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Let u be the Jacobi measure on the interval [—1, 1] and introduce the discrete Sobolev-type
inner product

1
(f.8) = Lf ®g)dulx) + Mf(c)g(c) + Nf'(c)g'(c)

where ¢ € (1,00) and M, N are non negative constants such that M + N > 0. The main
purpose of this paper is to study the behaviour of the Fourier series in terms of the
polynomials associated to the Sobolev inner product. For an appropriate function f, we
prove here that the Fourier-Sobolev series converges to f on the interval (—1, 1) as well as
to f(c) and the derivative of the series converges to f'(c). The term appropriate means here,
in general, the same as we need for a function f(x) in order to have convergence for the
series of f(x) associated to the standard inner product given by the measure u. No
additional conditions are needed.
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1 INTRODUCTION

Let u be a finite positive Borel measure on the interval [—1, 1} such that
supp i is an infinite set and let ¢ be a real number on (1, 00). For f and g
in L2(u) such that there exits the first derivative in ¢ we can introduce
the Sobolev-type inner product

!

(f.8)= Lf ()g(x)du(x) + Mf(©)g(c) + N (©)g'(c) (1)

where M and N are non-negative real numbers with M + N > 0. Let
(Br(x));2, the sequence of orthonormal polynomials with respect to
this inner product

(Ba(x), Bi(x)) = 6yp kon=0,1,...

For every function f such that { f, By) exists for k=0, 1, ... we intro-
duce the associated Fourier—Sobolev series

(f, Bi)Bi(x)

8

k=0

il

The main purpose of this paper is the proof of the relation

& DD & - DAD '
kZ(f, Bi)Bi(x) = f(x), xe (=1, 1U{c}, kZQ(./aBk>Bk(C) =/(0)
=0 =

for the Jacobi measure du(x) = (1 —x)*(1 +x)’dx,a > =1, > —1,
under standard sufficient conditions for /. The precise terms of this re-
sult are given in Section 4.

In order to obtain this result we need previously some estimates for
1§k(x) in [—1, 1] U {c} and also for B;((C). They are obtained in Section
3 not only for the Jacobi measure but for any measure u which belongs
to Szego class. We start with a representation of i?k(x) in terms of the
polynomials (g,(x))o, orthonormal with respect to the measure
(¢ — x)%du(x). In Section 2 we prove that

l},,(X) = Anqn(x) + Bugn_1(x) + Cpgn-2(x)
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and that the constants 4,,, B,, C, have limit points provided that the
measure y has ratio asymptotics. One consequence of this result is
the asymptotics for the polynomials ﬁk(x) and the asymptotic behaviour
of their zeros. This is well known from papers by G. Lépez, F. Marcel-
lan and W. Van Assche ([2], [4]) where they solved this problem using a
different representation of the polynomials Bi(x).

The fact that the point c is outside the interval [—1, 1] plays an impor-
tant role in the whole paper because it allows the function 1/(x — ¢)? to
be continuous in the interval and the Sobolev space behaves as a vector
space with two real components and the other on L?(u). Notice that
some estimates of polynomials By when ¢ = 1 have been obtained in
[1]. It remains open the problem of the estimates when ¢ € (-1, 1).

2 ASYMPTOTIC FORMULAS

We will denote by (p,(x))r-, the sequence of orthonormal polynomials
with respect to du(x) and by (§.(x)),=, and (¢g.(x)),-, the orthonormal
sequences with respect to (¢ — x)du(x) and (c — x)*du(x) respectively.
We will also denote by k() the leading coefficient of any polynomial
m,(x) and @n(x) the orthonormal polynomials with respect to the inner
product (1) as it was said.

Since there are important differences for the different choices of M
and N, we will start with A > 0 and N > 0 and, in the next subsection,
cases N = 0 and M = 0 will be studied separately.

21 Case M>0,N>0

In this paragraph, we assume that y’ > 0 a.e., ie., the polynomials
P,(x), gn(x) and g,(x) have ratio asymptotics.

THEOREM 2.1 If M > 0 and N > 0, there are real constants A,, B,
and C, such that

Bo(x) = Augn(%) + Bugn1(x) + Cugna(x), n=0,1,2...
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Moreover
-2 =1 2 ]
lim A,,:C___C____, lim B, =—1, lim anc_“{"_f;__
n—»00 2 n—00 n—00 2

Proof Since B,(x) = > =0 dn,q;(x) and

] ~
s = | B0 006~ o)

= (Ba(¥), (x — Pq(x)) =0, j=0,1,...n—-3,
then

én(x) = Gy Gn(X) + Apn—1Gn-1(X) + Anyn-2 Gn—2(x)
Anqn(x) + Bygn_1(x) + CnGn-2(x).

