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Abstract.  Our object of study is the asymptotic behavior of the sequence of polyno-
mials orthogonal with respect to the discrete Sobolev inner product

(f.9) =/ f(©)g@E)p®)lde| + f(2)Ag)",
E

where E is a rectifiabl Jordan curve or arc in the complex plane
f(2)=(t@),.... tW@),.... F@m), ..., £ (@m)),

Ais an M x M Hermitian matrix, Ml; + - - - + Iy + m, |d&| denotes the arc length
measure, p is a nonnegative function on E,and z € Q,i = 1,2,..., m, where Q is
the exterior region to E.

1. Introduction and Statement of Main Results

The asymptotic behavior of the polynomial sequence {Pn}ns0, where Pn(2) = z2" +
lower-degree terms, are orthogonal on E, an infinit set of the complex plane, with
respect to the measure p (£)|d&|, i.e.,

/Pn(sﬁkp(snda:o, K=0.1,....n—1,
E

where p (&) is a weight function (nonnegative and real-valued), has been analyzed in the
works of Korovkin [11] and Suetin [21], where E is a rectifiabl Jordan curve. If E is a
set of the complex plane define by the finit union of rectifiabl Jordan arcs and curves,
such a question has been studied by Widom [24]. Later on, Aptekarev [2] gave these
asymptotic formulas in a more explicit way. In [24], Widom deals with the extremal
property of the polynomials Py:

(1) [IP@ P = min [ Toe)Poeicel
E n=2"+-JE
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and carries out this property to a new family of functions in the functional space
H2(2, p). We will detail this result but, from now on, in order to simplify the nota-
tion and to make the presentation clearer, we will restrict it to the case where E is a
rectifiabl Jordan curve or arc.

We will assume that E is a rectifiabl Jordan curve or arc in the complex plane, that
2 is the unbounded component of the complement of E, and that G is the unbounded
component of the complement of the unit disk, i.e., G = {z € C: |z| > 1}. By the
Riemann mapping theorem there exists a conformal representation ® : Q — G such

that
D(z 1
CD(OO) =00 and le)n(;lo % = ﬁ > 07

where C(E) is the capacity of the compact set E. These two conditions characterize the
function ®. Let ¥ : G — Q be the inverse function of ®. If E is a rectifiabl curve,
we can extend & by a nontangential limit to E and, in this case, we get |®(§)| = 1 for
& € E. In fact, @|g is a bijection between E and the unit circle. When E is a rectifiabl
arc we denote, by @ (§) and ®_ (&), the boundary values on both sides of the arc.

We will denote by H2(G) the Hardy space of analytic functions in G, such that

sup | f(2)]*1d2| < oo,

l<r<oo J Dy

where D; = {z € C: |z| =r}. This space of functions has been deeply studied in [10].
If the weight function p(£) satisfie the Szegd condition

@) /E log p(&)|@'(®)]|dE] > —oo

we can defin the so-called Szegd function D, by the following conditions:

(a) D, isanalyticin 2, D,(z) # 0in , and D,(c0) > 0.
(b) There exist boundary values almost everywhere and it holds that

ID,. (&)@ ()] = p(&).

Note that if E is a curve D, _ makes no sense and, in this case, we only refer to D, 4

Definition 1 (cf. [24]). A function f belongs to the Hardy space H?(2, p) if f is ana-
lytic in  and if f o W|p , belongs to H*(G).

Every function f € H2(2, p) has boundary values, f, and f_ in E, which belong

to L,(p) (if E is a curve, then we only consider f,). We defin the norm in the space
H?(R2, p) by

1/2
I f g, = {fE | f<5)|2p<5)|d5|}

if E is a curve and

1/2
I Fllnz@.p) = {/E | f(%)lzp(é)ldél}



when E is an arc. For the sake of simplicity, in both cases, we will denote by || f [|h2q, )
the norm in the space H%(RQ, p).

