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ABSTRACT
We characterize the set of functions which can be approximated by continuous functions with the norm
| fll Lo (w) for every weight w. This fact allows to determine the closure of the space of polynomials in
L (w) for every weight w with compact support. We characterize as well the set of functions which can be
approximated by smooth functions with the norm

£ 1w o wn) = Il (o) + 1 12 awn) »

for a wide range of (even non-bounded) weights w;’s. We allow a great deal of independence among the
weights w;’s.
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1. INTRODUCTION

If I is any compact interval, Weierstrass’ Theorem says that C(I) is the largest set of functions which
can be approximated by polynomials in the norm L (), if we identify, as usual, functions which are equal
almost everywhere. There are many generalizations of this theorem (see e.g. the monographs [L], [P], and
the references therein).

In [R1] and [PQRT1] we study the same problem with the norm L (I, w) defined by
(1.1) e 1) = ess sup| f(z)|w(z)

where w is a weight, i.e. a non-negative measurable function and we use the convention 0 - co = 0. Notice
that (1.1) is not the usual definition of the L® norm in the context of measure theory, although it is the
correct one when working with weights (see e.g. [BO] and [DMS]). In [PQRT1] we improve the theorems
in [R1], obtaining sharp results for a large class of weights. Here we also study this problem both with the
norm (1.1) for every weight w, and with the Sobolev norm W1:°°(I, wg,w;) defined by

1 llwoe (2o 1) 7= 1| oo (rawey + 11 e (2000 -

since in many situations it is natural to consider the simultaneous approximation of a function and its first
derivative.

Considering weighted norms L (w) has been proved to be interesting mainly because of two reasons:
on the one hand, it allows to enlarge the set of approximable functions (since the functions in L*°(w) can
have singularities where the weight tends to zero); and, on the other one, it is possible to find functions
which approximate f whose qualitative behaviour is similar to the one of f at those points where the weight
tends to infinity.

Weighted Sobolev spaces are an interesting topic in many fields of Mathematics, as Approximation The-
ory, Partial Differential Equations (with or without Numerical Methods), and Quasiconformal and Quasireg-
ular maps (see e.g. [HKM], [IKNS1], [IKNS2], [K], [Ku], [KO] and [KS]). In particular, in [IKNS1] and
[IKNS2], the authors showed that the expansions with Sobolev orthogonal polynomials can avoid the Gibbs
phenomenon which appears with classical orthogonal series in L?. In [ELW1], [EL] and [ELW2] the au-
thors study some examples of Sobolev spaces for p = 2 with respect to general measures instead of weights,
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in relation with ordinary differential equations and Sobolev orthogonal polynomials. The papers [RARP1],
[RARP2], [R1], [R2] and [R3] are the beginning of a theory of Sobolev spaces with respect to general measures
for 1 < p < oo. This theory plays an important role in the location of the zeroes of the Sobolev orthogonal
polynomials (see [LP], [LPP], [RARP2] and [R2]). The location of these zeroes allows to prove results on
the asymptotic behaviour of Sobolev orthogonal polynomials (see [LP]). The papers [APRR], [BFM], [CM],
[FMP], [LPP] and [RY] deal with Sobolev spaces on curves and more general subsets of the complex plane.

In this paper we characterize the set of functions which can be approximated by continuous functions
in L*(I,w), for any weight w (see Theorem 2.1); as a consequence of this result, we obtain the set of
functions which can be approximated by polynomials in L (I, w), for any weight w with compact support.
Theorem 2.1 is an improvement over the previous result obtained in [PQRT1, Theorem 2.1]; while the
conclusion of the theorems are the same, we have completely removed the technical hypothesis on the weight
required in [PQRT1]. We also characterize the set of functions which can be approximated by C! functions
in W1o°(I,wg,w), for a wide range of (possibly unbounded) weights wo, w1, which have a great deal of
independence among them. It is a remarkable fact that this last characterization depends on the value
L(a) := esslimsup,_,, |r — alwo(z) at every singular point a of w; (see definitions 2.4 and 2.6 below).
Depending on the value L(a) = 0, 0 < L(a) < oo or L(a) = oo, theorems 4.2, 4.3 and 4.4 describe,
respectively, the set of functions which can be approximated by C! functions in W1>°(I,wg,w ), when there
is just one singular point of w;. Furthermore, some of the conditions appearing in the characterizations
are not obvious at all. Besides, we would like to remark that our methods of proof are constructive. The
main result in Sobolev approximation is Theorem 4.5, which gives the characterization with infinitely many
singular points of w; (even for non-bounded intervals), combining the results of theorems 4.2, 4.3 and 4.4.

We use these results in order to study the approximation by C'*° functions as well (see Theorem 5.2).

Some other results about weighted approximation with k derivatives can be found in [PQRT2| and
[PQRT3].

The outline of the paper is as follows: In Section 2 we find the closure of continuous functions in
L>°(I,w). Section 3 is dedicated to definitions and preliminary results. Section 4 presents the theorems on
approximation by C! functions in W (I, wq,w;). We prove the results on approximation by C°° functions
in Section 5.

Acknowledgements. We would like to thank the referee for his/her careful reading of the manuscript and
for many helpful suggestions.

2. APPROXIMATION IN L*°(1,w)
Let us start with some definitions.

Definition 2.1. A weight w is a measurable function w : R — [0, 00]. If w is only defined in A C R, we
set w:=0in R\ A.

Definition 2.2. Given a measurable set A C R and a weight w, we define the space L (A, w) as the space
of equivalence classes of measurable functions f: A — R with respect to the norm

111z () = esssup |f (z)w(z)

We always consider the space L'(A), with respect to the restriction of the Lebesgue measure on A.

The theorems in this paper can be applied to functions f with complex values, splitting f into its real
and imaginary parts. From now on, if we do not specify the set A, we are assuming that A = R; analogously,
if we do not specify the weight w, we are assuming that w = 1.

Definition 2.3. Given a measurable set A, we define the essential closure of A, as the set
essclA = {a:e R:|AN(z—d,z+0) >0, V§> 0},

where |E| denotes the Lebesgue measure of E.



Definition 2.4. If A is a measurable set, f is a function defined on A with real values and a € esscl A,
we say that esslimgea, z—o f(z) =1 € R if for every € > 0 there exists ¢ > 0 such that [f(z) — ] < ¢
for almost every x € AN (a — d,a + ). In a similar way we can define esslimgeca, »—q f(z) = o0 and
esslimyea 5o f(x) = —00. We define the essential superior limit and the essential inferior limit on A as
follows:

esslimsup f(x) ;= inf  esssup  f(z),
€A, z—a 6>0 2 AN(a—36,a+6)

essliminf f(x) := su essinf ).
z€EA, z—a /(@) 5>Fo):veAm(a—6,a+6)f(

Remarks.

1. The essential superior (or inferior) limit of a function f does not change if we modify f on a set of
zero Lebesgue measure.

2. When we say that there exists a essential limit (or essential superior limit or essential inferior limit),
we are assuming that it is finite.

3. It is well known that

esslimsup f(x) > essliminf f(x),
TEA, z—a z€A, x—a

esslim f(z) =1 if and only if esslimsup f(x) = essliminf f(x) =1.

T€EA, z—a T€EA, x—a yT—a

4. We impose the condition a € esscl A in order to have the unicity of the essential limit. If a ¢ esscl A,
then every real number is an essential limit for any function f.

Definition 2.5. Given a weight w, the support of w, denoted by supp w, is the complement of the largest
open set G C R with w =0 a.e. on G.

Definition 2.6. Given a weight w we say that a € supp w is a singularity of w (or singular for w) if

essliminf w(z) =0.
TESUpp w, T—a

We say that a singularity a of w is of type 1 if esslim,_,, w(z) = 0.
We say that a singularity a of w is of type 2 if 0 < esslimsup,_,, w(z) < co.

We denote by S(w) and S;(w) (i = 1,2), respectively, the set of singularities of w and the set of
singularities of w of type 1.

We say that a € ST(w) (respectively a € S~ (w)) if essliminf,cquppw, z—a+ w(x) = 0 (respectively
ess lim inf, csupp w, z—a— w(T) = 0).

We say that a € S (w) (respectively a € S; (w)) if a verifies the property in the definition of S;(w)
when we take the limit as © — a™ (respectively x — a™).
Definition 2.7. Given a weight w, we define the right reqular and left regular points of w, respectively, as

R*(w) :={a€suppw: essliminf w(z)> 0}, R~ (w):={a€suppw: essliminf w(z)>0}.

rEsupp w, r—at rESUpp w, r—a "
The following result characterizes the set of functions which can be approximated by continuous functions
in L*°(w), for any weight w.
Theorem 2.1. Let w be any weight and
Hy := {f € L>=(w) : f is continuous to the right at every point of R (w),
f is continuous to the left at every point of R~ (w),
for each a € ST (w), esslig1|f(x) — f(a)|w(xz) =0,
Jor each a € S~ (w), esslim|f(z) — f(a)|w(z) =0}.
Then:
(a) The closure of C(R) N L*®(w) in L>(w) is Hy.
(0) If w € LS, (R), then the closure of C*°(R) N L>®(w) in L= (w) is also Hy.
(¢) If suppw is compact and w € L= (R), then the closure of the space of polynomials is Hy as well.
(d) If f € Ho N L' (suppw), Si (w) U Sy (w) U Sy (w) U Sy (w) is countable and |S(w)| = 0, then f can
be approzimated by functions in C(R) with the norm || - || Lo (w) + || - || 21 (supp w) -
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Remark. Recall that we identify functions which are equal almost everywhere.
As a consequence of this result and Theorem A below, we characterize the set of functions which can
be approximated by polynomials in L (w), for any weight w with compact support.

Definition 2.8. Given a weight w with compact support, a polynomial p € L (w) is said to be the minimal
polynomial for w if it is 0 or it is monic, and every polynomial in L (w) is a multiple of p. We denote by
Pw the minimal polynomial for w.

It is clear that there always exists the minimal polynomial for w (although it can be 0): it is sufficient
to consider the monic polynomial in L (w) of minimal degree.

Theorem A. [PQRT1, Theorem 2.2] Let us consider a weight w with compact support. If p, =0, then the
closure of the space of polynomials in L>(w) is {0}. If py, is not identically 0, the closure of the space of
polynomials in L*°(w) is the set of functions f such that f/py is in the closure of the space of polynomials
in L (|py|w).

Remark. The weight |p,|w is bounded (since p,, € L*(w)) and has compact support. Then we know
which is the closure of the space of polynomials in L% (|p,,|w) by Theorem 2.1.

In the proof of Theorem 2.1 we need the following lemma.

Lemma 2.1. Let us consider a weight w with a € S7(w) U Sy (w). Let us fir n > 0 and a function f with
f € L>®(w) such that esslim,_,,+ |f(x) — f(a)|w(x) = 0. Then, there exists bg € (a,a+ 1) such that for any
a < by < by < bs there exist by € (b1, b2) and a function g € L (w) N C([a,bo]), with g = f in R\ (a,by),
Hf_g||L°°(w) <n (and ||f _g||L1(suppw) <n fo € Ll(suppw)).
Remark. A similar result is true if a € ST (w) U S5 (w).
Proof. Let us fix e > 0. Since a € S]" (w) U S (w), esslimsup,_, .+ w(x) = m € [0,00). It follows that there
exists d; > 0 such that w(z) < m+1, a.e.z € (a,a+ d1).

If f € L'(suppw), there exists d, > 0, such that ||f — F(a)|lL1 (a,a+65)nsuppw) < - If f & L (suppw),
we take 09 1= 1.

By hypothesis, there exists 0 < § < min{dy, 2,1} such that |f(z) — f(a)|lw(z) < e, a.e.z € (a,a + 9).