On the other hand, since
1 ~
ﬁ+x+q=JBmm—&@m
-1

1
<+ Bwdueo =€+ 17,

the coefficients 4,, B, and C’l are bounded.
_ Denoting by k(g,) and k(B,) the leading coefficients of q»(x) and
B,(x) respectively, we get

k(B
" k(g

and

1
= J B0 2@ = i) = (B9, (= g2

_ kgn-2) _ Kgn-2) T
k(B,) — k(gn) An
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Because 1/x —c¢ and 1/(x — ¢)* are continuous functions on [—1, 1]
and, in particular, they belong to L?((x — c)2d,u(x)),

1

1
tim [ gudne) = tim [ A — oPuc =0

and

1 1
lim J g0 — )du(x) = lim J ) o ) = 0.
n—o0 §_4 00} _1X—C

Then

1 1
lim | 0,08,y = lim | .00

+B (G- ldu =0  (2)

1 1 R
lim | 4B @due) = lim | il (@

+ B, (@0 = ldu@® =0 ()
because B, (¢) and E; (c) are bounded from the orthonormality of B, (x).

Let A be a family of non negative integers such that lim,cp 4, = @
and lim,ep B, = b. As it is well known, (see [5] and [6]), if u' > 0
a.e. then lim,cp C, = 1/4a (notice that @ > 0 because C, are bounded)
and

lim

n—>00

J Y 4u(0)Gnin(x)
-1

2 1 YT dx
D0 du(x)—;J

k=P V1-22

where T,(x) = cos(kf)), x = cos 0, are the Tchebichef polynomials of
the first kind.
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As a consequence, from (2) and (3) and Theorem 2.1 we obtain

! 1
0="m [_1 GO Ba)(x) = = [ ]a +6T1() + 1/4a To(x) _ dx

n .

(x~c)2 NI
4)
1 ~
0=tim | an1(u)
neA J_
ljl ali(x) + b+ 1/4a Ti(x) dx )
Trly (x —c)* VT=x2
Denoting
IT,(x) = (4d® + DT (x) + 4ab = (4a* + V)x + 4ab,
ITo(x) = To(x) + 4abT\(x) + 4a* = 2x* + dabx + 4a* — 1,
and
o) = 1 __[‘ 1 dx
21 nlax—z 13
(5) becomes
_lj‘ IL(x) dx __I_J‘ () + M (c)(x —c) dx
nlix—ofVl—x2 m) (x—c)* A1 —x?

dabc + 4a* + 1

= (Tw) () = a7

which means that b = —(1/c)(a + (1/4a)).
Analogously, (4) becomes
0 = (Thw)'(c) +2

and it gives

4a* = (¢~ (0))* =: (c — V2 — 1)?
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Since a > 0,a = ¢ (c)/2 and b = —1. As a consequence the only Jimit
points of 4, and B, are ¢~ (c)/2 and —1 respectively and the theorem is
proved |

As a straightforward consequence of Theorem 2.1 one obtains the
strong (resp. ratio) asymptotics for the polynomials @,,(x) provided
that x4 belongs to Szegd (resp. Nevai) class. These results were obtained
by G. Lopez, F. Marcellan and W. Van Assche in [2] and [4] using a
different representation for f?,,(x).

COROLLARY 2.1  With the previous conditions we have

i)

CBW e @, e,
A 2 T

uniformly on compact sets of C\ [—1, 1] and ¢(x) = x + Vx2—1.
ii) n — 2 zeros of B,(x) are in [—1, 1] and the other 2 zeros tend to c.

iii)

uniformly on compact sets of C \ ([—1, 11U {c}).
iv) If [ log t (¥)dx/~/T — x% > —o0 then

B,(x) 9@ (, o)
i =21 (Q“)

uniformly on compact sets of C\ [—1, 1], where S(x) is the Szegd func-
tion of (x — c)* 1/ (x) (see [8], Th. 12.1.2 as well as the definition in page
276) n

Item ii) is a consequence of the fact that fix f?,,(x)(x —oPxfdu(x) =0
for k=0,1,...,n—3 and the asymptotic formula i).