The extremal property of the sequence {P,}n>0 (1), can be restated in the following
way. If we denote

My 1= fE IPa(®) 20 (6)]dE |

and ¢, := P,/[C(E)®]", then it holds that

Mp

_— = 2 — 1 3 2
C(E) /E len@Fp@)dé] = min /E I@n(&)1°p (§)1dE],

where T, is a monic polynomial of degree n. These functions ¢, belong to a certain
subspace of H?(2, p). We can consider the following extremal problem in H2(2, p):

R %12 _ : ~112
3) wi= 19 e, = min 16lheg,,)-

G(o0)=1

This extremal function ¢* is exactly D,/D,(c0) and we want to point out that if
K (z, 00) := D,(2)/u then, for every ¢ € H?(Q, p), it holds that

@(00) 2=/E¢(§)K(§,OO)P(E)Id%‘I,

where the integral symbol is taken in both sides, when E is an arc. In [24], one proves
the following result:

Theorem 1. Assume that E= C** is a rectifiable Jordan curve or arc and that the
weight functiono (¢) verifies the Szégcondition(2). It holds that

“) lim % =/,
) Pn(2) = [C(E)2(D]"¢* (D[] + en(2)], zeQ,
(6) /EIC(EY“Pn(S) — Ha(®)Pp(§)Ids] — 0,
where

D)™ (), £ e Eisacurve,

Ha() =19 1 o\ . N gy ok :
PL(E)pi () + PL(5)¢Z(§), §eEisanarg

w is defined in3), ande, = 0in .

Notation. The symbol = means uniform convergence on compact subsets of the in-
dicated region.



Let us consider now the following discrete Sobolev inner product

(7 (f.9) =f FE)9E)p@)1dE| + (2)AgD)",
E
where E is a rectifiabl Jordan curve or arc in the complex plane

f(Z)=(f(z),..., T, ..., f@Zm), ..., ™z,

Aisan M x M Hermitian positive definit matrix, M = |; +- - - + 1, +m, |d&| denotes
the arc length, z € Q,i = 1,2,..., m, where Q is the unbounded component of the
complement of E and the weight function p(£) verifie the Szegd condition. Notice that
(7) is well define for every z € C. Nevertheless, using (5), it is well known that for
any compact set K C €, it holds that

Pn(2) #£ 0, ze K,

for n sufficientl large. This property is also verifie for P fork =0, 1, .... Since our
interest is centered on the asymptotic properties of orthogonal polynomials with respect
to (7), we will assume the constraints z; € €2, in order to consider, for n sufficientl
large, a free region of zeros.

In the last few years, algebraic and analytic properties—Ilike zero distribution, asymp-
totic behavior, recurrence relations, and differential equations, that the polynomials,
orthogonal with respect to this kind of inner products satisfy—have been studied (see
[15] with more than 100 titles on this subject).

The study of these systems is motivated by the search for efficien algorithms for com-
puting Fourier expansions of a function f in terms of Sobolev orthogonal polynomials,
thus getting better approximation results for the function, as well as for their derivatives
and for the analysis of new quadrature Gauss formulas.

Because of the positive-definit character of the matrix A, there e xists the polynomial
sequence, {Qn(2) = Z" + lower-degree terms}n>¢, orthogonal with respect to (7). The
polynomial Qp can be define by the following orthogonality relations:

(Qn,Zy=0, k=0,1,...,n—1.

In the present paper, we are studying the asymptotic behavior of this sequence of
polynomials, {Qn}n>o. This problem has been considered before when E is the interval
[—1, 1] (see [1], [14], [16]), or when E is the unit circle (see [4], [13]), although in all
these works a wider class of measures has been considered.

Our main goal in this paper is to give a unifie approach, containing the preceding
cases.

First of all, we want to point out that, similar to that which was done in the standard
case, we can consider the polynomial Qp as solution for the extremal problem

My = /EIQn(é)Izp(E)IdEIJrQn(Z)AQn(Z)H

= _min /ITn(E)Izp(E)IdEI+Tn(Z)ATn(Z)H-
n=2"+- JE



Following this idea, Kaliaguine [8], [9], considers this problem when |; = 0 for
i = 1,...,m, and A is a diagonal matrix, i.e., he studies the asymptotic behavior
of the sequence of monic polynomials, orthogonal with respect to a measure with an
absolutely continuous part, plus a finit number of mass points. To carry out this study,
Kaliaguine deals with a polynomial modificatio of the measure p(&)|d&], in order to
get rid of the masses and, in this way, he recovered the case studied by Widom. In our
case, this technique cannot be applied in a natural way because the derivatives, and the
nondiagonal structure of the matrix A, make the analysis of the situation much more
difficult We carry over the technique developed in [4], although in this case we do not
have a Christoffel-Darboux formula for the kernel polynomials.