Let us define b3 := a + 0 and let us consider a < by < by < b3. Let us consider ¢ := inf ¢, b, | f(7) —
f(a)]. Then, there exists by € (b, ba) such that |f(bo) — f(a)| < e+c < e+|f(x)— f(a)| for every z € (by, bs).
Let us choose s > 0 small enough such that (by — s,b9) C (b1, b2). Then, we define the function g as

f(a), if z € (a,bg— ],
g(x) :== 9 f(bo) + (f(bo) — f(a))(z —bo)/s, if € (bo—s,bo),
f(z), if z¢ (a,bg).
Let us remark that g is continuous in [a,bg] and g = f in R\ (a, bp).

It is obvious that |f(a) — g(x)| < |f(a) — g(bo)| = |f(a) — f(bo)| for every z € [a, bo].

ILf = gllze ) = IIf = 9llL=(a,po),w) < IIF = Fla)ll o (abo),w) + 11£(@) = glloe ([a,b0],w)
<|If = f(@) L= ((abolw) + I1f(@) = £(bo) | Lo ((a,b0)w)
<2|f = fla)ll Lo ((abolw) + 1€l Lo ((asbo)w) < 26 + (M + 1) = (3 +m)e.

If f € L'(suppw), we also have

1 = gl suppw) =IF = F@) 22 (fasbo—snsupp ) + I = F(b0) = (F(bo) — £(a)) (@ — bo)/sl| 21 (b0 —s po]supp w)
<|If = f@) ||l (ja,bo—sinsupp w) + 1 = F(@)]| L1 ([bo—s,b0]nsupp w)

+2[[f(a) = f(bo)ll L1 (b —s,bo]nsupp w)

<|If = f@)|l 1 (ja,bolnsuppw) T 21 = F(@) L1 (b0 —s,b0)nsuppw) T 2lIE] L1 (80— s,b0]Nsupp w)

<3| f = f(a)ll L1 (ja,bo]nsupp w) T 265 < 3e + 2e5 < be.

This finishes the proof of the lemma. §



Proof of Theorem 2.1. This result is an improvement over a previous result in [PQRT1, Theorem 2.1];
this result is better because we have removed the technical hypothesis on w which was necessary in [PQRT1],
and that essentially meant that the regular points were dense in R.

Items (b), (¢) and (d) are direct consequences of (a) (see the proof in [PQRT1, Proposition 2.1 and
Theorem 2.1]). The proof of the inclusion of the closure of C(R) N L (w) in Hy is not difficult (see the
proof in [PQRT1, Proposition 2.1 and Theorem 2.1]). So far, the proof coincides with the one in [PQRT1],
since no additional hypothesis on the weight were needed there in this part of the proof.

In order to prove the other inclusion, let us fix f € Hy. The proof has several ingredients: Lemma 2.1
allows to modify f in a neighborhood of each singular point in S7" (w) U S5 (w) U S] (w) U Sy (w); then we
need to paste these modifications in an appropriate way.

Fix 1 > 0. Let us assume that a € (S; (w)US; (w))N (S} (w)USS (w)). Then Lemma 2.1 gives intervals
[by ,al, [a,bf] and functions g~ € L>(w) N C([by ,al), g+ € L>®(w) N C([a,bf]), with g~ = f in R\ (b; , a),
1f =g ey <m g™ =fin R\ (a,b), | f = g7 || L) < n. Without loss of generality we can assume
that 7~ :=a—b; <bi —a. If bf —a < 21r7/20, we define 7* := b —a and go := g*. If b —a > 21r7/20,
Lemma 2.1 allows to find r* € [r~,21r7/20] and a function gy € L>(w) N C([a,a + rT]), with go = f in
R\ (a,a+ %), [|f — gollLe(w) < 1. Hence, the function g defined by

g (z), if x€la—7r",al,
g(z) =1 go(x), if z€la,a+rt],
flx), in other case,

verifies g € L®(w) N C(la—r~,a+rt]), g=fin R\ (a—r",a+r") and || f — gl g (w) <7

If a € (S] (w) U Sy (w)) N R (w) (or if a € (S} (w) U S (w)) N R™(w)), we can also obtain such an
interval and such an approximating function. Using this result, we can follow the arguments of the proofs
of [PQRT1, Proposition 2.1 and Theorem 2.1] in order to obtain a way to “paste” the approximations to f
in each singular point (in these arguments it is crucial to have 20/21 < r*/r~ < 21/20). This finishes the
proof of the theorem.

We have finished the proof of Theorem 2.1 following the same argument as in [PQRT1] thanks to Lemma
2.1. This is due to the fact that the hypothesis on the density of regular points that was crucial in [PQRT1]
was only necessary to get approximations of f in a neighborhood of points belonging to S; (w) U .Sy (w) (see
[PQRT1, Lemma 2.2 and Lemma 2.3]).

Notice that whereas in [PQRT1] the point by used as a key tool in the construction of the approximation
has to be regular (and, hence, regular points must be dense), Lemma 2.1 does not require that hypothesis
any more.

3. SOBOLEV SPACES AND PREVIOUS RESULTS
We state here an useful technical result which was proved in [PQRT1].
Lemma A. [PQRT1, Lemma 2.1] Let us consider a weight w and a € suppw. If esslimsup,_,, w(z) =1 €
(0, 00], then for every function f in the closure of C(R) N L (w) with the norm L™ (w), we have that

esslim  f(z) = f(a), for every 0<n<l.

2—a, w(z)>n

Remark. A similar result is true if we change both limits when * — a by x — a™ (or z — a™).

In order to control a function from its derivative, we need the following version (see a proof in [RARP1,
Lemma 3.2]) of Muckenhoupt inequality (see [Mu], [M, p.44]).

Lemma B. Let us consider wo,w; weights in [a, O] and a € [, B]. Then there exists a positive constant ¢
such that

t dtH < ¢ 19/l o (fo 81,000
H/a 0L M LA R

5



for any measurable function g in o, 8], if and only if

x
ess sup wo(x) ‘/ l/wl‘ < 0.
a<z<f a

We deal now with the definition of Sobolev spaces W (wg, w1 ).

We follow the approach in [KO]. First of all, notice that the distributional derivative of a function f in

an interval I is a function belonging to Lj,.(I). If f/ € L°(I,w), in order to get the inclusion

LOO(val) C Llloc(I) )

a sufficient condition, is that the weight w; satisfies 1/w; € L}, .(I) (see e.g. the proof of Proposition 4.3

below). Consequently, f € ACj,.(I), i.e. f is an absolutely continuous function on every compact interval
contained in I, if 1/w;y € L}, (I).

Given two weights wo, w1, let us denote by €2 the largest set (which is a union of intervals) such that
1/wy € L}, (). We always require that suppw; = 2. We define the Sobolev space W1 (wg,w1), as the
set of all (equivalence classes of) functions f € L™ (wg) N ACj,.(2) such that their weak derivative f’ in
belongs to L™ (wy).

With this definition, the weighted Sobolev space W (wg, w1) is a Banach space (see [KO, Section 3]).
In general, this is not true without our hypotheses (see some examples in [KO]).

4. APPROXIMATION BY C! FUNCTIONS IN W10 (I, wq, w1 )

The main result of this section is Theorem 4.5, which characterizes the functions which can be approx-
imated by C* functions in W (wg, w;), under very weak hypotheses on wg,w;. We obtain it by means of
some auxiliary lemmas and theorems.

Lemma 4.1. Let us consider A\ € R and a function u defined in [a — dg,al], such that u € C(la — do,a))
and u(a) is finite. For each 0 < & < &g there exists v € C([a — dp,a]) with v(zx) = u(z) if ¢ ¢ (a — ,a),
[v(z) —u(a)| < 2Ju(z) —u(a)| for every x € [a—do, a), and there exists n > 0 with v(z) = u(a) if x € [a—n, a].
Furthermore, if we define U(x) := f(f—éo u, V() = ff_% v, we also have:

(i) V(a) =U(a—) and |V(z) — U(a—)| < |U(x) — U(a—)| + 2|u(a)||z — a| for every x € [a — dy,a), if
there exists U(a—) 1= lim,_,,- U(z),

(13) V(a) = X and |V (x) — | < |U(x) = Al + 2|u(a)||x — a| for every x € [a — dp,a), if lim,_,— U(z)
does not ezxist.

Remarks.
1. Notice that the value u(a) does not need to have any relation with the values of u in [a — &g, a).
2. A similar result is true for v € C((a,a + &o)).

Proof. Our goal is to construct a function V' which approximates U, which is equal to U far away from a
and whose graph is a stright line r near a. In order to do this, we will make two changes of u: the first one,
v1, will have a primitive intersecting r, and the second one, vy, will make smooth the connection with r.

It is clear that we can assume that ¢ = 0. We only consider the case «(0) > 0; the case u(0) < 0 is
similar and the case u(0) = 0 is easier.

(i) Let us assume that there exists U(0—) := lim,_,o- U(x).

(1) Consider first the case U(z) > r(x) := U(0—) +u(0)z, for every point in some interval (—¢’,0), with
§ < dp. If u(x) = u(0) for every z in a left neighborhood of 0, it is sufficient to take v := w. If this is not so,
it is possible to choose 0 < d2 < ¢; < min{d, '} with u(z) # u(0) for every x € [—d1, —d2]. Without loss of
generality we can assume that u(z) < u(0) for every x € [—d1, —d2] (since the case u(x) > u(0) is similar).
So there exists a positive constant v such that u(0) — u(z) > v for every & € [—d1, —d2]. Let us choose a
function ¢ € C'(R) with supp¢ = [—d1,—d2] and 0 < ¢ < v in (—d1,—0d2). If we define v; := u — ¢, then
v1(z) = u(z) — ¢(x) < u(z) < u(0) for every x € (=1, —02), and

[v1(2) = uw(0)] = uw(0) — vi(2) = u(0) — u(x) + d(x) <u(0) —u(z) +v
< 2 (u(0) — u(z)) = 2|u(z) — u(0)|,
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for every z € (— (51, —d2). Therefore, vy satisfies the following properties: vi(x) = w(z) if © ¢ (=61, —d2),

v () < (m) if x € (=01, —02), |v1(z) — u(0)] < 2|u(x) — u(0)| for every x. If we define V;(z) := ff&) vy,
then Vi(z) < U(z) for every z. It is clear that lim,_ - Vi(xz) < U(0—), and consequently there exists a
minimum —d3 € (—4d;,0) with Vi (—d3) = r(—d3); this implies that V{(—d3) = v1(—d3) < u(0) = r'(—0d3),
since Vl(fél) = Ul(fél) > T’(*(sl).

If this is not so, it is possible to choose 0 < 3 < §; < min{d, 0’} and a function v; € C([—p,0))
with v1(z) = u(x) if © ¢ (=01, —02), vi(x) < u(z) if x € (=61, —0d2), Jv1(z) — w(0)] < 2Ju(z) — u(0)| for
every x; then Vi(z) < U(x) for every z, if Vi(x) := fféo vy. It is clear that lim, o- Vi(z) < U(0—), and
consequently there exists a minimum —d3 € (—d1,0) with V4 (—d3) = r(—d3); this implies that V{(—d3) =
1}1(—53) < U(O) = 7“/(—53), since Vl(—51) = Ul(—51) > 7“(—51).

(1.1) If v1(—03) < w(0), let us choose 0 < g1 < &1 — d3 and 0 < &2 < d3/2 with v1(z) < u(0) for
x € [—(53 — &1, —03 + 82].

Let us define two functions: s, € C([—ég —¢e1,—03 + 52]) and S € C((O, oo)) as

[T+ 03 +e1\7

s (a) == (m) (u(0) — v (x))
—d3te2
S(7) = / Sy
763761
Since vi(x) < u(0) for & € [—d3 — €1, —d3 + €3], and
lim s, =u(0) — vy, lim s, =0,
—0+ T—00

n (=03 —e1,—d3 + £2), we have

—d03+e€2 —d3+e€2 —d3+€2
TlirglJr S(r) = /53 . (u(0) —vy) > /_63 (u(0) —v1), TILH;O S(r)y=0< / (u(0) —vy).

