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1 Introduction and main results

In this paper, we deal with the asymptotic behavior of asymptotically extremal
polynomials with respect to varying weights. In this sense, our main result
is related to the weak zero asymptotics for such sequences of polynomials.
Then, this result is applied to study the asymptotic behavior of polynomials
orthogonal with respect to Sobolev inner products with exponential weights.

In order to state our main results it is convenient to recall some basic topics
in potential theory. First, recall the notion of admissible weights (see [10,
Def.1.1.1]).

Definition 1.1 Given a closed set ¥ C C, we say that a function w : ¥ —
[0,00) is an admissible weight on ¥ if the following conditions are satisfied:

i) w is upper semi-continuous;
i) the set {z € X : w(z) > 0} has positive (logarithmic) capacity;
iii) if ¥ is unbounded, then ‘l‘im |z|lw(z) = 0.

z€EX

Given such an admissible weight w in the closed set ¥ and setting ¢(z) =
—logw(z), we know (see e.g. [10, Ch.I]) that there exists a unique measure
e, With (compact) support in ¥, for which the infimum of the weighted
(logarithmic) energy

L(p) = = [ [1og|z = zlau(z)du(z) + 2 [ o(@)du(z), pe M(),

is attained, where, as usual, M(X) denotes the set of probability measures
supported in X. Moreover, setting F,, = I,,(f,)— / odp,,, we have the following

property, which uniquely characterizes both the equilibrium measure pu,, and
its support supp f:

< F,, forz & supp .,

Vi (2) + o(2) { (1)

> F,, for quasi-everyz € 3,

where for a measure o, V7 denotes its logarithmic potential, that is,

V() = = [log |z~ aldo(x),

and a property is said to be satisfied for “quasi-every” z in a certain set, if it
holds except in a possible subset of zero capacity (see e.g. [10] for details).

Indeed, let ¥ be a closed set and w an admissible weight on . Then, a se-
quence of monic polynomials {p,},en is said to be asymptotically extremal



with respect to the weight w if it holds (see [10]):

1/n

I [w"pnl| ooy = exp(—FL), (2)
where, as usual, the symbol || - ||L=(x) denotes the sup-norm in the set X.

The study of weighted polynomials of the form w(z)"p,(z) has applications
to many problems in approximation theory (see e.g. the monographes [10]
and [11]). It is well known that if for each n € N T is the n-th (weighted)
Chebyshev polynomial with respect to the weight w™, that is, if it is the unique
monic polynomial of degree n such that

[T [ Loe(sy = inf{[|w"pllLe(s), p(2) = 2" + ...},

then the sequence {7¥} has the asymptotic behavior given in (2) (see [10,
CLIII)).

Under mild conditions on the weight w, in [10, Ch.III] it is shown that the
zeros of such a sequence of polynomials asymptotically follow the equilibrium
measure [, in the sense of the weak-* convergence. To be precise, denoting by

1 n
Tnk,k=1,...,n, the zeros of p, and by v,, = — Z 04, , the corresponding
n ,

k=1
unit zero counting measure, where as usual the symbol ¢, stands for the Dirac
delta with mass concentrated at a, we have that if supp p,, has empty interior
and connected complement, then (see [10, Th.II1.4.2] or the previous paper
8)):

Vn — Hw , W — 00, (3)

where the convergence holds in the weak-* sense.

In this paper we extend this result by considering asymptotically extremal
monic polynomials {p,} with respect to varying weights {w!/"},cn, that is,
when it holds

. 1/n

lim flwnpall ) = exp (—F.) | (4)

where w'/™ tends to w in some sense, which will be indicated below. For sim-
plicity, we deal with the case where ¥ is a closed interval, but the extension for
general closed sets seems feasible. Our result also extends previous theorems
by Gautschi and Kuijlaars [3, Theorem 5] and Gonchar and Rakhmanov [4].

Now, we are going to state our main result.

Theorem 1.1 Let X be a closed interval in R and w an admissible weight on
Y. If {w!/"} is a sequence of admissible weights on ¥ such that

lim inf w, ()" > w(z) , for qu.e. x € (5)

n—~0o0



and {pn} a sequence of monic polynomials satisfying condition (4), then (3)
holds.

