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Abstract

We find necessary and sufficient conditions for some linear combinations of two sequences of orthogonal polynomials
to be again orthogonal.
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1. Introduction

Let {OQ,(x)}2, and {R,(x)};°, be two sequences of monic orthogonal polynomials with respect
to quasi-definite moment functionals u and v, respectively.

It is well known [4] that such sequences of monic polynomials satisfy three-term recurrence
relations

Qn+l(x):(x_ﬁn)Qn(-x)_VnQn—l(x)’ }120, (11)
where Q_1(x) =0, Qy(x)=1, yo={(u,1)=1, 7, # 0 for n>1, and
Rn+1(x) = (x - 5,,)R,,(X) - 8anfl(x): l’l>0, (12)

where R_1(x) =0, Ry(x)=1, eg=(v,1) =1, J, # 0 for n>1.
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In Section 2, we consider a linear perturbation problem: Introduce a sequence {P,(x)}>°, of monic

polynomials given by

P,,()C) = Qn(x) - OC,,R,,_;()C), n=0 (Rn(x) =0,n< 0)> (13)
where ¢ is a positive integer and «, € C. Notice that the above conditions yield P,(x) = 0,(x),
on<t—1.

The situation R,(x) = Q,(x) is considered in [6] where necessary and sufficient conditions for the
orthogonality of the sequence {P,(x)}>°, are obtained.

If £ =1 and R,(x) = Q\V(x), i.e., the sequence of monic associated polynomials of the first kind,
then for «, = a=constant we obtain the so-called sequence of co-recursive monic orthogonal
polynomials (see [3,4,10,11]).

In Section 3, we consider a convex combination of {Q,(x)}>°, and {R,(x)}>°,:

Py(x) = 00, (x) + (I — 0)R,(x), n=0, (1.4)

where o € C. A similar problem for a convex combination of orthogonal polynomials on the unit
circle was analyzed in [2].

In the present contribution, our aim is to give necessary and sufficient conditions about the se-
quences {R,(x)}>°,, {0.(x)}:%,, and {o,}>°, or o in order for {P,(x)}32, as in (1.3) or (1.4) to be
a sequence of monic orthogonal polynomials with respect to a moment functional w, i.e., {P,(x)}>°,
must satisfy a three-term recurrence relation,

Pl’l-‘rl(x):(x_bn)Pn(x)_CnPn—l(x)a 1’120 (15)
with P_;(x) =0, Py(x)=1, ¢, #0 for n>=1.

2. Linear perturbation

In this section, we let {P,(x)}>2, be a sequence of monic polynomials given by the perturbation

(1.3) of {0u(x)}320 by {Ru(x)}7%-
Assuming that {P,(x)}>°, satisfies (1.5) and substituting (1.3) into (1.5), we obtain for n>0

Oni1(X) = Ay 1 Ry 1 (%)
=(x = b)[Qu(x) = Ry ()] = Ca[ Qn—1(X) — tu— 1 Ry —1(x)]
= 0u1(X) + (B — b)) Ou(x) + (74 — ) On—1(x) — %Ry —r11(x)
+0,(by — Op )Ry (X)) + (%1€ — A IRy 1 ()
or equivalently
(Bn = bu)On(x) + (1 — 1) Qn—1(x)

(O(n - O(n+l)Rn—t+1(x) - O‘n(bn - 5n—t)Rn—t(x)

_ _(O‘nflcn - Ocngnft)Rnftfl(x)a n>ta (21)
—oy, n=t—1,
0, 0sn<t -2,

where O,(x)=R,(x)=0 for n < 0.



Taking into account the different choices for ¢, three different situations appear.

Theorem 2.1. Assume t =3. Then {P,(x)}22, is a sequence of monic orthogonal polynomials (SMOP)

if and only if o, =0, n=0, which means P,(x) = Q,(x), n=0.

Proof. <) Trivial.

=) By (2.1), we have o, = a,, for n>=¢ and o, =0 so that o, =0 for n=0. O

Now we will assume ¢t =2. Then (2.1) is equivalent to
by, =B, n=0,

=71+ %

and
(yn - cn)Qn—l(x) = (O(n — Oy )Rn—l(x)

_an(bn - 5n—2)Rn—2(x) - (an—lcn - OCngn—Z)Rn—S(x), n 22

If we identify the leading coefficients on both sides of (2.4), then
Cn:yn_an+oc11+l’ I’l>2

Thus, we obtain:

Theorem 2.2. Assume t =2. Then {P,(x)}>°, is an SMOP if and only if
0y — Olpy1 7é Vns n=1

and
(OC,, - O(anl)Qn—l(x) - (OC,,, - OC,,+1)R,,_1(X) - OCn(ﬂn - 511—2)Rn—2(x)

+ [OC,,S,,,Z — Oy—1Yn + O(n,l(OC,,, — Oyt )]Rn73(x)> n 22
Then, we have

b,=p, forn=0 and c,=7v,—d,+ o,y for n=1.