Let {Pn}n=0, With pn(2) = KyZ" + lower-degree terms, k, > 0, be the sequence of
orthonormal polynomials with respect to p(£)|d&|, i.e.,

0, n#m,

/Epn(S)Pm(E)p(«‘E)Id%I = :1’ n—m.

with ky, = mp"/* and let
n—1
Kn(z.w) = pu(@) pe(w)
k=0
be the kernel polynomials associated to p(£)|d&|. We denote that
N -1
KiPzw =) p’@p] @), i,j=01,...
k=0

If the weight function, p(£), satisfie the Szegd condition (2), we prove (see Theorem 4
in Section 2) that

2z w) !
P @p ) P@Pw) 1

(8) ZweQ, i,j=01,....

Let {Qn}n>0, if On(2) = ¥nZ" + lower-degree terms, yn > 0, be the sequence of orthonor-
mal polynomials with respect to (7), then we can state the following result:

Theorem 2. Consider an inner product of tyg&) such that Ee C** is a rectifiable
Jordan curve or arcthat p(¢) is an integrable nonnegative real-valued function on E
that verifies the Szégcondition(2), and that A is a positive-definite matrix of dimension
M. It holds that

©) lm5=H@ka
i=1

n—o00 yn

W O B @) \
oo = —
¥ U\ o@ @@ - 1



Using (5), (9), and (10), we get the following result:

Corollary 1. With the conditions of Theore?we have

(11) Q@ = [CE)P@Y* D[] + en(@)].
where

n (FE@D) - D@
12 *(2) = Y ! *
(12) V'@ H( SDFE 1 ) el

the functionp* is the solution of the extremal problei3) ande, = 0in .

In the framework of an extremal problem we could deduce (3), (5), and (6) for the
usual monic orthogonal polynomials. The result obtained in this corollary can also be
viewed in this way. Using (3) and (12) we can also see y* as the solution of the extremal
problem

A= 19 B, = min [V e,
veH
where H = {y € HX(Q, p) : ¥(c0) = 1, 1//(')(Zj) =0,0<I<lj,1<j<m}and

m
a=[Tle@Pr"  u
j=1

We are reminded that p := ||g0*||f_|2(Q o

The proof of this assertion can be done in a similar way as in [8, Lemma 4.2]. Using
(9) and (12), we also get

13 i m
(13) Am SEm
The following theorem completes these results:

Theorem 3. If we suppose that the hypotheses of Thed@dmld, then

- 2
nlggofE CE"Qu®) — Fa(®)| p(&)1dg] =0,
wherey* is the extremal function given {12) and

DE)Y*(E), £ € Eisacurve,

H~n = '
© {qﬂ@)‘ﬂi@) + " (§)yY*(§), & e Eisanarc

In the following section, we give some auxiliary results needed to prove these theorems.
In the last section, we include their proofs.



2. Auxiliary Results

First of all, we give the following lemma that we will use to prove (8). In fact, we assume,
for the weight function p, more general conditions than the Szegé condition (2). Also
notice that we extend the results obtained in [4] for the unit circle.

Lemma l. Let{pn}ns0 be a sequence of polynomials of degree n with zeros\i2,C
such that

pn+l (Z)
pn(2)

where® and 2 have been introduced beforehen

(14) = d(2), zeQ,

pkt(z)  @/(2)
np@ 2@’

ze Q.

Proof. First, we will prove the result in the case K = 0. As {Pn+1/ Pn}n=0 i @ sequence
of analytic functions in €2, then by (14):

er—l(Z) ' ’
(W) = ®'(2), ze Q.

This is equivalent to

mﬂm[mda_%@]:d@, ze Q.

P2 LPnt1(D (2
Then we get
i@ Ph@ Y@, q
Ph+1(2 (@ @2
This yields
(15) s}tep““(z) _giePn®@ e ® (Z), zeQ,
Pn+1(2) Pn(2) ®(2)
and
smPret® o Pr(@ = am2 (Z), €Q,
Pn+1(2) Pn(2) ®(2)

where tezand Imzdenote the real and imaginary part of z, respectively. Using (15),
we get

/
Z
exp g{eanr—l() ,
—/(Z) = exXp Jie%, Z e .
exp E)'tep"—

pn(2)



Now if we apply [20, Theorem 3.37], then

) p’n<z>>”“ (2
exp he—— = exp e , z2e 2,
( P @ P %@

or, equivalently,

nePn® 3o P@ g
npn(2)

To@
For the imaginary part, we proceed in the same way and we get the result for k = 0. For
an arbitrary Kk, we use the identity

(16) %(B) _P_P
a \q a q
that holds for the arbitrary differentiable functions p, d. [ ]
Theorem 4. If p(&) is a weight function satisfying the Spegpndition(2), then
Glew 1
P @pi )  PE@PW) —1

zweR, i,j=0,1,....