The Sobolev polynomials satisfy a five term recurrence relation and
its coefficients behave as the ones of standard orthogonal polynomials.
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THEOREM 2.2 There are constants o,,f,, v, Such that

(¢ = &) Bu(x) = B2 (0) + BBt (x) + 7,B4(x) + By Bur ()
+ an—ZBn—Z(x)v n>0.

oy =0o,=fF;=0.
Morcover, if ' > 0 a.e. then

. 1 . . 2 1
Jm oy =7, im fy=—c, limy, =c 43

Proof Recurrence relation is a straightforward consequence of the fact
that

((x — )’ (%), g(x)) = (f(x), (x — c)’g(x)).

For the asymptotic behaviour of the coefficients we have

_ KBy _ KBy kan) kgn2)
kBusz)  K(qn) K(Gns2) k(Bar2)

and, if &' > 0 a.e., limy_ o0 0ty = limy_s 00 k(g,)/k(gns2) = -
A A I ~
y = (0 = P Ba), Ba()) = [ ( — PB@due) = 4 + B2+ C
J-1

where B,(x) = 4,q(x) + Bagn_1(x) + Cygu_a(x). Then

(@Y e\’ _ , 1
nll)rgoy,,—( 5 )+1+(2 =c +5.




ON FOURIER SERIES OF JACOBI-SOBOLEV ORTHOGONAL POLYNOMIAL 681

Finally, from

B, = ((x — ) Bu(x), Bua(x))

1
- J (6 — O Ba)Bus1 () = AuBrst + BuCos,
-1

we get

lim IA},, = —(@ + (p_2(6)> = —c.

THEOREM 2.3 If ¢/ > 0 a.e. on [—1,1] then

! P 1 dx
tim [ SR =2 | 10002

s

Jor any continuous function on [—1, 1].

Proof

] ~
jﬁlf<x>én(x)3n+k<x)du<x)

1
- J M—[Anqn(x) + Bugn-1(x) + Cug—2(%))-
-1{x —c¢)

[ AntkGrt k) + Bk Gnrk—10(6) + Crpa@nk—2()x — c)*du(x).
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From the properties of g¢,(x) and taking into account that
Ay — 9 (c)/2, B, — —1, C, — ¢(c)/2 we have for k > 2

1
tim [ 0B 0B )

1
- %J_l xffxz)z [(Cz +-;—> Ti(x)

+ %(Tk+2(x) + Ti-2(x)) — (i1 (x).

dx

V1—x?

1 1
=7 J_] (xffxz,)z (® — 2ex + A)Ti(x)

+ Tk—l(x))]

dx
VI=x
In the same way, this relation holds for k = 0 and & = 1.

22 Cases N=0and M=0

Because our goal is to study Fourier series in Jacobi-Sobolev polyno-
mials, from now on we will assume that the measure p belongs to the
Szegd class, i.e.,

Jl log 1/ (x) dx > —00
-1 8 V1 —x2

In case N = 0 this is not important because the same proof given in
Theorem 2.1 works here. However, in case M = 0, the proof given
here needs strong asymptotics for the polynomials ¢,(x).

THEOREM 2.4 i) If we assume N = 0 in the inner product (1), then
there are real constants A, and B, such that

Bn(x) = AnGn(x) + BuGy-1(x) n=0,1...
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where q.,(x) are the orthonormal polynomials with respect to
(¢ — x)du(x). Moreover

12 172
—JZ -1 2 -1
lm 4, = (_>  imB, =_(£i~__.__ W) |

n—>00 2 n—>00 2

ii) When M = 0 in the inner product (1), there are constants A,, B, and
C, such that

én(x) = Apqn(x) + Bugn_1(x) + Cygn2(x), n=0,1,...

where q,(x) are the orthonormal polynomials with respect to
(c — x)*du(x). Moreover

1
Iimd,=1lmC,==, limB,=—c.
n—>00 n->00 2 n—>00
Proof
i) Since
1 ~ ~
|| B9 = ) = (B9, (e = )
=0,;=0,1,....,n—2,
we have

By(%) = An(x) + Buiin-1(%).