We will analyze some particular cases.

(2.2)
(2.3)

(2.4)

(2.5)

(2.6)

Theorem 2.3. Assume t =2 and o, = o for every n=2. Then {P,(x)}2, is an SMOP if and only
if either =0 so that P,(x)= Q,(x), n=0 or o # 0,—y, and 6,_, — B, = €,—1 — Vo1 =0 for n=2

so that P,(x) = Q,(x) — a0, (x), n=>0.

Proof. Since o, = a for n>2, (2.6) becomes
o(fn = On—2)Ry2(x) — (&r—2 — Yu)Ry3(x) =0, n=2,
which is equivalent to

O((ﬁn - 5n72) = 06(8,,,1 - yn+l) - 0; I’l>2



Hence, by Theorem 2.2, {P,(x)}:°, is an SMOP if and only if
Y1+ 75 0 and O((ﬁn - 5;172) = d(8n,1 - Vn+1) = 07 }122 (27)

If =0, then condition (2.7) holds trivially and P,(x)= Q,(x), n=0. If o # 0, then condition (2.7)
is equivalent to

o F# =1, Op=Pu forn=0 and ¢,=7,., forn>1,

so that {R,(x)}22, = {OP(x)}2, is the associated SMOP of the second kind for {Q,(x)}>,. O

In case a # 0, -y, {P,(x)}2,={0,(x) — 0P, (x)}2, satisfies the three-term recurrence relation
(1.5), where
b,=p, forn=0, ¢,=y,+a and c¢,=7y, for n=2.

Hence, {P,(x)}22, is the co-dilated SMOP of {Q,(x)}2, at level 1(see [5]).

Remark 2.4. If o, # o, for every n>=2, then (2.6) becomes
Qn—l(x) = Rn—l(-x) + san—Z(x) + lan_3()C), n 22’

where

Su= (B, — B,)

Apt1 — Uy

0 En—2 — Op—17n
Oy — Oy

tn = Oy—1 +

Hence, {Q,(x)}22, is quasi-orthogonal of order <2 relative to v.
Since both {Q,(x)}2, and {R,(x)}:2, are SMOPs with respect to u and v, respectively,

(v,0,) =0, n=3,

<U, Q2> = t3, (28)
<U, Q1> = 5.
Then
_ Ox(x) O1(x)
”‘(Wm@u»*ﬁmqu»+0%
so that

v=(ax* + bx + c)u,

where a, b, c can be deduced taking into account (2.8)
t; = (u, (ax® + bx + ¢)0s(x)),
3 = (u, (ax* + bx + ¢)Q;(x)),

1 = (u,ax* + bx +c)



1.€.,

I = a(u,szz(x» =ayy,
sy =n1[b +a(Bo + B1)],

o= :0,(0) i 5:01(0) 1= t(Bofr — 1) _ 2P0 ey

V21 Y1 V21 "1
Thus,
1 _
g L[y, 4 B8z na]
Y172 O3 — Oy
0
b (B2 = 60) — a(Po + B1),

B Yo — o)
c=a(fofi — 1) — Polb +a(Po + f1)] + 1.

In this case
Pn(x) = Rn(x) + SnJranfl(x) + (tn+1 - OC,,)Rn,z(X), n 20

so that {P,(x)}>°, is quasi-orthogonal of order <2 relative to v.
Since {P,(x)}2, is an SMOP, from (1.5) we can easily obtain

bn = 57/ + Sup1 — Sut2s M =0,
Chn =& — bnsn—H + Sn+15n—l + iy — O — Lia + g1, nz 17
SpCpn = _bn(tn+1 - OC,,) + Sn+18n—1 + (tn+1 - OCn)én—2> l’l>2,

(tn — Oy )cn — (ZnJrl — 0y )8n72> n >3

(2.9)

Hence from the last equation in (2.9), either ¢, — a,_; =0 for all n=3 or ¢, — «,_; # 0 for all n>3.
In case 3 — 0, =0 (so that ¢, —o,_; =0 for all n=3), P, is quasi-orthogonal of order 1 relative to v.
Notice that necessary and sufficient conditions for the quasi orthogonality of order 1 of a sequence
of monic polynomials yield orthogonality can be found in [9, Theorem 2; 6 Theorem 4.2]. In case
ty — oy # 0 (so that £, — o,y # 0 for all n=3) (i.e., {P.(x)}2, is strictly quasi-orthogonal of order
2 relative to v). Notice that necessary and sufficient conditions for the quasi-orthogonality of order
2 of a sequence of monic polynomials yield orthogonality that can be found in [1, Theorem 9].

