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Abstract

Let L be a quasi-definite linear functional defined on the linear space of polynomials with
real coefficients. In the literature, three canonical transformations of this functional are stud-
ied: xL, L + Cé(x) and %L + C&(x) where §(x) denotes the linear functional (8(x))(xk) =
8k,0, and &y o is the Kronecker symbol. Let us consider the sequence of monic polynomials
orthogonal with respect to L. This sequence satisfies a three-term recurrence relation whose
coefficients are the entries of the so-called monic Jacobi matrix. In this paper we show how to
find the monic Jacobi matrix associated with the three canonical perturbations in terms of the
monic Jacobi matrix associated with L. The main tools are Darboux transformations. In the
case that the LU factorization of the monic Jacobi matrix associated with xL does not exist
and Darboux transformation does not work, we show how to obtain the monic Jacobi matrix
associated with X2L as a limit case. We also study perturbations of the functional L that are
obtained by combining the canonical cases. Finally, we present explicit algebraic relations
between the polynomials orthogonal with respect to L and orthogonal with respect to the
perturbed functionals.
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1. Introduction

Let L be a linear functional defined on the linear space [P of polynomials with real
coefficients. We call Iy = L (x¥), k =0, 1, 2, ... the kth moment associated with L.
Moreover, the matrix M = ([;+ j);?j.zo is said to be the matrix of moments associated
with L. The functional L is said to be quasi-definite if the principal submatrices M,
of the matrix of moments M are nonsingular for every n.

If L is quasi-definite, then there exists a sequence of monic polynomials { P, } [4]

such that

(1) deg(Py) = n,
(2) L(Py(x) Py (x)) = Ky8u.m, With K, £ 0, where §, ,, is the “Kronecker delta”
defined by

S = {0 ifm # n,

1 ifm=n.

Several examples of perturbations of a quasi-definite linear functional have been
studied in the literature [4,5,16,18,20,22]. In particular, three canonical cases are
considered.

(1) The original functional L is transformed into L1 = XL, where

(XL)(p) := L(xp),

for any polynomial p. :
(2) The original functional is transformed into L, = L + C§(x), where

(L +Cs(x))(p) :=L(p)+Cp0).
(3) The original functional is transformed into L3 = %L + C8(x), where

1 —_
(;L + C8(x)> (p) =L (M) + Cp(0).

Then, it seems to be natural to give an answer to the following questions: (1) Is the
perturbed linear functional a quasi-definite functional? (2) If it is the case, does exist
a relation between the sequence { 2,} of monic polynomials orthogonal with respect
to the perturbed functional and the sequence { P, }?

Necessary and sufficient conditions for the quasi-definiteness of L1 are given in
[4,18]. There, the representation of { P, } in terms of {P,,} is also obtained. In [20,22]
this kind of perturbation is said to be a basic Christoffel transformation.

Necessary and sufficient conditions for the quasi-definiteness of L are given in
[5,16,18], where the representation of { P,} in terms of { P,} is obtained. Notice that
xL = L1 = xL,. In [20,22] this kind of perturbation is said to be a Uvarov transfor-
mation.



A natural perturbation appears when we try to solve the equation xL3 = L. This
means that L3(x¥) = L(x¥"1), k =1,2,..., as well as L3(1) = C. In [17], nec-
essary and sufficient conditions for L3 to be a quasi-definite linear functional are
studied. Moreover, a representation of {P,} in terms of { P,} is given. In [20,22] this
kind of perturbation is said to be a Geronimus transformation.

The aim of our work is to analyze these kind of perturbations from a different
point of view.

It is well known that the sequence of monic polynomials {P,} orthogonal with
respect to a quasi-definite linear functional L satisfies a three-term recurrence rela-
tion [4]

XPy(x) = Ppy1(x) + B Pu(x) + Y Pr1(x), n=12,..., (1-1)

with initial conditions Pp(x) =1, Pi(x) =x — Bo,and y, #0,n = 1,2, ... Thus,
there exists a semi-infinite tridiagonal matrix J given by

o 1 0 O
v B 1 0

J=10 p» B 1 |- (1.2)

such that xp = Jp, with p = [Py(x), P1(x), P2(x), ...]". The matrix J is said to be
the monic Jacobi matrix associated with the functional L.

Our approach is based in the relation between the matrices J;, i = 1, 2, 3 associ-
ated with the linear functionals L;, i = 1, 2, 3, and the matrix J.