Since ﬁ’n(c) are bounded because of the orthonormality condition, and

gn(c) behaves like (c + v c2 —1)",

lim 229 _ fim (A,, () +B,,) — 0. (6)
) gn-1(c)
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Taking into account that 4, = k(f?,,)/k(Z],,), B, = —k(gn_1)/k(g)1 /Ay
as well as 4, and B, are bounded, from (6) we deduce

. Bu(o) |
0 - 1 = A 2 1 ———
o S G

for a family of non-negative integers A, where 4 is a limit point of 4,,.
Then 4% = ¢ — +/c2 — 1/2 and i) is proved.
In case ii) we have

‘ ~ ~
[_1 B¢ — () = (Balx), (x — ¢)2,(0)
=0,j=0,...,n—3

This  yields  B,(x) = 44qu(x) + Bagn-1(x) + Cagn_(x). Moreover
Cy = k(gn-2)/k(g4)1/A,. From the boundedness of B (c) and the
asymptotic properties of g,(x) we have

0= lim — =
n—» 00 q”__z(c) n— 00

B . q,(c) 4 1(©) . k(gn-2) 1)
=1 A, " —1.
’m< 720 P50 ke 4,

Let A be a sequence of non negative integers such that lim,ep 4, = 4
and lim,ep B, = B which exist because 4,, B, and C, are bounded.
Then

1
0= A(pz(c) + Bo(c) + i 7

where ¢(c) = c+ vc? — 1.
On the other hand,

o ry, 1
| = NB,()q,_, (o) = “_1 Bu(X)qn-1(0)dux)) < —
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and hence lf?;,(c)J < K/n(gp(c))"™"! for some constant K. As a conse-
quence, lim,_,« B, (c)gn-1(c) = 0. Taking into account that

1 ~ A
L By(x)qn-1(x)(c — x)dp(x) = (Bu(x), (¢ = )qn-1(x)) + NB,(c)gn-1(c),

the last relation yields

1
lm L Bu)gn1 (e — Ddu(x) = lim(B (0, (¢ — )01

—hm( ,,(x) xqn-1(x))

k(qn—l) limk(q" 1)1
T hen k(B,) neh k(gn) An
1
~57

But

A+ 1/4DTy(x)+ B dx

1
hrrAlj Bu(x)gn1(0)(c — X)d(x) = j

-1 c—Xx J1 =32
and thus we have
w*u+umm@+3 e 1 ®
) c—x 1—x2 24

After some calculations, equations (7) and (8) give 4 = % and B = —c.
When the measure belongs to the Szeg6 class we have the following
consequences

COROLLARY 2.2 For N =0,

i
B w"(C))W( _@)
e ‘( 2 ) "ol
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uniformly on compact sets of C\[~1, 1]. Moreover, n — 1 zeros of
B,(x) lie on (=1, 1) and the other one tends to c.

i)

By (o (N, ol
,,L‘“‘;W(x)n—( 2 ) (I“M)S(")’

where S(x) is the Szegd function of (¢ — x)/(x), and the convergence is
uniform on compact sets of C\ [-1, 1].

For M =0,

iii)

B ! ( w(c))( <p~(c))
lim — =={1 -1~
o0 gu(x) 2 @(x) P(x)
uniformly on compact sets of C\ [—1,1]. n —2 zeros of B,(x) lie on
(—1, 1) one more tends to c and the other tends to [—1, 1].

iv)
B _1( e@)(, ¢ ©
A1 ) = 2 (1 w(x)) (] o) )S(x)

where S(x) is the Szego function of (¢ — x)? W(x), and the convergence is
uniform on compact sets of C\ -1, 1].

The following is also straightforward from the theorem,

COROLLARY 2.3 i} When N = 0,
XBo(x) = 0, Bri1 (%) + B,Balx) + tp_1 By (x)

and lim,_, o %, =5, lim, o f8, = 0.

ii) When M = 0,

(x — ) B(x) = 0, By 2(x) + BBt (¥) + 7,B,(x)
+ /3n—1i3n«1(x) + (xn—Zl}n—Z(x)
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. 1 . . 2 1
and lim, o0 0y =7, liMyo0 B, = —c, limy 007, = ¢ +3 [ |
In both cases we get

COROLLARY 2.4 If f(x) is a continuous function in [—1, 1] then

! 1

R . 1
lim [ £09B, B = | 1100

dx
T J1 — 22
Finally, we include here the maximality of the polynomials in the Sobo-
lev space for the different possible choices of M and N.