Next, this general result will be applied to obtain the (contracted) weak zero
asymptotics for orthogonal polynomials with respect to a Sobolev inner prod-
uct with exponential weights. These exponential weights, of the form e #(®),
include as particular cases the so-called Freud (i.e., when ¢ has a polynomial
growth at infinity) and Erdés (when ¢ grows faster than any polynomial at
infinity) weights.

Indeed, let {u;}M, be a set of M + 1 positive Borel measures supported on
A C R. In the linear space P of polynomials with complex coefficients we
introduce the inner product

s =3 [ P0@) 70 ) (o), (6)

assuming all the integrals are convergent and p® denotes the i-th derivative
of p. For a polynomial p, the corresponding Sobolev norm is

M
Ipl% = 2 15911720 (7)

When A is a compact subset of the complex plane, the algebraic properties
and analytic/asymptotic behavior of the system of orthogonal polynomials
with respect to the above inner product have been extensively studied in the
last fifteen years. Notwithstanding, the case where A is unbounded has only
been considered recently. As it is well known, one of the main facts in the
theory of standard orthogonality (i.e., when M = 0) is that the zeros of the
orthogonal polynomials lie in Co(supp po) (the convex hull of the support of
the measure ji0); but in the Sobolev case (M > 0) this is no longer true. In this
sense, in [1] it is obtained an upper bound for the distance of the zeros to the
convex hull of the support, under certain conditions on the measures; in section
3 we give an alternative and very simple proof of that result. For an updated
summary on the analytic properties of Sobolev polynomials orthogonal with
respect to exponential type weights supported on unbounded sets of the real
line we recommend the introduction of [7].

In the sequel, we consider that A = R and that each measure p, k =0,..., M,
can be written as duy(z) = pi(x) dx, where

pr(r) = exp(=gpr(z)), (8)



with

0, ifﬁk>0,

9
1, ifn,=0. (9)

or(r) = exp,, (|z|**) —exp,, (0), mx € Zy, . > {

Here, exp,;(z) denotes the [-th iterated exponential, defined as

exp(exp(exp(...exp(z))) if { >0,

exp(z) = [ times

T ifl=0.

For these weights, it is well known that there exists a constant ay,, usu-
ally called the Mhaskar-Rakhmanov-Saff constant, such that (see [6, formula
1.1.17)),
1P prll ooy = 1P prll L (-ap man.al » (10)
for any polynomial P of degree at most n. These constants (see [6, §1.6]),
satisfy:
(1/ak)
arn ~ (log, () "™ (11)
where log; denotes the [-th iterated logarithm:

log(log(log(. . .log(z))) if { >0,
log,(z) = [ times
x ifl=0,

and the notation “c,, ~ d,,;” means that there exist two positive constants A, B
such that Ad, < ¢, < Bd,. In the particular case where 7, = 0 (that is, the
Freud case), we have the closed expression (see [6] or [10]):

)1/% — w ) (12)

Qn = (fyakn y Yo = T (akT_H)

Notice that there exist k € {0,1,..., M} and a constant C' > 0 such that for
each 0 < k < M the following inequality holds

e @) < Cem @ 1 e R, (13)
where () = expg(|z]*) — exp-(0), 7 = oD, T, O = {ﬁigm ap  and
k = min k.

k=1
ap=a



In the sequel, we shall refer to pr = exp(—yy) as the “main” weight.

Denote by S,, the n-th monic orthogonal polynomial with respect to the inner
product (6) with weights given by (8)-(9), and by f, the “arcsine” measure
in [—1,1]:

Bpteglr) = - 22
lu’eq - T 1 — ,’L’2 I
or, what is the same, the equilibrium measure for ¥ = [—1,1] when w = 1

(F, = log2), and by p, the so-called Ullman distribution (see e.g. [6] and
[10]):

d L RSAY.

W) =2 [ ——at] du,

H ( ) (77' /x \/t2 —113'2 )

that is, the equilibrium measure for ¥ = [—1, 1] when w(z) = 7,|z|*, with 7,

as in (12) (F, =log2+ 1).