Therefore there exists 79 > 0 such that S(m) = late Sry = Oates (u(0) — vy). If we define s := s,

S3—e1 03
then 0 < s < u(0) — vy, s(—=d3 —e1) = 0, s(—03 + €2) = u(0) — v1(—05 + €2) > 0, and f bae, S =
S5 5 wl0) = v = 5).

If we define vy := v1+s, then vy € O([—53—€1, —53—&-62}) with v, < vy < u(O), 1}2(—(53—81) = ’U1(—(53—81),
va(=05 + £2) = w(0), and [° _ (v2 —v1) = [T (u(0) — v2) < u(0)d3/2. We define v(x) := vy (x) if
x < —03 — €1, v(x) := va(x) if € [—d5 — €1, =I5 + 2], and v(z) := u(0) if x > —d3 + e2. It is clear that
v e C([-9, 0]) and |v(z) — u(0)] < |v1(z) — u(0)] < 2|u(z) — u(0)] for every x.

IfV(z):=[" 5, Vs notice that V(z) = Vi(z) = U(z) if # < —d1, and V(z) = Vi(z) if @ € [~61, =03 —&1].
It is obv10us that r( ) < Vi(x) < U(z) if ¢ € [—01, —d3); consequently

u(0)z < Vi(z) —U(0-) <U(z) - U(0-),
Vi(z) = U(0-)] < max{|U(z) = U(0-)], [u(0)]} < [U(z) = U(0=)| + [u(0)z|,

if x € [—d1, —d3]; now it is direct that this inequality also holds for x € [—dg, —d3]. Therefore |V (x)—U(0-)| =
Vi(z) = U(0-)| < |U(x) = U(0=)| + |u(0)z] if x € [=bo, —d5 — €1].

Let us consider x € [—d3 — 1, —03]; on the one hand, if x satisfies V(z) < U(0—), we have that
[V(z) —U(0-)| < |Vi(x) =U(0-)| < |U(z) — U(0—)| + |u(0)x]|, since Vi(x) < V(x); on the other hand, if =
satisfies V(z) > U(0—), then

—d3 T
—u(0)z > u(0)d3/2 > / (vg —vy1) > / (vg —v1) =V(x) — Vi(x),

—03—¢1 —d3—¢1
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and so
Vi) =U(0-) <Vi(z) = U(0-) —u(0)z < U(z) —U(0-) — u(0)x < |U(z) = U(0—)| + |u(0)z|;

it follows, in any case, that |V (z) — U(0—)| < |U(z) — U(0-)| + |u(0)x| if = € [-d3 — €1, —03].
If x € [—03, —d3 + €3], then V(z) > Vi(x); it is clear that

—63
—u(0)z > u(0)(d3—e2) > u(0)ds/2 > / (va—v1) =V (=63)—Vi(=63) = V(=03)—7r(—03) > V(x)—r(x),

—d3—¢1

if x € [—d3, —d3 + &2] (since (V(z) — r(x)) = va(z) — u(0) < 0), and hence V(z) — U(0—) < 0; we also have

—d3+e2 x
—u(0)z > / (u(0) — v3) > / (w(0) — 1) = (x) — r(—35) — V(@) + V(—3y)

—d3 —d3
>r(x) —r(—=d3) — V(z)+ Vi(=d3) =r(z) — V(z),
if x € [—d3, —d3 + £2], and hence V(x) — U(0—) > r(z) — U(0—) + u(0)z = 2u(0)z in this interval; it follows
that |V (z) — U(0—)| < 2Ju(0)z| if z € [—J5, —05 + £2].
If x € [-03 + £2,0), then V(z) = r(x), since V'(z) = v(z) = u(0) = r/(z) in this interval, and

—d3+e2

r(—03 +¢e2) — V(=05 +2) = /,5 (u(0) — vo) +r(—d3) — V(—03)
—d3+e2
= [ o) ) — (V=) - Vi)
—d3te2 —03
—/63 (u(O)vg)/ésel(vgvl)—O.

Hence V(z) — U(0—) = u(0)x and |V (z) — U(0—)| = |u(0)z]| if z € [—03 + €2,0).

(1.2) If v1(—03) = u(0), we define v(x) := vy (x) if v < —d3 and v(z) := u(0) if + > —d3. We can argue
as in the case v1(—d3) < u(0).

(2) If U(z) < r(x) := U(0—) + u(0)x, for every point in a left neighborhood of 0, we can use a similar
construction of v (taking now vy > w).

(3) f U(xy,) = r(xy,), for a sequence x,, /0, it is also possible to use a similar construction of v (taking
v = u and —d3 = x,, for some n large enough).

(i) Let us assume now that lim,_,o- U(x) does not exist; then u ¢ L!([—do, 0]).

(1) Consider first the case U(z) > r(x) := A + u(0)z, for every point in a left neighborhood of 0. The
function ug := u(0) — |u — u(0)| verifies |ug — u(0)| = |u — u(0)| and lim, ,q- fféo ug = —oo. It is clear that
up(x) = u(z) for any = with u(x) < u(0).

If there exists some zg € (—4,0) with u(z¢) < u(0), then let us define

[ ou(), if x € (=6,x0],
vw) = { ug(x) if x € (x0,0].

If w(z) > u(0), for every & € (—6,0), then ug(z) = 2u(0) — u(z) for every z € (—4,0). For any
0 < dy < 01 < 0, we define

u(z), if e (=4,-0],
vy (z) = g”lt%lz u(x) + (1 — (it?z)uo(x) , if x € (—d01,—02),
ug(x), if © €[—62,0].
If we take 61 := o := —ux in the first case, by the definition of vy, we obtain (in both cases) that
vy € C([—00,0)), v1(z) = u(x) if x < =01, v1(x) = up(x) if > —d2, and |v1(z) — w(0)| < 2Ju(z) — u(0)| for
every xz. If V1(z) := fféo vy, it is clear that lim,_,o- Vi(2) = —o0, and consequently there exists a minimum

—03 € (—51,0) with Vl(—ag) = 7‘(—53).
Now it is sufficient to choose the functions v, and v as in the case (i), and do the same computations.
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(2) f U(z) < r(z) := A+ u(0)z, for every point in a left neighborhood of 0, we can repeat the argument
with ug := u(0) + |u — u(0)] instead of ug.

(3) If U(zy,) = r(x,), for a sequence x,, /0, it is also possible to use a similar construction of v (taking
v; = u and —d3 = x,, for some n large enough).
Definition 4.1. Let us consider a weight w; such that S(wq) N[a — d,a + §] = {a} for some § > 0. We
say that wi is left-dominated at a if there exists a constant ¢ such that any function F € C([a — §,a]) with
0 < F < 1/w; a.e. verifies f;_(; F < c. We say that wy is right-dominated at a if there exists a constant c

such that any function F' € C([a,a+ d]) with 0 < F < 1/wy a.e. verifies f;” F < ¢. We denote by D™ (wy)
(respectively, DT (wy)) the set of left-dominated (respectively, right-dominated) points of wy.

Remarks.

1. Every weight wy with 1/w; € L'([a,a + d]) is right-dominated at a.

2. There exists weights w; right-dominated at a, with 1/w; ¢ L'([a,a + 6]): Let us consider a Borel
set E C [0,1] with 0 < |E N I| < |I]| for every interval I C [0,1] (see e.g. [Ru, Chapter 2]). Since
Jpdx/x + f[O,l]\E dz/z = fol dx/x = oo, without loss of generality we can assume that [ dz/z = oo (in
other case we can take [0, 1]\ E instead of E). Then, w;(z) := xx () + x
and 1/wy ¢ L'([0,1]).

Lemma 4.2. Let us consider a weight wy in [a — 0, a] with S(w1) = {a}. Then a ¢ D~ (w1) if and only if
there exists a function F € C([a — 6,a)) with 0 < F < 1/wy a.e. and [ s F = oo.
Proof. Let us assume that there exists a function F € C([a—6,a)) with 0 < F < 1/w; a.e. and [ ; F = co.
For each n we can consider a function F,, € C(Ja — d,a]) with 0 < F,, < F < 1/w; a.e. and F = F, in
[a—d,a—1/n]. Then lim, . [ s F, = [ sF =00 and a ¢ D™ (w).

Let us assume now that a ¢ D~ (w). Then, for each n there exists a function F,, € C([a — §, a]) with
0< F, <1/wi ae. and [ ;F, >n. Let us choose a, € (a—1/n,a) with [ F, > n. Since S(w;) = {a},
then 1/wy € Lj,.([a — 6,a)), and consequently [* F, < [* -1/w; € C(Ja — 6,a)). Therefore, there exists

Ap g

[0,1\E (x) is right-dominated at 0

a subsequence {an, }x with [
N

0< F < F,, <1/w ae. in[ay,_,,a,,] and [/ F>1. Then [’ F=o00. f
g —1

F,, > 1, and hence we can construct a function F € C([a — 0,a)) with
1

Lemma 4.3. Let us consider two weights wo, wy, in [a— 6y, a] with esslim,_,,— wo(z) =0 and a ¢ D~ (wy).
Then for each f € W1 (wq, w1)NC*([a—bo, a]), each §,e > 0, and each s € R, there exists g € C*([a—0do, a))
with || f — gllw1. (wo,wr) <&, 9(x) = f(x) if v ¢ (a—0,a], g’ = f' in some neighborhood of a, and g(a) = s.
Remark. A similar result is true for f € W (wg,w1) N C*([a, a + o).
Proof. By Lemma 4.2, there exists a function F' € C([a — dp,a)) with 0 < F < 1/w; a.e. and f;—éo F = oo.
Without loss of generality, we can assume that a = 0 and s > f(0): the case s < f(0) is similar, and the case
s = f(0) is trivial (it is sufficient to take g = f). Since esslim, - wo(z) = 0, then there exists 0 < §; < §
with (s — f(0))wo(z) < €/3 for almost every x € (—47,0).

Since F' € C([—41,0)), F > 0 and fisl F = oo, it is clear that we can find a function J € C.([—0d1,0))
(i.e. J € C([—61,0)) and suppJ C [—01,0)) with 0 < J < €F/2 and ffél J = s — f(0). Let us define
h(z) = ffél J and g := f + h. Then we have 0 < h(z) < s— f(0). It is clear that g(x) = f(z) if x ¢ (=4, 0],
g’ = f’ in some neighborhood of 0, and g(0) = s. We only need to check that ||A||yy1.0 (wo,w,) < €, and this
fact is a consequence of

[l ey = esssup h(@)wo(x) < esssup (s = f(O)wo(w) < = < 5,
z€[—61,0] x€[—61,0] 3 2

||hIHL°°(1U1) = esssup J(m)wl(x) < £ ess sup F(-Z‘)’LU1(.Z‘) < € . ﬁ
$E[—51,0] -'L'E[—(Sl,o] 2

Lemma 4.4. Let us consider two weights wo, w1, in [a — &g, a] with S(wy) = {a} and a € D~ (w1). Let us
assume that there exists f € W1 (wo,w1) and {gn}n € WH(wo,w1) N CH([a — 8o, a]) converging to f in
W (wg,wq). Then {g),}n converges to f’ in L*([a — 0o, a]) and f is continuous to the left in a.
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Remark. A similar result is true if we change [a — dg,a] by [a, a + d¢] everywhere.
Proof. Since S(w;) = {a}, then 1/w; € L}, ([a — dp,a)). For any 0 < § < dy, we obtain

loc

—s -5
1f" = gnllL (ja—s0,a—8)) = /a |f" =g, o< 1" = gnll Lo (1) /a i
’ _s w1 5o W1

a—00 a—0oo

Then, {g/, }» converges to f"in L'([a—dy,a—d]), for any 0 < § < d. Furthermore, {g/,},, is a Cauchy sequence
in L'([a — 8o, a]): Since a € D~ (w), there exists a constant ¢ such that any function F € C([a — Jo, a])
with 0 < F' < 1/w; a.e. verifies faaﬂ;(} F < c. We have |g;, — g;,|/1l9,, — il Lo (wy) < 1/wy a.e., and hence
fj_éo |g; — g;n| < cllgn, = 9rll Lo (wy)- Therefore {g;,}, converges to f’ in LY ([a — d¢,a)).