THEOREM 2.5 i) The family ¢ = {(x — 0)2"}(;11 is maximal in the
space L*(u).

i) ¢ U {1} is maximal in L*(u + M(x — c)).

iii) When N > 0, the family ¢ U {1,x — ¢} is maximal in the Hilbert
space associated with the Sobolev product given in (1).

Proof If ﬁl(x - c)2"f(x)du(x) =0forn=1,2,... and for a func-
tion f € L*(u) UL*(u+ MS(x — c)) or in the Sobolev space, one has

0 11 (c + VDdu(c + /1)

J[(c—l)z.(m)z]
'f (¢ + V/Ddv(t)

J [e=12,(c+ 1D}

which means that #f(c + +/f) = 0 v — a.e. on [(c — 1)%, (¢ + 1)?]. Thus
(x — )*f(x) = Ou — a.e. on [—1, 1] and f(x) =0 p — a.e. also holds.
So we have 1).

If, moreover, 0 = [ f(x)du(x) + Mf(c), then Mf(c) = 0 and ii) fol-
lows. Finally, when 0 = { f(x), (x — ¢)) = jll S ) x — o)du(x) + Nf'(c)
also holds, then f"(c) = 0 and we have iii) |

We need a Christoffel-Darboux type formula which was proved in [3].
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THEOREM 2.6  When N > 0, the Sobolev polynomials B, (x) satisfy the
Jollowing Christoffel-Darboux type formula

(= ¢ — (= )] i)é,-(x)is,-(y)
2

= 6y[B i 200B () — Bu(0)Bpi 2] + 1 [Bri1 (0B 1 ()
~ Byt (9)Br1 ()]
+ BulBas1 (¥)Ba(») — Ba(x)Bai1 ()]

where a, and f3, are the coefficients of the five term recurrence relation
of Bu(x) u

In case N = 0, we have standard orthogonality as well as the standard
Christoffel-Darboux formula.

3 ESTIMATES FOR SOBOLEV POLYNOMIALS

Because of

1 i
L Gn (P ()du(x) = pj(c) J_] Gndulx), j=0,1,...,n,

one can write

Prs1()Pn(C) ~ pry1(c)pn(x)
X—C

Zin(x) = ;”n kz Pk(C)Pk(x) = )“nan
=0

where o, are the coefficients of the recurrence relation of p,(x) and
Ap = [_]1 @n(x)du(x). If p belongs to the Szegd class, for every
xe[-1,1],

[ 2n%npn(C)] [Pus1(c)
e (1pns1 (O] + @l Pn
=< Ki(|pn+1(x0)] + [pa())

lgn(0)l < €3))
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for some constant K; and for » large enough, because

rl
/lnpn(c) = » Z]n(x)pn(c)d:u(x)

i n
= Gn(X)Pn(c) + (x — ¢) kgpﬁf‘)(d(x — o dp(x)

. _ k(gn)
=1 gn(pn(x)du(x) = ko)

o

and k(q,)/k(pn), prr1(c)/pn(c) and o, have limit points. So we have

COROLLARY 3.1 Let p be a measure on [—1, 1] which belongs to the
Szegi class. Then, for every x € [—1,1],

|G| < Ki(1pns1 0] + 1pa0)])

for a constant Ky which does not depend on x and for n large enough.
]

Taking into account that (g,(x))>-, are the orthonormal polynomials
with respect to (¢ — x)(c¢ — x)du(x), writting g,(x) in terms of gx(x), in
the same way as before we have

COROLLARY 3.2 If u belongs to the Szegé class then for every
x e [-1,1],

g ()| < Kao(|pn2(0)| + |Par1 (0] + [pr()])

Jfor n large enough and for some positive real constant Ky which does
not depend on x. |

Using now Theorems 2.1 and 2.4, if N > 0 then
En(x) = Anqn(x) + Bnqn—l(x) + Crgn-2(x)
where 4,, B,, C, have limit points. In case N = 0 then

Bn(x) = Anén(x) + Bnén—l ()C)
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from Theorem 2.4. Then

COROLLARY 3.3 Let ut be a measure in the Szegd class. Then, for every
x € [-1,1],
i) when N > 0,

1B,(0)] < K3(1Pn300)] + [Prs200] + 21 (] + [alO] + a1 (0])

Jfor n large enough and for some positive real constant Ky independent
of x.

ii) when N = 0 there is a constant K3 such that

1B,(0)| < KE(10ns1 G| + [PaO] + 1Pac1 (D)

for n large enough.

