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Abstract

Rational interpolants with prescribed poles are used to approximate holomor-
phic functions on the closure of their region of analyticity under natural assump-
tions of their analytic properties on the boundary. The transfer functions of some
general infinite dimensional dynamical systems of interest in applications satisfy
the restrictions we impose. This is the case of discrete-time fractional filters, time-
delay systems, and heat transfer control systems. We give a general theoretical
result by which, in particular, the transfer functions which arise in such dynamical
systems may be approximated. Estimates for the rate of convergence are given.
We also include some numerical examples which compare the performance of the
method we propose with others commonly used in systems theory.

1 Introduction

The approximation of analytic functions by rational interpolants with prescribed poles
(RIPP), recently called Padé-type approximants by some authors, plays a major role in
approximation theory. The book of J. L. Walsh [?] is to a great extend dedicated to this
subject. In the last few years, there is a renewed interest in such approximants. See,
for example, [?, 7, ?]. This is partially due to the following facts discussed in [?]. When
compared with Padé approximants, which for some time have been more popular:

1. The class of functions for which convergence can be guaranteed is larger.
2. RIPP are easier to compute numerically.

3. If the interpolation points are conveniently chosen, the rate of convergence of RIPP
is usually not worse than that of Padé approximants.

We can add another reason, which is very important in Systems Theory. A proper
selection of the prescribed poles of the approximants ensures that the approximants of
a stable systems is again stable. This is not the case with Padé approximants where the
poles are left free and may fall in the region where we wish to approximate the function.
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Moreover, it is well known (see e.g. [?]) that there exist holomorphic functions in a given
region which contains the origin such that the set of poles of its Padé approximants at
0 is everywhere dense in the region.

In spite of these arguments, the theory of rational interpolants with prescribed poles
has not found its way in Systems Theory to its full extent. One reason may be that fre-
quently the transfer function of a dynamical system has singularities on the boundary of
the region where approximation is required, whereas most known results on convergence
of RIPP only give uniform convergence of the approximants on compact subsets of the
region of analyticity (see, for example, [?, 7, ?]). We illustrate this with some examples.

Example 1.1 The transfer function of a discrete time fractional filter (see e.g. [?])
has the form f(z) = Hle(l —a;2)%,|a;] < 1. Ocasionally, it may occur that for some
g, lajl = 1 and d;j > 0 is not an integer. Therefore, though f is analytic in the unit
disk D and is continuous on its closure D if all the exponents are positive, it may have
branch points on the boundary. A direct application of known results on convergence
of RIPP normally gives convergence of the approximants to f on compact subsets of

D\ {a;:|aj| =1 and d; € N'} and not on all D as needed.
Example 1.2 A typical transfer function corresponding to a time-delay system is

37 gj(s)e

G(S) - po(S) + Z{’pi(s)e_%y

where p;, q; are polynomials with degpy > degp;, degq; for all i # 0 and all j, and
Vi,o; > 0. If the system 1is stable then all its poles lie in the left half plane. It is
required to approzimate this function on {Rz > 0} but it has an essential singularity at
infinity which is a boundary point of the right half plane. In section 4, we show how
such functions may be uniformly approximated on {Rz > 0} despite the existence of an
essential singularity at infinity.

Example 1.3 Let

_ cosh(y/sxy) R 2(—=1)" cos nmay
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be the transfer function of a heat transfer control systems (see e.g [?], Example 4.3.12).
A natural selection of rational approximants for this function is to take the partial sums
of the series. Unfortunately, it is well known that this series converges very slowly,
so it is in order to look for other types of approximants. This function also has an
essential singularity at infinity which creates some difficulty in finding proper rational
approrimants.
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In the present paper, we consider the problem of giving general sufficient conditions
for the uniform approximation by means of rational interpolants with prescribed poles of
functions which are analytic on a region and continuous up to the boundary. Indications
are given as to how to select the poles and the interpolation points. Estimates of the
rate of convergence are provided. The functions in the examples above are included in
the results obtained.



