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In this paper we will discuss the problem of generation of sequences of orthogonal polynomials with respect to
measures supported on the unit circle from a given sequence of orthogonal polynomials using a perturbation
of a cubic sieved process. The basic tools are the Szego

00
forward recurrence relation as well as the fact of the

coprimality of orthogonal polynomials on the unit circle and their corresponding reverse polynomials. We
also give the connection between the associated orthogonality measures. Finally, some examples of this
cubic decomposition are shown.
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1. INTRODUCTION

The role of orthogonal polynomials on the unit circle in circuit and system theory is
very well recognized. Orthogonal polynomials with respect to measures supported on
the unit circle are directly related to problems of Fourier expansions, characterization
of positive functions and stable polynomials, least-square polynomial approximations,
and spectral operator analysis.

A set of orthogonal polynomials on the unit circle is classically associated with a
Toeplitz matrix which has the structure of the covariance matrix of a discrete stationary
stochastic process. The properties of orthogonal polynomials on the unit circle have
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been extensively used in least square estimation problems although they appear in that
context quite independently of the Szego

00
theory, as a natural consequence of the pio-

neering work by Wiener, Kolmogorov and Krein. As an example, the Levinson algor-
ithm, widely used by statisticians, is well known to be built on the forward
recurrence relation that such orthogonal polynomials on the unit circle satisfy. The
Schur–Cohn algorithm is well known to be described from the backward recurrence
relation for our orthogonal polynomials on the unit circle (see [2]).

In the real line, there exists a very important specific set of orthogonal polynomials
related to eigenfunctions of differential or difference operators, whose symmetrization
factors are same very well known distributions. Beta, gamma and normal distributions
for Jacobi, Laguerre and Hermite polynomials, respectively, in the continuous case.
Poisson, binomial, Pascal and hypergeometric distributions for Charlier, Kravchuk,
Meixner and Hahn polynomials, respectively, in the discrete case (see [14]).

For the unit circle there are very few explicit examples and they have not been
used very often. One of the reasons is the fact that they enter into a different class
of problems than the classical orthogonal polynomials on the real line do (see [14]).
In such a sense, we have very powerful and theoretical tools to work but we need to
realize a constructive theory in order to give an important improvement in the analysis
of their properties. In the nineties a hard work has been achieved in such a direction
taking into account some different approaches from the perturbation of measures
of orthogonality ([11]), reflection parameters ([9]) or the polynomials themselves,
([3,6,7]). The aim of the present contribution is to give some new examples, from
the above point of view, related with a cubic decomposition of sequences of
orthogonal polynomials on the unit circle. We continue the work started in [3] for
the quadratic case.

The structure of this article is the following. First we give some basic definitions and
results concerning orthogonal polynomials related to Hermitian linear functionals
and we state our main result. In Section 2, we include its proof. Finally, in Section 3
we give some examples and, in particular, we obtain the explicit expression of the
C-function. Thus in a positive definite case the absolutely continuous component of
the orthogonality measure is obtained.

Let u be a linear functional on the linear space of the Laurent polynomials
� ¼ spanfzk: k 2 Zg such that if un ¼ hu, zni, then u n ¼ hu, z ni ¼ un, n 2 ðN [ f0gÞ.

Using this linear functional, we can introduce a bilinear form on P, the linear space
of polynomials with complex coefficients, in the following way

h p, qi ¼ hu, pðzÞqðz 1Þi, 8p, q 2 P:

Notice that in such a case, the shift operator is unitary with respect to the above
bilinear form, which we will assume is quasi-definite, i.e., the principal submatrices
Tn, n 2 N, of the Gram matrix T

T ¼ hz i, z ji
� �1

i, j¼0

are nonsingular for every n 2 N. The infinite Gram matrix T is a Toeplitz matrix
because of the shift operator is a unitary operator with respect to the above inner prod-
uct. If the principal submatrices ðTnÞ are positive definite, then the linear functional u is
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said to be positive definite. In such a case, there exists a unique positive Borel measure
� supported on T such that

hu, pi ¼

Z
T

pðzÞd�ðzÞ:

See [2,5].
In such conditions, there exists a sequence of monic polynomials ð�nÞ, such that

(i) deg �n ¼ n,
(ii) h�n,�mi ¼ Mn�n,m, Mn 6¼ 0:

The sequence ð�nÞ defined as above is said to be a monic orthogonal polynomial
sequence (MOPS) with respect to the linear functional u.