The process to compute the monic Jacobi matrix associated with L 1 in terms of the
monic Jacobi matrix associated with L is based on one step of the LR-algorithm or
Darboux transformation without parameter. There are several contributions in such
a direction; for instance, the works by Galant [7,8], Golub and Kautsky [10,15], and
Gautschi [9]. Suppose that a given linear functional L is defined in terms of a weight
function w in the following way:

L(p)=/Rp(X)w(X)dX-

The work by Galant, Golub, and Kautsky is focused on the computation of the
coefficients of the three-term recurrence relation satisfied by the sequence of monic
polynomials orthogonal with respect to a linear perturbation of w, i.e., @ = k(x —
o)w, assuming that @ is again a weight function, which means that @ is a positive
and Ll-integrable function in the support of w. Gautschi extended this result for
quasi-definite measures, i.e., measures u such that the associated linear functional
L defined by L(p(x)) = [ p(x) du is quasi-definite. In matrix context, the Dar-
boux transformation without parameter applied to the monic Jacobi matrix associ-
ated with a linear functional L generates the monic Jacobi matrix associated with
the functional xL. The main application of the above results is the evaluation of
Gaussian knots in the presence of fixed knots [10]. Our main contribution to the



previous issues is the following: given a symmetric linear functional U, i.e., a lin-
ear functional such that U (x?+1) = 0 for k > 0, the corresponding monic Jacobi
matrix has no LU factorization. In such a case, it is not possible to find the monic
Jacobi matrix associated with the functional xL applying the Darboux transformation
without parameter. However, we prove that it is possible to find the monic Jacobi
matrix associated with x?L (another symmetric functional) by the application of two
Darboux transformations without parameter and with shift, as a limit case.

Griinbaum and Haine considered the monic Jacobi matrix associated with L, =
L 4+ C8(x) [12,13] in the context of the spectral analysis of fourth-order linear
differential equations with polynomial coefficients. They were interested in the poly-
nomial solutions of such differential equations, the so-called Krall orthogonal poly-
nomials (see also [1]). They obtained those polynomials from some instances of the
classical orthogonal polynomials by a combination of two processes called Darboux
transformation and Darboux transformation without parameter. One of our goals
is to extend their results for Krall polynomials to the general case when L is any
quasi-definite linear functional. The Darboux transformation was introduced in the
classical monograph [6], although only the case of a (continuous) Sturm-Liouville
operator is discussed there. Discrete versions were introduced later and their system-
atic study was undertaken by Matveev and Salle [19], who are responsible for the
name “Darboux transformation”.

Finally, the perturbation L 3 is related with an extension of the classical Christoffel
formula. In the case of positive measures, there are many contributions (see [7-9,21])
when rational perturbations w(x) = pg)a)(x) of a weight function are considered.
Griinbaum and Haine introduced a modification of such algorithms which allows to
find the sequence of monic polynomials orthogonal with respect to L3 in an alter-
native way to the approach by Maroni [17]. They use such an algorithm for some
particular cases of linear functionals (Laguerre and Jacobi, classical linear function-
als). In our work, we consider the general problem and we introduce in a natural
way the so-called Darboux transformation in order to find J3 from J. The Darboux
transformation is related with bispectral problems [11,12,14], as well as with dif-
ferential evolution equations [19]. More recently, the analysis of rational spectral
transformations, self-similarity, and orthogonal polynomials has been considered in
[20,22].

The structure of the paper is the following: In Section 2 we introduce the LU and
UL factorizations of a tridiagonal matrix J, as well as the Darboux transformation
and the Darboux transformation without parameter. In Section 3 we show how to
find the tridiagonal matrix J; associated with the linear functional L1 = xL in terms
of the matrix J by the application of the Darboux transformation without parameter.
The main result is Theorem 3.4. The case of symmetric linear functionals is also
studied as a limit case. In Section 4, the tridiagonal matrix J> associated with the
linear functional L, = L + C3(x) is obtained from J by the application of a Dar-
boux transformation without parameter combined with a Darboux transformation. In
Section 5, the Darboux transformation appears in a natural way in order to compute




the tridiagonal matrix J3 associated with the linear functional Ls= %L + C5(x). We
also consider a combination of Darboux transformations and Darboux transforma-
tions without parameter that generates the monic Jacobi matrices associated with the
linear functionals L4 = 1L + C18(x) + C28'(x) and Ls = L + C18(X) + C28'(x),
where §’(x) denotes the first derivative of the linear functional §(x). Finally, if { P,}
denotes the sequence of monic polynomials orthogonal with respect to L + C§(X)
or %L + Cs(x), then we give an alternative approach to that used by other authors
as Maroni, to obtain {P,} in terms of {P,} taking into account the algorithm that
computes the Darboux transformation.