In these cases, {P,(x)}22, is orthogonal relative to w = p(x)v, where

Oift3—<x2:0ands2:0,
deg(p): 1if l3—062:03nd SQ#O,
2if 1 — oy £ 0.

Remark 2.5. Notice that s, =0 for all n>2 and #; # 0 yields, according to Theorem 4.7 in [6],



On =0p_2y &3 =17n =2,

& =7 + 8.
Hence,

Ry(x) = A(x)Qu(x) + B(x)OL, (x).
Because of the initial conditions

Ri(x) = O1(x),

Ry(x) = Os(x) — 13,

01(x) = A(x)Qi(x) + B(x),

0x(x) — 13 = A(x)Qa(x) + B(x)Q{"(x),

we have

t
Ax)=1+ =,
71

B(x) = —20,(x).
1
Thus,
_ & & ) oy @)
Ry(x) = (1 4 yl) 0.(x) = 201 () = 0,() ~ 10 (x).

Finally, we deduce that
Po(x) = 0u(x) — 2, [O0_2(x) — 50,

as well as (see [6, Theorem 4.7])

tn+l
& — lyyo + iy = / En—2, n>3,

n

1.€.,

Int
Yo — g2 1 = nT'))nfb n=4,

n

t
Bt = (0t ),
2
together with

o 2 — Vully—
nVn—2 Vnnl’ I’l>4

Oy — Oyt

tn = 0p—1 +

which gives the compatible values for {o,}2°.



Remark 2.6. If O,(x) = R,(x) for every n>=0, then we get from (2.6)
O(n(ﬁn - ﬂn—Z) = 0, n 22’
nYn—2 = O‘n—l(yn — 0y + Oy )a nz=3.

If there exists s>2 such that ¢, =0, then from the second identity we deduce o, ; =0 and so «,=0,
nz=s. On the other hand, o,_{(y; + o,1) =0, i.e., a,_; = 0. If we continue the process, then we
deduce that o, = 0. Thus o, = 0 for every n=2 so that P,(x) = Q,(x) for all n=0. If «, # 0 for
every n=2, we have f§, = f,_,, n=2 as well as

aﬂ

Vn + Olp1 = Oy + Vn—2, 7’l>3

n—1
In this case, according to Theorem 2.2, the sequence {P,(x)}2°, is an SMOP and the parameters in
the three-term recurrence relation (1.5) are

bn = ﬁna nz 0;
%y
Chn = —Vn-2s 7’l>3,
Op—1

=72+ (a3 — o),
c1 =71 + o,
where we assume
oy # =y and oz # o — )s.
If R, =0, and o, = a(+# 0,—7,), n=2, then by Theorem 2.3, R, = 0¥, n>0, ie.,
511 - ﬁn == 5n+2 - ﬂn+2: I’lZO,
En =Vn = &2 = Vuy2, N 20

Hence, {Q,(x)}2, and {R,(x)}32, have 2-periodic coefficients in the three-term recurrence relation.
Finally, we will assume ¢t = 1. Then (2.1) becomes
(By = bu)0n(x) + (74 — €1)On—1(x)
{ (% — 1 )RA(X) = 0y(by — 051 )Ry 1(x) — (Uuo1Cn — &1 )Ry 2(x), N1,

—0q, I’ZZO,

and taking into account the coefficients of x” and the x"~' on both sides we get

bn:ﬁn"i'o‘nﬂ — 0y, n=0,

Cn="n + O‘n(ﬂn - 511—1) + (an+1 - O(n)(é(l’l) - ﬂ(ﬂ) + OCH)’ nz 1’

where f(n):=— Y7 B and d(n):=—31", &; are the coefficients of x"~' in Q,(x) and R,(x),
respectively.
We now analyze some particular cases.