Under these conditions, and as an application of Theorem 1.1, we have the
following
Theorem 1.2 Under the conditions above, if we denote by atsfg j=1,...,n—

k, the zeros of the k-th derivative S%¥) of the polynomial S,, k =0,1,..., M,
we have for k > k:

1 n=k dpieg, if 72> 0),
Z 5x(k)/a — Heq f T (14>
n— k 7=1 gl d/'l/az7 Zf nE = 07

where the convergence holds in the weak-* sense, and a,, = ar.., s the Mhaskar-
Rakhmanov-Saff constant associated to the main weight.

Remark 1.1 In the particular case when k = 0, that is, when py is the main
weight, (14) yields:

1 TL(S d:uet]7 an0>07
" Z Tn,j/an - d . o
ni4 Haos o m0o=0,

0 .
where x, ; = x,g;, j=1,...,n, are the zeros of S,.

That s, when py is the main weight, the contracted zeros of the Sobolev or-
thogonal polynomials S, asymptotically follow the equilibrium distribution of
the interval [—1,1], if no > 0 (that is, if the main weight is of Erdds type). If
po 1S of Freud type, i.e. ng = 0, the zeros of the rescaled Sobolev orthogonal
polynomials are distribute according to the Ullman distribution.

Notice that Theorem 1.1 enables us to give in Theorem 1.2 the weak zero
asymptotics for Sobolev orthogonal polynomials with exponential weights both
of Freud and Erdos type, with a unified treatment. In this sense, this result



extends the previous analysis carried out in [7], which was restricted to the
Freud-type cases.

Finally, we show a result on the n-th root asymptotics of the derivatives of the
rescaled Sobolev orthogonal polynomials. To this end, we need a result about
the location of zeros of Sobolev orthogonal polynomials in the unbounded
case. Up to now, the only known result in this direction was obtained by
Durén and Saff in [1, Theorem 1.1]. By applying that result to our case, we
get the following:

Theorem 1.3 Suppose that we have a Sobolev inner product (6) with dug(x) =
wy(z)dx, k =0,..., M, and there exist positive constants {C;}, such that the
weights wy, satisfy

Cr =

<oo, k=1,...,M. (15)

Lo (R)

Wr—1

Then, there exists another positive constant C, only depending on {Ci},,
such that if zy is a zero of the Sobolev orthogonal polynomial S,,, we have

|S(20)] < C.

A set of weights satisfying condition (15) is usually called a sequentially dom-

1 M
inated family of weights. Durdn and Saff [1] proved that C' = 3 > k2Cy.
k=1

In section 3 we shall give a new proof of Theorem 1.3, which is much simpler
than that given in [1].

For each n € N let us denote the n-th monic rescaled Sobolev orthogonal
polynomial by R, (z), that is, R, (z) = a,"S,(a,z). Then, as a consequence,
we have:

Corollary 1.1 If the weights wiy(z) = pi(z),k = 0,..., M, satisfy condi-
tion (15), then the monic k-th derivatives of the rescaled Sobolev orthogonal

—k)!
%Rﬁf)(‘”%k = 0,..., M, satisfy the following

asymptotic behavior, uniformly in compact subsets of C \ R:

polynomials, R, ;(z) =

ZL'—I—VZL'z—l’, Zf770>0a

1
. 1/n __ 5’
Jl_)n&o‘R”k(x)‘ = { x—i—\/m‘ eSo0@ - ifny =0,

_1
2el/0

e AR -1

1
where Cao (LU) = §R/0 \/ﬁdt



The rest of the paper is organized as follows. In section 2 we prove Theorem
1.1. Section 3 is devoted to the proof of Theorem 1.2, the new proof of Theorem
1.3 and the proof of Corollary 1.1.

2 Proof of Theorem 1.1

The proof of this result is inspired in the method used in the proof of Theorem
5in [3].

For each n € N, denote by z,,;,k = 1,...,n, the zeros of p, and by v, =
1 n

— Z 0z, ., its unit zero counting measure.