2. Darboux transformation and functionals perturbation

In this section, we define the Darboux transformation as well as the Darboux
transformation without parameter, and give some auxiliary lemmas that will be very
useful in next sections.

Consider a quasi-definite linear functional L as well as the sequence of monic
polynomials {P,} orthogonal with respect to such a functional. This sequence of
polynomials satisfies the three-term recurrence relation given in (1.1). Let J be the
corresponding monic Jacobi matrix as in (1.2). We introduce the following transfor-
mation on J,

J=LU, JP :=UL, (2.1)

where J = LU denotes the LU factorization without pivoting of J. Notice that J
has an unique LU factorization if and only if the leading principal submatrices of J
are nonsingular. Furthermore,

1 0 0 .- up 1 0
L 1 0 - 0 up, 1 -
L=|o 5, 1 |- U=l0 0 wug ---|- (2.2)

The matrix J?) is semi-infinite, tridiagonal and the entries in the positions (i, i +
1) are ones. The transformation given in (2.1) is the so-called Darboux transforma-
tion without parameter. Observe that the application of a Darboux transformation
without parameter to a monic Jacobi matrix generates a new monic Jacobi matrix
(recall Favard’s Theorem). The matrix J(”) is said to be the Darboux transform
without parameter of J.

In the same way, if we express J as the product of U times L, where U and L are
given in (2.2), and consider the process

J=UL, J9.=LuU,

the matrix J@ is again a monic Jacobi matrix. The previous process is known as
Darboux transformation and J@ is said to be the Darboux transform of J. Notice



that, while the LU factorization of a monic Jacobi matrix is unique, it is not the case
with the UL factorization. It depends on a free parameter as we will prove later on.
In next lemma, we express the elements u; in the main diagonal of the upper
triangular matrix U obtained from the LU factorization of J, given in (2.2), in terms
of the elements /; in the subdiagonal of L and the entries S; in the main diagonal
of J. Moreover, we give an alternative expression of the elements u in terms of the
values P,(0), and obtain a recursive formula for the computation of the elements /.

Lemma2.1. Let {P,} be the sequence of monic polynomials defined by the monic
Jacobi matrix J given in (1.2). Assume that P,(0) #+ 0, n > 1. If J = LU denotes
the LU factorization of J, then

P, (0
IRAUN 23)
P,—1(0)
Moreover,
u1 = Po,
2.4
{un =Pp-1—Ilh—1, n= 2, ( )
where the elements /,, can be computed in a recursive way as follows:
Y1 Vn
h==, lh=——m nz2 2.5
ﬂO " ,Bn—l —lh1 ( )
Proof. The product of L times U gives
ui 1 0
uly ux+1n 1 cee
LU = 0 uzly uz+1Il |- (2.6)

Comparing the elements in the same positions of matrices J and LU, the result in
(2.4) is obtained, as well as

v = Luy  forall k > 1. 2.7)

The result (2.3) is deduced by induction on k, taking into account the three-term
recurrence relation (1.1) that { P, } satisfies. Since P1(0) = —fp and Po(0) =1,

iy = fo = PO
Po(0)
Assume that u; = — Pkpf(l%) for k < n. Then, taking into account (1.1),

Pn+1(0) = _,Bnpn(o) - ynPn71(0)~
Dividing the previous expression by P, (0), and applying the induction hypothesis as
well as (2.4) and (2.7), we get

. Pn+1(0) _ . ﬁ
P,(0) ! Up

= Bn —ln = uny1. (2.8)



Finally, considering again (2.4) and taking into account (2.7), the result in (2.5) is
obtained. O

Remark 2.2. From Lemma 2.1, the LU factorization without pivoting of a monic
Jacobi matrix J exists if and only if P,(0) # 0, n > 1. Moreover,

1 0 0 --. Bo 1 0
H 1 0 - 0 A-04L 1 ..
L=10 1, 1 ---|- U=]o 0 Bo—1lp ---|» (29
where
Y1 Yn
h==>=, hi=———, n=>2
! ﬁO " ,Bn—l_ln—l

It should also be noticed that, since the elements in the main diagonal of L are equal
to 1, the LU factorization of the monic Jacobi matrix J is unique.