COROLLARY 3.4 If i belongs to the Szego class and there is a function
h(x) such that the orthonormal polynomials p,(x) satisfy |p,(x)| < h(x),
€ [—1,1], then there is a constant K such that

|B,(x)] < Kh(x)
Jor n large enough and for every x € [—1, 1] [ |

In particular, if i is the Jacobi measure we know the function A(x) and
it will be very useful for the study of Fourier series.

Also in order to study Fourier series of Sobolev polynomials, we need
estimates for B,(c) and 3;,(0).

For M > 0, one has 0 = (B,, 1) = f_ll B,(x)du(x) + MB,(c), so

n 11 .
Ba(e)] = ] J  Bodute)

M

In the same way, when N > 0,

1
ol =] e~ DBroanco
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Taking into account that
By(x) = Anqn(x) + Bngn-1(x) + Cogpn-2(x)

where, as before, ¢,(x) are the orthonormal polynomials with respect to
(x — ¢)? du(x) in order to estimate B,,(c) and B/ (c) we only have to es-

timate f_l gn(x)du(x), and f_l gn(x)(x — c)du(x) respectively.
Moreover

1 1
|| 0205 = o) = —= | anohn)s = exuco)

1
= q_lfc_)Jq gn(X)(gu(c) + (x — )1 ())x — )du(x)

for any polynomial 7, (x) of degree at most n — 1. Then

1
J (= g3

1
J ()5 — V() = —
—1 qn(c) -

Analogously,

1 1
J gn(x)dp(x) = e )J In(0)(Gn(€) + g, (c)x — ) p(x)

= g 2;1_(9 by .
e J_l q,(x)dpu(x) + 420) J_l q-(x)(c — x)du(x).

Then, for a measure in Szegd class, we get

1
j_l @D — Idux) = O((c — V1Y), J 4D
= O(n(c — V2 —1)").
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So, we have

THEOREM 3.1  If u is a measure on [—1, 1] which belongs to the Szegi
class and M > 0, N >0, then there are constants K\ and K, such that
) 1B,(0)] < Kinr,
ii) 1B(0)| < Kor}
where 0 <rg=c—+/c2—-1<1 n

In the same way we get

THEOREM 3.2 Let u be a measure in Szegd class.
i) When N =0, there is a constant K such that IBL,(C)I < Krj.
ii) When M = 0, there is a constant K such that |B,(c)| < Kr}

where ro =c — vc2 —1 < 1 |

4 FOURIER SERIES

Since L*(u) is a Hilbert space, it is clear that the space S given by

1
S={(x): L | fO)Pdu(x) < 0o, and f'(c) exists)

with the associated norm ||-|l, derived from the Sobolev inner product

!
(f.8)= Lf ()g(x)dp(x) + Mf(c)g(c) + Nf'(c)g(c)

is also a Hilbert space because I[f(x)llf = ||f(x)||f‘ + Mf2(c) + N(f'(c)»)
and a Cauchy sequence in S is a Cauchy sequence in L?(u) and in the
point ¢. Moreover, the maximality of the polynomials was seen in
Theorem 2.5. So, S,(x;f) — f(x) in § for any function of §, where

n

Su(6 £) = 3B, £ (D) Bi(x)

Jj=0

is the partial sum of the Fourier-Sobolev series of f. In particular, it
means that

lim $,(c; /) = (@), lim S)(c:/) =/,
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If we apply this to the functions fi(x) and f;(x) defined by

@ =0ifxe|-11] fild=1, f{(c) =0,
LX) =0ifxe|—-1,1], Ale)=0, fi(c) =1,

their ~ Fourier-Sobolev  series are M Y oo f?k(c)ék(x) and
N Y72 Bi(c)By(x) respectively. Thus, we get

MY Bl)Bi(x) > fi(x) in S
k=0
n 2 fad .
M Y Bi(c)Bi(x) —» folx) in S
k=0
which means that

cl: Y B(@)Bu(x) > 0 in Ly(p),
k=0

2: Y B(c)Bi(x) > 0 in Ly(w),
k=0

3 Y Buo) = 1M,
k=0

o4 Y B = UN,
k=0

¢5: Y Bi(©B,(c) = 0.
k=0

From now on, the Jacobi measure, du(x) = (1 — x)*(1 +x)Pdx, o« > —1,
B > —1, will be considered, and the behaviour of the corresponding
Fourier-Sobolev series will be studied.