=

Since w is an admissible weight on ¥, we know by (1) that there exists a
unique measure f,,, supported on >, such that:

< F,, forzesuppu, C¥,
> F,, for quasi-everyz € 3,

Vi (2) + ¢(2) {

where supp p,, is a compact subset of ¥ of positive capacity.

Condition (4) implies that for any z € ¥, we have:

lim sup |wn(z)pn(z)|l/n < eXp(_Fw) )
and thus

1
liminf V" (2) > F, + liminf —logw,(z) , z € X. (16)
n—oo 1

n—oo

Now, let 7, be the restriction of v, to C\ supp f, and denote by v, the
balayage (or sweeping out, see e.g. [10]) of v, from C\ supp p,, onto supp g, .
Therefore, 1/,'1 is supported on supp p, and we have:

!

Vin(z) — 1% (2) = ¢n, qu.e. z € SUpD [y, ,

with the constant ¢, given by:
en = [ glas00) dim() >0,

where g(x; 00) denotes the Green function of C\ supp p, with a singularity at



infinity. Thus,
VP (2) = V'(2) = €a, que. € Supp . (17)

—~ / —
where v, = v, + (v — V) and

Cn = /g(:c; o0) dvp(z) > 0. (18)

Suppose that {V,}nea, A C N, is a subsequence weakly convergent to a
measure U supported in supp p,. Applying the lower envelope theorem [10,
Th.1.6.9], (5) and (16)-(18), for quasi-every z € supp p,, we have:

VD(Z) = lim inf V"A"(z) = lim iAnf (V" (2) + ¢n)

neA ne

1
>liminf V" (z) + liminfe, > liminf —logw,(z) + F,
neA neA neA n

>logw(z) + F, > F, — ¢(z) = VH(z). (19)

The function (V; — V““’) is harmonic in C \ supp p, and equal to zero at
infinity. Thus, by the minimum principle and (19), we obtain that

-~

VV(z) = VH(2) = 0, z € C\ supp i

and by the unicity theorem [10, Th.I1.4.11], we have that ¥ = p,,. Therefore,
{Vn} is weakly convergent to p,,.

Now, we are going to show that the same conclusion holds for {v,}. From the
chain of inequalities in (19), then

lim inefA cn = 0, for every A C N

and thus,

dim ¢, = 0. (20)
Now, if F is a closed subset of C\ supp ., we have that there exists a positive
constant M = M(F) > 0, such that g(z;00) > M, z € F, and so, (18) and
(20) imply that

nh_)rglo vn(F) = 0.

This shows that if v is a weak limit of an infinite subsequence {v;,},ea, then
supp ¥ C supp f,. Applying again the lower envelope theorem [10, Th.I1.6.9],
(17) and (20), we have for qu.e. z € supp i,

Vi (z) = liminf V7(z) = lminf V" (2) = V().

n—oo,neg n—oo,ne



Finally, using the same arguments as above, we conclude v = p,,. a

Remark 2.1 Instead of (4), in the proof we actually use the weakest condition

1/n

limsup [w,(2)[pa(2)[]"" < exp(—FL), qu.e.z € supp fi, .

However, we prefer to state the result using (4), because it is a more natural
extension of classical condition (2).

3 Sobolev orthogonality with exponential weights

The main goal of this section is to prove Theorem 1.2 about the weak asymp-
totics for the (rescaled) Sobolev orthogonal polynomials with exponential
weights. In this sense, we will show that the rescaled monic Sobolev orthogo-
nal polynomials with exponential weights are asymptotically extremal. For it,
it plays a key role the asymptotic behavior of the related standard orthogonal
polynomials.

First, we remind some basic facts concerning exponential weights. For the
proof of our result, we need to make use of the so-called Markov and Nikolskii
type inequalities for exponential weights (see [6, Example 1 (IV), page 28], [6,
Example 2 (III), page 30] and [6, Theorem 10.3]).