The paper is organized as follows. In the next section, for convenience of the reader,
we give the formal definition of RIPP and state some classical results. In Sections 3
and 4, we extend these results in order to cover the situations we have encountered in
the examples above between others. Section 3 is devoted to the approximation on the
closed unit disk, and Section 4 to the closed right half plane. In Section 5, we prove
some preliminary results on the rate of convergence. In the final section, we conclude
with some numerical results which illustrate the behavior of the method.

2 Preliminaries

We begin stating some known facts about rational interpolants with prescribed poles.
These results can be found in [?], §§ 8.1-8.3.

Theorem 2.1 Let Q(z) = II-,(z — ;) be a given polynomial of degree m. Let the
points By, ..., 0, € C be distinct from the a;, and consider the set of complex numbers
Uiy -« fn. Then there exists a unique rational function r(z) of the form

bp12""' -+ by
Q(2)

which takes the value py at the point By, k=1,....,n

r(z) =

The points 1, ..., 3, need not be all distinct. In case of repetition the interpolation
is understood in Hermite’s sense. More precisely, if 5, = ... =3, 1 < k <[ < n, then

r(s_k)(ﬁk) = s, S=k,..., 1L

Definition 2.2 If u; = f(5;) for some function f, then the rational function r is called
a rational interpolant with prescribed poles (RIPP) of f.

The problem we wish to investigate can be formulated as follows. Given a function
f analytic on a region G' and continuous on G, a sequence of polynomials {Q,}, n €
N,deg @, = n), and a triangular table of points {5,x}, n € N, 1 < k < n, find
conditions on (f,{@n},{Bnr}) so that the sequence {r,},n € N, where r,, is the RIPP
obtained interpolating f at the points 3, x, with poles at the zeros of (),,, converges to
fonG.

We use the following notation. If I' is a closed Jordan curve in C, we call the interior
of ', and denote it by int(I"), the bounded connected component of C \ I'.

The following well known integral representation of the error of the approximation
is very useful ([?], § 8.1). It follows directly from Cauchy’s integral formula.

Theorem 2.3 Let I' be a closed rectifiable Jordan curve, let f be a function analytic in
int(I") and continuous on int(I'), and let Q(z) = [I;_1(2 — ax) be a given polynomial
with no zeros on I'. Let the points (31, ..., B, lie in int(T"), and denote by B the (monic)
polynomial whose zeros are the points (3;. If r is the corresponding RIPP of f, then

_ Qt
2mQ B(t) t—z

f(z) =r(2) =

z € int([), 2z # ag. (1)



A straightforward consequence of this integral formula is the following criterium for
convergence of RIPP (see citeWalsh65,88.3).

Theorem 2.4 Let T’ and f be as in Theorem 2.3, and let Q,,, n € N, be a sequence of
polynomials with no zeros on T'. Let By, n € N, 1 <k <n be contained in int(T"). If

i Bal2) Qu®) _
% Bu(h) Qul2)

uniformly for t on T' and z on the boundary of a compact subset K of int(I") which
contains no zeros of Qn, n € N, then

limr,(z) = f(2) uniformly on K.

This theorem does not suffice to deal with the examples given in the introduction
because of the existence of singularities on the boundary of the set K where we need to
approximate. In the next sections we obtain adequate modifications of this result which
fit our purpose.

3 Convergence on the disk

Here, we concentrate on the case when K is the closed unit disk and f has a finite
number of algebraic singularities on the boundary of the unit disk (as in Example 1.1).
For simplicity, we state our results for the case when there is only one singular point on
the boundary of the unit disk, but from the proof it is easy to see that analogous results
are valid when the number of algebraic singularities on the boundary is finite.

