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Abstract

We study the asymptotic behaviour of orthogonal polynomials inside the unit circle
for a subclass of measures that satisfy Szegé’s condition. We give a connection be-
tween such behavior and a Montessus de Ballore type theorem for Szegé-Padé rational
approximants of the corresponding Szeg6 function.
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1 Introduction

In [1] two of the authors of the present paper studied the ratio asymptotics of a sequence
{®,,} of monic orthogonal polynomials on the unit circle under the conditions that
. : ®,,(0) .
| ®,(0)| =a; € (0,1] , | ———=b;c€C, =1,...,k,
n:jurilod k:| n( )| K ( ] n:jlrrfllod k:(I)nfl(O) J )
where k is a fixed positive integer. Here, we complete this study with the case when a; = 0.
Notice that the conditions above imply that if a; = 0 for some j thena; =0, j=1,...,k.
Thus, in the sequel, we assume that
: : ®,,(0) .
| ®,(0)=0, 1 ——=b,€C, =1,2,...,k, 1
nl—>nc}o| n( )| n:jlrrﬂod k (I)nfl(()) J J ( )
and k is the least value for which (1) takes place. Here, and in the following, the evaluation
of the ratio of two polynomials is that obtained after cancelling out common factors.
From the well-known recurrence relation

Pni1(2) = 2®n(2) + Pni1(0)2;(2) (2)
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it is easy to verify that lim ®,(0) = 0 is equivalent to
n—oo

. Pnga(z)
hTan ﬁlz) =z (3)

uniformly on [|z| > 1]. As usual, ®(z) = 2"®,,(1/Z) denotes the reversed polynomial of
®,,. The object of this paper is to study what occurs in [|z] < 1].

Notice that (1) implies that there exists an integer ny such that either ®,(0) =0, n >
ni, or ®,(0) #0, n > ny. In the first case, from (2) we have that

D, (2) =2"""d, (2) , n>ny,

and the picture becomes quite clear. Therefore, we assume in the following that ®,,(0) #
0, n >ny. From (1), we have that

(0]

=by---b 4
noso ®,(0) M @

thus |by - - - bx| < 1 (because lim ®,(0) = 0), and

lim |®,,(0)|Y/™ = |by - - by |V/* . (5)
n—oo
In the sequel, for each n = 0,1,..., we denote by ¢,(2) = k,P®n(2), kn > 0, the nth

orthonormal polynomial. The leading coefficient x, and the reflection coefficients are

related by
1
K2 =

" T (= [@s(0))

If |by - - bg| < 1, then from (5) it follows that

oo
D 19i(0)* < 400 (6)
i=0

and Szegd’s condition is satisfied. Thus

27
lim x, = Kk = exp {—/ log M'(Q)d@} < 400 (7)
0

n—oo

where p denotes the orthogonality measure (for example, see [3], pp 14-15). Moreover,
from Theorem 1 in [5], the (exterior) Szegd function

e 4 2
et — 2

1 2
Sex(2) = exp {477 | osio de} > 1, ®)

can be extended analytically to all the region {z : |2| > b1 ---by["/*} and according to
Theorem 2.2 in [4]

tim 22 _ g 2) 9)

n—oo  Z

uniformly on compact subsets of this region, where Sext(z) also denotes the analytic ex-
tension of the (exterior) Szegé function.



Set

g , if Szegd’s condition is not satisfied,
{z ¢ Sext(2) =0} , if Szegd’s condition is satisfied.

Notice that Sext(z) # 0, |z| > 1, whenever it is defined. From what has been said above
it follows that if (1) takes place, then either by use of (1) or (9), we have

lim Pns1(2) — lim Pnt1(2) =z, (10)
n—oo O, (2) n—oo  p(2)

uniformly on compact subsets of [|z| > |by - bi| '/ *]\'S. Thus our study reduces to what
occurs inside the disk [|z] < |by - - bk|1/k] .

Before stating the corresponding result, we introduce some needed notation. For j =
1,2,..., set Aéj)(z) =1and

z+ bj ij_H 0
1 z + bj+1 ij+2

2bjym—1
1 z+4+bjym—

Denote

A= U {z : A,(Ql(z) = 0}.