Proof. First, we prove the statement of the theorem for i, j = 0. Using (4) and (5) we
get

¢*(2)
[fe lg*©)Pp(8)|d&[]"/2

where ,(2) = 0 in 2. Now, we consider the following identity:

A7) pa(2 =[®@)]"

[1+en(D], ZeQ,

Kn(zw)  Kn(zw) o @ 0 (w)k &2 "D w)"
@)  YE @KWK P@"PW)" P2 Pa(w)
Using (17), we deduce

- - -1
®(2)" o (w)" ¥ (2D)p*(w)
Pn(2) pn(w) |:fE |<P*(§)|2,0(§)d5:| Zwe
and
n-1 Kk
o Q@O 1, cq
(2" (w)" ®(2)dw) — 1
On the other hand,
n—1
Kn(z w) = ) p(2) pew)
k=0
P* (D)™ (w)

n—1 o
= Tl @@ & Y@ P 1wz ).



where we denote

Yk(Z, w) = ek(2) + ex(w) + ek (D ek(w).

So we get
Kazw) @) [ Y5 e@* W w
Ml o@kdw)k [ ler@)IPp§) dé " (KD (w)k '

Next, we will prove

‘D(Z) “® (w)kyk(z )

(18) =0, Z,w e Q.
~) D(@KD(w)k
Taking into account that
ko Q@K W)Yz w) Y, P@ Pz W) @B (w)"
koo @K W)k @(2)"® (w)" "1 o (KD (w)k
(18) follows if we prove
<I> @ (w)k
@ @ (w)*yk(z, w) ~0, ZweQ.

O (2" (w)"

Indeed, given K;, K, compact sets in 2 and ¢ > 0, there exists an Ny, such that for
ze Ky, w € Ky, and n > ng then |y,(z, w)| < €. Forz € K; and w € Kj:

s D@K0 (w)kyi(z, w)

O (2)"D(w)"
YR @@ e (w)kyk(z, w) Zk b P@5® (W)kyi(z, w)
N O (2" (w)" O (2)"P(w)"

Then

i @ P (w)Fyi(z, w)
O (2)"P (w)"
_ 12 e@Fe )z w)l N S i, [ 2@ M (w) ¥ yi(Z, w))|
@ (2) | D(w)|" |B(2)|"[D(w)|"
Mg S, [2@)< @)
|D(2) | [ (w)|" | (2)|"[@ (w)|"

where M (ny) is a positive constant depending on ny:

lim sup 0 @@ PWIY(Z w)| £ .
n— o0 D (2)"D(w)" = 0@ w)| -1




Now & can be made arbitrarily small and we get the result. Fori = 1 and j = 0, we use
(16), and taking into account P,(2)/p,(2) = 0, Z € Q, we get

K0 (z, w) 1
PH@P(w)  P@Pw) — T
In the same way, we get the result for arbitrary i, j € N. [ ]

Theorem 5. LetK, be the matrix of dimension M

Kn(z1, Z1) KOz z) Lo Ka(Zm, 21) - Km0z, 7))

KoYz, z) ... KDz, z) ... KOz, z) ... KImD(zy, )

KOW(z,z1) ... KIW(zy,z)) oo KO (zg, zy) ... KI™ID(zy, 2))
(19)

Kn(Z1, Zm) . Krgll'o)(zlazm) .o Kn(Zm, Zm) . Krglm’o)(zmvzm)

KOY(zy, zm) ... KIWD(z,z0) .0 K@Dz, ) ... K™D (z, Zm)

KO (21, zm) ... KIoIm(zy, z) o0 KOz z) . KmIo) (z0 70

Ifzi #z,i, ] =1,..., m, this matrix is positive definite for g M.
Proof (see [4]). [ |

Let us consider the following function g(z, w) = 1/®(2)®(w) — 1 and denote

ot gl 1

i) 0 9 .
9" (z, w): 57 0w 20D — 1

Let Fy, be the following matrix of dimension M:

(20)

9(z1, 1)

g%z, z) ...

g(z;,z) ...

g(zl ’ Zm)

9OV, zm) ...

g®m(z, zm) ...

g0z, 7))

9"z, z))

g"(z;, 7))

- g" Oz, z)

g(ll'l)(zls Zm)

9" (21, Zm)

g(zms Zl)

9"V @zm, 21) ...

g(O,ll)(zm’ Z]) e

g(Zm’ Zm)

g(o’l)(zm, Zym) ...

g (2, Zm) ...