Let us consider gn(z) := gn(z) — gn(a — do) + f(a — do) € C'(la — bo,a]). Then |f(z) — Gn(x)| =
|f;75o(f’ = 90| < IIf" = ghllLr (la=b0,a))> for every x € [a — 6y, a]. Consequently {gy}, converges uniformly
to f in [a — dg,a] and f is continuous to the left in a.

The following definition makes sense because of Lemma A.

Definition 4.2. Let us consider a weight w;. For each f with f/ € C(R)N L°°(w1)L (w1)7 let us define

ug(a) :=0if a € S1(w1), and ug(a) := esslim,_.q, w, (2)>y f'(z) for any 5 > 0 small enough if a ¢ S (w,).

Let us remark that us(a) is finite by Lemma A. We can state now our first theorem in this section.

Theorem 4.1. Let us consider two weights wo, w1, in [a, §] such that S(w1) = {a}, and d > 0. Then every
function in
Hyi= {f € W (wo,wn) 1 f € CRI N L% (wo) 7, 1 e CRINI= ().,
f is continuous to the right if a € DT (w;),
[ is continuous to the left if a € D™ (wy),

e%sli{zn |f(z) — f(a)|wo(x) =0, eisliinuf(a)(x — a)wo(x) =0},

can be approzimated by functions {g, }n in C1(R) N W (wg, w1 ) with the norm of W1 (wg,w1) and with
gn(z) = f(x) if x ¢ (a — d,a+d). Furthermore, if f also satisfies esslimy_., |f'(z) — uys(a)|lwi(xz) =0, each
function g, is a polynomial of degree at most 1 in a neighborhood of a.

Remarks.
1. Notice that the hypothesis esslim, ., uf(a)(x — a)wo(z) = 0 for every function f with f' €

R
C(R) N L>°(w) (wl), is a consequence of any of the following conditions:
(a) esslimy,_,q(z — a)wo(x) =0,
(b) a ¢ Sa(wy), i.e. esslimy_, wi(x) =0 or esslimsup,_,, wi(z) = oo (in both cases, u¢(a) = 0).
2. Either of the following conditions guarantees esslim,_., |f(x) — f(a)|wo(xz) = 0 for every function

fe —C(R) 5 LOO(ﬂ}O)LOO(wo):

(a) a € ST(wp) NS~ (wp), i.e., essliminf, ,+ wo(x) = essliminf, ., wo(z) =0,
(b) a € ST (wp) and wy € L>([a — €, al), for some € > 0,
(¢) a € S~ (wp) and wy € L*=([a,a + €]), for some & > 0,
(d) wo € L*>®(Ja — €,a + €]), for some & > 0.
3. Either of the following conditions guarantees esslim, ., |f'(z) — us(a)|wi(z) = 0 for every function
fwith f/ € CR) N L= (wr)~ .
(a) a € ST(w1) NS~ (wr), i.e., essliminf, ,+ wi(x) = essliminf, ,,- wi(z) =0,
(b) a € S*(w1) and wy € L>([a — &, a]), for some € > 0,
(¢) a € S~ (wy1) and wy € L*®([a,a + €]), for some € > 0,
(d) a=aor a=p (since a € S(wy)).

4. Notice that we do not have any hypothesis about the singularities of wy.
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Proof. The heart of the proof is to use Lemma 4.1 in the approximation in [a,a] and the “right version”
of Lemma 4.1 in the approximation in [a, §]. If these two approximations do not glue in a continuous way,
we must use Lemma 4.3 in order to obtain a continuous function. Without loss of generality, we can assume
that a € (a, (), since the cases a = o and @ = [ are easier (in these cases we do not use Lemma 4.3.

Ifa € S~ (w1)NR* (wy), then every f € H; belongs to C*([a, 3]), and we only need to apply Lemma 4.1; if
a € ST (w1)NR™ (wy), then every f € H; belongs to C!([a, a]), and we only need to apply the “right version”
of Lemma 4.1; then, without loss of generality, we can assume that a € S*(w;) NS~ (wy), since the other
cases are easier. In this case a € ST (w1)NS™ (wy), every f € Hy satisfies esslim,_, | f/(2) —uy(a)|wi(z) =0
(see Theorem 2.1 and Lemma A; in the case a € S1(w;1) we have in fact esslim, ., |f'(z) — Mwi(z) = 0 for
any A € R, since esslim,_,, wy(x) = 0).

Let us consider any f € Hy and € > 0. Let us define v := f’ in [, 8] \ {a} and u(a) := us(a). Since
f € Hjy, it is possible to choose 0 < § < d with

BIf = ula)|| Lo (a=s.a4o,wn) < =5 4If = Fla)ll Lo (fams,atolwo) < =»  Au(a)] |z — all oo (ja—s,a45],w0) <

| m
| M
| M

We also require from § that

=
—~
53
N—
|
\

(a—)| < |f(z) — f(a)| for x € [a — 4, a) if there exists f(a—) # f(a), and
(ah)| < |f(x) — f(a)] for x € (a,a + 4] if there exists f(a+) # f(a).

=
—~
8
S~—
|
"\h

Let us define U(z) := f(z) — = [Tfifx € [a,a), and U(z) := f(z) — f(B) = f; frifz e (a,pg].
Consider the function v € C [a,a]) in Lemma 4.1 satisfying v(z) = u(x) if © ¢ (a — d,a), |v(z) — u(a)] <
2|u(x) — u(a)| for every = € [a, a),

fla=) = f(a), if there exists f(a—),
v -{ .
fla) = f(a), in other case,

xT .
J., v. Consider also

and |V(z) — V(a)| < |U(x) — V(a)| + 2|u(a)||z — a| for every z € [a,a), if V(z) :=
= u(z) if z ¢ (a,a +9),

(
the function v € C([a,]) in the “right version” of Lemma 4.1 satisfying o(z)
0(z) — u(a)| < 2lu(z) — u(a)] for every x € (a, 5],

~ fla+) = f(06), if there exists f(a+),
Via) = { ]
fla) — f(B), in other case,

and \f/(x) — f/(a)| <|U(x)— f/(a)\ + 2|u(a)||z — a| for every x € (a, 3], if f/(x) = fx .

B
Let us consider the function gy given by go(z) := V(z) + f(a) if z € [, a], and go(z) == V(x) + f(3)
if x € (a, B]. Notice that go € C'([a, 8] \ {a}) and gj(a—) = gh(a+) = u(a). In fact, go is a polynomial of
degree at most 1 in a left (rebpectlvely right) neighborhood of a, since g{,(z) = u(a) there (by Lemma 4.1).

This function also satisfies go(z) = f(z) if ¢ (a — d,a + ), and |g)(z) — u(a)| < 2|f'(x) — u(a)| for
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every z € [a, 0]\ {a}. Tt follows that go verifies

I1f = gollw.o (wo,w1) = [1f = goll L (wo) + 1" = G0l oe ()
= maX{HU - V||L°C([a—6,a],w0)a ||U - V||L°°([a,a+6],wo)} + ”f/ - g()HL"O([a—zS,a-i-é],w])
<NU = V(a)ll Lo (ja—s.a],wo) + IV = V(@) Lo (ja—5,a)wo)
U = V(@)= ((a.a+8)w0) + IV = V(@)L= (la,a+5)w0)
+11f = U(a)||L°°([a—a,a+5],w1) +llgo — U(Q)HL“([a—é,a-ﬁ-é],wl)
< 2||U = V(a)|l Lo (ja—s,a1,w0) T 2|w(@)| [z — all Lo ((a—6,a],w0)
+2|[U = V(@) o= ((a.a+8),wo) + 2lu(@)] 2 = all L= ((a,a-+5).w0)
+3|[f" = w(a)|| Lo (la—s.a+5] 1)
< 20F = F(0) 2o o) + (@] 7~ )
+ 2/ = fla)ll Lo ((a,a+8),we) + 2lul@)] 2 = all oo ((a,a+6)wo)
+ 3" = w(@)| oo (a—s,a-+5],w1)
< A|lf = f(@)l| L= (ja=5,0+6),w0) T 4w(@)] [z = all Lo (ja—5,a+6),w0)
+ 3|1 f" — w(a)ll Lo (ja—s,a+6],w1)
e, e, ¢
6 6 6 2’
where we have used (4.1) in the third inequality. In order to finish the proof we only need to construct a
function g e Cl(b‘?ﬁ]) with Hg - gOHWl"’O([a,ﬁ],wo,wl) < 8/25 g((E) = go(l') = f((E) if © ¢ (CL - d7(l + d) and
g = g, = u(a) in a neighborhood of a.

Let us recall that go(a—) = f(a—) if there exists f(a—) and go(a—) = f(a) in other case, go(a+) = f(a+)
if there exists f(a+) and go(a+) = f(a) in other case. We also have g{(a—) = gj(a+) = u(a). Hence,
go € CY([a, B]) if and only if go(a—) = go(a+); in this case, it is sufficient to take g := go.

We analyse now the different cases:

(1) If a € D~ (wy) N Dt (wy), then f € C([a, 8]). Therefore we can take g := go.

(2) Let us assume now that a ¢ D™ (wy) N DT (wy).

(2.1) If there exist neither f(a—) nor f(a+), then we also have gg € C([av, f]).

(2.2) Let us assume that there exists f(a—) and f(a+) does not exist (the case in which there exists
f(a+) and f(a—) does not exist is similar). If f(a—) = f(a), it follows that gg € C ([, B]). If f(a—) # f(a),
it follows that esslim,_,,- wo(z) = 0 and @ ¢ D~ (wy): if esslimsup,_,,— wo(z) > 0, then Lemma A and
its remark imply that f(a) = esslim, .o~ wy(z)>n f(z) = f(a—), for any n > 0 small enough, which is a
contradiction; if @ € D~ (wy), then f is continuous to the left at a, which is a contradiction. Consequently we
can apply Lemma 4.3 t0 go|[q,q) in order to obtain a function g € C([a, a]) with ||g — gollw. (ja,a] wo,wy) <
£/2, g'(a—) = gola—) = golat), g(a) = go(a+t) and g(z) = go(z) = f(z) if x ¢ (a — d, a]; if we define g := go
in (a, 8], this g is the required function.

Notice that lemmas 4.1 and 4.3 guarantee that g is a polynomial of degree at most 1 in a neighborhood
of a, since ¢’ is constant in a neighborhood of a.

(2.3) Finally, let us assume that there exist f(a—) and f(a+). If f(a—) = f(a+), it follows that
go € C(le,, B]). If f(a—) # f(a+), we consider two cases:

If ess lim, ., wo(z) = 0, without loss of generality, we can assume that a ¢ D~ (w;) (the case a ¢ DT (wy)
is similar). Consequently we can apply Lemma 4.3 as in the case (2.2).

If esslimsup,_,, wo(x) > 0, without loss of generality, we can assume that esslimsup,_,,+ wo(z) >
0 (the case esslimsup,_,,— wo(x) > 0 is similar). Then, Lemma A and its remark imply that f(a) =
esslimy, o+ wo(z)>n f(z) = flat+). It follows that esslim,_,- wo(x) = 0, since if this is not so, f(a) =
esslim, o~ wo(x)>n f(¥) = f(a—) and hence f(a+) = f(a—), which is a contradiction. We also have
a ¢ D~ (wy), since if this is not so, f is continuous to the left at a, which is a contradiction. Consequently
we can apply Lemma 4.3 as in the case (2.2).