J=1

We shall prove
Theorem 1 Assume that (1) holds. Then

. (I)n+k(z)
1 — by 11
Jim B (2) by~ bg (11)

uniformly on compact subsets of {z : |z| < |bibg--- bk|1/k} \A.
From Theorem 1 and the arguments above one obtains

Corollary 1 Assume that (1) holds. Then the accumulation points of the set of zeros of
the polynomials {®,} are contained in

{z: 2] = |br--- | *} U S U {Am {z:]2] < |b1---bk|1/k}} '

Of particular interest is the case when k = 1, then Ag—)1 =1 thus A = () and the set
of accumulation points is contained in

{z : |z] =|b1]}US.

Various examples when this is the case may be found in [6, page 369].
It is not easy to calculate the sequence of reflection coefficients. Our next goal is to
provide conditions on the measure which allow us to assert that (1) is satisfied without



having an explicit formula for the reflection coefficients. We restrict our attention to
measures satisfying Szegé’s condition.

Let us denote by Sint(z) the interior Szegd function; that is, the function which is
defined by the integral in (8) for |z| < 1 and its analytic extension accross the unit circle.
Formula (9) is equivalent to

oo
Tim gh(2) = 551(2) = - > @0)il2) (12)
- R0
uniformly on compact subsets of the largest disk centered at z = 0 inside of which Si;tl can
be extended analytically (see [3, page 19], [5, Theorem 1], and [4, Theorem 2.2]). Under
(1) this disk is {2 : || < |by - - bg|"V/*}.

For any m > 0 denote by D,, = {z : |2| < Ry} the largest disk centered at z = 0 in
which S’i;tl can be extended to a meromorphic function having at most m poles (counting
their multiplicities).

Theorem 2 Assume that Ry > 1. The following assertions are equivalent:

1) S} has exactly one pole in D;.

int

2) There exists b, 0 < |b| < 1, such that

1/n

)
limsup‘n =0<1.

Either of these two conditions implies that the pole of S;ﬁ in D1 lies at point 1/b.

The paper is divided as follows. In Section 2 we prove Theorem 1 and Corollary 1.
Section 3 is devoted to the proof of Theorem 2. In the following, we maintain the notations
introduced above.

2 Proof of Theorem 1

We begin by studying pointwise convergence. We can assume that b; #0, 7 =1,...,k;

otherwise, we have nothing to prove. At z = 0 the result is obviously true (see (4)).

Additionally, as pointed out in the introduction, we can assume that ®,,(0) # 0, n > n; .
Set

®,(0)  Po(0)

2
T 30(0) “4(0) (1(; ‘(;1(0)‘ ) oo ’
2 3 . 2
D(z) = ! 3,0 “2,(0) (1@ ’(f;(oﬂ ) (13)
3
0 1 z B, (0)

By D(™)(z) we denote the infinite matrix which is obtained eliminating from D(z) the first
m rows and columns (D(©)(z) = D(z)), and Dﬁlm)(z) is the principal section of order n of



D(™)(%). In [1], Lemma 4, it was shown that the polynomials ®,(z) verify the following
three-terms relation

det D" (2) det D"V (2) = aps det DIH (2) det DIV ()

Bpyn(z) — P (2)+
i det D" F ()
det D,Sil)(z)
+(Ckn7k+1 ce Oén) (n—k+1) @n,k(z) = 0, (14)
det D, """ (2)
where o (0)
m+1 _ 2
O ) (1—[®m(0)%)

Here D(frf)(z) =0 and D[()m)(z) =1.
Under the conditions (1), it is easy to see that the limit of the coefficients of —®,,(2)
and ®,,_x(z) in (14) exist. Moreover, they equal respectively

p(z) = AP(E) —b2aP,(2)

det D™ (2)
Zk(blbg s bk) = lim (an_kH cee Oén) (:—kl—i—l) .
n—00 det D;" " (2)

Notice that _
lim ~ det D™, (2) = AV (2),

n =j mod N

k
thus the points in A = U {z : Aéjzl(z) = 0} must be excluded. Regarding p(z), it may
j=1
seem that this coefficient depends on j if we take limit as n — oo, n = j mod k; but
from Lemma 5 in [1] we have that

AP ) = b2AP? (2) = AP (2) 0,280 (2),  j=1,.. k.