Assumptions: Throughout this section D = {z : |z| < 1},D* = D\ {—1}, and
f is a holomorphic function in a region G D D* which is continuous on D (with a
possible singular point at z = —1). Let I" be a closed rectifiable Jordan curve which is
contained in G\ D* and is non-tangential to D at z = —1; more precisely, there exists
a neighborhood V' of {—1} such that

NV c{z:larg(—(z+1))| <0} := A (2)

for some 6 € [0,%). Furthermore, we assume that %
to the arc length).

is integrable on I' (with respect

Remark 3.1 [t is easy to verify that (2) implies that
’t +1 1

forallteI'NV, z € D*.
t—=z cos 6

We are ready for the proof of

Theorem 3.2 With the assumptions above, let Qn be a sequence of polynomials with no
zeros in D UT', and let the points {B,x} lie in D. Assume that the sequence

_ Bu(2) Qult)
B,(t) Qu(2)
s uniformly bounded in I' x 9D and converges uniformly to zero in each set of the form

IV x 0D, with I a closed subset of I'\ {—1}. Then the corresponding sequence of RIPP
converges uniformly to f on D.

A,(t, 2)




Proof: Let € > 0 be arbitrary. Take a neighborhood V' of {—1} such that NV C Ay
7 cos 0

and
/mv t+1 M
where M is a uniform bound of |A,| on I' x dD. Let n, be such that

minf{|t —z|, te '\ V, z € 0D}
If[lrLength(T)

2O <«

|An(t, 2)| <€

for all (¢,z) e '\ V x 9D and all n > n.. Then

1

=@l < g [ e | L+

< 5—1—%:6, zE(‘?D\{—l},n>ne,

iaa [ttt [ 2

(we have used Theorem 2.3 and Remark 3.1). Since f and r, are continuous on 0D,
from the inequality above, it follows that

1f(2) = ru(2)] <, z€ 0D, n>n,. (3)

From the Maximum Principle for holomorphic functions, we obtain that (3) is valid for
all z € D and n > n,, and the theorem follows from the arbitrariness of e. [ )

Let us see how the polynomials B,, and (), may be chosen in order to guarantee the
conditions of Theorem 3.2:

Example 3.3 Let b € D and a € D° be given. Take T' such that max{|t| : t € '} < |a|,
and let Bp(z) = 2" —b", Q,(2) = 2" —a". Then

An(t ) = <t> I

Bl

We have that Ejgn_i(z” - b”)‘ converges uniformly to 1 on T x D, and [t" —b"| > 3
for all suﬁﬁcientl?y large n and all t € T'. Therefore, A,, is uniformly bounded on I" x 0D.
Furthermore, if I C T'\ {—1} is closed, there exists ¢ > 1 such that |t| > q for allt € T".
This implies that |A,(t,2)| < ¢~ for all (t,z) € I" x 0D and all sufficiently large n.
Thus, the conditions on A, in Theorem 3.2 are satisfied.

The way of selecting the points in the previous example is very particular. Normally,
one wants to have more freedom in choosing the poles and interpolation points of the
approximating functions. The next result will help us in this regard.

Corollary 3.4 Let f, I' and {Q,} be as in Theorem 3.2. Let {ca,;}, 1 <i <n, be the
zeros of Q. Take (3, ; = %, 1 <@ <mn, and let r, be the corresponding RIPP of f. If
forall T > 1, ’

anz

=0 (4)

ozmt— 1

uniformly on |t| > T, then {r,} converges uniformly to f on D.

5
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Proof: We have that

L—l‘ =1 for all z € 0D,
Z2—Qn 4

<1foralltel, and

. Bn(z) Qn(t) . an,iz -1 t— Qn i
An(t’ Z) - Qn(2> Bn<t) a H Z — an,i &n,it — 17

thus the result follows from Theorem 3.2. [

Remark 3.5 In [?], §9.6, it is shown that
n n _ 1
lim Z L k‘ =0
n—oo £— |an,k’
is a sufficient condition for (4) to take place. This in turn is implied by any one of the
following two (equivalent) conditions:

lim n (mkin{\an,k]} — 1) = 00,

n—oo
n
lim (m}gn{|ank|}> = oo0.

n—oo

If anx = ay is independent of n, then (4) is equivalent to the divergence of the series

(1= Gel), B = & (see e.g [2), § 10.1).