This finishes the proof of the theorem. 4

0.

Lemma 4.5. Let us consider a weight wo with esslimsup,_,, wo(x) = oo and esslim,_, |x — alwo(z) =
If f € L*>(wo) and || f||Lo (ja—5,a+5],we) = € > 0 for every 6 > 0, then distLoo(wo)(f,C'l(R) N L (wp)) > c.
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Proof. Without loss of generality, we can assume that a = 0. If g € CY(R) N L>(wyp), then g(0) = 0, since
esslimsup,_,,wo(z) = 00, and consequently lim,_,o g(x)/z = ¢’(0). It follows that

l9(2)]

||

Therefore, given any & > 0 there exists § > 0 such that ||g[| e ([5,6),w,) < €. Hence

esslim [g(x)wo () = (‘esslim 20 ) (esslim [afuwo(x)) = [g/(0)] -0 = 0.

If = gllzee (wo) = [1f = gllLoe((=6.6),w0) = Il oo ((=5,80,0) = 1]l oo ((=5,8),00) = € — €
for every € > 0, and consequently || f — g||po(w,) > ¢ 4

The three following theorems describe the set of functions which can be approximated by C' functions,
when there is just one singular point of w;.

Theorem 4.2. Let us consider two weights wo, w1, in [o, 8] such that S(w1) = {a} and esslim,_., |z —
alwo(x) = 0. Then the closure of C*(R) N W (wg,w) in WL (wq,wy) is equal to
Hy = {f € W (wo,w)) : f € COR) N L= (wg). ", 1/ € CRY N L=(wr)” ",
f is continuous to the right if a € DV (w,),
f is continuous to the left if a € D™ (wy),

esslim |f(@) — f(@)|wo(z) = 0}

Furthermore, if wo,w; € L>®([a, 3]), then the closure of the space of polynomials in W1 (wg,w1) is also
Hy. In fact, for each f € Hy and d > 0 there exist {gn}n in C*(R) with limy, oo || f = gnllw.o (wo,wy) =0
and gn(z) = f(z) if x ¢ (a — d,a + d).

Remarks.

1. Tt is a remarkable fact that the approximation method is constructive.
2. Notice that we require esslim, ., |f(z) — f(a)|wo(z) = 0 in Ha, even if a ¢ S(wyp).

Proof. If f is in the closure of C1(R) N W1 (wq,wy) in W1 (wg,w), it follows that f € W (wg, w1),

feCm) ﬂLOO(wo)L (wO), and [’ € C(R) ﬂLOO(wl)L “ Lemma 4.4 implies that f is continuous to
the right if « € D" (w;) and f is continuous to the left if a € D™ (w;). If esslimsup,_,, wo(z) < oo, we can
deduce that esslim,_ | f(z) — f(a)|wo(z) = 0: We see that esslim,_, .+ | f(z) — f(a)|wo(z) = 0 (the left limit
is similar); it is a consequence of Theorem 2.1 if a € S*(wp), and if this is not so, f is continuous to the

right at a, as a consequence of f € C(R)N LOO(wO)L ) and Theorem 2.1. Tf esslim sup,_,, wo(z) = oo,
we have f(a) =0, and Lemma 4.5 implies that there not exists ¢ > 0 with || f|| 7o (ja—s,a+6],we) = € for every
d > 0; therefore we obtain esslim, ., |f(z) — f(a)|wo(xz) = 0 also in this case. Then f € Hs.

It is clear that Hj is contained in the closure of C*(R) N W1 (wg, w1) in W1°(wg, w1 ), since f € Hy:
uy(a) is finite and we have the hypothesis esslim,_,, |2 —alwo(z) = 0, and consequently esslim,_,, us(a)|z —
alwo(z) = 0. Then it is possible to apply Theorem 4.1, which allows to choose {g,}, in C'(R) with
limy, oo |/ = gnllwioe (wo,wy) = 0 and gn(z) = f(z) if 2 ¢ (a — d,a +d).

If wy, w1 € L™ ([av, B]), the closure of the polynomials is Ho as well, as a consequence of Bernstein’s proof
of Weierstrass’” Theorem (see e.g. [D, p.113]), which gives a sequence of polynomials converging uniformly
up to the k-th derivative for any function in C*([a, 8]). 4

Proposition 4.1. Let us consider two weights wy, w1, in [o, 3], with esslimsup,_,, |z — alwe(z) > 0 and

a € S(wy).
(a) If f belongs to the closure of C*(R) N L*(wg) in L*(wy), then for each n > 0 small enough
there exists | := esslimy_.q, |z—afwo(z)>n f(2)/(x — a). We also have lim,,_. g;,(a) = I, for any sequence

{gn} € CHR) N L>®(wyq) converging to f in L (wp).

(b) If f belongs to the closure of C*(R)NW > (wq, w1) in W (wo, w1) and a ¢ Si(w1), thenus(a) = 1.
Furthermore, if there exists f'(a), then us(a) = f'(a).

(¢) If f' belongs to the closure of C(R)NL™(w1) in L™ (w1) and a ¢ S1(w1), then uy(a) = lim, o0 hn(a),
if {hn} C C(R) N L>®(wy) converges to f’ in L™ (wy).
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Proof. Let us fix 0 < n < esslimsup,_,, |« — alwp(z). Seeking a contradiction, suppose that

- fl@) _ . f(z)
ess lim inf — =1 <c= esslimsup ———.
rz—a, |[r—alwo(x)>n T — a z—a, |z—a|w(z)>n T — @

If g is any function in C*(R) N L (wy), it follows that g(a) = 0 (by esslimsup,_,, wo(z) = co) and
f(x) = 9(z) H
T—a Lo ({|lz—alwo(x)2n})

This is a contradiction with f belonging to the closure of C*(R) N L% (wg) in L* (wyp).
Let us choose g, € C*(R) N L™ (wp) with || f — gn| 1o (we) < 1/n. Hence

| L2900 < 10y — g ) o) < 17— gl <

for almost every x with |2 — aJwg(x) > 7. Therefore, it follows that n |l — g/ (a)]
gn(a) =0 (by esslimsup,_,, wo(z) = 00). Hence [ is finite and lim,,, g,,(a) = L.

Let us assume now that f belongs to the closure of C1(R) N W1 (wq,wy) in WH(wg,w) and a ¢
S1(wy). Notice that Lemma A gives that there exists uy(a) := esslim,_.q, w, (2)>n f'(7), for each n > 0 small
enough, since a ¢ Sy (w1). We have that there exists g, € C*(R)NW1(wg, w1) with || f = gn lw1.o (wp ) <
1/n. Hence

C2 — C1
D) .

1 = gl oy = | > max {Je1 — g'(a)l, [e2 — g’ ()|} = n

1
)
n

< 1/n, for every n, since

1
1 (2) = gn(@)l < | (2) = gn(@)lwi(@) < |f" = gnlloqn) <
for almost every « with wi(x) > n. Consequently, it follows that n|us(a) — g, (a)| < 1/n, for every n, and we
deduce that [ = lim, . g,,(a) = u¢(a). (The same argument allows to deduce that lim,, . h,(a) = uy(a),
for any sequence {h,} C C(R) N L*(wy) converging to f’ in L°°(wy). This proves (c).)
Let us assume now that there exists f’(a). Then it follows that f’(a) =1 and consequently f'(a) =1=
up(a). 4

Proposition 4.2. Let us consider two weights wg, w1, in (o, 3], with esslimsup,_,, | — aJwy(z) = oo and
a € S(wy). If f belongs to the closure of C*(R) N W1 (wg,wr) in W (wq,w1), then us(a) = 0.
Proof. We only need to consider the case a € S(wy)\S1(w1), since us(a) = 0if a € S1(w1) (recall Definition
4.2).

If we take g, € C'(R) N W (wo,w1) with || f — gnllwro(we,wy) < 1/n, then parts (a) and (b) of
Proposition 4.1 imply that lim, . g}, (a) = us(a).

Since esslimsup,_,, |x — alwg(z) = oo, for each m

gn () 1
m |22 < g (@lwo(@) < lgallzo oy < 11w + 5

for almost every  with |z — a|wo(x) > m. Then m|g;,(a)| < ||f||Le(wy) + 1/n for every m, since g, (a) = 0.
Consequently, it follows that g, (a) =0 and uy(a) =0.

Definition 4.3. Let us consider a weight wy in [«, 5], with esslimsup,_,, |r — aJwo(z) > 0 and a € S(wy),
and a function f in the closure of C*(R) N L% (wg) in L% (wq). We define the derivative of f in a through
{lz — alwo(x) > n} as I(f,a) := esslim, .4, |z—ajwe(z)>n f(2)/(x — a), for any 0 < 7 < esslimsup,_., |z —
alwg(x).
Theorem 4.3. Let us consider two weights wo, w1, in [, G] such that S(w1) = {a} and 0 < esslimsup,_,, |z—|
alwo(z) < oo. Then the closure of C1(R) N W (wq,wy) in W (wg,wy) is equal to
—LOQ w, e —
Hy = {f € W' (wg,wy) : f € C(R) A L= (wo) ", f' '€ COR) N L (wr)
[ is continuous to the right if a € DV (w,),
f is continuous to the left if a € D™ (wy),

3i(f,a) and esmsiigrl |f(z) —U(f,a)(x — a)|we(z) =0,
and if a ¢ Si(wi), then ug(a) =1(f,a)}.

In fact, for each f € Hs and d > 0 there exist {gn}n in CT(R) with limy, oo |f — gnllw. (wo,uwy) = 0 and
gnl() = F(2) f 2 ¢ (0 dya -+ d).

L2 (wr)
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Remark. Condition “if a ¢ S1(w1), then uy(a) =I(f,a)” shows the interaction that must exist between f,
wo and w; in order to approximate f by smooth functions (compare with Theorem 4.2). The example after
the proof of Theorem 4.3 shows that this condition is independent of the other hypotheses in the definition
of Hg.

Proof. If f is in the closure of C*(R)NW 1% (wg, wy) in W (wg, w1), we will see that it belongs to Hz. It is

clear that f € C(R) N L>® (wo)L (wo), and f' € C(R)N L°°(w1)L “9) Lemma 4.4 allows to deduce that f
is continuous to the right if a € D™ (wy) and f is continuous to the left if a € D~ (w;). Proposition 4.1 implies
that if a € S1(w1), then uy(a) = I(f,a). Let us choose a sequence {g,} C C(R)N W (wg,w;) converging
to f in W1 (wp,w;). By Proposition 4.1 it follows that I(f,a) = esslim, ., lz—alwo(z)>n f(2)/(x —a) =
lim;, 0 g1, (a), for n > 0 small enough.

Let us fix € > 0. It is clear that

ess lim |f(x) =1U(f,a)(z — a)|we(x) = esslim /()

e—a, [z—alwo(x)>n e—a, [e—alwo(x)>n | T — @

—U(f,a)||z — alwo(z) = 0,
since esslimsup,_,, |z — a|wo(x) < oo; then there exists §; > 0 with

1 f(z) = U(f,a)(x — a)l| Lo ((a—by.a-+61)n {Je—alwo ()=} wo) < € -

Now, it is sufficient to prove that || f(x) —I(f, a)(x — a)|| Lo ([a—5,a+6]n{|z—alwo (z)<n},we) < &, for some 0 < 0 <
d1. Proposition 4.1 allows to choose n with || f — gn |z (wy) < €/2 and |g;,(a) — I(f,a)|n < £/2; hence, there
exists 0 < § < 0y with |gn(z)/(x —a) = I(f,a)|n < /2 for every 0 < |x — a|] < §. Consequently

|gn(z)—1(f,a)(x — a)|| Lo (ja—5,a+5]N{|z—alwo(x)<n},wo)

We also have || f — gnl| Lo (wo) < €/2; therefore || f(z) —I(f, a)(x — a)|| Lo (ja=5,a+5]n{|z—alwo (z)<n},wo) < &> and
1£(2) — 1(f, )& — )1 ot s51 ey < . Then f € Hy.