Let us prove that
p(Z)IZk—I-bl"-bk.

For k = 1,2 it is straightforward. Let k& > 3. We will show that
Agl)(z) - bleg)z(z) =24 by b, 1=2,3,..., k.
(s)

Expanding A;”(2) by its last column, we obtain

A (2) = (2 + bigs )AL (2) = 2bigs 1A(2)
From here it readily follows that
AP (2) = 2 (2) = bive 1 AP (2) — 28, (2)| = - = by bers 1
i (Z) z z—l(z) i+s—1 1_1(2) z 1_2(2) s s+i—1 ( 5)
Analogously, developing AES)(z) by its first row, we have

A(z) = (2 +b)ATTV(2) = b ALE (2);

7



therefore,
AP () = b ATV (2) = AT () = b AT ()] = - = (16)
From (15) and (16), we have

AN (2) = b12aP,(2) = AV (2) — 28D, (2) + 280, (2) — 1128%,(2) =

K
=by- b+ 2, i=2,...k,

and for i = k, we get p(z) = 2% + by -+ by,
Therefore, the characteristic equation associated with (14) is

A2 = (ZF by b+ 2R (b b))

whose roots are z and by ---by, . Only if [|z| = [b; - -bk|1/k] do these roots have equal
modulus. Therefore, outside this circle, according to Poincaré’s Theorem (see [2, Ch. V,
85, pp 327] ), either ®,(z) = 0 for all sufficiently large n = j mod k, or there exists

lim . @, 11(2)/Pn(2) and the limit equals one of the two roots of the characteristic
n=j mo
equation.

In [1], Lemma 4, it was proved that

det DU (), 1411 (2) = det DD ()P4 1 (2) = (gt - k) ®n(z) . (17)

Since z ¢ A it cannot occur that ®,(z) = 0 for all sufficiently large n = j mod k because
then ®,,4441(2) and @, 1x(2) would have a common zero for all sufficiently large n =
j mod k which is not possible since ®,,(0) # 0, n > n;y (see (2)).

Therefore, for z € C\ [AU{z : |2| # |b1 - - b|'/¥}] and for each j € {1,...,k}, there

exists By i (2)
i n+k\Z 1
n :jlrrﬂod k (I)n(Z) ( 8)
Let us show that the limit does not depend on j € {1,...,k}.
In fact, from (17), we have that
Qpyrr1(2) 1 [ (n+1) ®n(2)
— det D (2) — (opg1 -+ Ot
Py yk(2) det Dl(fjl)(z) g i " >(I)n+k(z)
If the limit in (18) is z¥, using this relation and (15), it follows that
(7+2)
P, 1 ; A (2
lim k1 (2) [A,S“)(z) Cbyeby| = SR B (19)
ned el @niklz) AT () ALY ()

Analogously, if the limit in (18) is by - - - by, from (16), we obtain

i+3)
lim Priny1(z) bito Al(c]—l (2)
n=j mod k (IDnJrk(Z) J Al(cjjf) (Z)



In either cases, the right hand side is not zero; therefore,

n=j mod k (W) n=3j mod k <<I>(;:;(€Z()z)>

The second equality indicates that

n=j mod k (I)n(z) n = (j+1) mod k @n(z)
Therefore, there exists
P
lim Zotk() (20)
n—oo @, (2)

From (3), we know that for all |z| > 1

lim Ln+k(2) =k

21
We have also proved that if for a given z the limit is z¥, then (see (19))
. (I)n+1(z)
1 ——— — 2| =0. 22
A, [ o) (22)

Let us show that if |z| < 1 and (21) takes place then |z| > |b; - - - b|'/*. In fact, on account
of (2) (for the indices n and n + k), (21), and (22), it follows that
(2) _

P 411(0) Pry(2) Pu(2)