4 Convergence on the half plane

Let C, denote the right half plane. Now, we turn to the the case when approximation is
required on the closure of C,. Our main result here is Theorem 4.2. As a consequence,
we can approximate (among others) all stable time delay systems (i.e. whose poles lie
in the left half plane), with transfer function of the form

Y7 g;(s)e
pol(s) + X1 pi(s)es’

where p;, ¢; are polynomials with degpy > degp;, degg; for all ¢ # 0 and all j, and
Yis o 2 0.

In this section, we use ~ to denote the closure in the complex plane C, and " to
denote the closure in the extended complex plane CU{oo}. If I is a closed Jordan curve
in C \ C., we call exterior of ', and denote it by ext(T'), the connected component of
C \ T that contains C;. When oo ¢ T, the above convention coincides with the usual
definition of exterior of I'. Nevertheless, this case reduces to Theorem 2.4, thus we will
always assume that oo € I'. We say that an unbounded Jordan curve I' is rectifiable if
for all R > 0, I'p :==T' N{w : |w| < R} is the union of finitely many rectifiable Jordan
arcs.

Assumptions: In this section, f denotes a holomorphic function in a region G O C,..
Let T be a rectifiable Jordan curve in G U {oo} \ Cy. We assume that |f(z)| < %, z €

ext(I"), for some C, o > 0.

Let Cr = {w : |w| = R} Nnext(['). We say that I'r is positively oriented when
I'r U Ck is positively oriented as a closed Jordan curve in C. In the following, I'g is
positively oriented, and

G(s) = (5)

/Ff(z)dz = lim f(2)dz,

R—oo JTR
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assuming that the limit on the right hand exists.
Our first goal is to extend the validity of (1).

Theorem 4.1 Assume that f and T satisfy the assumptions above, and let Q(z) =
[T} (z — ax) be a polynomial with no zeros on T'. Let B(z) = [I1(z — (3;), where the points
B; lie in ext(T). If r is the corresponding RIPP of f, then

F(2) —r(z) = QMQ /Q t_z 2 € ext(T), 2% ap. (6)

Proof: Fix z € ext(I') and R > 0. Take I'p = I'N{w : |w| < R} and Cr = {|w| =
R} next(l). If R > |z| and |oy| # R, 1 <i < n, Theorem 2.3 gives us that

1 B(2) / Q) f(t)dt
T'rUCR

2mi Q(2) Bt) t—=z"

f(z) =r(z) =

We have that % is bounded in some neighborhood of infinity; that is, there exists
M > 0 such that ’%‘ < M if |t| > M. Furthermore, for R > 2|z|,

f(t) |dt| AnC
S0 gy o0 [ 1 47C
/;YR t —Z | | - CR R1+a - ROL
Making R tend to infinity, we conclude the proof. [ )

We are ready for the proof of the main result.

Theorem 4.2 Assume that f and I' satisfy the assumptions above, where I' = {z :

Rz = —a} for some a > 0. Let {Q,} be a sequence of polynomials with no zeros in
{Rz > —a}, and let the points {B,1} lie in Co. Assume that the sequence
B, n(t
Ayt 2) = Bnl2) Onll) (7)

Bn(t) Qn(z)

converges uniformly to zero on bounded subsets of I' X iR, and is uniformly bounded on
this set. Then the corresponding sequence {r,} of RIPP converges uniformly to f on

IR

Remark 4.3 [t is known (see [?]) that the functions of the form (5) have a finite number
of poles in any set of the form {Rz > 1, | € R}, thus the stable functions of this form
satisfy the hypothesis of the Theorem.

Before proving this theorem it is convenient to establish the following auxiliary result.

Lemma 4.4 Let f and T be as in Theorem 4.2. Then
ico—a t 1
sup f()| |dt] = O (ogm) .
yER Jim—a t— Y me




Proof: Fix y € R and m € N sufficiently large. The proof consists in showing that if
either y < m —1 or y > m — 1 the integral in the expression is bounded by the quantity
indicated.