Theorem 2.7. Assume t=1, o,=o # 0 and f,=0,_, for every n=1. Then {P,(x)}2, is an SMOP
if and only if 7, = €,_1, n=2. In this case, P,(x) = 0,(x) — aQ'" ,(x), n=0 and

n—1

bo=po+ao b,=p, forn=1 and c,=7y, for n=1. (2.11)

Proof. Assume o, =o # 0 and 5, =J,_;, n=1. Then (2.10) becomes
(ﬁn - bn)Qn(x) + (yn - cn)anl(x)
{ —o(by — PR, 1(x) — e, — & 1)R,2(x), n=1,

—a, n=0.
Hence, if {P,(x)}:°, is an SMOP, then
Po—bo=—ao, f,—b,=0 forn=l,
Vo — Co=—0b, — f,)=0 fornx=l,
and
Cp— &1 =0 forn=2,

so that y, =¢,_;, n=2 and (2.11) follows.

Since 6, = P11, n=0 and ¢, = y,1, n=1, {R,(x)}2, = {0V (x)}2, is the associated SMOP of
the first kind for {Q,(x)}22,. Conversely, assume 7, = ¢, |, n=>2. Then R,(x) = O"(x), n=0 so
that P,(x) = Q,(x) — ocQ(l)l(x) = Q,(o;x), n=0, are the co-recursive SMOP of {Q,(x)}>2, [3]. O

Remark 2.8. If o, =« for every n>1 and v, # ¢, for every n>1, then (2.10) becomes

En—1 — Cy
anl(x):Rnfl(x)+O(N17Rn72(x)5 }’l>1

n cl‘l

Since both {Q,(x)}:, and {R,(x)}:°, are SMOPs, according to Theorem 4.2 in [6] if we assume
& # ¢y, then (e, —¢,)/(y, — ¢y) # 0 for n=2 and

& — O
c:/l—i-oc —507&0,
V2 —C
Vut1 — Cnp1 1 Ent1 — Cui
A= —g, - g L5, n=l.
& — Cpy1 X Vn+2 — Cn42

In such a case, {Q,(x)}:2, is the SMOP with respect to the moment functional
u=x—-21)""v— fé(x —A),
c
1e.,
x—ADu=v

and {R,(x)}2°, are the monic kernel polynomials for {Q,(x)}>°, with K-parameter 4 ([4]), that is,

1 Qn+1(x)Qn(;“) Qn+1(/“)Qn(x)
Qn(;“) x—4

n=0.

Ry(x) =0, (4 x) =



Remark 2.9. If R,(x)=0,(x) for every n>0 so that P,(x)=0,(x)—a,0,_1(x), n=0, then {P,(x)}22,
is an SMOP if and only if either o, =0, n=1 or o, #0, n=>1, (y,/%,) + %1 + =4, n=1, and
c:=A—oy—fo # 0. In the latter case, {P,(x)}>°, is the SMOP with respect to the moment functlonal

(x— ) 'u— Eé(x — ).
See [6,10].

Remark 2.10. Assume (u,R,) =0 for n>2 and (u,R,) # 0. Then u = ¢(x)v, where
Bo — 50x T & — (Bo — 00)do
3

&

P(x) =
Hence,

Qn(x):R:(;L, X), }’l>0

s Po # 0.

1

and

Rn(x) = Qn(x) - anQn—l(x)’ n 20,
where 4 = ((fy — 00)00 — & )/(Po — ) is the zero of ¢(x) and

a. = n I(A)
" R(A)

Therefore,

Pn(-x) = Qn(x) - aan’l—l('x) + anan—lQn—Z(x)a n 20
Then, {P,(x)}22, is quasi-orthogonal of order <2 relative to u. As in Remark 2.4, if {P,(x)}22, is
an SMOP, then either o, =0 or o, # 0. In case a, =0, o, =0 for all n>1 so that P,(x)=0,(x), n=0.

In case o, # 0, then o, # 0 for all n>2 (but oy may or may not be 0) and {P,(x)}22, is orthogonal
relative to w = p(x)u for some polynomial of degree 2 (see [1, Theorem 9]).

720, n>=1.

Remark 2.11. If «, ;é o1 for every n>=0, then (2.10) becomes

Qn(x)+ Qn l(x)

n

bn_(sn— n—1tn = YpOp—

—R,(x) — oy R () = Bt T Il g ), n 1.

Oy — Oyt 0y — Oyt

This leads to the following problem. Given an SMOP {R,(x)}:,, find necessary and sufficient
conditions for the existence of an SMOP {Q,(x)}:°, such that

Ou(x) + 5,0u—1(x) = Ry(x) + t,R,_1(x) + t,R,_»(x). (2.12)

The next problem to solve is to find the relation between the corresponding linear functionals. An
analog of this problem for orthogonal polynomials on the unit circle has been analyzed in [8] in a
more general framework.