. g(lm’o)(zm, Z;)

g(lm’l)(zma Zl)

gD (z, z;)

. g0 (zy, zm)

g(lm’l) (Zm, Zm)

g(lm’lm) (Zm, Zm)




This matrix can be described by blocks. The (r, s) block is an (I; + 1) x (Is + 1) matrix

j=0....|
(g(“)(zs,zr))izo ~~~~~ |rs’

wherer,s=1,...,m.

Theorem 6. The matrix , defined in(20) is nonsingular

Proof (see [4]). Supposing that |Fn| = 0, the linear dependence of the rows of the
matrix Fn is equivalent to the existence of G; € C,i =1,...,m, j =0,...,l;, such
that for the function

ll . lm .
f@=) cg"@z)+ -+ cnjg®P (@ zm) #£0.

j=0 j=0
where z is a zero of multiplicity at least |; 4+ 1. Therefore f o &~ ! has at each ®(z) a
zero of multiplicity at least |; 4+ 1. Thus, it has at least M zeros, taking into account the
multiplicity. But it is immediatly verifiabl that f (®~!(2)) = P(2)/Q(2), where P is a

polynomial of degree at most M — 1 and Q is a polynomial of degree M. This leads us
to a contradiction. ]

Lemma 2. Let Q be an Mx M nonsingular matrixand u X two M-column vectors
The following identity holds:

ot det[Q - uxT]
I=xQ u= det Q

Proof (see [4]). [ ]

To conclude this section, we include the following lemma that appears in [8, Lemma
2.2]:

Lemma 3. Let{f,},=o be a sequence of functions i H2, p) such that
fn2= (2, zeQ and I fallv2@.) <C, n=0,1,...,
where C is a positive constarthen

f e HX(Q, p) and I fllheg., < linﬂ_l)g.}fll fallHzce,p)-

3. Proof of the Main Results
Notation. For any function f (2) of one variable and for the vector

X = (Xl.()s cee Xl,llv ) Xm,O, ) Xm,lm)s



we denote

f(X) i= (FX0)s s Ty FXmo)s s FI (X))

Since Kp(w, 2) = K(Z, w) is a function in the variable w, then for

Z=(2Z1,....2Z1y ..., Zmy ..., Zm)
'ﬁ/_/
|l+1 |m+1
we write
Kn(z, 2) = Kn(Z, 2),
ie.,

Kn(z, 2) = (Kn(z,21), ..., K®'(Z, 7)), ..., Kn(Z, Zm), ..., K™ (2, Z00)).

n

Notice that Krﬁi’j)(z, w) means Zk;é pl((i)(z) pﬁj)(w). Thus

KW(z,2) = (K&MzZ z)), ..., KMz z), .., (KEO(Z z), ..., KEIW(Z, 2:).

First of all, we are going to deduce some algebraic expressions that we will use later

to prove Theorem 2 (see [4]).
We expand gy in terms of {Pj}j>o:

n—1
(21) th(2) = %pn(Z) + Y an (2.
n k=0

where

2

an= [ GWEHIKE)AuO) = —0(DAPD",  k=0,1,...
0

Substituting this expression in (21) we get

n—1

(22) (@ = 1 Pr(D) — (DAY (D" Pl
n k=0
= P pn(2) — Ge(2)AKn(z. D)

Now we take successive derivatives in (23) and we substitute z = z;,
order to eliminate ¢, (Z).
Thus
(23) Gn(2) = 1 Po(Z) — h(Z) AKn,
n

where K, is the matrix define in (19).

..., Z= Zny, in

12



From (23) we obtain
Vn
O (D)[Im + AKp] = k_pn(z)a
n

where |y denotes the identity matrix of dimension M. Since K, is a positive definit
matrix (see Theorem 5) and the matrix A is positive definite then it holds that the matrix
Im + AKp is a nonsingular matrix. Thus

In(Z) = %mzw + AK, L

Substituting this expression in (23), multiplying by Kn/yn, and dividing by pn(2), we
obtain

]
@ _ g o 2+ AR AR 2D

24 =
@) ¥n Pn(2) pn(2)

On the other hand, from

{On, Pn) = /EQn(S)pn(é)p(S)ldél + (D) Am(D)",

we get

yﬁ = gAMD",

Now, multiplying by kn/y, and substituting g,(Z), we obtain
ko \? —1 H
(25) v 14+ pa(D)[Im + AKL T Apn(2)™.
n