Let y < m — 1, we have that

wo—a | f(t) > C C X1 > 1
dt — > —+42C
/imfa t—1y il = kz:%(m—l—k) (k+1 me §k+ kz;mka“
1 4 logm 2C logm
< =
=0 me al2m — 1) — G me (®)

where C' is the constant of the assumptions. We have used here that
mo1 m dx
Y- < / — =logm.
— k 1
If y >m —1, then
ico—a i(y—1)—a i(y+1)—a
/ f(t) |dt|_ ‘f ‘|dt| /
im—a |t — Zy m i(y—1)—a
As in (8), we obtain that
/i(y+l)—a
Using the change of variables iz — a = t and taking into account that |t — iy| > a along
the path of integration, we also find that

i(y+1)—a C (vt dx 2C 2C Cs
/ < / < <
i(y—1)—a

Moreover,

f(t)
t—y

ft)
t—y

d] +/
(y+1)—a

dt] < Z C < log(y + 1) < logm

|di].

“(y+k)ek = (y+De T me

< —.
y-1 z* ~ aly—1)* 7 a(m—2)* — m°

f(t)
t—y

1)ak’
where p e Nissuch that m—1<y—p—1<m.

It rests to estimate the sum in the right hand of the last inequality. To this end,
we consider two cases. For m — 1 < y < 2m, from the conditions on p it follows that
y—k—1>m—1and p <m. Thus

o C au logm
Z 1 (y—k—1) k? — 1)@ Z:: me
On the other hand, if y > 2m, then
P C [%]71 C P C
—_— = R -z
kzz:l (y — k- ]_)ak 1 (y —k— 1)0‘]{} k:z[:g] (y — k- 1)ak
51 y
- o R 4] +1
= e
log |3 2|4 +3
ol o 2



In the last bound we use the fact that the function x=*logx is strictly decreasing for
T = {%} > e/ and this inequality holds for all y > 2m for sufficiently large m. Since
the constants C; to Cy may be taken independent of m and y the proof is complete. @

Let us prove Theorem 4.2.

Proof: Let € > 0 be given. According to Lemma 4.4, there exists m € N such that

1 f(0yde| _ M [ f(®)
T T JD\h

= A(t, 2) S\
/I“\Fm (t,2) t—=z
where M is a uniform bound for A,, and I, :={t : t =ix —a, —m < x <m}.

dt| < e 2z €1R 9
. L5t < e , ©
Since I',, is a compact set, there exists a compact set K C 7R such that

2M
[t —z| > ?Hprlength(Fm), z €iR\ K, tel,.

That is,
g%, 2 € iR\ K. (10)

1 /mAn(t,z)J;(t)dt

2w Jr

Furthermore, from the unifrom convergence to zero of A,(t,z) on compact subsets of
I' X iR, there exists n. € N such that for all n > n. and all (¢,2) € I',,, X K, |A,(t,2)| <

Tae
7l Tengen(T,)» URUS

1 f)dt| e
N LA K . 11
27rz'/rm AT Sy zefin>n (1)

Combining (9), (10) and (11) with the integral expression for the error given by
Theorem 4.1, we conclude the proof. [ )

Remark 4.5 Let T(z) = % be an arbitrary bilinear transformation. It is well known

that -
T(z)-T®) Tt)—T(a) =2z—-b t—a

T(z)—T(a) T@t)—T®) z—a t—0b
for any complex numbers z,t,a,b. Thus the problem of finding a sequence A, satisfying
the conditions of Theorem 4.2 may be reduced to an equivalent problem on the unit disk
by taking a convenient T' which transforms the right plane into the unit circle. With the
aid of Fxample 3.3 and Remark 3.5, we can find ways of constructing such points. For

example, taking T'(z) = i;i, from Remark 3.5 it follows that a sufficient condition on
the zeros {a, i} of Qn in order that the conditions on A, be satisfied is that

,}E{}oz (1_|1+a”vk

k=1

Notice that the main condition on A, has an asymptotic character. Therefore, some
of the poles and interpolation points may be selected in a fairly arbitrary manner. This
is of particular interest if one knows the location of some (or all) of the zeros and poles
of the function we wish to approximate.



