finance and Stochastics 1,
pp- 293-330.

Jamshidian, F. (1999). Libor market model with semimartingales. Working paper, Net Analytic Ltd.

Jarrow, R., Lando, D., and Turnbull, S. (1997). A Markov Model tor the Term Structure of Credit
Spreads. Review of Financial Studies 10, 48 pp. 1-523.

Jarrow, R., and Turnbull, S. (1995). Pricing Options on Financial Securities Subject to Default
Risk. Journal of Finance 5-0, pp. 53-86.

Jeanblanc, M., Pitman, J. and Yor, M. (2001). Self-Similar Processes with Independent Increments
Associated with Lévy and Bessel Processes, Stochast. Proc. Appl. 100, pp. 223-232.

159



[108]

[109]

[110]

[111]

[112)

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]
[123]
[124]

[125]

[126]

[127]

128
[129]

Kallenberg, O. (1997). Fundations of Modern Probability. Springer Verlag, Berlin.

Kallsen, J. and Shiryaev, A. N. (2001). Time change representation of stochastic integrals. Theory
of Probability and Its Applications. Russian Edition; English Version: http://www.stochastik.uni-
freiburg.de/homepages/kallsen/.

Kallsen, J. and Shiryaev, A. N. (2002). The cumulant process and Esscher’s change of measure.
Finance and Stochastics 6, pp. 397-428.

Karatzas, I. and Shreve, S. E. (1987). Limit theorems for stochastic processes. Springer Verlag,
Berlin.

Karmarkar, N. K. (1984). A new polynomial-time algorithm for linear programming, Combinatorica
4, pp. 373-395.

Khintchine, A. Y. (1938). Limit Laws of Sums of Independent Random Variables, ONTI, Moscow,
Russia.

Knight, F. B. (2001). On the Path of an Inert Object Impinged on One Side by a Brownian Particle,
Probab. Theory Related Fields 121, pp. 577-598.

Kolmogorov, A.N. (1950). Foundations of the Theory of Probability, Chelsea Pub. New York (Ger-
man original 1933)

Konikov, M., and D. Madan (2002). Option Pricing using Variance Gamma Markov Chains, Rev.
Derivatives Res. 5, pp. 81-115.

Kou, S. G. (2002). A jump diffusion model for option pricing. Management Science. Vol. 48, pp.
1086-1101.

Kou, S. G. Petrella G. and Wang H. (2005). Pricing path-dependent options with jump risk via
Laplace transforms. Kyoto Economic Review. Vol. 74, pp. 1-23.

Kou, S. G. and Wang, H (2004). Option pricing under a double exponential jump diffusion model.
Management Science. Vol. 50, pp. 1178-1192.

Kurtz, T. G. and Protter, P. E. (1991) Weak limit theorems for stochastic integrals and stochastic
differential equations. Annals of Probability, 19(3), pp. 1035-1070.

Kurtz, T. G. and Protter, P. E. (1996) Weak convergece of stochastic integrals and differential
equations. Lecture notes in Mathematics 1627, 1-41 Edit. Springer Verlag, Berlin.

Lamperti, J. (1962). Semi-stable Stochastic Processes, Trans. Am. Math. Soc. 104, pp. 62-78.
Lévy, P. (1937) Théorie de I’Addition des Variables Aléatoires. Paris, Gauthier-Villars.

Lindvall, T. (1973). Weak convergence of probability measures and random functions in the function
space D([0, 00[) J. Appl. Probab., Vol. 10, pp. 109-121.

Liptser, R. Sh. and Shiryaev, A. N. (1977). Statistics of Random processes, I: General theory.
Springer Verlag.

Liptser, R. Sh. and Shiryaev, A. N. (1989). Theory of martingales. Mathematics and its applications,
Kluwer Academic Publishers.

Lobo,M., Vandenberghe, L., Boyd, S. and Lebret, H. (1998). Applications of second-order cone
programming, Linear Algebra and its Applications 284, pp. 193-228. Special Issue on Linear Algebra
in Control, Signals and Image Processing.

Loeve, M. (1977). Probability theory, vol. 1 and 2, 4th ed. New York, Springer
Longstaff, F. A., Santa-Clara, P. and Schwartz, E. S. (2000). The relative valuation of caps and
swaptions: Theory and empirical evidence., Working Paper, The Anderson School at UCLA.

160



[130]

[131]

[132]

[133]

[134]

[135]

136
[137]

[138)]

[139]
[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

Madan, D. (2001). Financial modeling with discontinuous price processes. In Barndorff-Nielsen,O.
E., Mikosch, T. and Resnick, S.(eds), Lévy processes — theory and applications. Birkhauser, Boston.

Madan, D.B., Carr, P. and Chang, E.C. (1998). The variance gamma process and option pricing.
European Finance Review 2, pp. 79-105.

Madan, D.B. and Milne, F. (1991). Option pricing with V.G. martingale components. Mathematical
Finance 1(4), pp. 39-55.