We know that the Jacobi orthonormal polynomials p®#(x) satisfy
(see [7], Theorem 3.14 in page 101)

(1 =91+ M prP@ s € xel-11)
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Then, for the corresponding Sobolev orthonormal polynomials l}ﬁ,""/”(x),
Corollary 3.4 yields the uniform bound

B <
(1 —0FH(1 4+ 2+

=h*Px) forxe(=1,1) (9

for some constant K and for » large enough (we will continue denoting
by B #(x) the polynomials B %P(x)). From Theorem 3.1 and 3.2, for k
large enough, every term of the series > roo By (c)Bk (x) has the majorant
K*k(c — «/c2 ) for some constant K* in closed subsets of (—1, 1).
Then 3 ;o OBk(c)Bk(x) converges for x € (—1, 1) and umformly in any
compact set [—1+¢, 1 —c],0 < ¢ < 1. Hence, Y50, Br(c)Bi(x) is a
continuous function for x € (—1, 1) which, from condition cl, equals
zero p—a.e.in[-1,1} provided that M > 0. As a consequence,
hred 0B;‘(C)Bk(x) =0, x€(—1,1). In the same way, Theorems 3.1
and 3.2 and condition c2 give Y oo 0B,((c)Bk(x) 0, x € (-1, 1) pro-
vided that N > 0.

THEOREM 4.1  Let B,(x) be the orthonormal polynomials with respect
to the Sobolev inner product associated with the Jacobi measure. T} hen

i) WhenM > 0,3 ;- 0Bk(c)Bk(x) 0 for every x € (—1, 1).

ii) When N > 0,3 ;2 OB;(c)Bk(x) 0 for every x € (—1, 1)

Now, we can prove the pointwise convergence of S,(x; /) to f(x)
when one has standard sufficient conditions for the function f(x).

THEOREM 4.2 Let xg € (—1,1) and let f be a function with derivative
in ¢ such that (f(xo) —f(1))/(xo — t) € L*(u) where u is the Jacobi
measure. Then

i) éckék(xo) = f(xo),

]

i) Y aBie) =f(e)if M >0,

k=0
i) 3 eBy@) =) if N >0
k=0

where ¢y = (f, @k).
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Proof Because of f € L2(u) when (f(xo — £ (£))/(x0 — t) € L*(n), ii)
and iii) are proved, so we only have to prove i). Let us denote
Dy(x,£) = o4 _o Bu(x)By(2). Since

S (x0) — Sulxo; 1) = (f(x0) — f(£), Dn(x0, 1))

1
= | 60 = 7D, ) + M 50

aD,,

~f(ODnl0, )~ ()=

(t’ X())

t=c

Theorem 4.1 yields

1
Jim (750) = S,/ = lim, [ (FGan) = £ @)D G50, )t
On the other hand, Christoffel-Darboux formula gives

1
U_l (/ (x0) = ())Dn(xo, t)du(t)'
J b o) =S

-1 (xo ——c)z —({t—c)

< B a0) zén(t)du<t)|

+ oy Ién(xO)l
e /()
G- ——o7
0 G —f®
Joio—cP —(t—c)
o) /()
Joeo—cf’ —(t—o)

[ fxo) —f(0)

én+z(t))du(r)| o1 1B (50)]

Byt (£)du(t)| + o111 (o)

2§n+1(t)du(t)' + 1B, 1Brs1 (x0)

O boauo] + 16,
Taon [ S0 =0
) | LI B0
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Furthermore, o, and f§, are bounded according to Theorem 2.2 and
Corollary 2.3. |B.(xo)| < h®P(xg) < 0o also holds, and since
[(xo —c)* = (t —c)?| = 2Ixp — ti(c — 1) when xo, r€[—1,1], the
function f(xg) —f(1)/(xo — c)® — (t —c)* belongs to L*(u) when
F(x0) —f(0)/xo — t € L2(). Hence, it also belongs to L2((t — c)*du(1))
and

lim 5By (ydu() = 0

=00

J b o)~ ()

. (X() ~—C)2 ——(t——C)

follows from Theorems 2.1 and 2.4. As a consequence, each term in the
last sum tends to zero and the theorem is proved.