Furthermore, from elementary properties of the Toeplitz matrices we get j�nð0Þj 6¼ 1.
The values ð�nð0ÞÞ are called the reflection parameters for the linear functional u.

It is very well known that ð�nÞ satisfies a forward recurrence relation:

�nðzÞ ¼ z�n 1ðzÞ þ�nð0Þ�
�
n 1ðzÞ, n ¼ 1, 2, . . . ,

�0ðzÞ ¼ 1,
ð1Þ

as well as a backward recurrence relation:

�nðzÞ ¼ ð1
 j�nð0Þj
2Þz�n 1ðzÞ þ�nð0Þ�

�
nðzÞ, n ¼ 1, 2, . . . ,

�0ðzÞ ¼ 1,
ð2Þ

which were obtained by G. Szego
00
(see [13]). By means of ��

nðzÞ we denote the reversed
polynomial of �n.

��
nðzÞ ¼ zn�nðz

1Þ:

Notice that the forward recurrence relation characterizes an MOPS with respect to a
linear functional u (Favard’s Theorem) if and only if j�nð0Þj 6¼ 1 (see [5]). For a proof of
the positive definite case, i.e., j�nð0Þj < 1, see [4].

We can associate with the linear functional u a formal series

FðzÞ :¼ u0 þ 2
X1
n¼1

unz
n:

In the positive definite case, F is an analytic function in the unit disk and Re FðzÞ � 0:
In the literature F is said to be a Carathéodory function or a C-function (see [9,10]).

LEMMA 1 The zeros of the polynomial �n do not lie on the unit circle.

Proof If �nð�Þ ¼ 0 with j�j ¼ 1, then

��
nð�Þ ¼ �n�nð�Þ ¼ 0:

Taking into account the backward recurrence relation, �n 1ð�Þ ¼ 0 and thus, by
iteration, �0ð�Þ ¼ 0 which is a contradiction. g

SZEGO
00

ORTHOGONAL POLYNOMIALS 747

3



LEMMA 2 The polynomials �n and ��
n are relatively prime polynomials.

Proof See [1]. g

As a consequence, we get:

PROPOSITION 3 If the polynomials �n and ��
n verify pðzÞ�nðzÞ ¼ qðzÞ��

nðzÞ where p
and q are polynomials with deg p � n
 1, deg q � n
 1, n � 2, then p � q � 0.

We are interested in the following problem.
Given a MOPS ð�nÞ with respect to a quasi-definite linear functional u, to find poly-

nomials An, i, Bn, i, Cn, i, i ¼ 1, 2, n 2 N with degree less than or equal to n such that
the sequence ð�nÞ of monic polynomials given by

�3nðzÞ ¼ �nðz
3Þ þ zAn 1, 1ðz

3Þ þ z2An 1, 2ðz
3Þ, n � 0

�3nþ1ðzÞ ¼ z�nðz
3Þ þ Bn, 1ðz

3Þ þ z2Bn 1, 2ðz
3Þ, n � 0

�3nþ2ðzÞ ¼ z2�nðz
3Þ þ Cn, 1ðz

3Þ þ zCn, 2ðz
3Þ, n � 0

ð3Þ

with the convention A 1,1 ¼ A 1,2 ¼ B 1,2 � 0, is a MOPS with respect to a quasi-defi-
nite linear functional v.

Notice that

�3nð0Þ ¼ �nð0Þ,

�3nþ1ð0Þ ¼ Bn,1ð0Þ,

�3nþ2ð0Þ ¼ Cn,1ð0Þ:

An analog question for the quadratic case has been already solved in [3]. There it has
been proved that, if ð�nÞ is a MOPS then, the polynomials defined by

R2nðzÞ ¼ �nðz
2Þ þ zBn 1ðz

2Þ,

R2nþ1ðzÞ ¼ z�nðz
2Þ þDnðz

2Þ,

are orthogonal with respect to a quasi-definite linear functional if and only if DNð0Þ 6¼ 0
for at most one N 2 N and the polynomials Bn,Dn satisfy

(i) If Dnð0Þ ¼ 0 for every n 2 N, then Bnð0Þ ¼ Dnð0Þ ¼ 0 for every n 2 N, i.e.
R2nðzÞ ¼ �nðz

2Þ, R2nþ1ðzÞ ¼ z�nðz
2Þ:

(ii) If DNð0Þ 6¼ 0, then BnðzÞ ¼ DnðzÞ ¼ 0 for n ¼ 0, 1, 2, . . . ,N 
 1 as well as

DNðzÞ ¼ DNð0Þ�
�
NðzÞ,

BNðzÞ ¼ DNðzÞ þ�Nþ1ð0ÞD
�
NðzÞ,

DnðzÞ ¼ zBn 1ðzÞ, n � N þ 1,

Bnþ1ðzÞ ¼ zBnðzÞ þ�nþ2ð0ÞB
�
nðzÞ, n � N:
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Notice that in such a case, the reflection parameters Rnð0Þ are given by

R2nð0Þ ¼ �nð0Þ,

R2nþ1ð0Þ ¼ 0, n 6¼ N,

R2Nþ1ð0Þ ¼ �, j�j 6¼ 1:

This constitutes a finite perturbation (see [9]) of a symmetrized sequence (see [6,7])
corresponding to the reflection parameters associated with ð�nð0ÞÞ. The framework
of this problem is the analysis of some transformations of measures supported on the
unit circle (see [8,12]) as a natural extension of the sieved process in the real line.

The aim of our contribution is the analysis of necessary and sufficient conditions in
order that the sequence ð�nÞ defined in (3) be a MOPS.

2. ORTHOGONALITY OF THE SEQUENCE ð�nÞ

Notice that if the sequence ð�nÞ introduced in (3) is an MOPS then the forward Szego
00

recurrence relation means

�nðzÞ ¼ z�n 1ðzÞ þ�nð0Þ�
�
n 1ðzÞ: ð4Þ

Thus, we will consider three different cases for (3) taking into account the congruence
modulus 3 for the degrees of the polynomials.

From �3nðzÞ ¼ z�3n 1ðzÞ þ�3nð0Þ�
�
3n 1ðzÞ, taking into account (3) and (1), the iden-

tification of the polynomial components with the same cubic parity yields

An 1, 1ðzÞ ¼ Cn 1, 1ðzÞ þ�nð0ÞC
�
n 1, 2ðzÞ,

An 1, 2ðzÞ ¼ Cn 1, 2ðzÞ þ�nð0ÞC
�
n 1, 1ðzÞ,

(
ð5Þ

for every n � 1: Notice that C�
nðzÞ :¼ znCnðz

1Þ despite the fact that deg Cn � n.
In the same way, from �3nþ1ðzÞ ¼ z�3nðzÞ þ�3nþ1ð0Þ�

�
3nðzÞ we have

Bn, 1ðzÞ ¼ zAn 1, 2ðzÞ þ Bn, 1ð0Þ�
�
nðzÞ,

Bn 1, 2ðzÞ ¼ An 1, 1ðzÞ þ Bn, 1ð0ÞA
�
n 1, 1ðzÞ,

Bn, 1ð0ÞA
�
n 1, 2ðzÞ ¼ 0,

8><>: ð6Þ

Notice that �1ðzÞ ¼ zþ B0, 1ðzÞ, i.e., B0, 1ðzÞ ¼ �1ð0Þ:
Finally �3nþ2ðzÞ ¼ z�3nþ1ðzÞ þ�3nþ2ð0Þ�

�
3nþ1ðzÞ yields

Cn, 1ðzÞ ¼ zBn 1, 2ðzÞ þ Cn, 1ð0Þ�
�
nðzÞ,

Cn, 2ðzÞ ¼ Bn, 1ðzÞ þ Cn, 1ð0ÞB
�
n, 1ðzÞ,

Cn, 1ð0ÞB
�
n 1, 2ðzÞ ¼ 0,

8><>: ð7Þ

for every n � 0:
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Thus, we get

THEOREM 4 Let ð�nÞ be the polynomial sequence defined in (3), where ð�nÞ is a MOPS.
ð�nÞ is a MOPS if and only if (5), (6) and (7) hold together with the fact that jBn, 1ð0Þj 6¼ 1
and jCn, 1ð0Þj 6¼ 1 for every n � 1.