Maejima, M., and Sato, K. (2003). Semi-Lévy processes, semi-selfsimilar additive processes, and
semi-stationary Ornstein-Uhlenbeck type processes. J. Math. Kyoto Univ. 43, pp. 609-639.

Maejima, M., Sato, K., and Watanabe, T. (2000). Distributions of selfsimilar and semiselfsimilar
processes with independent increments. Statist. Probab. Letters 47, pp. 395-401.

Maejima, M., Suzuki, K., and Tamura, Y. (1999). Some multivariate infinitely divisible distributions
and their projections. Probab. Theory Math. Statist. 19, pp. 421-428.

Maruyama, G. (1970). Infinitely divisible processes. Theory Probab. Appl. 15, pp. 1-22.

Mandelbrot, B. B. (1963). New methods in statistical economics, Journal of Political Economy, 71,
pp. 421-440.

Marsaglia, G. and Tsang, W.W. (2000). A Simple Method for Generating Gamma Variables, ACM
Trans. Math. Soft. 26(3) pp. 363-372.

Maruyama, G. (1970). Infinitely divisible processes. Theory Probab. Appl. 15, pp. 1-22.

Merton, R. (1976). Option pricing when underlying stock returns are discontinuous. Journal of
Financial Economics 3, pp. 125-44.

Merton, R. (1974). On the pricing of corporate debt: the risk structure of interest rates. Journal of
Finance 29, pp. 449-470.

Miltersen, K. R., K. Sandmann, and D. Sondermann (1997). Closed form solutions for term structure
derivatives with log-normal interest rates. Journal of Finance 52, pp. 409-430.

Miyahara, Y., and Fujiwara, T. (2003). The minimal entropy martingale measures for geometric
Lévy processes. Finance and Stochastics 7, pp. 509-31.

Morozov, V. (1966). On the solution of functional equations by the method of regularization. Soviet
Mathematics Doklady 7, pp. 414-17.

Musiela, M. and Rutkowski, M. (1997). Continuous-time term structure models: forward measure
approach. Finance and Stochastics 1, pp. 261-291.

Musiela, M. and Rutkowski, M. (2004). Martingale Methods in Financial Modelling (2nd ed.).
Springer.

Nemirovskii, A. S. and Yudin, D. B. (1979). Problem complexity and method efficiency in opti-
mization, Nauka (published in English by John Wiley, Chichester, 1983).

Nesterov, Y. and Nemirovskii, A. (1994). Interior-point polynomial algorithms in convex program-
ming, Society for Industrial and Applied Mathematics, Philadelphia.

Nualart, D. and Schoutens, W. (2000). Chaotic and predictable representations for Lévy processes.
Stochastic Processes and their Applications 90(1), pp. 109-122.

Nualart, D. and Schoutens W. (2001). Backwards Stochastic Diferential Equations and Feynman-
Kac Formula for Lévy Processes, with applications in finance. Bernoulli, 7(5), pp. 761-776.

Pardoux, E., Pradeilles, F. and Rao, Z. (1997). Probabilistic interpretation fo a system of semi-linear
parabolic partial differential equations. Ann. Inst. Henri Poincaré. Vol. 33, n. 4, pp. 467-490

161



[152]

[153]
[154]

[155]

[156]

[157]

158

[159]
[160]

[161]
[162]

[163)]

[164]

[165]

[166]

[167]

[168]

[169)]

[170]

[171]

[172]

173]

Pedersen, J., and Sato, K.-I. (2003). Cone-parameter convolution semigroups and their subordina-
tion. Tokyo J. Math. 26, pp. 503-525

Pelsser, A. (2000). Efficient Methods for Valuing Interest Rate Derivatives. Springer Verlag

Petrella, G. and Kou, S. G. (2004) Numerical pricing of discrete barrier and lookback options via
Laplace transforms. J. of Computational Finance, 8. pp. 1-37

Pfaff, T. (1982). Quick consistency of quasi maximum likelihood estimators. Annals of Statistics,
Vol. 10, n3, pp. 990-1005

Prause, K. (1997). Modelling financial data using generalized hyperbolic distributions. FDM
Preprint 48, University of Freiburg.

Press,W. H., Teukolsky, S. A., Vetterling,W. T., and Flannery, B. P. (1992). Numerical Recipes in
C: the art of scientific computing. Cambridge University Press.

Prigent, J.-L. (1999). Incomplete markets: Convergence of option values under the minimal mar-
tingale measure. Advances in Applied Probability, 31(4), pp. 1058-1077.

Protter, P. (1995). Stochastic Integration and Differential Equations (2. ed.). Springer.

Raible, S. (2000). Lévy processes in finance: theory, numerics, and empirical facts. Ph. D. thesis,
University of Freiburg.

Rebonato, R. (1998). Interest-Rate Options Models, Financial Engineering, Wiley.