Now we express the monic Jacobi matrix (1.2) as a product of an upper triangular
matrix times a lower triangular matrix, i.e., J = UL, where the factors L and U
are as in (2.2). In this case, the factorization is not unique and depends on a free
parameter, So. We will call such a kind of factorization, UL factorization, although
it is not the classical one.

Definition 2.3. Let {P,} be a sequence of polynomials orthogonal with respect to
a linear functional L and assume that { P,} satisfies a recurrence relation as in (1.1).
Let So € C. Then, {£,} is said to be the sequence of co-recursive polynomials with
parameter Sp associated with the linear functional L if this sequence satisfies the

recurrence relation given by

Pri1(x) = (x — B) Py (x) — P Py (x), (2.10)
where

Bo=Po—So. PBu=Pu n=1,
Y =y, foralln.

Proposition 2.4. Let J be the monic Jacobi matrix associated with a quasi-definite
linear functional L and let {P,} be the sequence of monic polynomials orthogonal
with respect to L. Assume that / = UL denotes the UL factorization of J and S;
denotes the entry in the position (i +1,i + 1) of U, i.e., S; := u; 1 fori > 0, where
the element Sp is a free parameter generated in the factorization (since it is not
unique). If {£,} denotes the sequence of co-recursive polynomials with parameter
So associated with L, and 2, (0) #+ 0 for all n, then

P, (0)

by = ——= .
Pn—l(o)

(2.11)



Furthermore,

In=Bn-1— Sn—1, n=1, (2.12)
and S, can be calculated in a recursive way
Vn
Sp=————, n=L1l (2.13)
" ﬁnfl —Si1

Proof. If U and L are matrices as in (2.2), then

uy + 11 1 0 0
usly ur + 1 1 0

UL = 0 uslo  wuz+1l3 1 |- (2.14)

Comparing the elements of the matrices UL and J, we get
l1 = Bo —u1.

Let us consider u1 a free parameter, which we denote by Sp. Notice that Sy can
take any complex value as long as P, (0) # 0 for all n. Then, /1 can be expressed in
terms of Sy in the obvious way. Assume that, for some k, I = Br—1 — Sx—1 # 0 and
Sk—1 := ug. Then, since ug1ly = yx,

Vk
Br-1— Sk-1
On the other hand, 41 + Ixy1 = Br and we get

Sk = Uky1 =

liey1 = Br — Sk.

The result in (2.11) is obtained by induction and taking into account the recurrence
relation that the co-recursive polynomials satisfy (2.10). O

Remark 2.5. From Proposition 2.4, we deduce that the UL factorization of a monic
Jacobi matrix J exists if and only if the free parameter Sy takes a value such that
the corresponding sequence of co-recursive polynomials satisfies P,(0) = 0 for all
n. Moreover,

1 0 0o .- So 1 0
Bo — So 1 0o .- o S 1 -
L= 0 Bi—S 1 ---|» U=]l0 0 S -
(2.15)
where
Sn Vn I’l>1

- .Bn—l —Si1 '



3. Transformation of the functional L into xL

In the sequel, we will prove that the application of a Darboux transformation
without parameter to the monic Jacobi matrix associated with the linear functional
L, transforms this matrix into the monic Jacobi matrix associated with the functional
xL. This result will be extended in a straightforward way to obtain the monic Jacobi
matrix associated with (X — o)L, o € C.

Next lemma gives a finite version of the Darboux transformation without para-
meter. We use the following notation: for any square matrix A, (A), denotes the
principal submatrix of order n of A.

Lemma3.1. Suppose that LU and LU are the LU factorizations without pivoting
of (J), and J, respectively. Then,

(L)n = 1:9 (U)n = 0
Furthermore, if (P is the Darboux transform without parameter of J, then

(J Py = (U)a(L)n + nenely,

(n) . .
where e, = [0, ..., 1]'. We say that (J7)), is the Darboux transform without para-
meter of (J),.

Proof. It suffices to take into account (2.2) and the corresponding principal sub-
matrices of order n of L and U to obtain the result in a straightforward way. [

Proposition 3.2. Let (J), be the principal submatrix of order » of the monic Jacobi
matrix associated with a quasi-definite linear functional L. If we apply a Darboux
transformation without parameter to (J),, i.e.,

(Dn = L)y, (TP = (U)n(L)y + lyenel,

then, the matrix (J()), is the principal submatrix of order n of the monic Jacobi
matrix associated with the functional xL.