3. Convex combination

In this section, we analyze an analogous problem of the one solved in [2] for orthogonal polyno-
mials on the unit circle: When is a convex linear combination of {Q,(x)}>°, and {R,(x)}>°, again
orthogonal?

We now let {P,(x)}°, be a sequence of monic polynomials given by (1.4). To avoid the trivial
situation, we always assume o # 0,1. We expand xP,(x) via (1.1) and (1.2) as

xP,(x)=oxQ,(x) + (1 — o)xR,(x)
= OC[QnJrl(x) + ﬁnQn(x) + ynanl(x)] + (1 - OC)[RnJrl(x) + 5an(x) + 8anfl(x)]

= n+l(x) + O‘(ﬁn - 5n)Qn(x) + 5nPn(x) + O‘(Vn - 6n)Qn—l(x) + 8nPn—l(x): n>o
Now, if

Qn(x):Pn(x)—{_nz_:an,iPi(x)a nz=l1, (31)

i=0
then

xpn(x) :Pn+l(x) + [(x(ﬁn - 57!) + 5n]Pn(x) + [a(ﬁn - 577)an,n—1 + O‘('})n - 811) + gn]Pn—l(x)
n—2
+ D [lBy = Su)an + o(pn — &)an_1Pi(x), =2,
i=0

xPy(x) = Py(x) + [ B1 — 61) + 611P1(x) + [ B1 — O1)aro + (1 — &1) + &1 ]Po(x).

Thus we deduce the following:

Theorem 3.1. {P,(x)}32, is an SMOP if and only if
(1) (Pu—90)an; + (yy —&)an—1;=0 for i=0,1,....,.n —2, n=2.
(i) a(f, — 0n)ann1 + (yy — &)+ &, # 0 for n=1.
Remark 3.2. Notice that (i) in Theorem 3.1 means that
By = 0.)0u(x) + (11 — &) ODn—1(x)
= (P — 02)Pu(x) + [(Br — 0)ann—1 + (7u — &2)1Ps—1(x). (32)

Remark 3.3. Considering the coefficients of x"~! on both sides of (3.1)
B(n) = b(n) + ayn-1,

where b(n) and B(n) are the coefficients of x"~! in P,(x) and Q,(x), respectively. But from (1.4)
b(n) = af(n) + (1 — a)d(n),

where d(n) is the coefficient of x"~! in R,(x). Thus,
ayn—1 = (1 = a)((n) — 6(n))

10



and (ii) in Theorem 3.1 becomes

en + o(yn — &) + oSy — 0,)(1 — a)(f(n) — 6(n)) # 0.

Remark 3.4. If i, = J; for some s, then from (i) in Theorem 3.1, y, = ¢ or a, ;; =0 for i =
0,1,...,s — 2, i.e.,, O;_1(x)=P,_1(x).
Remark 3.5. From (3.2) and (1.4), we have
(ﬁn - 5n)Qn(x) + (yn - 8n)anl(x) = (ﬁn - 5n)(aQn(x) + (1 - OC)R,,()C))
+[(ﬂn - 5n)an,n71 + (’})n - 8rl)](OCQn*l(x) + (1 - OC)Rnfl(X)),

in other words
(ﬂn - 5n)(1 - O()Q,,(X) + [(yn - 811)(1 - OC) - Otan,nfl(,gn - 5;1)]Qn71(x)
:(ﬂn - 5n)(1 - O‘)Rn(x) + (1 - O‘)[(ﬁn - 5n)an,n—1 + (Vn - Sn)]Rn—l(x)

or, equivalently

(ﬁn - 5n)Qn(x) + (Vn - 8n) - Lan,n—l(ﬁn - 5n) Qn—l(x)

l—ua
= (ﬁn - 5,,)R,,(X) + [(Vn - 811) + (ﬁn - 5,,)61,,,,,,1]R,,,1(X). (33)

Thus,

Theorem 3.6. {P,(x)}22, is an SMOP if and only if {Q,(x)}:2, and {R,(x)}2, satisfy

(i) Eq. (3.3);
(11) OC(ﬁn - 5;1)an,n71 + OC()),, - 8n) + &, 7é 05 where App—1 = (1 - OC) 27:_01(5j - :8])