. @y irr1(2) > ((I)n—i-l z) >_1 . ‘
lim —_— —_— =z = lim
n—00 ( Dpyk(2) D, (2) n—oo| ®,11(0) @5(2) Ppix(2)
by - - - by
= ——<1.
Ei L

Therefore, |z| > |b; - - - b|'/* as indicated.
We have proved (11) in {z : |z| < |by---bg|"/*} \ A pointwisely. In order to prove that
the convergence is uniform on compact subsets of this region it is sufficient to show that

q)n—l-k

the sequence is uniformly bounded on each compact subset of this region. In

n
order to do this, the procedure is the same as for the proof of the analogous statement in

Theorem 2 in [1] (see pp. 17-19); therefore, we leave this to the reader. O

Proof of Corollary 1. The statement regarding the points in {z : [z| > |by---b|/*} is a
consequence of (9) and Hurwitz’s Theorem. That the points in {z : |z| < [by - - bx|Y/*}\ A
are not accumulation points of zeros of ®,, is a consequence of (11) (recall that ®,, and
®,, . cannot have common zeros for all sufficiently large n). O
Remark 1 FEach point of the circle {z : |z| = |by---bp|Y*} is in fact a limit point of
zeros of the orthogonal polynomials. This is a consequence of (2.8) Theorem 2.3 in [4].
By Hurwitz’s theorem the points of S are also limit points of such zeros. Regarding the
points in A we cannot say the same. Though it seems that they are accumulation points,
the construction of a sequence of converging zeros may depend on j.



3 Proof of Theorem 2

The main tool in proving Theorem 2 is the use of row sequences of Fourier-Padé approxi-
mants.

Let f be a function which admits a Fourier expansion with respect to the orthonormal
system {,, }; namely

£~ Y Aii(a) i =< fopi = [ FEaIdn().
i=0 r

The Fourier-Padé approximant of type (n,m), n,m € {0,1,...}, of fis the ratio m, ., (f) =
Pn,m

dn,m

of any two polynomials p;, ,», and gy, such that

(i) deg(pnm) <n , deg(gnm) <m , GnmF0.
(i) <Qn,mf - pn,m)(z) ~ An,l(Pn+m+1(Z) + An,290n+m+2(z) + -

In the sequel, we take gy, ,, with leading coefficient equal to 1.

The existence of such polynomials reduces to solving a homogeneous linear system of
m equations on the m + 1 coefficients of gy, ,. Thus a non-trivial solution is guaranteed.
In general, the rational function 7y, ;, is not uniquely determined, but if for every solution
of (i), (ii), the polynomial g, ,, is of degree m, then 7, ,,, is unique.

For m fixed, a sequence of type {m, »}, n € N, is called an mth row of the Fourier-
Padé approximants relative to f. If f is such that Ro(f) > 1 and has in D,,(f) exactly
m poles then for all sufficiently large n > ng, m, » is uniquely determined and so is the
sequence {m, m}, n > ng. Here Dp,(f) = {z : |2| < Rn(f)} is the largest disk centered
at z = 0 in which f can be extended to a meromorphic function with at most m poles.

This and other results for row sequences of Fourier-Padé approximants may be found
in [7] and [8] for Fourier expansion with respect to measures supported on an interval
of the real line whose absolutely continuous part with respect to Lebesgue’s measure is
positive almost everywhere. Some results were also stated without proof for orthonormal
systems with respect to measures supported in the complex plane. We have checked that
in the case of measures supported on the unit circle the arguments used for an interval of
the real line are still applicable with little modifications. We state in the form of a lemma
the result which we will use. Compare the statement with the Corollary on page 583 of
[8]. For the proof follow the scheme employed in proving Theorem 1 in [7] and Theorem
1in [8].

Lemma 1 Let p be such that Ry = RO(S_l) > 1. The following assertions are equivalent:

int

a) S;} has evactly m poles in Dy, = Dy (S;1).
b) The sequence {an(sz_nb} ,n=20,1,..., for all sufficiently large n has exactly
m finite poles and there exists a polynomial wy,(z) = 2™ + - -+ such that

lim sup ||gn,m — wm||1/" =0<1,
n

where ||-|| denotes (for example) the Euclidean norm on the space of polynomial
coefficient vectors in C™+1 .