Rebonato, R. (1999). On the simultaneous calibration of multi-factor log-normal interest rate models
to black volatilities and to the correlation matrix., QUARCH Working paper.

Rocha-Arteaga, A., and Sato, K.-I. (2003). Topics in Infinitely Divisible Distributions and Lévy
Processes. Aportaciones Matematicas, Investigacion 17, Sociedad Matematica Mexicana.

Samperi, D. (2002). Calibrating a diffusion pricing model with uncertain volatility: regularization
and stability. Mathematical Finance 12, pp. 71-87.

Sato, K.-I. (1991). Self-similar processes with independent increments. Probab. Th. Rel. Fields 89,
pp. 285-300.

Sato, K.-I. (1998). Multivariate distributions with selfdecomposable projections. J. Korean Math.
Soc. 35, pp. 783-791.

Sato, K.-I. (1999). Lévy Processes and Infinitely Divisible Distributions. Cambridge University
Press.

Sato, K.-I. (2000). Density transformation in Lévy processes. MaPhySto Lecture Notes No. 7,
University of Aarhus.

Sato, K.-I. (2004). Stochastic integrals in additive processes and application to semi-Lévy processes.
Osaka J. Math. 41, pp. 211-236.

Slominski, L. (1989). Stability of strong solutions of stochastic differential equations. Stochastic
processes and their Applications, 31(2), pp. 173-202.

Schmidt, T. and Stute, W. (2004). Credit risk — a survey. Contemporary Mathematics 336, pp.
75-115.

Schénbucher, Philipp J. (1998). Term structure modelling of defaultable bonds. The Review of
Derivatives Studies, Special Issue: Credit Risk, 2, pp. 161-192.

Schonbucher, Philipp J. (2002). A Tree implementation of a Credit Spread Model for Credit Deriv-
atives. J. of Computational Finance, Vol. 6, No. 2, pp. 1-38.

162



[174]
[175]

[176]

[177]
[178]

[179]

[180]

[181]

[182]

[183)]

[184]

[185]

[186]

187

[188]

[189]

[190]

[191]

Schonbucher, Philipp J. (2003). Credit Derivatives Pricing Models. Wiley.

Schonbucher, Philipp J. (2003). Information-driven default contagion. Working paper, D-Math,
ETH Zurich, December.

Schonbucher, Philipp J. and Schubert, D. (2001). Copula-dependent default risk in intensity models.
Working paper, Department of Statistics, Bonn University.

Schoutens, W. (2003). Lévy Processes in Finance. Pricing Financial Derivatives. Wiley.

Schoutens, W. (2000). The Meixner Process in Finance. Eurandom Report 2001-002, Eurandom,
Eindhoven.

Sibeux, C. and Vostrikova, L. (1996). Uniform convergence of semimartingales and minimum dis-
tance estimators. LAREMA Prepublication n. 29.

Skorohod, A.V. (1991). Random Processes with Independent Increments. Kluwer Academic Pub.,
Dordrecht, Netherlands.

Sturm, J. F. (1999). Using sedumi 1.0x, a matlab toolbox for optimization over symmetric cones,
Optimization Methods and Software 11, pp. 625-653.

Todd, M. and Yildirim, E. A. (2001). Sensitivity analysis in linear programming and semidefinite
programming using interior-points methods, Mathematical Programming 90(2), pp. 229-261.

Toh, K. C., Todd, M. J. and Tiitiincii, R. H. (1996). SDPT3 — a matlab software package for semi-
definite programming, Technical report, School of Operations Research and Industrial Engineering,
Cornell University.

Vostrikova, L. Yu. (1983). Functional limit theorems for the disorder problem. Stochastics, Vol. 9,
N. 1-2, pp. 103-104.

Vostrikova, L. Yu. (1987). Functional limit theorems for the likelihood ratio processes. Ann. Uni-
versitatis Scientarum Budapestisnenses de R. E6tvos nominatae, VI pp. 145-182.

Vostrikova, L. Yu. (1988). On weak convergence of likelihood ratio processes of general statistical
parametric models. Stochastics 23, pp. 277-298

Vostrikova, L. Yu. (1991). Divergence processes and weak convergence of likelihood ratio processes.
Séminaire de Probabilités de Rennes I, pp. 134-146.

Winkel, M. (2001). The recovery problem for time-changed Lévy processes. MaPhySto Research
Report.

Wong, E. and Zakai, M. (1965) On the relationship between ordinary and stochastic differential
equations. Int. J. Eng. Science 3, pp. 213-229.

Wong, E. and Zakai, M. (1965) On the convergence of ordinary integrals to stochastic integrals.
Ann. Math. Stat. 36. pp. 1560-1564.

Zhou, C. (1997). A jump-diffusion approach to modeling credit risk and valuing defaultable securi-
ties. Working paper, Federal Reserve Board, Washington DC.

163



	portada tesis2