If 8, =29, for every n=0, then from the above theorem

(yn - 8n)anl(x) = (yn - 8,,)Rn,1(X) (34)

together with ay, + (1 — a)e, # 0.
Two cases can be considered:
(1) y,=g¢, for every n=1. Then Q,(x) = R,(x) for every n=0 and thus P,(x) = Q,(x) for every
n=0.
(2) There exists at least one positive integer m such that y, # ¢,. Denote by s the minimum of
such numbers. Then Q,(x) =R,(x) for n=0,1,...,s — 1,s. Furthermore,

Qs+l(x) = (x - ﬁs)Qs(x) - ystfl(x)
- (X - 5s )Rv(x) - 8SRS71(x) - (yv — & )Rsfl(x)
:Rs+l(x) - (ys - S.Y)Rs—l(x)'

11



Thus, O, 1(x) # Ry11(x) and from (3.4) .2 = &,o. We will distinguish two situations:
(1) If Ps+1 = Es415 then

Osi2(x) = (x = o) Os1(X) — P51 05(x)
= (x = 05 1)[Ry11(x) — (75 — &)R—1(x)] = V51 Ry(x)
=Rp2(x) — (75 — &)(x — g4 1)R—1(x).
Thus Ry 2(x) # Ouy2(x) and from (3.4) 7,43 = &y3. Now
Os3(x) = (x = fi12)Os2(x) = Ps2051(x)
= (x = Og42)[Ry2(x) — (75 — &)(x — Oy )Rs—1(x)]
—Ps2[Ror1(x) — (75 — &)Rs—1(x)]
=Ryi3(x) = (75 — &)(x — O512)(x — I511)R—1(x)

+Vs+2(ys — & )Rs— 1 (x)

Thus, Ry 3(x) # Oy3(x) and from (3.4), Y4 = &4. Then, an induction argument yields
v, = ¢, for n=s 4+ 1 together with y, =¢, for n <s.
(ii) If y1 # &1, then

Qs+2(x) = (x - ﬁerl )Qs+1(x) - ys+1Qs(x)
= (x - 5s+l)[Rs+l(x) - (Vs - 8S)Rsfl(x)] - Vs+1Rs(x)
:Rs+2(x) + (85+l — Vsp1 T & — ys)Rs(x)

+ (55'—1 - 5s+1 )(Ss - VS)RS—I(X) - (% - g.v)gs—le—Z(x)-

Notice that in this case, O;.»(x) # Ry12(x) and thus y,,3 = &,,3. Now since ), = &2,
Os13(x) = (x = Bi12)Os2(x) — P5120541(x)
= (% = O52)[Ry2(x) + (6541 — Vo1 + & — P)R(X)
+ (051 = Oss1)(& — Po)R—1(x) — (75 — &6 1R, 2(x)]
—Vsr2[Ros1(x) — (75 — &)R—1(x)]

:Rs+3(x) +- 85718572(85 - ys)Rsf3(x)'

Thus QO,.3(x) # Ry3(x) and then from (3.4), y,,4 = &.44. An induction argument yields
Y, =¢, for n=s+2 and y, = ¢, for n <s.
As a conclusion:

Theorem 3.7. If f,=0,, n=0, then the sequence {P,(x)}32, of monic polynomials such that P,(x)=
0Q,(x) + (1 — )R, (x) is also an SMOP if and only if any one of the following holds:
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(1) O,(x)=R,(x) for all n=0, i.e., y,=¢, for all n=1.
(2) There exists a positive integer s such that y, # ¢, and v, = ¢, otherwise.
(3) There exists a positive integer s such that y, # &, Vo1 7 €41 and y, = &, otherwise.

This statement can be given in an alternative way: at most two consecutive elements of sequence

{&. —

Va}o2, are not zero.

Using standard arguments about the set of solutions of the difference equation xy, = y,,1 + ¢y, +
d,y._1, it is very easy to deduce the following:

Corollary 3.8. If y, # ¢, and vy, = ¢, otherwise, then

0,(x) = R(x>+( S)R“%(x)R(x) nzs.

S

If 7y # &5, Vo41 7 &p1 and y, = &, otherwise, then

Qn(x)zz”an<x>+R<””l<x)[( f*l)RM(x)—(vs—ss>Rs_1<x), st .

s+1

Here {R¥(x)}22, is the associated SMOP of the sth kind for {R,(x)}22,.

This kind of perturbation has been introduced in [7].

Remark 3.9. Notice that if 5, # J, for every n>, (3.3) is a particular case of (2.12) for u, = 0.
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