The poles of S;ﬁ coincide with the zeros z1, ..., zm of Wy, and

1
it

Proof of Theorem 2. We will use Lemma 1 for m = 1. To simplify the notation, we write
Gn,1 = qn and pp 1 = py. If Smt has exactly one pole in Dy, then for all sufficiently large
n, g has exactly one zero and it can be written in the form ¢,(z) = z — a;,. On the other
hand, if the second case occurs in Theorem 2, then ®,(0) # 0 for all sufficiently large n.

Notice (see (12)) that then

0
<S§137<Pn+1>=¢w2()#0, n>mni. (23)

Since, by definition, < anmt , ont1 >= 0, it follows that for n > n1, ¢, must be of degree 1
and again ¢,(z) = z — a,. In either case, we restrict our attention to indexes n sufficiently

large for which ¢, is of degree 1.

Our next step is to find some connection between «, and 1( ) We have

@, (0)

< anmt Dy Pnt1 >=< (z — an)Si;tl,can >=0.

Therefore,
<ZS§11‘31’¢”“>: ny  mmp. (24)
< Sipe s Pnt1 >
Using (12), we find that
1 I —
< 256 Pl >= p Z ©i(0) < 293, ony1 > . (25)

=n

From (2) and the well known relation

rivf (2) = ) 0i(0)9;(2),

=0
we obtain
Rq Rn .
— s T="nNn
Ri+1 Rn+1
< 2Pi, Png1 >=
=~ Fn+l .
—2i11(0)2p 1 (0)—— , i=n+1.
(A
Using this, (23), (24), and (25), it follows that
= _#a(0) w ®;41(0).

Pn1(0) Fnt1 S,



2
K
On account of the formula 1 — —"— = ®,,11(0)|%, the last equality can be rewritten as
Kn+1

©,(0)

o
20 = S B(0)®:4(0). (26)
(I)n+1(0) ;
From the Cauchy-Schwarz inequality, we obtain
d,(0
200 S o)
CI)TL—H(O)

(27)
>n
It is well known (see Theorem 1 in [5]) that
1

~ limsup |®,,(0)[1/m
Our general assumption is that Ry > 1. This and (27) imply

o0 |
lim sup ﬂ

1

— —ay <—<1.
@n+1(0) RO

From (28) and the triangular inequality, it follows that

(28)

lim sup |av, — a\l/n =0 <1,
n
if and only if

1/n

=p2<1.

®,(0)
(I)n-i-l (0)

lim sup
n

Assume that Si;tl has exactly one pole in D; (and Ry > 1). From Lemma 1, we have
that

limsup |a, —a|/" =6 <1,
n

where o, 1 < |a] < 00, is the unique pole which

Si;tl has in D;. Therefore,
_ 1/n
$,(0
lim sup A— =0y < 1.
n Pt (0)
Since 1 < || < 0o, we obtain
®,.1(0) 1]V
lim su - = =2 <1.
- P ,,(0) 02
1
Thus the first assertion in Theorem 2 implies the second one with b = —.
a
Reciprocally, assume that the second assertion takes place. Since 0 < |b| < 1, we get
&0 1"
lim sup A—: =0<1.
n (I)n-i-l (0) b

10



Thus
1/n

1
=01 <1.

lim sup |a, — 7

n

This is equivalent to the second part of Lemma 1 which in turn implies that Si;tl has
1

exactly one pole in D; at a = =. O

The following example illustrates that g1 and g2 (in the notation used in the proof of
Theorem 2) need not be equal. Therefore, we cannot obtain a formula for R; similar to the

= ¢ for all

one displayed in Lemma 1 in terms of the rate of convergence of the sequence {

d 0
to b. In fact, take ®,,(0) = a™, n € N, where 0 < |a| < 1. In this case (ITL(l(g))
n

n; therefore,
1/n

©,,(0)
On the other hand, formula (26) gives us

lim —

n

1 - 2i Ja*"
6—0471—@2‘64 7a1—\a|2'
=n

From here, we obtain
1/n

= lal®.
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