THEOREM 4.3  Let f(x) be a function with first derivative in ¢ sa-
tisfying a Lipschitz condition of order < 1 uniformly in [—1, 1],Ai.e.
[f (x+ k) —f(x)] < KIA|" for |h] < & for some § > 0. If ¢, = ([, Bi),
then

lim f aBi(x) = f(x), xe(-1,1)
n—»00 k:()

and the convergence is uniform in [—1 + ¢, 1 — (] for every ¢ such that
0<c<]1 Moreover Y eockBilc) =f(c) when M >0 and
Y reockBi(©)=1"(c) if N > 0.

Proof In the same way as before, we only have to prove that
_]'l]f(l)D,,(x, Hdu(t) converges to f(x). Moreover,

1 1
lf(X) - [_‘f(t)D,,(x, Ndu(o| = “#l(f(x) O, D)

<

| syt naucy

+

J| . 5(f(x) — f(O)Dy(x, dp(t)

= I'D(x) + IP(x).



ON FOURIER SERIES OF JACOBI-SOBOLEV ORTHOGONAL POLYNOMIAL 697

Since  f(0) —f()/(x = = (t = Pl = Yosey@®)s  where
Xx—o.x+5)(f) is the characteristic function of the interval, belongs to
L*(n), using the Christoffel-Darboux formula and with the same proce-
dure as in the last Theorem, the term Ir(ll)(x) tends to zero uniformly in
closed subintervals of (—1, 1). For I?(x) we can write

120 2 albrae|  LETE S boan
+ 0 1B,(0) L_M - . (’)‘3 :{f’i 2 Bre2 )
| R e e R0
+aaa By | o . fj)? :’;(’1 S Bunn (O)()
Bl TEOboao
e e O

Lipschitz condition gives

By(t)du(t)

j J®—-/©

b—tl<s (x — ¢)* — (t — c)*

} K|BA(1)|

=<6 [¥ — 1 + £ — 2c]

<

du(?)

< KD (x) + 0(1))J du(®)
- (c— 1) et < b — 17

Hence,

ool )
Ix—t] <4 lx — )"

and, as a consequence, ﬂl(f (x) — f(O)D,(x, )du(r) tends to zero uni-
formly in any closed subinterval of (-1, 1).
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Let us denote, as usual,
o(0) = (3, 1) = sup{lf(x1) =S (2 : x1, %2 € [-1, 1], |x1 — x2| < 6)
the modulus of continuity of a function f(x) in {—1, 1].

THEOREM 4.4 Let f(x) be a function such that its modulus of con-
tinuity w(0) satisfies the condition

w(d) = O(log“(”‘) ;):)

for ¢ >AO, and with first derivative in c. If cx = (f, l§k),
Y hoo Bk (x) = f(x) a.e. in[—1,1].  Moreover, Y o ciBi(c) = f(c)
provided that M > 0, and Y"° c;B\(c) = f"(c) when N > 0.

Proof Tt is clear that the modulus of continuity of the function
f(x)/(x — ¢)* satisfies the condition

J ) _ - ()1)
w(&,———(x = c)2> = O(log + 5

Letd; = f_ll 1)/ (x — e qu(x)(x — ¢)*du(x). By Jackson’s Approxima-
tion Theorem (see [7] Chap I), there is a polynomial 7,(x) such that

S () _ 1
(x—c)} n"(x)k a O(log‘“ n)
whence
o ' f® ? !

Taking into account that, from Theorems 2.1 and 2.4,

ek = (f B) = Awdy + Bidy_y + Crdi—z + Mf(©)Bi(c) + Nf'(©)B,(c),
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as well as 302 didy 1 < (X532, dp) 2 (X2, di_)'? and the esti-
mates for By(c) and for B, (c), we get

ch = 0( 2125 )

log

As a consequence (see Theorem 3.3 in pag. 137 of [7]),
Y oo c,% logzkA < oo and it yields (see Theorem 2.5 in pag. 126 of
(7D, ¥ i—ockBi(x) converges a.e. x € [—1, 1] (here one has to take
into account that f_ll g°(¥)du(x) < (g, g) for every function g in S.
But, since f(x) is a continuous function, > ;_, ckak(x) converges to
f(x) in the Sobolev space. Then

E: ckf?k(x) =f(x), aexel[-1,1],
k=0
as well as 3% cxBi(c) = f(¢) and Y22 ciB,(c) = £'(c).
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