The asymptotic condition on the zeros of the polynomials (),, may be substituted
by the knowledge that a certain sequence of rational functions whose denominators
are precisely the @), converges to the function to be approximated. This is useful to
know when one wishes to try out other interpolation schemes in order to accelerate the
convergence process.

Theorem 4.6 Let f and I be as in Theorem 4.2. Let R, = %, deg P, < deg@Q,, = n,
be a sequence of rational functions with no poles on C U [' such that {R,} converges
uniformly to f on compact subsets of ', and |R,(z)| < P for some ¢,y > 0 and all
ze€T, neN. Let the points {Bnr}, 1 <k <n, liein Cy. If A, is uniformly bounded
on I' X iR, then the corresponding sequence of RIPP converges uniformly to f on Cy.

Proof: From Theorem 4.1 (applied to R,) and the uniqueness of the interpolating
rational function established in Theorem 2.1, we have that

Ro(2) — Ro(2) 217” [ At Z)Rt"f)jt 0.
Therefore,
1) = rale) = o [ At T gy

From this point on, the proof runs as the one given for Theorem 4.2. In proving
an inequality similar to (11), we use that {R,} converges uniformly to f on I';, taking
advantage of the fact that f(¢) — R,(t¢) stands under the integral sign in the previous
formula. [

As an application, we have the following

Corollary 4.7 Let a, > cn'™® for some c,a > 0 and all n € N, and let {b,} be a
bounded sequence of numbers. Let f(z) = S°°, o and let B,(z) = (—1)"Qn(—2),

n=1 z+an’

Qn(z) = I1i_1(z + a,). Then the corresponding sequence of RIPP converges uniformly
to f onCy.

Proof: From the conditions on a,, and b,, it is obvious that f(z) defines a meromorphic
function in C \ {a,} which is analytic in 2z > —c. Let I' = {z : Rz = =5}, where c is

Bn(z) Qn(z) < 1 on

the constant given in the statement. We have that NS 6

I'. Therefore, A,, is uniformly bounded on I' x iR.

Now, we want to show that |f(z)]| < o5 forsome ¢y, f > Oand all 2z € ext(l), |z| > 1.
We have that |z+a,| > |z| for all z € ext(I") and all n > 0. Moreover, a,, < |z|+|z+ay|,
thus 3|z + an| > |2| + an, 2 € ext(D). Let |b,| < M,n € N. It follows that for {|z| =
R} Next(D),

< M < 3M — 3M
Sl s nz::llz+an|— ;RJran (;R+an+n§+1}%+an)
ko1 © 1 k1 oo dt k 1
< s[> = —<3M—7/—:3M— .
: (ZNZ) (et ) = ()

10



Let R > 1. Take k € N such that (k — 1)'*® < R < k'™ Then

, | k 2
(k—1D"*<R=k<RWa+1<2RTa = — < .
R R1+a

2

Moreover, R < k'** implies that & < £ < ==
1 to infinity, from the estimate above, it follows that

Therefore, making R = |z| vary from

k 11 C1
with ¢; =3M(2+ 2).
Obviously, we also have that
e 1 C1
R MY < e (> TN exe(r)
n=1 n «

for all n € N, where R,(z) = Yp_; 2% Clearly, {R,} converges unifomly to f on

ztay "

compact subsets of I', thus all the hypothesis of Theorem 4.6 are satisfied. [ )

5 Convergence rates

From the proof of Theorem 3.2 (resp. Theorem 4.2) it follows that in order to estimate
the speed of convergence of the RIPP we need to know more precisely the asymptotic
behavior of A,, on compact subsets of I'\ {—1} x 9D (resp. I' x iR), and bounds on f on
a neighborhood of {—1} (resp. {oco}). The results of this section show several ways as
to how to carry on. We consider mainly the case of the unit circle developed in section
3 and state the corresponding results for the right half plane studied in section 4. First,
let us give a technical result which provides some bounds on the convergence to zero of
the functions A,,.