Let us fix now f € Hs. The hypothesis esslimsup,_,, |t — alwg(x) < oo implies that there exists
0 < dp < d/2 such that x —a € L™ ([a — 28y, a + 2dp],wy); if esslimsup,_,, wi(z) < oo, we also require
wy € L ([a—2d¢,a+2d0]). Let us fix ¢ € C°([a— 200, a+2dp]) with 0 < ¢ <1 and ¢ =1 in [a— g, a+ do].
We see now that I(f,a)(z — a)p(z) € C([a — 260, a + 260]) N W (wg, w1 ): it is clear that it belongs
to L™ (wyp); its derivative is in L (wy) if esslimsup,_,, w1 (z) < oo; if this is not so, a ¢ Si(w;), and it
follows that I(f,a) = 0: if {h,} C C(R) N L*(w) converges to f’ in L>(wy), part (c¢) of Proposition 4.1
implies that uy(a) = lim, o hn(a); the fact esslimsup, ,, wi(z) = oo implies h,(a) = 0, and we have
0=wuys(a) =1(f,a), since f € Hs.

We consider the function g(z) := f(x) —I(f,a)(x —a)d(z). Since I(f,a)(x —a)¢(x) is a smooth function
in W (wg,wy), it is sufficient to show that g can be approximated by C! functions in W (wg, w;). We
have that f(a) = g(a) = 0 since esslimsup,_,, wo(x) = oo; then esslim, .4 [g(x) — g(a)|wo(x) = 0, since
J € H3. Notice that uy(a) = 0if a € Sy(wy); if a ¢ S1(w1), it follows that uy(a) = esslim, ., w, (@)>n f'(2) —
I(f,a) = us(a) — I(f,a) = 0. Then Theorem 4.1 implies that g can be approximated by functions {g,}, in
C' N W (wg,w ), with g, (z) = g(z) = f(z)if 2 ¢ (a —d,a+d). 4

gn(2) —l(f7a)H <

r—a L ([a—0d,a+d]N{|z—alwo(z)<n},|z—alwo)

| ™

Example. There exist weights wg, w1, and a function f such that a ¢ S1(w1), us(a) # I(f, a), and verifying
the other hypotheses in the definition of Hs.
Let us consider the function f(z) = z%sin(1/z) and the weights in [0, 1],

1 if L !
1 ’ ! x€(27rn+l/(n+1)’27rn—1/n}’
wo(z) = = wy (z) = 1 . 1 1
n’ if 2 ¢ (27m—1/n’27r(n—1)+1/n]'
It is clear that a = 0, a ¢ S1(w1), f € C([0,1]), ' € C((0,1]), I(f,0) = f'(0) = 0 and esslim, ¢ f(2)wo(x) =

0. A direct computation shows that u;(0) = —1 and esslim,_.o |f'(z) + 1Jw1(x) = 0 (then f’ belongs to the
closure of C(R) N L™ (wy) in L (wy)).
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We can deduce the following result from Theorem 4.3. We say that two functions u,v are comparable
in the set A if there are positive constants c¢;, ¢co such that cjv(z) < u(z) < cov(x) for almost every z € A.

Corollary 4.1. Let us consider two weights wo, w1, in [a, 8] such that S(w1) = {a} and wy is comparable
to 1/|x — a| in a neighborhood of a. Then the closure of C*(R) N W12 (wq,w) in W1 (wg,w1) is equal to

L2 (wo) L% (wr)

{f € Wh®(wo,wr) : f € C(R) N L>(wy) , f' € C(R)N L>=(w) ,
f is continuous to the right if a € DT (w;),
[ is continuous to the left if a € D™ (wy),
3f'(a) and if a ¢ Si(w:), then ug(a) = f'(a)}.
Proof. It is clear that I(f,a) = f’(a), since wy is comparable to 1/|z—al, and it follows that esslim, 4 | f(2)—]}
f'(a)(x — a)|lwo(x) = 0, since f is differentiable in a.

We introduce now the following condition which will be essential in the characterization of the functions
f which can be approximated by smooth functions in W (wg,w,) in the last case:

Let us consider two weights wg, w1, in [a, 8] such that S(w;) = {a} and esslimsup,_,, |x —a|wy(z) = oo,
and f € W1 (wg, wy).

For some dy > 0 and each n € N,

(4.2) there exists ¢, € C'([a — do,a + do]) "W ([a — do, a + do], wo, w:)
such that  esslimsup |f(z) — ¢n(z)|wo(x) < 1/n.

Lemma 4.6. Let us consider two weights wg, w1, in o, B] such that S(w1) = {a} and esslimsup,_,, |x —
alwo(z) = oo. If f verifies condition (4.2), then for each 0 < d < dy we can choose the functions ¢, with
the additional property ¢, € Ct((a —d,a + d)).

Proof. Let us fix 0 < d < dy. We prove that we can choose ¢,, with the additional property ¢, = 0 in a
neighborhood of @ — d. The argument in a neighborhood of a + d is similar.

Let us assume first that esslimsup,_,, wi(z) = oo for every t € [a —d, a]. Then ¢, =0 in [a — d, a], and
¢n(a) = 0 since esslimsup,_,, wo(x) = co. Hence, ¢, =0 in [a — d, a].

In other case, there exists ¢t € [a — d,a] with esslimsup,_,, wi(x) < oo. Then, there exists a closed
interval A = [a1,as] C (a —d,a) with wy; € L>(A). Let us fix ¢ € C(R) with ¢ =0 in (—00,a;] and ¢ = 1
in [ag,00). It is clear that @@, € W1 ([a — d,a + d], wo, w1) since wy € L>°(A). Hence, we can substitute
¢n by ©bn. 4

Theorem 4.4. Let us consider two weights wo, w1, in [o, 3] such that S(wy) = {a} and esslimsup,_,, |z —
alwo(z) = co. Then the closure of C1(R) N W1 (wq,wq) in W1 (wg,w) is equal to
1,00 L>=(wo) ,, ==L (w1)
Hy = {fEW " (wg,wq) : f € C(R) N L (wyp) , [ e C(R) N L>®(wy) ,
f is continuous to the right if a € DT (w;),
f s continuous to the left if a € D™ (wy),
[ satisfies (4.2) and ug(a) =0} .

In fact, for each f € Hy and d > 0 there exist {gn}n in C*(R) with limy oo |f — gnllw. (wp,uwy) = 0 and
gn(z) = f(z) if v & (a —d,a +d).
Remarks.

1. Although (4.2) is not a condition so clean than those in Hy or Hs, it simplifies notably the approxi-
mation problem, since it is a local condition and there is no reference to f’ (we do not need to approximate
simultaneously f and f’). Condition (5.1) below implies (4.2), and Proposition 5.2 characterizes (5.1) in
many situations.

2. Condition (4.2) shows the interaction that must exist between f, wo and w; in order to approximate
f by smooth functions (notice that ¢,, € C*(R) N W (wg,w)).
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L=( L% (w1)

3. If f(a) € Wh®(wp,w;) for any f € C(R) N L>®(wp) ) with /e C(R)N L>®(wq) (in
particular, if wy € L ([e, 0])), then condition (4.2) can be removed (since esslim, ., | f(z) — f(a)| wo(x) = 0)
if we are in some of the following situations (see Remark 2 to Theorem 4.1):

(a) a € ST(wp) NS~ (wp), i.e., essliminf, ,+ wo(x) = essliminf, ., wo(z) =0,

(b) a € ST(wp) and wy € L*>([a — €, a]), for some & > 0,

(¢) a € S™(wp) and wg € L*>®([a,a + €]), for some £ > 0,

(d) wo € L*>®(Ja —€,a + ¢]), for some € > 0.

Therefore, in this situation, the statement of Theorem 4.4 is nicer.

Proof. It is clear that if f belongs to the closure of C1(R) N W1 (wg,w;) in W (wq,wy), then f €

CR)N Loo(wo)L (o) and f € C(R)N Loo(wl)L () Lemma 4.4 implies that f is continuous to the right
if a € D¥(wy) and f is continuous to the left if a € D~ (wy). Proposition 4.2 implies that us(a) = 0. We
prove now that f satisfies (4.2): Seeking a contradiction, suppose that f does not satisfy (4.2); then there
exist positive constants ¢, d such that esslimsup,_,, |f(z) — ¢(x)|wo(z) > c for every ¢ € C'([a — d,a +
d)) N Wt>(la — d,a + d],wo,wy). This means that ||f — @| 1 (la—s,a+8),wp) = ¢ for every 6 > 0. Hence,
If = dllLecwe) = IIf — @l (la—s,ats),we) = ¢ for every ¢ € CH(R) N W (wg,wy), which provides the
expected contradiction. Then f € Hy.

Let us see now that Hy is contained in the closure of C1(R) N W (wg,w;) in W1 (wg,w;). By
Lemma 4.6, given fo € Hy, d > 0 and ¢ > 0 we can choose ¢ € Cl((a — d,a + d)) N WH°(wg,w;) such
that the function defined by f := fo — ¢ verifies esslimsup,_,, | f(x)| wo(z) < £/24; besides, f(x) = fo(x) if
r ¢ (a—d,a+d). Then there exists § > 0 with 4| f — f(a)|| o ([a—s,a+6),w) < €/6 (recall that f(a) = 0 since
esslimsup,_,, wo(z) = 00).

Since uf(a) = 0, then applying the argument in the proof of Theorem 4.1 it is possible to find g €
CHR) N W (wg,wy) with [|f — gllw1.e(we,w) < € and g(z) = f(z) if 2 ¢ (a —d,a + d). Hence, if
go := g + ¢, it follows that || fo — gollw1.(we,w,) < € and go(z) = fo(z) if 2 ¢ (a —d,a+d). 4

The following result allows to reduce the global approximation problem in W (I, wg,w) by smooth
functions to a local approximation problem, under some technical conditions.

Theorem B. [R1, Theorem 5.2] Let us consider strictly increasing sequences of real numbers {cu, }ner,
{Butnes (J is either a finite set, Z, Z or Z7) with ayy1 < Bn < apia for every n. Let wo,w; be
weights in the interval I := Uy, [aw,, Bn]. Assume that for each n there exists an interval I, C [an41, Bn] with
wy € L*®(1,) and fln wo > 0. Then f can be approzimated by functions of C1(I) in W (I, wq,w1) if and
only if it can be approximated by functions of C([an, Ba]) in W12 ([an, Bn], wo,w1) for each n. The same
result is true if we replace C* by C™ in both cases.

Remarks.

1. The proof of this theorem in [R1] is constructive and the main idea is natural: it suffices to consider
functions g, which aproximate f in [a;,, 8,] and to obtain a function g which aproximate f in I by “pasting”
{gn}n with an appropriate partition of unity. Since the pasting process occurs in U,I,, we have g = g,, in
[Brn—1, @n+1]; furthermore, if there exists a first index ny in J, then g = gy, in [an, , @y, +1], and if there exists
a last index ng in J, then g = gn, in [Bn,—1, On,]; in particular, g(an,) = gn, (on,) and g(Bn,) = gn, (Bn,)-

2. Condition a1 < B, means that (ap,S,) and (api1, Bnt1) overlap; (qn, Bn) N (Qnt2, Bniz) = 0
since B, < Qpt2.

In fact, Theorem 5.2 in [R1] is a more general result, but the statement we present here is good enough
for our purposes.