Lemma 3.1 Let w,o(x) = exp (— expn(\a:|°‘)), and let P be a polynomial of
degree at mostn, n=1,2,---. Then

a) ||P(k) WhallLa®) < A(n, k,n, o) [|Pwyallry®), where A, = A(n, k,n, ) is
such that Ai/" — 1.

b) B(nvnva) prmaHLoo(R) < prn,aHLz(R) < C(nﬂ?,a) HPwmaHLm(R) , where
the constants B,, = B(n,n,a) and C,, = C(n,n, o) are such that BL/" — 1

and CH/™ — 1.

Finally, from [6, Th. 1.22], under the same conditions as in Lemma 3.1, the
following result on the asymptotics of extremal polynomials with respect to
such weights easily follows. See also [5], and [9] for the Freud case, i.e., when
n=0.

Lemma 3.2 Let us denote

fulna) = it 1@ = P(@)wgalliie,

10



Then,

=

1 ' >0
lim — &, (wpa)"/" = {%7—1/04 o=, (21)

= Lela, if =0,
where a,, is the Mhaskar-Rakhmanov-Saff constant for the weight wy .

Now, we are in a position to prove our main result about Sobolev orthogonal
polynomials with respect to exponential weights.

3.1 Proof of Theorem 1.2

Hereafter, let us denote by S, the n-th monic orthogonal polynomial with
respect to the Sobolev inner product (6) with exponential weights p?(z) =
exp(—2¢p,(z)), where ¢, k = 0,1,..., M, are given by (9). Let Ej,, be the
n-th monic orthogonal polynomial with respect to the exponential weight p?.

By (21), for k=0,1,..., M, we know that

, ifﬂk>0,

22
e~l/ew if g =0. (22)

D= N[

. _ 1/n
T, Bl iy = {

On the other hand, taking into account the extremality of Ej , and .S, with
respect to || - [|z2(,2) and the Sobolev norm || - ||s (7), respectively, as well as
the Markov inequalities (Lemma 3.1 a) and (13), we can write, using the fact
that pr is the main weight,

1B w prll 2 <SP ol 2y < NISlls

<Exalls < C)l Ex opll 2y » (23)

with lim C(n)Y"™ = 1. So, taking into account that k is a fixed nonnegative

n—~o0

nl 1/n
7_]{;)'> = 1, (22) and (23) yield:

integer and lim
n—o00 (n _

1 .
1/n =, if >0,
Jim oz 11501 —{% Vor, if g —
Je F, if =0,
and
1 .
= it nz>0
hma_1||5 ) gl oty 2{2’_ o
n— o0 (R) %e l/k, lf’f]E:O



Now, applying the Nikolskii inequalities for exponential weights (Lemma 3.1
b), we have

, it n; >0,

e—l/a—

24
R, if e =0. (24)

1/n _
Tim oz [1SP pll 12 gy = {

N[—= D=

Thus, rescaling the polynomial .S,,, that is, setting
Ry(z) = ag;Snlag,z),

taking wg ,(v) = pg(ag,z) and applying the infinite-finite range inequalities
for exponential weights (10), (24) yields

| o if n->0,
,}LIEIOHRn,Ewg,n||L/w[—LH - { —1og if nﬁ— 0 >
) kK Y

)
(&

N[= N[

where R, ;(z) = (n— k) M(z),k = 0,...,M, and thus, by the Markov

IS
inequalities (Lemma 3. 1 a), we have that (2 ) also holds replacing R, 7 by any
derivative R, j, with k£ > k.

’fL

Observe that if 7 > 0 (that is when the main weight is of Erdos type), then

lim wg (v W =1, que. z€[-1,1],

n—oo

(in fact, the convergence does not hold only at the endpoints). Therefore,
applying Theorem 1.1, we conclude that the contracted zeros of R(F) with
k > k, asymptotically follow the arcsine measure in [—1,1]. If i, = 0, i.e. the
main weight is of Freud type, we have that wE,n(x)l/ " = Ya|z|*% , for each
n € N, and so, application of Theorem 1.1 shows that the contracted zeros of
R® with k > k, distribute according to the Ullman distribution (see [10, Th.
IV.5.1]). O

Remark 3.1 In fact, we have proved that the zeros of some derivatives of
the rescaled Sobolev orthogonal polynomials have the same weak asymptotics
as the standard orthogonal polynomials with respect to the main weight. Thus,
following the same method as above and applying Theorem 1.1 we can prove
that if E, is the n-th orthogonal polynomial with respect to an exponential
weight of Erdos type, then its contracted zeros asymptotically follow the arcsine
(equilibrium) distribution on the interval [—1,1]. As far as we know, this result
was established in a previous work by Erdds [2], using a different method.