Proof. Taking into account (2.9), we get

Bo+ 1 1 0 0
- hBr—h) Pr+l—1I1 - 0 0
(I = : : : : :
0 0 T ln—l(ﬂn—l - ln—l) .Bn—l + Iy — ln—l

Assume that {Q,,} is the sequence of monic polynomials orthogonal with respect to
the functional xL and assume that it satisfies the three-term recurrence relation given

by
Ont1(x) = (x —8) Qn(x) —ky Qp—1(x), n=0. (3.1)



Assuming that /o = 0, we will prove that
5n=ﬂn+ln+l_lna n =0,
kn =10,y — 1), n=1

It is well known that {Q,} is the sequence of kernel polynomials associated with
{P,} [4]. Moreover, the following explicit algebraic relation holds

Pn+l (0)
Py (0)
Replacing (3.3) in (3.1), and taking into account (2.3),

32

1
On(x) = ; |:Pn+1(x) - Pn(x):| . (3.3)

Pupo(x) =[x — 8y — upy2]Pry1(x) + [upp1(x — 8p) — ky 1 Py(x)
— knpuy Pp_1(x).

Since { P,} satisfies the recurrence relation given in (1.1), we get

[6n + unt2 — Bunr1l Popr(X) = [Vnr1 + tnr1(x — 6p) — kn] Py (x)
— kpuy Pp_1(x). (34)

Comparing the previous expression with (1.1), the following relation is obtained:

Op = Bug1 — Ung2 + Upy1.

And taking into account (2.4), we get

O = Pn + ln+1 — 1.
On the other hand, from (1.1) and (3.4), the following relation also follows:
Upt1
kn = v ne

Up

Notice that we get y,, = 1,,(8,—1 — I,—1) from (2.5). Then, taking into account (2.4)
kn =ln(/3n _ln) O

Remark 3.3. Observe from the previous proposition that the linear functional xL is
quasi-definite if and only if the LU factorization of J exists which is equivalent to
say that P, (0) # 0 for all n.

From the previous proposition, it is immediate to obtain the corresponding result
in the infinite case.

Theorem 3.4. Let J be the monic Jacobi matrix associated with a quasi-definite
linear functional L. If {P,} is the sequence of monic polynomials orthogonal with
respect to L, and we assume that P,(0) # 0, for n > 1, then the Darboux trans-
form without parameter of J, J(P), is the monic Jacobi matrix associated with the
functional xL.

10



Proof. Since L and U are bidiagonal matrices, in both LU and UL products, the
elements are computed from finite sums. Therefore, the proof of Proposition 3.2 can
be extended to the infinite case without any problem of convergence. [

As we mentioned at the beginning of this section, the result given in Theorem 3.4
can be easily extended to the more general case (X — o)L, with @ € C. The following
lemma is the key for this extension.

Lemma3.5. Let J be the monic Jacobi matrix associated with the quasi-definite
linear functional L. Then, the matrix J — o/, where I denotes the identity matrix,
is the monic Jacobi matrix associated with the linear functional L given by

LIp(x)] =L[p(x — )], (35)

where p(x) denotes any polynomial.

Proof. Let {P,} be the sequence of monic polynomials orthogonal with respect to
L. Then, it satisfies a three-term recurrence relation as in (1.1). If we introduce the
change of variable x — x + «, then we get

Piiix+a)=[x—Br—a)]Pi(x+a) =y Proa(x +a), n=0.
(3.6)

If P,(x) := P,(x + «), then {P,} is the sequence of monic orthogonal polynomi-
als associated with the monic Jacobi matrix J — «1. Moreover, such a sequence is
orthogonal with respect to the linear functional L defined in the statement of the
proposition, i.e.,

LIPy(x) Py (X)] = L[Py(x — &) Py (x — )] = LI Py (x) Py (x)]
=K,bpm. O
Proposition 3.6. Let J be the monic Jacobi matrix associated with L, {P,} the

sequence of monic polynomials orthogonal with respect to L, and & € C such that
P,(a) # 0, for n > 1. If we apply the following transformation:

J—al =LU, J:=UL+al,

then, J is the monic Jacobi matrix associated with the functional (x — «)L. The
previous transformation is said to be a Darboux transformation without parameter
and with shift «.