Lemma 5.1 We have:

1. Let Q, = z"—a", B, =z"—b", with |b| <1 <|a|. LetT, C {z: 1+ < |z| < M}
for some r <1, M < |a|. Then ||An|r,xop = O (e*”kT).

2. More generally, let

@mz —1 t— Qn g

An(t, z) = H

2 — Qg Em-t — 17

where {an i}, 1 < k < n, satisfies |anx| > a > 1 for some a. Let I, C {z :
V14 % < |z| < M} for somer <1, M < a. Then, there exists g € (0,1) such

that || Aullr,xop = O (q"") .

Proof: First we consider the rather particular choise of A,, proposed in the first part of
the Lemma and then look at the more general case.

11



1. For all sufficiently large n and all (¢, z) € I';, x 9D, we have that

(é)n_l‘zn—bn
(5) -1 o

Thus the estimate holds.

2 - 4
mE A Ly Ser

[An(t, 2)] =

2. It is easy to verify that

2_ |Oé|2—]_

‘t—oz
at —1

1

The function (¢, a) — loP~L is continuous and different from zero on the compact

[at—1]
set {t:1<|t| < M} x{a€C:|a| > a}. Therefore, there exists m > 0 such that

|\aat|:‘12 > m for all (t,«) on the indicated set. It follows that for all sufficiently

large n and (t,z) € I';, x 0D

1—r

Aut 2)2 < (1=m(lt2 = )" < (1 _ m)”" <2(em)"

n?"

1—r

With this we conclude the proof. [ )

Corollary 5.2 Under the assumptions of Section 3, let f(z) = O(z + 1)* in a neigh-
borhood of {—1}, with o > 0. Take the polynomials Q, and B, as indicated in the first
part of Lemma 5.1. The corresponding sequence of RIPP satisfies

1f = ralls = o(n™?)
for all § < a.

Proof: Let I' be as in the Assumptions of Section 3. Take I' so that I' NV are line
segments for some neighborhood V' of {—1}. Fix r € (0,1), and let ', =T'N{z : |z| >
1+ Z}. Since @, and B, are as in Lemma 5.1 (1), then

/ At 2) f(t)dt

=0 (6_”14> =o(n™%).

t— =z

Furthermore, there exists M > 0 such that for all sufficiently large n

t oF M
/ 1) |dt| < M/"k el dt = —p ok,
Ny (T4 1 0 o
Since r € (0, 1) is arbitrary, this completes the proof. [ )

Remark 5.3 The same results can be obtained with B,, and Q, as in Lemma 5.1 (2),
taking Ty =T N{z:|z| > \/1+ &}
1—2

Making use of the linear fractional transformation 7'(2) = {7% (see Remark 4.5), we
obtain the following

12



Corollary 5.4 Under the assumptions of Theorem 4.2, the polynomials QQ,, and B, may
be chosen so that
If = ralle, = o(n™)
for all B < a.
In addition to Corollary 5.2 (resp. Corollary 5.4), we can also obtain geometric
rate of convergence on compact subsets of D (resp. C.). To this end, denote by (3,

the normalized counting measure of the points (3, ;. More precisely, 3, := %22:1 0B, 1
where §,, is the measure of mass 1 concentrated at {w}. Then, we have

Theorem 5.5 Assume that the conditions of Theorem 3.2 are satisfied. Let the sequence
of normalized counting measures {3,} have a finite number of weak* limit points, and
assume that the support of each limit point is not entirely contained in 0D. Then

1
limsup || f — ro|lf < 1, K C D compact.