We are going to express (24) and (25) as a ratio of determinants by using Lemma 2. It
holds

;
det [|M + AK, — pfn@ 2) pn(Z)]

kn th(@) Pu(2)
20 Y@ det[ Iy + AK ] ’
(5)2 _ det[ly + AKp + Aph(2)T pr(2)]
¥n det[Iy + AK ] :
2
(27) <&) _ det[Im + AKn-H]‘
Yn det[ly + AKq]

Now, using (26) and (27), we can deduce the asymptotic behavior of k, /v, and gn(2)/
pn(2) for z € Q.

13



Proof of Theorem 2. First, we will fin the asymptotic behavior of K, /yn:

(k. det[ AT+ Kppi]
lim 1 _

— ] = lim .
Yn n—oo det[A~! 4+ Kp]

n—o0

We introduce the diagonal matrix

. 1 1 1 1 1 1
An = diag ST T e N (™) .
pn(z1)  Pp(z1) pn'’(z1) Pn(Zm)  Pp(Zm) pPn™ (Zm)

Notice that when the measure of orthogonality is in Szegd class we can ensure, using
(5), that this matrix is well defined for n sufficientl large. Then we get

lim =
n—o0

(ﬁ)z — lim det[Ant1 A Anst + AnsiKnp1Ang1]  det[AnAn]
vo) > detfApA'An+ AnKnAn]l  det[AnpiAnii]

The matrix A,K A can be described by blocks. The (r, S) block is an (I, 4+ 1) x (Is+ 1)

matrix
Kr(]j’i)(zs, 2) j=0,...1s
( pé“(zs)m)i_o ..... .
wherer,s =1, ..., m. Using Theorem 4 and relation (5), we conclude that
nlgglo det{Ans1 A Anst + Anri K1 Anp 1 =0
and we need to compute a limit of the form 0/0 (ifl; = 0 for j =0, ..., m, as we do not

have this problem, we can compute the limit, nevertheless, this case has been treated in
[8] and [9]). In [7], we fin a similar situation for a system of equations. Here, we adapt
some ideas that appear in similar works.

For all f, h differentiable functions and v =0, 1, 2, ..., it holds that

f) f ) h v fO0=k
(28) = (E) 0 ; F(v, k)—h(vfk) ,

where
v\ hht=0 1\ ®
Fo0= ()5 (1)
Notice that the coefficient F (v, k) do not depend on the function f. If we take f = h,
we get the following relation:

(29) 1~|—ZF(1), k) = 0.
k=1

Now, in

det[Ani1 A Anst + Ant1Kng1 Ansi],

14



add to the Z;;ll (Ip+1D+1+krow,forl <k <lsand1 < s < m, alinear combination
of the preceding K — 1 rows with coefficient F (v, k):

h@) := P ().
and z = zs. Then, multiply the resulting row by
h®(2)/h()
evaluated at z = zs. We also carry out this kind of elementary operation by rows with
det{An A" Ay + AnKnAnl,
where, in this case,
h(2) := pn(2).
On doing these elementary operations by rows, we fin that

det[Ans1 A7 Ayt + Ans1Knp1 Angi]

(30) — “nt
det{An A~ An + AnKnAn]

m | (3)(21)
[TTT 22 detdBos s + Hosi]
_ j=1s=1 n( )

m OEN
Pt (7))
det[B, + Hp
UB Pn+1(Z) [ ]

Here By, is a matrix, which can be described by blocks. The (r, S) block is the (I; + 1) x
(Is + 1) matrix

bi“zs> i B T\ ls
([ﬁ > Flid— k(JT] ((zr))) |
J (Zs)pn'(z) k=1 an (Z)pn " (Z) Pn(Z o

where bl( ’ris) are constants

i (i—k)(z) 1 (k)
31 F(, k) = n !
31) i,k (k)mzr) O (pn(z))

Also, Hy, is a matrix which can be described by blocks. The (r, S) block is the (I; + 1) x
(Is + 1) matrix

7=z

o KV (ze, w)
o' prﬂ”(zs) Pn(w) w=z

15



wherer,s =1, ..., m. Notice that

3 9 Koz w)
o K (zs, w) 0D 0w Pa(w) |y
' p (z) pu(w) |, _, ) (2) .

forl<r,s<m0<j<lgand0<i <I.
Before we can fin the limit in (30), as n tends to infinit , we have to carry out
transformations similar to those above, but by columns on the determinants

det[Bny1 + Hngi] and det[ By + Hn].