Proof. From Lemma 3.5, J — « is the monic Jacobi matrix associated with the
functional L defined by

Lilp()] =LIpx —a)]. 3.7

1"



The application of a Darboux transformation without parameter to / — «/ generates
a new monic Jacobi matrix 7. From Theorem 3.4, T is the monic Jacobi matrix
associated with the functional xL1. Then, again from Lemma 3.5, T + « is the
monic Jacobi matrix associated with the functional L given by

L2lp(x)] = XL [p(x + )]

Hence,

L2[p(0)]= XL)[p(x + )] = Li[xp(x + )] = L[(x — ) p(x)]
=X-aollp]. U

Iterating the previous result, we get the following corollary.

Corollary 3.7. Let J be the monic Jacobi matrix associated with the quasi-definite
linear functional L, and let {P,} be the sequence of monic polynomials orthogonal

with respect to L. Consider a1, a2, ..., a, € C. We apply the following transforma-
tionsto J:
Th :=J —a1l = LUy, fl =U1L1 + o1,

To :=Ti — ool = LoUs, Ty := UsLy + azl,

T, :=T_1—al=LU, T, :=UL, +al.
If {P,f”} is the sequence of monic orthogonal polynomials associated with the matrix
T;,i €{1,2,...,r — 1}, and we assume that
Py(a1) #0, Py(ait1:i)#0, n>=1, ie{l,2,...,r—1},
then 7, is the monic Jacobi matrix associated with the functional
X—o) - (X—az)(X—a)L.
This is the so-called Christoffel transform of L.

3.1. Darboux transformation without parameter for symmetric linear functionals

Consider a positive definite linear functional U. It is said to be symmetric if the
odd moments associated with U vanish, i.e.,

Uty =0, k>o0.

In such a case, the monic Jacobi matrix associated with U, Jo, has zeros as entries
in the main diagonal and the LU factorization without pivoting of Jy does not exist
which means that there is no Darboux transform without parameter of Jo and the
functional xU is not quasi-definite.

In this subsection, we are interested in perturbations of a symmetric positive
definite linear functional that generate new symmetric positive definite linear

12



functionals. Notice that, if U is a symmetric linear functional, xU is not a symmetric
functional anymore. However, it happens to be that x?U is a new symmetric linear
functional. Based on previous results, the most obvious way to obtain the monic
Jacobi matrix associated with x2U should be the application of two consecutive
Darboux transformations without parameter to Jo. Nevertheless, if

0 1 0
&g 0 1
Jo=10 & o0

is the monic Jacobi matrix associated with a symmetric linear functional U, since
Bo = 0, then the LU factorization of Jo does not exist and we cannot consider the
Darboux transform without parameter of Jy. In the rest of this subsection, we will
prove that the monic Jacobi matrix associated with x?U can be obtained from the
monic Jacobi matrix associated with U applying two consecutive Darboux transfor-
mations without parameter with shifts —e and ¢, and taking limits when e tends to
zero. This problem was considered by Buhmann and Iserles [3] in a more general
context. They considered a positive definite linear functional L and the symmetric
Jacobi matrix associated with the orthonormal sequence of polynomials associated
with L, and proved that one step of the QR method applied to the Jacobi matrix corre-
sponds to finding the Jacobi matrix of the orthonormal polynomial system associated
with x2L.

Let us apply a Darboux transformation without parameter with shift —e to the
monic Jacobi matrix Jo, where ¢ is any positive number. If Jyo + ¢/ = LUy denotes
the LU factorization of Jy + €1 then, from (2.9),

1 0 o - € 1 0
I1(€) 1 o --. 0 €—1Ii(e) 1 .
L= 0 L) 1 ---|>Ut=]o0 0 €e—1Ile) |
(3.8)
with l1(€) = £, 1,(€) = .
Now we compute J; := U1L1 — €. Thus we get

[1(¢) 1 0
li(e)(e —l1(e))  Ia(e) —l1(e) 1

S = 0 l(e)(e —Ix(€))  I3(e) — Lo (€)

Then, from Proposition 3.6, J; is the monic Jacobi matrix associated with the func-
tional (x 4+ €)L. Now, apply a Darboux transformation without parameter with shift
eto Jy,i.e,

13



J1—€l = LU, Jo:=UyLy+€l.