Proof: Let gp(z,w) be the Green function of D with singularity at w € D. It is well

known and easy to verify that gp(z,w) = log [:=2|. For z € D, we have
log |(f = 7a)(2)] + D gp(2, Bu) < log|lf = rullon. (12)

k=1

The left hand side of (12) is a subharmonic function in D, thus by the Maximum Principle
(12) is valid for all z € D. Tt follows that

(f = 7a)(2)] < |If = rallop ™ Zim90EBe0) 5 e D,

that is,
. _
— 1) (@) < ||f = rallgp e S 9000 zeD.
[(f = 7a)(2)] oD ’

Let 3 be a weak* limit point of {3,}. That is, 3,, —  for some sequence {n;} C N.
Then

1 —
limsup |(f — Tn]-)(z)|"j < e—ng(z,w)dﬁ(w)7 2 D.
J

Thus, if K C D is a compact set, then

1
limsup ||(f — rn])(z)H;L{J S eflnfzeK ng(Z,w)dﬂ(w) < 17
J

and the result follows. '
Analogously, we can obtain the following
Theorem 5.6 Assume that the conditions of Theorem 4.2 are satisfied. Let the sequence

B, have a finite number of weak* limit points, and assume that the support of each limit
points is not a subset of iR U {oo}. Then

1
limsup ||f — ral| g < 1, K C Cy compact.
n
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Remark 5.7 Under the Assumptions of Section 3 we can find ¢ > 0 sufficiently small
such that D} := {z : |z — ¢| < ¢+ 1} is entirely contained in int(I'). Now applying
the results and methods of Section 3 and Theorem 5.5 to this set in place of D, we can
achieve geometric rate of convergence of the RIPP on compact subsets of D\ {—1}.

Similarly, applying the results and methods of Section 4 and Theorem 5.6 to a region
{z : Rz > =1}, with | > 0 sufficiently small, we obtain a geometric rate of convergence
of the RIPP on compact subsets of C.

6 Numerical examples

In this section, we illustrate with some numerical results obtained applying the method
indicated in the previous sections to the examples given in the Introduction.

6.1 Fractional Filters

Let f(z) = (1+ 2)1. This function was used by Ward and Partington in [?] to illustrate
their method of approximation based on rational wavelets.

For the denominator of our RIPP, we take Q,(z) = L,(1 — z), where L, is the
n™ monic Laguerre polynomial. The interpolation points {3, s} are taken according to
Corollary 3.4. Tt is known that there exists ¢ > 0 such that x,, > = for the zeros z,,
of L, (see e.g. [?]). From Remark 3.5, it follows that the zeros of @, satisfy (4). The
results are given in Figure 1 (the scale in the Y-axis is logarithmic). For comparison, we
include the numerical results given by Ward and Partington by their method, as well as
the H errors of the truncated power series.

h

3
4,

Figure 1: H.-errors of approximations of the fractional filter f(z) = (1 + 2)

As can be seen, for n > 4 the RIPP whose denominators are the analogous of the
Laguerre polynomials in (—oo, —1) give better approximations in this example.
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6.2 Heat transfer systems

Now, we apply the method proposed to the function G given in Example 1.3. Notice
that in this case the hypothesis of Corollary 4.7 are satisfied.

We compute the RIPP for x; = 1; the results are given in Figure 2. For comparison,
we also include the H, error given by the partial sums of the series which defines Gj.

Figure 2: H, errors of the approximations of G4(s) = 2377 - + ST using Padé-type
approximants and partial sums.

As can be observed, the RIPP give better estimates.

6.3 Delay systems

Now let G(s) = Se% This function was used in [?] to compare various methods of

approximation.

For the denominator of our RIPP, we take Q,(z) = (2 + 1)P,_1(z), where P, is the
denominator of the [n/n] Padé approximant of e *. As before, we take B, (z) = Q,(—2).
We know (see [?]) that Rz, ,, < —2 and |z,,| < 2n for all n > 3; thus, (see Remark 4.5)
the conditions of Theorem 4.2 are satisfied.

The results are given in Figure 3. We have included the numerical results given in [?]
for Hankel norm approximants and the method based on classical Padé approximations
of the exponential.

In this example, optimal Hankel-norm approximation gives better results. Neverthe-
less, the numerical complexity of their computation is high. Therefore, we think that
RIPP give a valid alternative.
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Figure 3: H,, errors of the approximations of the delay system f(z) =
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