We describe these elementary operations on det[ By, + Hp41]. Those corresponding to
det[ B, + Hp] are the same with n 4 1 substituted by n.

Let] <k <lgsand1 < s < m. Add to the Z;;ll(lp + 1) + 1 + k column of
det[Bn+1+Hnt 1] alinear combination of the preceding k— 1 columns with the coefficient
define in (28) with

h(@) := pnt1(2)
evaluated at Z = Zs and then multiply the resulting column by
h®(2)/h(z) evaluated at z = z.
After carrying out similar operations on det[ B, + Hp], we fin that

m (S)( )
TTTT 522 etfBoss + Hos]
j 1s=1 n( )

m IROEN
l:[l_[ P14 ;d {{Bn + H]

1s=1 pn+1( |

Il
Il

j=1s

(S) (ZJ)
Pn(z))

‘E:l

det[Cni1 + Rnti]
det[C, + Ry]

)

i

P @) [}
Pn+1(Z))

1

where Cp, is a block matrix. The (r, S) block is the (I, + 1) x (Is + 1) matrix whose (i, j)
entry fori =0,...,l,and j =0,...,lgis

(i) RS i B+ O
Pr(Zs) |:|: _ ' —}-ZF(i,k) . |—kj] :| pn’(z)
(@) || p (2 pP(z) i ozl Pz ] Pn@)

i _ b_(rzs) i b_(r,s)_ (|)
+ZF(j,U)|: i,j—u —I—ZF(i,k) A |7k,jf'u :| (Zr):|
u=1

] u) (ZS) p(|)(zr) =1 pr('I17U) (ZS) p[(1l_k) (Zr) pn(zr)
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where

. (- w
o B j Pn (ZS) 1
F(j,u) = (U) Pn(Zs) pﬁj)(zs) ( Pn (Zs)> 7

and F (i, k) is given by (31). Notice that the elements of the matrix C,, are 0(1), and R,
is a block matrix. The r, s block is the (I; + 1) x (Is + 1) matrix

o TR ]
9z dw' Pn(2) pn(w)

where r, s =1, ..., m. Taking into account Theorem 4, we obtain

------

lim det[C,, + Ry] = lim det[o(1) + R,] = |Fm| # 0,
n—oo n— oo
where F, is the matrix define in (20). From this, we have

. kn m ||+1
lim —:l_[|d>(zi)| )
i=1

n—o0 yn

Using similar arguments, we can obtain the asymptotic behavior of (,(2)/pn(2). On
account of (26) and (9), this is restricted to findin the limit of

Kn(z, Z)T
pn(2)
det[ A~ + Kq]

det |:A1 +Kp — pn(Z):|

_ _ — Kn(z, 2)T
det | AWA™'Ap + ApKnAp — AnM Pn(Z)An
pn(2)

det[AnA~TAp 4+ AnKnAn]

In

— _ — Knz,2)T
det | AnA7 Ap + AnKnAp — Ap——— pn(D AR,
Pn(2)

add to the Z;;ll (Ip+1)+1+krow,forl <k <lsand1 < s < m,alinear combination
of the preceding k — 1 rows with the coefficient define in (28) with

h(@) := pa(2)
evaluated at z = Zs, and multiply the resulting row by
h®(2)/h(z) evaluated at z = z;.

The resulting determinant is transformed by columns in a similar way. The same trans-
formations by rows and columns are made on det[Ap, ATAL + AKnAn].

17



Taking into account (29), we fin that

— — — Kz, 2)T
det | AnA7"Ap 4+ AnKnAn — An————= pn(2)An
. Pn(2) f(2)
lim — — = ,
n—o0 det[AnA~TAp + AnKnAn] [Fml

where Fn, is the matrix define in (20) and f (2) is the determinant of a block matrix
whose (r, S) block is the (Ir 4+ 1) x (Is + 1) matrix whose firs column is equal to

9(zs.2) — 9(z. 7))
9OV (2. z) =gz 7)

9 (25, 2) — 9" (z 7))

and other entries of this matrix are

i—1,j—1 j=2,...ls+1
R e A ) i

.....

wherer,s = 1, ..., m. If we subtract to the 'S;ll (Is+ 1) + 1 column of f(2) its firs

column fori = 2, ..., m, we obtain that the dependence on the variable z only appears
in the firs column of this determinant. From this, if we defin