In the next Proposition, we deduce a sufficient condition in order ð�nÞ be a MOPS,
more simple than the above one. We use the following notation:

AnðzÞ ¼
An, 1ðzÞ
An, 2ðzÞ


 �
, A

�
nðzÞ ¼

A�
n, 1ðzÞ

A�
n, 2ðzÞ


 �
, J ¼

0 1
1 0


 �
,

PROPOSITION 5 Assume that ð�nÞ is a MOPS and consider the sequence of monic poly-
nomials

�
�n



defined in (3). If

�
�n



is a MOPS, then there exists at most one positive inte-

ger number N such that BN, 1ð0ÞCN, 1ð0Þ 6¼ 0: For such a N, Bn, 1ð0Þ ¼ Cn, 1ð0Þ ¼ 0 for
every n 6¼ N: The matrix sequence ðAnÞ satisfies the recurrence relation

AnðzÞ ¼ zAn 1ðzÞ þ�nþ1ð0ÞJA
�
n 1ðzÞ, n � N þ 1

and initial conditions

ANðzÞ ¼ �Nþ1ð0Þ
BN, 1ð0Þ

CN, 1ð0Þ

 !
�NðzÞ

þ
CN, 1ð0Þ þ�Nþ1ð0ÞCN, 1ð0ÞBN, 1ð0Þ

BN, 1ð0Þ þ CN, 1ð0Þ BN, 1ð0Þ

 !
��

NðzÞ:

ð8Þ

Proof If for some m 2 N Bm, 1ð0ÞCm, 1ð0Þ 6¼ 0, then from (6)3 we get Am 1, 2 � 0. Thus
ð5Þ2 becomes Cm 1, 2ðzÞ ¼ 
�mð0ÞC

�
m 1, 1ðzÞ and then (5)1 leads to

Am 1, 1ðzÞ ¼ 1
 j�nð0Þj
2

� 

Cm 1, 1ðzÞ: ð9Þ

From ð7Þ3 we get Bm 1, 2 � 0. Thus in (6)2

Am 1, 1ðzÞ ¼ 
Bm, 1ð0ÞA
�
m 1, 1ðzÞ,

i.e.,

ð1
 jBm, 1ð0Þj
2ÞAm 1, 1ðzÞ ¼ 0:

Since jBm, 1ð0Þj 6¼ 1, then Am 1, 1 � 0: Thus, Cm 1, 1 � 0 � Cm 1, 2 and so we get

�3m 1ðzÞ ¼ z2�m 1ðz
3Þ:

Thus from (4)

�3m 2ðzÞ ¼ z�m 1ðz
3Þ,

as well as

�3m 3ðzÞ ¼ �m 1ðz
3Þ:
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In other words

Am 2, 1 � Am 2, 2 � Bm 1, 1 � Bm 2, 2 � 0:

But from (5),

Cm 2, 1 ¼ Cm 2, 2 ¼ 0,

i.e.,

�3m 4ðzÞ ¼ z2�m 2ðz
3Þ,

�3m 5ðzÞ ¼ z�m 2ðz
3Þ,

�3m 6ðzÞ ¼ �m 2ðz
3Þ:

Then, Bn, 1ð0Þ ¼ Cn, 1ð0Þ ¼ 0 8n < m:
Thus if there exist two positive integer values N,N 0 ðN < N 0Þ such that

BN, 1ð0ÞCN, 1ð0Þ 6¼ 0, BN 0, 1ð0ÞCN 0, 1ð0Þ 6¼ 0, we get a contradiction.
Finally, from (6)1

Bm, 1ðzÞ ¼ Bm, 1ð0Þ�
�
mðzÞ

and from (7)1 and (7)2

Cm, 1ðzÞ ¼ Cm, 1ð0Þ�
�
mðzÞ

Cm, 2ðzÞ ¼ Bm, 1ð0Þ�
�
mðzÞ þ Cm, 1ð0ÞBm, 1ð0Þ�mðzÞ:

(
ð10Þ

In other words, we have the explicit expressions for the elements f�3m,�3mþ1,�3mþ2g:
Indeed,

�3mðzÞ ¼ �mðz
3Þ,

�3mþ1ðzÞ ¼ z�mðz
3Þ þ Bm, 1ð0Þ �

�
mðz

3Þ,

�3mþ2ðzÞ ¼ ½zþ Cm, 1ð0ÞBm, 1ð0Þ�z�mðz
3Þ þ ½zBm, 1ð0Þ þ Cm, 1ð0Þ��

�
mðz

3Þ:

If we assume the existence of one N 2 N such that the above condition holds, we can
analyze three cases. In what follows, for the sake of simplicity we will write � ¼ BN, 1ð0Þ
and � ¼ CN, 1ð0Þ:

C:1 BNþ1, 1ð0Þ ¼ 0, CNþ1, 1ð0Þ 6¼ 0:

Thus from (6)

BNþ1, 1ðzÞ ¼ zAN, 2ðzÞ,

BN, 2ðzÞ ¼ AN, 1ðzÞ:

But from (7)3, BN, 2 � 0, i.e., AN, 1 � 0.
On the other hand, in (7)

CNþ1, 1ðzÞ ¼ CNþ1, 1ð0Þ�
�
Nþ1ðzÞ,

CNþ1, 2ðzÞ ¼ BNþ1, 1ðzÞ þ CNþ1, 1ð0ÞB
�
Nþ1, 1ðzÞ:
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Finally, in (5), CN, 1ðzÞ ¼ 
�Nþ1ð0ÞC
�
N, 2ðzÞ:

Taking into account the expressions (10) we get

� ��
NðzÞ ¼ 
�Nþ1ð0Þð��NðzÞ þ � � ��

NðzÞÞ:

This means


�Nþ1ð0Þ��NðzÞ ¼ ð� þ � ��Nþ1ð0ÞÞ�
�
NðzÞ:

Then, from Proposition 3,

0 ¼ 
�Nþ1ð0Þ� ¼ � þ � ��Nþ1ð0Þ:

Thus � ¼ CN, 1ð0Þ ¼ 0, a contradiction with our initial hypothesis.

C:2 BNþ1, 1ð0Þ 6¼ 0, CNþ1, 1ð0Þ ¼ 0:

In an analog way as in the above case, we get a contradiction.

C:3 BNþ1, 1ð0Þ ¼ 0, CNþ1, 1ð0Þ ¼ 0:

These conditions mean that

�3Nþ4ð0Þ ¼ 0,

and then,

�3Nþ4ðzÞ ¼ z�3Nþ3ðzÞ:

Now, keeping in mind that

�3Nþ5ð0Þ ¼ 0,

we can write

�3Nþ5ðzÞ ¼ z�3Nþ4ðzÞ ¼ z2�3Nþ3ðzÞ:

This means that the associated reflection parameters are f�Nþ1ð0Þ, 0, 0g:
Finally, the explicit expression for �3Nþ3ðzÞ is

�3Nþ3ðzÞ ¼ �Nþ1ðz
3Þ þ zAN, 1ðz

3Þ þ z2AN, 2ðz
3Þ

¼ zðz2 þ ��zþ ��Nþ1ð0ÞÞ�Nðz
3Þ

þ ½ð�þ ��Nþ1ð0ÞÞz
2 þ ð� þ � ��Nþ1ð0ÞÞzþ � � þ�Nþ1ð0Þ��

�
Nðz

3Þ:

Now, for the following term, we will consider another two cases.

D:1 BNþ1, 1ð0Þ ¼ 0, CNþ1, 1ð0Þ ¼ 0,

BNþ2, 1ð0Þ 6¼ 0, CNþ2, 1ð0Þ ¼ 0:

Since BNþ1, 1ð0Þ ¼ 0, from (6)1 and (6)2 we have

BNþ1, 1ðzÞ ¼ zAN, 2ðzÞ,

BN, 2ðzÞ ¼ AN, 1ðzÞ:
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In the same way, since CNþ1, 1ð0Þ ¼ 0, (7)1 and (7)2 lead to

CNþ1, 1ðzÞ ¼ zBN, 2ðzÞ ¼ zAN, 1ðzÞ,

CNþ1, 2ðzÞ ¼ BNþ1, 1ðzÞ ¼ zAN, 2ðzÞ,

and from (5), we obtain

AN, 1ðzÞ ¼ CN, 1ðzÞ þ�Nþ1ð0ÞC
�
N, 2ðzÞ,

AN, 2ðzÞ ¼ CN, 2ðzÞ þ�Nþ1ð0ÞC
�
N, 1ðzÞ:

Now, if we use the expressions for CN, 1ðzÞ and CN, 2ðzÞ as in (10) we can deduce

AN, 1ðzÞ ¼ ���
NðzÞ þ ���NðzÞ þ�Nþ1ð0Þ½��NðzÞ þ � ���

NðzÞ�:

On the other hand, from (6)3 we have ANþ1, 2 � 0. Now, (6)1 and (6)2 become

BNþ2, 1ðzÞ ¼ BNþ2, 1ð0Þ�
�
Nþ2ðzÞ,

BNþ1, 2ðzÞ ¼ ANþ1, 1ðzÞ þ BNþ2, 1ð0ÞA
�
Nþ1, 1ðzÞ,

(

and (7)1, (7)2 lead to

CNþ2, 1ðzÞ ¼ zBNþ1, 2ðzÞ,

CNþ2, 2ðzÞ ¼ BNþ2, 1ðzÞ:

Keeping in mind (5), it follows that

ANþ1, 1ðzÞ ¼ zAN, 1ðzÞ þ�Nþ2ð0ÞA
�
N, 2ðzÞ,

0 ¼ ANþ1, 2ðzÞ ¼ zAN, 2ðzÞ þ�Nþ2ð0ÞA
�
N, 1ðzÞ,

and thus

ANþ1, 1ðzÞ ¼ zð1
 j�Nþ2ð0Þj
2ÞAN, 1ðzÞ,

which we can written in the following way

0 ¼ z CN, 2ðzÞ þ�Nþ1ð0ÞC
�
N, 1ðzÞ

h i
þ�Nþ2ð0Þ C�

N, 1ðzÞ þ�Nþ1ð0ÞCN, 2ðzÞ
h i

¼ � zþ�Nþ1ð0Þ�Nþ2ð0Þ
� 


��
NðzÞ

þ � �Nþ1ð0Þzþ�Nþ2ð0Þð Þ þ ��
� �

�NðzÞ

and, taking into account Proposition 3, we get � ¼ BN, 1ð0Þ ¼ 0 which is a contradiction.
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D:2 BNþ1, 1ð0Þ ¼ 0, CNþ1, 1ð0Þ ¼ 0,
BNþ2, 1ð0Þ ¼ 0, CNþ2, 1ð0Þ 6¼ 0:

A similar procedure yields a contradiction.
Thus, we can suppose that

� ¼ BN, 1ð0Þ 6¼ 0, � ¼ CN, 1ð0Þ 6¼ 0,

BNþk, 1ð0Þ ¼ 0, CNþk, 1ð0Þ ¼ 0, k ¼ 1, . . . , n, n 2 N

and in a similar way as in the above cases using an induction process, we obtain

BNþnþ1, 1ð0Þ ¼ 0, CNþnþ1, 1ð0Þ ¼ 0, n 2 N:

As a conclusion,

Bn, 1ð0Þ ¼ Cn, 1ð0Þ ¼ 0, 8n � N þ 1:

In other words,

Bn, 1ðzÞ ¼ zAn 1, 2ðzÞ,

Bn 1, 2ðzÞ ¼ An 1, 1ðzÞ,

(

Cn, 1ðzÞ ¼ zBn 1, 2ðzÞ,

Cn, 2ðzÞ ¼ Bn, 1ðzÞ,

(

for n � N þ 1. Thus

�3nþ1ðzÞ ¼ z�3nðzÞ, n > N,

�3nþ2ðzÞ ¼ z2�3nðzÞ, n > N,

�3nþ3ðzÞ ¼ �nþ1ðz
3Þ þ zAn, 1ðz

3Þ þ z2An, 2ðz
3Þ, n � N,

and

AnðzÞ ¼ zAn 1ðzÞ þ�nþ1ð0ÞJA
�
n 1ðzÞ

for n � N þ 1 with the initial conditions (8). g

The next step will be an alternative way to deduce an explicit expression for the
sequence ð�nÞ in terms of the sequences ð�nÞ and ð�nÞ, where ð�nÞ is the MOPS of
the second kind for ð�nÞ (see [5,9]).

Taking into account the above results, the sequence ð�nÞ is a finite perturbation of
ðe��nÞ at level 3N þ 2, where ðe��nÞ is the MOPS obtained from the sequence ð�nÞ intro-
ducing two zeros between two consecutive terms of the corresponding sequence of
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reflection parameters. By means of �n and e��n we denote the polynomials of the second
kind of �n and e��n respectively. Using the procedure described in [3] we get

�3Nþ2þkðzÞ

�3Nþ2þkðzÞ

 !
¼

1

2z3Nþ2eN

RðzÞ SðzÞ

UðzÞ VðzÞ

 ! e��3Nþ2þkðzÞe��3Nþ2þkðzÞ

 !
,

where

RðzÞ SðzÞ

UðzÞ VðzÞ

 !
¼

��
Nðz

3Þ �Nðz
3Þ


��
Nðz

3Þ �Nðz
3Þ

 !
pðzÞ qðzÞ

zq�ðzÞ zp�ðzÞ

 !
z2�Nðz

3Þ 
z2�Nðz
3Þ

��
Nðz

3Þ ��
Nðz

3Þ

 !
,

with

pðzÞ ¼ � �zþ 1,

qðzÞ ¼ �zþ �:

Notice that R, S, U, V are self-reciprocal polynomials (see [9]).
In the same way, if we denote by eFF the Carathéodory function associated with the

MOPS ðe��nÞ, then it is known ([6]) that eFFðzÞ ¼ Fðz3Þ. Thus

PROPOSITION 6 For the Carathéodory function G associated with the MOPS ð�nÞ we get

GðzÞ ¼
UðzÞFðz3Þ þ VðzÞ

RðzÞFðz3Þ þ SðzÞ
, z 2 D ¼ fjzj < 1g:

Proof For n � 3N þ 2 we can write

��
nðzÞ

��
nðzÞ

¼
UðzÞe���

nðzÞ þ VðzÞe���
nðzÞ

RðzÞe���
nðzÞ þ SðzÞe���

nðzÞ
:

Then (see [10])

GðzÞ ¼ lim
n

��
nðzÞ

��
nðzÞ

¼
UðzÞFðz3Þ þ VðzÞ

RðzÞFðz3Þ þ SðzÞ
, z 2 D: M

Remember that in the positive definite case the measure d� belongs to the Szego
00
class

when ð�nð0ÞÞ 2 l2. In this case we can define the Szego
00
function as

Dðz; d�Þ ¼ exp
1

4	

Z 	

	

1þ ze i


1
 ze i

log�0ð
Þd


� �
, z 2 D,

(see [13]) and furthermore

Dðz; d�Þ ¼ lim
n

�n
��

nðzÞ

locally uniformly in D, where �n ¼ k�nk
2: Now, it is easy to obtain the Szego

00
function

associated with the polynomials �n:
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PROPOSITION 7 Let d� be a positive Borel measure supported on T which belongs to the
Szego

00
class. Let ð�nÞ be the MOPS introduced as above and denote BN, 1ð0Þ ¼ �,

CN, 1ð0Þ ¼ �. If �, � 2 D, then the measure d� of orthogonality for ð�nÞ belongs to the
Szego

00
class and the corresponding Szego

00
function is given by

Dðz; d�Þ ¼ ½ð1
 j�j2Þð1
 j�j2Þ� 1=2 Dðz3, d�Þ

RðzÞFðz3Þ þ SðzÞ
, z 2 D:

As a consequence,

� 0ð
Þ ¼ ½ð1
 j�j2Þð1
 j�j2Þ� 1=2 �0ð3
Þ

jRðei
ÞFðe3i
Þ þ Sðei
Þj2
,

where �0 and � 0 denote, respectively, the Radon–Nikodym derivatives of � and � with
respect to the Lebesgue measure.

3. SOME EXAMPLES

1. We illustrate the preceding results with some examples. First, we consider the
sequence of reflection parameters given by

�nð0Þ ¼
1

nþ 1
, n 2 N [ f0g:

It is verywell known that the corresponding sequence of orthogonal polynomials ð�nÞ is

�nðzÞ ¼
1

nþ 1

Xn
k¼0

ðkþ 1Þzk ¼
1

nþ 1

ðnþ 1Þznþ2 
 ðnþ 2Þznþ1 þ 1

ð1
 zÞ2
:

For the polynomials of second kind we get

�nðzÞ ¼
1

nþ 1

ðnþ 1Þznþ1 
 ðnþ 2Þzn þ 1

ðz
 1Þ
:

Besides, the corresponding orthogonality measure d� constitutes a modification of
the Lebesgue measure. More precisely,

d�ð
Þ ¼
1

4	
jei
 
 1j2d
,

and we can obtain the sequence fungn�0 of the moments for the measure d�. In fact

uk ¼
1

4	

Z 2	

0

eik
jei
 
 1j2d


¼
1

4	

Z 2	

0

2eik
 
 eiðkþ1Þ
 
 eiðk 1Þ

� 


d
 ¼ 0, k 2 Z,
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up to k 2 f0, 
 1, 1g: Notice that

u0 ¼ 1, u1 ¼ u 1 ¼ 
1
2:

Thus, the corresponding Carathéodory function is

FðzÞ ¼ 1
 z, z 2 D:

In order to obtain the Carathéodory function related to the sequence ð�nÞn2N, taking
into account the expression for the sequences �n, �n, their corresponding reciprocal
polynomials, and keeping the notation of the previous sections, now we can write

RðzÞ SðzÞ

UðzÞ VðzÞ

 !
¼

1

ðz3 
 1Þ

rðzÞ sðzÞ

uðzÞ vðzÞ

 !

z2ðz3 
 1Þ ðN þ 1Þz3N 

XN 1

k¼0

z3k

 !

z2 ðN þ 1Þz3Nþ3 


PN
k¼0 z

3k
� �

ðz3 
 1Þ
XN 1

k¼0

z3k 
 ðN þ 1Þ

 ! XN
k¼0

z3k 
 ðN þ 1Þ

0BBBBB@

1CCCCCA
where r, s are polynomials of degree exactly 3N þ 2 with leading coefficient � and u, v
are monic polynomials of degree 3N þ 2: More precisely

rðzÞ sðzÞ

uðzÞ vðzÞ

 !
¼

1

ðz3 
 1ÞðN þ 1Þ

��zþ 1 �z2 þ �z

�zþ � z2 þ ��z

 !

XN
k¼0

z3k 
 ðN þ 1Þ 
ðz3 
 1Þ
XN 1

k¼0

z3k 
 ðN þ 1Þ

 !

ðN þ 1Þz3Nþ3 

XN 1

k¼0

z3k ðN þ 1Þz3N 

XN 1

k¼0

z3k

0BBBBB@

1CCCCCA:

As a consequence of Proposition 6 we deduce the corresponding expression for the
Carathéodory function

GðzÞ ¼
ðz3 
 1ÞUðzÞ 
 VðzÞ

ðz3 
 1ÞRðzÞ 
 SðzÞ
, z 2 D

and from Proposition 7 it follows that

�0ð
Þ ¼ ð1
 j�j2Þð1
 j�j2Þ
� � 1=2 1
 cos 3


jRðei
Þð1
 e3i
Þ þ Sðei
Þj2
:
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2. We will consider another modification of the Lebesgue measure. This is given by
means of the Poisson kernel Prð
Þ, i.e.,

d�ð
Þ ¼ Pjajðk
 
 tÞd
 ¼
1
 jaj2

jaþ eik
j2
d


where a ¼ jajeit 2 D and k 2 N fixed.
The corresponding sequence of orthogonal polynomials is called a Bernstein-Szego

00

polynomial sequence, i.e., their reflection parameters are

�nð0Þ ¼ 0, n 2 N, n 6¼ k,

�kð0Þ ¼ a:

Keeping in mind the forward recurrence relation, for the sequence ð�nÞn�0 we obtain

�nðzÞ ¼ zn, n < k

�nðzÞ ¼ zn k zk þ a
� 


, n � k:

Thus, the Carathéodory function is a rational function. More precisely,

FðzÞ ¼

azk þ 1

azk þ 1
:

If we make a perturbation at level 3N þ 2 with N � k for the polynomials �n and �n

we get

��
3Nþ2ðzÞ ¼ ��zþ 1

� 
e���
3NðzÞ þ �zþ �

� 

ze��3NðzÞ,

��
3Nþ2ðzÞ ¼ ��zþ 1

� 
e���
3NðzÞ þ 
�zþ �

� 

ze��3NðzÞ:

As a consequence

FðzÞ ¼
��

3Nþ2ðzÞ

��
3Nþ2ðzÞ

¼
��zþ 1
� 


��
kðz

3Þ þ 
�zþ �
� 


z3ðN kÞþ1�kðz
3Þ

��zþ 1
� 


��
kðz

3Þ þ �zþ �
� 


z3ðN kÞþ1�kðz3Þ

¼
��zþ 1
� 



az3k þ 1
� 


þ 
�zþ �
� 


z3ðN kÞþ1 z3k 
 a
� 


��zþ 1
� 


az3k þ 1ð Þ þ �zþ �
� 


z3ðN kÞþ1 z3k þ að Þ
:

The Szego
00
function for the modified sequence is (see[3]).

Dðz; d�Þ ¼

�
1
 j�j2


 1=2�
1
 j�j2


 1=2
�k

��zþ 1
� 


ðaz3k þ 1Þ þ �zþ �
� 


z3ðN kÞþ1ðz3k þ 1Þ
, z 2 D:
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