On the other hand, if E, is orthogonal with respect to an exponential weight of
Freud type, application of Theorem 1.1 provides a well-known result, namely,

12



that its contracted zeros asymptotically follow the Ullman distribution on the
interval [—1,1] (see [6] and [10]).

3.2 New proof of Theorem 1.3

Now, we give an alternative proof of Theorem 1.3, which is much simpler than
that given in [1, Th.1.1]. To this end, we need a technical lemma.

Lemma 3.3 Ifa, >0,k =0,...,m, then
Z Ar—1ag S Z (Z CLk> . (26)
k=1 k=0

Proof: We have that

m 2
0< (Zak> Zak + QZak 1a, + 2 Z apa;. (27)
k=0

I—k>1

In the same way,

0 S (Z( ) Zak - 2Zak 10k + 2 Z k—HCLkCLl,

k=0 I—k>1
and so,
2Zak ar < Zak + 2 Z k”akal.
I—k>1
Thus, since ap > 0, k =0,...,m, we have:
QZak a, < Zak + 2 Z apay . (28)
I—k>1
Finally, (27) and (28) yield (26). O

Now, we deal with our proof of Theorem 1.3. Indeed, let zy = z¢ + iyo be a
zero of a m-th monic Sobolev orthogonal polynomial S, with respect to the
inner product:

(p,q)s = Z; /R P (2) 7 () wi(z)dx .

13



Thus, S,(2) = (2 — 20)q(2), for some polynomial ¢ of degree n — 1. Then, by
orthogonality we have ((z — 20)q(2),¢(z))s = 0, and so,

; /R (2 — 20) [¢%) (@) we(w)dr + kz_j k /R ¢* D (2)q® (2)wy,(z)dz = 0. (29)

Therefore, taking imaginary parts in (29), we have:

3 (3 [0 e wntarie) =3 (L [ @i i)

and thus,

yollgllt = Zk:/ (4" (2)g® (@) wi(x)d.

Thus, applying the Cauchy-Schwarz inequality and condition (15), we get:

E

wollally < 3o [ a7 @) wi(e)da

KN a" N 22 oy 1% 1| 22 ()

Z kv Culla® ™l 2w llg™ ] 2 -

IA
=1

B
Il
—

Now, applying again the Cauchy-Schwarz inequality, we have:

M M
wolllalls < J > kCy $ > a* e, 16912

k=1 k=1

Thus, applying Lemma 3.3 with ay = ||q(k)||2L2(wk), we conclude that:

1 M
wolllalls < 54 22 F*Cie llalls
k=1

and this completes the proof. O

14



3.3 Proof of Corollary 1.1

Take into account that if the unit zero counting measures of a sequence of
polynomials {p,} converge (in the weak-* topology) to a certain measure p
with compact support, and K is a compact subset of C \ Co(supp i) not
intersecting the set of limit points of zeros of {p,}, then:

Tim [pa ()" = exp(=V*(x)), (30)
uniformly on K. On the other hand, Theorem 1.3 yields that for each n,
the zeros of the monic rescaled Sobolev orthogonal polynomial R, (x) =
R,(x) = ag,Sn(ao,o) lie in the strip

ao,n ao,n

{zé@/—£§3(2)<£},

with the constant C' given in Theorem 1.3, and therefore the contracted zeros
may only have accumulation points on the real line. Since Theorem 1.2 implies
that these zeros asymptotically distribute as fi.q, when 7, > 0, and as fiq,,
when 7, = 0, then the expression of their respective potentials (see [10, Th.
IV.5.1]) and the asymptotic behavior of ag, (see (11)-(12)) render the proof.
O
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