(32) p@ = f(@ @) [Jee@) - D'
j=1

J

it follows immediately that pis a polynomial in the variable z of degree at most Z,mz L+
1). Furthermore,

f(@'2)® )o@ =0, 0<s<l, i=1,....m
This yields that
P®@)|rmp@z) =0, 0<s<l, i=1,....m

From this, we deduce that either p is the polynomial identically equal to zero or that
there exists a nonzero complex constant C such that

p@=CJ[z- @)
i=1

Let us calculate p&iti(it1) (2) using Leibniz’s formula on (32). If we take into account
the equality

" =™, i+1) m m
(H(z@(zj) - 1)'i+‘> = (Z(h + 1))!]_[ oz
j=1 i=1 j=1

18



and since

m
[]a¢(q)—1ﬂﬁ*gW$(¢—%zxzo, i=1,....m s=0,....1l

is a polynomial in the variable z of degree ZI l(I + 1) — 1 (therefore its ZI (i +1)
derivative is identically zero), it holds that p(z) =i i+1) js equal to

(Z(Ii + 1>)!]‘[d><zj)"’+'|Fm| # 0.
i=1 j=1

Therefore,

[ li+1
[ P(z)(P(2) — (z)
f = — Fml.
@ H( <<1><z><1><zi)—1)> [P

i=1

Now, using (9) and (26), we deduce

0 (2) lm[ @(z)(®(2) — P(2)) "
RS P(@ i\ [P@)(@(@P(z) - 1)

and we get (10) for kK = 0. For any k, the result follows using induction. In this way, we
prove Theorem 2. [ |

Proof of Theorem 3. Let v, := Qn/(C(E)®)". From (11), we get

(33) ym¢9a0=a i=1,....m j=0,...1.

We assume that E is a rectifiabl Jordan curve. It holds that

z

2 <M
”wn”HZ(Q,p) —= Wa

where
=/ Qu(®)2p(E)[dE| + Qn(Z)AQuD)M.

From (13), we get

A

3 2
lim sup ||Wn||H2(Q,p) =< W.

n—o0

This implies that the sequence of functions {%(an + ¥*)} in H2(R, p) is uniformly
bounded in L?(p). Using (11), we get

LW+ v = v™
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Now, from Lemma 3, we can state that
4 < timinf |vo + 9@ [, -
Now, using the parallelogram identity,
lim sup [|Yn(2) V@Dl < 2lim sup I¥nlte@.p + 201 1., — 44 < 0

and, from this last expression, we deduce the statement of the theorem. |
If E is a rectifiabl Jordan arc, then
/IC(E)*”Qn@)— Hn (&)1 (&) |dg]|
E

=/E|C(E)—”Qn<s>|2p(s>|d5|+/E|Hn<s)|2p(s>|d5|

_ 29 /E C(E) " Qu(®) Fn(€)p (6)|dE .

Let us estimate each te rm of this sum

-

/E IC(E)""Qn(®)Pp(§)IdE| = = +o(l),

Mp
C(E)zn
/E IHa &) Po®)IdE] = 19" 1}, + 20e fE DT YL E) P (E)Y(§)p(§)IdE].

The second term tends to 0 when n — oo (see [24, Lemma 12.1, p. 218]). Thus
f [Ha(§)*p(§)IdE| = 2 + o(1).
E
Let us use the relations ¥*(2) = B(2)¢*(2), ¥v*(2) = uK(z, 00), where K is the

reproducing kernel, i = ]_[lmz1 |®(z)|2i+Vpu, and D (€) = 1/ D, (§) for& € E, inthe
following transformations:

25R8/EC(E)_”Qn(é)l:ln(é)p(g)ldél 25}fey§E &w*(«f)p@)ldél

C(E)y"on(E)

2mey€E Un(E)uBE)K (€, 00)p(£)|dE|

¥n(€) YT
B K (§, d
. B@) nIBE)I"K (&, 00)p(5)[dE|

Un(§) o=
K dg|.
. B (&, 00)p(8)|dE|

2ude

= 2/%e

From (33),

. m | AlK
¥n() > D +1n(2),
i=1

B &&= (z-2z)K
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where limp_o AR = 0, ry(00) = 1, 1y € HX(Q, p). So, using the reproducing
property of the kernel, we have

29t [ C(E) " Qu(®) )0 (©)1ds | = 24 + (1.
E
From this last expre ssion, we get the statement of the theorem. [ ]
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