Definition 4.4. The weights wq, wy are jointly admissible on the interval I, if there exist strictly increasing
sequences of real numbers {ay, fnes, {Bntnes (J is either a finite set, Z, Z1 or Z7) with a1 < Bn < Qo
for every n and I := Up[ay, By, and verifying the following conditions:

There exists a partition Jy, Ja, J3 of J, such that

(al) if n € Jy, then wg € L>®([an, B34]) and 1/wy € L ([an, Bu)),

(a2) if n € Jo, then S(w1) N [an, Bn] = {an},

(a3) if n € J3, then S(w1) N [, Bn] = 0.
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Remark. Without loss of generality we can assume that a, € (Bn—1,@n+1) if n € Ja: if a, € (an, Bn) and
an < Bn—1, it suffices to take §,_; smaller; if a,, € (v, 8n) and @11 < ay, it suffices to take a1 bigger;
if a,, = a,, it suffices to take a,, bigger (and then n € J3); if a, = [, it suffices to take 3, smaller (and
then we also have n € J3). We always assume this property.

Now, we can state the main result of this section. Notice that we do not have any hypothesis about
the singularities of w, that the weights wg,w; have a great deal of independence among them, and that the
interval I is not required to be bounded.

Theorem 4.5. Let us consider two weights wgy, w1 which are jointly admissible on the interval I. Then the
closure of C1(I) N W1 (wg,wy) in W (wo,w1) is equal to

L™ (wo) L (w1)

H:={feW"(wy,w:): feC(I)NL>(wy) , fre C(I) N L>=(wy) ,
for each {an} = S(w1) N [an, Bn], with n € J2, we have
f is continuous to the right if a, € DT (wy),
f is continuous to the left if a, € D™ (wy),
ifesslim |o — aufun(e) = 0, esslim |(z) — f(an)uole) = 0,

if 0 < esslimsup |z — ap|wo(z) < o0,

T—Qn

3(f,a,) and esilgm |f(z) = U(f,an)(z — an)|wo(z) =0,

and if an ¢ Si(wi), then us(an) = U(f, an),
if esslimsup |z — ay|wo(z) = 00, f satisfies (4.2) and us(a,) =0} .
T—ray
Remarks.

1. Notice that this theorem has a wide range of application. Let us consider the particular case of Jacobi
weights: wo(z) = (14+2)% (1 —2)%2, wi(z) = (1+ )" (1 —2)", in [-1,1]. Theorem 4.5 describes the closure
of C1([—1,1]) N Whe°([—1,1],wg, w1) in W1°([—1,1],wp,w;) for every possible value of the exponents; if
t1 < 0 (respectively to < 0), then —1 (respectively 1) is a regular point of wj.

It is obvious that Theorem 4.5 also describes the closure of C* functions with weights with many singular
points, as wo(z) = |z — a1]*']|z — a2|®? - - |x — am|*™, wi(x) = |z — by||x — bo|®2 - - |x — by|P». The same
is true if we change each power |2 — a|? by any function with a singularity in «, and even if we consider
weights defined in some interval I such that S(w;) has no accumulation point in the interior of I.

2. Let us observe that in Theorem 4.5 we do not have as hypotheses the technical conditions which
appear in the statement of Theorem B.

In order to prove Theorem 4.5, we need two preliminary results.

Proposition 4.3. Let us consider two weights wo,wy, in A = [a, ] (—o0o0 < a < < o0), with wy € L>®(A)
and 1/wy € L*(A). Then

W (Awo,w1) L™ (Aw1)

CI(A) N WLOC(A?wOawl) = {f € Wl’OO(Ava/wl) : f/ € C(A) N LOO(A7w1)

1,00 wo, w1
Furthermore, if f € C1(A)N leoo(A,wo,wl)W (Ao, ), we can obtain a sequence of functions {F,} C
CHA) N WL (A, wg,wy) converging to f in WL (A, wy,wi) with F,,(a) = f(a) and F,(8) = f(8). The
same result is true if we replace C*(A) and C(A) by C>®(A) everywhere.

L>(A, .
Proof. We prove the non-trivial inclusion. If f* € C(A) N L>®(A4,w:) ( wl), let us consider a sequence

{gn} C C(A) N L*>(A,w) which converges to f’ in L>°(A,w;). Notice that f' € L*(A,wy) and 1/w; €
L'(A) imply that f' € L'(A) and hence f is an absolutely continuous function on A. Then the functions
Gn(z) := f(a) + [ gn belongs to C(A), satisfy Gy () = f(a) and

w1 1
< [ 17 =0l 2 <0 = gullieiaan [ o
A wq A W1
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Then, ||f = Gnllzo(awo) < IIf = gnllzoe(awn)llwollLee (ayl|1/w1]| 214y, and we have proved the inclusion. Let
us remark that lim, ., Gn(8) = f(5).

If esslimsup,_,, wi(z) = oo for every t € A, then any g € C1(A) N WH° (A, wp, w) verifies ¢’ = 0 in
A, and therefore is constant. Hence the closure of C1(A) N W12 (A, wg,w;) is the space of constants, and
then the last conclusion of the proposition is direct.

If we do not have esslimsup,_,, wi(x) = oo for every ¢t € A, then there exists an interval B C A
with wy € L°°(B). Let us consider a function h € C(A) with supph C B and [h = 1. In this case we
can define the functions F,(z) := Gy (z) + (f(8) — Gn(8)) [5 h € C'(A) N W (A, wo, w1), which verify
F,(a) = f(a) and F,(8) = f(8). Since lim,, o (f(8) — Go(5)) = 0, we also have that {F,} converges to f
in WhHo (A, wp, w).

If we replace C'(A) and C(A) by C*°(A) everywhere in this proof, we obtain that

W (A wo,wi) *(Awr)

COO(A) n WI’OO(A,U}07’LU1) = {f € W1’°°(A,w0,w1) : f/ € COO(A) n LOO(A,

}ot

Proposition 4.4. Let us consider strictly increasing sequences of real numbers {cu, }nes, {ﬁn}neJ (J is
either a finite set, Z, Zt or Z™) with ayy1 < Bn < Qpio for every n. Let wo,wy be weights in the interval
I = Uylan, Bn]. Let us fix f € WHh°(I,wp,wy). Assume that for each n esslimsup,_,, wi(z) = oo for
every t € [ant1,Bn], and that there exist {gF}r in CY([an, Bn]) N W ([an, Bal, wo, wyi) with limg o || f —

quL||W1v°°([amﬁn],wo,w1) =0, gfl(an) = f(ay) and gfb(ﬂn) = f(Bn). Then f belongs to the closure of C*(I) N
W (wg, wy) in W (wg,wy). The same result is true if we replace C* by C* in both cases.

Proof. For each n, let us consider {g&}, in C*([av,, Bn]) With [|f — g5l (jan 80 w0,wn) < 1/K, gE(an) =
f(an) and gk (B,) = f(B,). Since esslimsup,_,, w;(x) = oo for every t € [,11,Bs], we have that (gF)’
(gfLJrl)/ = fl =01in [anJrlaﬁn]' Consequently, grkz<x) = f(.’]?) = f(ﬁn) for every x € [an+laﬁn], and gfLJrl(m) =
f(x) = f(ant1) for every @ € [ay41, Bn]. Since g&, = gk in (41, B,], for each k we can define a function
g" € C1(I) as g* = gF in [, B,] for each n, and then || f — ¢"||wi.0o(wo,uw,) < 1/k-. It is clear now that the
same result is true if we replace C! by C* in both cases.

Proof of Theorem 4.5. Theorems 4.2, 4.3 and 4.4, and Proposition 4.3 allow to deduce that any function
in the closure of C1(I) in W1 (wp,w;) belongs to H. Let us observe that the closure of C!([av,, 8,]) N
W (lap, Bn], wo, w1) in W ([an, Ba], wo, w1) is CH([an, Bu]) "W ([, Ba], wo, w1 ) if n € J3, since the
closure of C([an, Bn]) N L>®([an, Bn], w1) in L (o, Bn], w1) is C([am, Bn]) N L ([a, Br], w1), by Theorem
2.1.

We prove now the other inclusion. Let us consider the sequences {a, }nes and {8, }nes in the definition
of jointly admissible weights. Recall that a, € (6n-1,an+1) if n € Jo. This fact allows to take the
approximations in theorems 4.2, 4.3 and 4.4 with the same values of the approximated function in «, and
B

We show that each function f € H can be approximated by functions of C*(I) in W1 (I, wg, wy) if it
can be approximated by functions of C([a,, B,]) in W1 ([an, Bn], wo, w1) for each n; then we can apply
theorems 4.2, 4.3 and 4.4, and Proposition 4.3, which show that any function in H belongs to the closure of
C([an, Br]) in WE([a, Bn], wo,wr) for every n. We use an argument with two steps, using Theorem B
and Proposition 4.4.

Let us assume first that for each n there exists an interval I,, C [ay41, 8,] with wy € L*(1,).

Let us remark that a,, ¢ I, if n € Js, since a,, < ay,4+1. Then every function f in H belongs to C(I,,):
if n € JoUJs, then S(wy) N1, =0 and f € C'(1,); if n € Jy, then f' € L'(I,) and f € AC(I,). For
each f € H, let us define ¢, := ||f||zio(1 ) if Ilfllzo(r,y > 0 and ¢, := 1 in other case. Then f € L*(wy),

where w§ = wo + ), ¢nX; , since [ fllzoe gy < N1 llLoe o) + 1. We also have fI wg > 0 for each n € J.
Hence, theorems B, 4.2, 4.3"and 4.4, and Proposition 4.3 finish the proof of Theorem 4.5 in this case, since
the closures of C’l([an, ﬂn]) in Wt OO([ozn, Bn], wo,w1) and in W ([ay,, B3,], wg, w1) are the same (recall that
any f in the closure of C1 ([, B,]) in W ([, Ba], wo, wy) belongs to C(I,,)).

In the general case, there are some n’s with esslimsup,_,, w1(z) = oo for every t € [ay41,0n]. The
simplified version of Theorem 4.5 which we have proved allows to joint some intervals in a single interval
(recall the first remark to Theorem B); therefore, we can assume that esslimsup,_,, wi(xz) = oo for every
t € [@nt1,6n] and every n. Then, Proposition 4.4, theorems 4.2, 4.3 and 4.4, and Proposition 4.3 finish the
proof.
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5. APPROXIMATION BY C°° FUNCTIONS IN W1 (T, wg,w;)

We are also interested in approximation by more regular functions. With some additional hypothesis
we can use Theorem 4.1 in order to approximate by C'*° functions.

Theorem 5.1. Let us consider two weights wo, w1, in [a, 8] such that S(w1) = {a} and wo, w1 € L2 ([, B\
{a}). Then every function in

Hy = {f € Wh(wg,wy) : f € CR) N Lo(wo) ", f' € CR) N L= (wy)
f is continuous to the right if a € DV (wy),

f s continuous to the left if a € D™ (w1),

eisizm |f(z) = f(a)|wo(x) =0, essl lim us(a)(x — a)wo(z) =0,

L% (w1)

and esslim |f'(z) — ug(a)|w (x) = O}

can be approzimated by functions {gn}n in C(R) N WL (wg, wy) with the norm of W (wg, wy), with
gn(@) = f(a) if a # a and with g, (8) = f(B) if a # 0.

Remark. In the remark after Theorem 4.1 appear simple conditions which guarantee the properties which
define Hs.

Proof. Let us consider f € Hs and € > 0. Theorem 4.1 implies that there exists go € C!'(R) with
Ilf = gollw1.¢ (wo,wr) < €/2, such that go is a polynomial of degree at most 1 in [a — 20, a +26] for some ¢ > 0.

Let us choose an even function ¢ € C°([—1,1]) with ¢ > 0 and [ ¢ = 1. For each ¢t > 0, we define
¢i(z) =t p(x/t) and g, := go * ¢y; these functions satisfy ¢, € C°([—t,t]), ¢ > 0 and [ ¢, = 1.

It is well known that g; € C°(R), and that g; (respectively g;) converges uniformly in [«, 5] to go
(respectively g() when ¢ — 0.

Notice that if h is a polynomial of degree at most 1, then h* ¢y = h, since 1 x ¢, = [¢ = 1 and
x*¢, = x: it is sufficient to notice that (z*¢;)(0) = [ y¢i(y) dy = 0 and (zx¢;)’ = 1% ¢, = 1. Consequently,
gt = go in [a — §,a + 4], for 0 < t < 4, since under this hypothesis7 the integral defining g; only takes into
account the values of g in which it is a polynomial of degree at most 1.

Since wo, w1 € LS. ([o, B] \ {a}), there exists a constant M with wo,wy < M in [o, (] \ (@ — 6,a + 9).
Therefore

13
lge = gollw o= (wo,w1) = 198 = gollwr () (@6,0+6) wo,w1) = Mg = Gollwr< (o 61\ (@-5.a46)) < 55

if ¢ is small enough, since g; and g; converge uniformly in [a, 5] to go and g{, respectively.

Then || f — g¢llw1.o (wo,wy) < € if t is small enough.

Let us assume that a # «. Fix ¢ € C*°(R) with ¢ = 1 in (—o0,a] and ¢ = 0 in [a — §,00). Since
g+ converges uniformly to go in [, 5], go(a) = f(a) and wg,w; < M in [a,a — §], we can choose ¢t with
the additional condition |f(a) — gi(a)|[[llw1. (wo,w,) < €. Therefore, g; := g¢ + (f(a) — g¢()) verifies

gi(a) = fa) and ||f = Gellwr.oo (wo,wi) < I = gellwroo wo,wy) + 1f (@) = ge(@)] ollwr.oc (wo,wr) < 26 I a6,
we use a similar argument in a neighborhood of 5.

Definition 5.1. We say that a weight wq in [«, 3] is balanced at a € [a, (], if it verifies some of the following
conditions:

(a) a € ST(w1) NS~ (wr), i.e., essliminf, ,+ wi(x) = essliminf, ,,- wi(z) =0,

(b) a € ST(wr) and wy € L‘X’([a — ¢g,a]), for some & > 0,

(¢) a € S~ (wy1) and wy € L>®([a,a + ¢€]), for some € > 0,

(d)a=aora=0.

Theorem 5.1 and Remark 3 to Theorem 4.1, give the following result.
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Corollary 5.1. Let us consider two weights wg, w1, in [a, f] such that S(wi) = {a}, wy is balanced at

a, and wo, w1 € LYY ([, 5]\ {a}). Then every function in Hy can be approzimated by functions {gn}n in

C>(R) N W2 (wg, wy) with the norm of W12 (wq, wy), with gn(a) = f(a) if a # « and with g,(3) = f(5)
if a # p.

We introduce now the following condition which plays the same role that (4.2) in the approximation by
functions in C*°:

Let us consider two weights wg, w1, in [a, 8] such that S(w;) = {a} and esslimsup,_,, |x—a|wo(z) = oo,
and f € WL (wg, w;).

For some dy > 0 and each n € N,

(5.1) there exists ¢, € C™([a — do,a + do]) N W ([a — dy, a + do], wo, w1)
such that  esslimsup|f(z) — ¢n(x)|wo(z) < 1/n.
Remarks.

1. We will see in propositions 5.1 and 5.2 that condition (5.1) can be substituted in many cases by
simpler conditions which only involve f.

2. The same argument as that in the proof of Lemma 4.6 allows to deduce that if f verifies condition
(5.1), then for each 0 < d < dy we can choose the functions ¢,, with the additional property ¢, € C°((a —
d,a+d)).

Let us assume that wo, w1 € LS. ([, B] \ {a}), S(w1) = {a}, and w; is balanced at a. The argument in
the proof of Theorem 4.2 (using Corollary 5.1) gives that if esslim,_., |z — aJwo(z) = 0, then the closure of
C>®(R) N W (wy,wy) in W (w,w) is He. In a similar way, if 0 < esslimsup,_,, |z — alwo(z) < oo,
then the closure of C>°(R) N W1 (wg, w1 ) in W (wg,w ) is Hz. We also have that, if esslimsup,_,, |z —
alwg(x) = oo, then the closure of C*°(R) N W1 (wq,wy) in W (wg,wy) is Hy, if we change (4.2) by
(5.1). We also obtain that if f € H; (2 < j < 4), then it can be approximated by functions {g,}, in
C>(R) N WL (wg, wy) with the norm of W (wq, w), with g,(a) = f(a) if a # @ and with g,(8) = f(3)
ifa# 5.

Definition 5.2. The weights wq,w; are strongly jointly admissible on the interval I, if they verify the
conditions in the definition of jointly admissible (Definition 4.4), with J3 = ) and replacing (a2) by

(a2') if n € Ja, then S(w1) N [an, Bn] = {an}, wo, w1 € L. ([on, Bn] \ {an}), and w; is balanced at a,,.

loc
Remark. We choose J3 = (), since in this context we must require wo,w; € L ([ay, G,]) additionally in
(a3), and these facts imply the hypothesis in (al). Hence, J; plays here the role of J; U J3 in Definition 4.4.

The following is the main result of this section.
Theorem 5.2. Let us consider two weights wg, wy which are strongly jointly admissible on the interval I.

Then the closure of C™°(I) N W (wg,w1) in W (wg,w1) is equal to

Hy = {f € W' (ug,w1) : f € CU) A Lo(wg) ", f e O A Lo ™,

1 € C%(an, B VL= (an, Bilwn)
for each {a,} = S(w1) N[, Bn], with n € J2, we have
f is continuous to the right if a, € DT (wy),

f s continuous to the left if a, € D™ (wy),

if esslim |z — an|wo(x) =0, esslim|f(x) — f(an)|wo(z) =0,
T—Qp T—an,

, foranyn e Jp,

if 0 < esslimsup |z — a,|wo(z) < oo,

T—anp

31U(f,a,) and els_ilgm If(z) = U(f, an)(z — ap)|wo(z) =0,

and if an ¢ S1(w1), then ug(an) =U(f,an),
if esslimsup [z — a,|wo(z) = 00, [ satisfies (5.1) and ug(a,)=0}.

T—0n

oo

Remark. In Theorem 2.1 and in [PQRT1] we characterize C>° N L°°(w)L “) for a general kind of weights.
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Proof. We only need to follow the argument in the proof of Theorem 4.5, replacing the functions in C
or C'', by functions in C®. This is the reason why we need to require that f’ belongs to the closure of
C*™([an, Bn]) N L= ([an, Bn], w1) in L ([an, Bn], wr) for any n € J. 4

In many situations we can simplify condition (5.1).

Proposition 5.1. Let us consider two weights wo, w1, in [, 8] such that S(wy) = {a}, and esslimsup,_,, |[z—|}
alwg(xz) = oo. Let us assume that for some function s verifying 0 < m < |s(z)] < M < oo a.e., there exists
esslim, ., ¢(z)s(x)wo(x) for every ¢ € C°(R)N W1 (wg,w1). Let us denote by D(wo,a) the set of values
of these limits when we consider every ¢ € C°°(R)NW 1> (wg, wy) (D(wo,a) is either {0} or R). Then (5.1)
is equivalent to the following: for any f € W (wg,w) the limit esslim,_, f(z)s(z)wo(x) there exists and
belongs to D(wg,a).

Remarks.
1. By Remark 2 behind (5.1), the functions in C°°(R) N W% (wq,w) can be substituted by C*°([a —
d,a+d)) N Wh>([a — d,a + d], wp, w;) everywhere in Proposition 5.1, for some (or for every) d > 0.
2. The conclusion of Proposition 5.1 also holds if we substitute (5.1) by (4.2) and C> by C* everywhere.
3. A natural choice for s is s(z) := 1 or s(x) :=sgn (z — a) (see the proof of Proposition 5.2).

Proof. Let us fix f € WH(wp,wy). If the limit d := esslim,_, f(z)s(x)wo(z) exists and belongs to

D(wy, a), we have (5.1) with ¢,, := ¢, where ¢ is a function in C>°(R)NW 1 (wg, w1 ) with esslim, ., ¢(z)s(z)wo(z) =}
d, since then esslim, ., |f(2) — ¢(z)|wo(z) < m~Lesslim, ., |f(2)s(z)wo(x) — ¢(z)s(z)wo(x)| = 0. If d ¢

D(wy, a), then D(wg,a) is {0}, and consequently d # 0; hence, esslimsup,_,, |f(x) — ¢(z)|wo(z) > |d|/M >

0, for every ¢ € C°(R)NW 1 (wp, wy). If the limit esslim,_, f(z)s(z)wo(x) does not exist, a similar argu-

ment implies that there exists a constant ¢ = ¢(f, M) > 0 such that esslimsup,,_,, | f(z)—¢(x)|wo(x) > ¢ > 0,

for every ¢ € C°(R) N Wh*(wp,wy). 4

Definition 5.3. We say that a weight wo has potential growth at a, if esslimsup,_,, |z — a|™wo(z) < o0,
for some natural number m. If wg has potential growth at a, we say that the degree of wy at a is m, if m is
the minimum natural number with esslimsup,_,, |z — a|™w(x) < co.

Proposition 5.2. Let us consider two weights wg, w1, in [a, B8] such that S(wy) = {a}, esslimsup,_,, |z —
alwo(xz) = 0o and wo has potential growth at a. Let us assume that m is the degree of wy at a.

(1) Ifesslimy_,q |z — a|™wo(z) = 0, then (5.1) is equivalent to esslimg_.q |f(z)|wo(z) = 0.

(2) Ifesslimsup,_,, |z —a|™wo(x) > 0 and esslimsup,_,, |v —a|™ tw; () < oo, then we can substitute
(5.1) by the following condition: there exists Iy, (f,a) := esslimy,_q |z—amwy(z)>n f()/(x —a)™ for n small
enough, and esslimy_.q |f(z) — L (f,a)(z — a)™|wo(z) = 0.

(3) If wo(x) is comparable with |z —a|™™ in a neighborhood of a, for some positive integer m, then (5.1)
is equivalent to the existence of esslim,_,q f(x)/(x —a)™.

Proof. (1) Let us fix f € W1 (wg, w;) with esslim,_, | f(x)|wo(z) = 0; then (5.1) holds with ¢,, := 0.

In order to see the other implication, let us fix f € W (wg,w;) satisfying (5.1). Let us consider
¢ € C®(R) N Wh®(wy,w;). Condition esslimsup,_,, |z — a|™ lwg(z) = oo implies ¢(a) = ¢'(a) =

= ¢mV(a) = 0; then ¢(z) =~ ¢ (a)/m!(z — a)™, and condition esslim, ., |z — a|™wy(xr) =
gives esslim,_, ¢(x)wo(z) = 0 for every ¢ € C°(R) N W1 (wg,w;). Hence esslimsup,_,, | f(z)|wo(x)
esslimsup,_,, |f(z) — ¢n(z)|wo(x) < 1/n for every n.

(2) Let us fix f € W1 (wg,w;) satisfying (5.1). An argument similar to the one in the proof of part
(a) of Proposition 4.1 implies that there exists l,,,(f,a) for 0 < n < esslimsup,_,, | — a|™wp(z), and that

o |

¢$Lm)(a)/m! — ln(f,a) as n — oo. In order to finish the proof of this implication, it is sufficient to follow
the argument in the proof of the first part of Theorem 4.4, taking the function I, (f,a)(x — a)™ instead of
I(f,a)(x — a).

We deal with the other implication. Let us consider f € W (wg,w;) such that there exists I, (f,a)
for n small enough, and esslim, ., |f(2) = (f, a)(x —a)™|wo(x) = 0. In order to verify (5.1), it is sufficient
to take as ¢, = ¢ the function l,,(f, a)(z — a)™ multiplied by an appropriate smooth function with compact
support which is equal to 1 in a neighborhood of a (¢ belongs to W (wg,w;) by hypothesis).

(3) It is sufficient to apply Proposition 5.1 with s(z) := (x —a)"™/wo(x). 4
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