If the hypotheses of Corollary 3.7 are satisfied, then J is the monic Jacobi matrix
associated with the functional (x> — €2)L. Moreover,

0 1 0
l1(e)(e — [2(€)) 0 1

Jr = 0 lr(e)(e —I3(e)) O

Notice that J» is the monic Jacobi matrix associated with a symmetric linear func-
tional since the entries in the main diagonal are all zeros. If € tends to zero, then we
get

Proposition 3.8

|irrg] ln(€)le — ly1(€)]] < oo.

Therefore, if we denote by T := lim._,o J2, then T is the monic Jacobi matrix
associated with the symmetric linear functional x2L .
In order to prove Proposition 3.8, we introduce the following lemmas:

Lemma3.9. If {R,} is the sequence of monic polynomials associated with Jo + €1,
then
Rn—l(o)

ly(e) = —§, R, (0) s

Proof. Assume that Jo+ el = LU is the LU factorization without pivoting of
Jo + €l. Taking into account (2.7), &, = [,,(¢€)u, (¢), where u, (¢) = ¢ — ,,_1(¢) and
lp(e) = 0. Considering (2.3), the result follows in a straightforward way. [

Lemma 3.10. Taking into account that the polynomials {R,} are functions of ¢, the
following statements hold.
e The polynomials of even degree satisfy

Iim0 R2,(0) 0 forn > 1.
€—

e The polynomials of odd degree satisfy

R, 11(0) = €Kpyq1(€),
for a certain polynomial in €, K2,11(¢), such that lim._q K2,+1(¢) # 0 for
n > 0.

Proof. The matrix Jo + eI contains the parameters of the recurrence relation that
the polynomials R, satisfy, then

14



Ryt1(x) = (x — )R, (x) — & Ry—1(x). (3.9)

Since the linear functional U is positive definite, &, > 0forn > 1. Moreover, R1(0) =
—e and Ry(0) = €2 — £1. Notice that lim._.q R2(0) = 0 since & = 0. Assume that
lime_.o R2,-2(0) # 0. Then, from (3.9),

e"—% R2,(0) = eli_r)%[_GRanl(o) —&2,-1R2,2(0)] # 0.
On the other hand,
R1(0) = —e = €K1(¢), wWhere K1(¢) := —1.
Assume that Ry, —1(0) = €K>,_1(¢). Then, from (3.9),
R2n+1(0) = —€R2,(0) — 62, R2,-1(0) = —€ R2,(0) — €52, K251 (€).

Hence,

R2,+1(0) = €Kpy11(e), forn >1, (3.10)
where

Koni1(€) = =R, (0) — £20 Kon—1(e). (3.11)

We must prove that lime_o K2,4+1(€) # 0. First of all, observe that
Iimo R»(0) < 0, Iim0 R4(0) = Iimo(—eng(e) — £R2(0)) > 0. (3.12)
€—> €—> €—>

We will prove by induction that the limits, when € tends to zero, of two consecutive
polynomials of even degree evaluated in zero, have opposite signs. In fact,

lim RZn(O) = _%—Zn—l lim RZn—Z(O)s (313)
e—0 e—0

and the previous assertion follows in a straightforward way. On the other hand, taking
into account that K1(¢) = —1 < 0, from (3.11) we get

"mo K3(e) = |iﬂ})[—R2(0) —&§2K1(e)] > 0,

since lim¢_.o R2(0) and lim._,¢ K1(¢) have the same sign and & > 0. Assume that
lime_ o R2,—2(0) and lim¢_, o K2,—_3(¢) have the same sign. Then, lim._.o K2,,—1(¢)
= lime¢_0[—R2,—2(0) — &2,_2 K2, _3(€)] have the opposite sign that lim._, ¢ R2,,—2(0)
which, from (3.13), implies that lim._,o K2,—1 and lim._,.o R2,(0) have the same
sign, and finally, from (3.11), we conclude that lim¢_,¢ K2,+1(¢) #0. O

Next we prove Proposition 3.8 taking into account Lemmas 3.9 and 3.10.

Proof of Proposition 3.8. From Lemma 3.9 we get

_SZn RZn—l(O) |:€ €2n+lR2n (0)]
R2,(0) R2,+1(0)

lon(€)(€ — l2n41(€)) =

15



and, from Lemma 3.10,

Ion(e)(e — lppy1(€)) =

_ boneKon—1(€) [E n $2n+lR2n(0)i|

R2,(0) €K y1(€)
_ bmKon-1(e) [Ez n §2n+1R2n(O)i|
R2,(0) Kopi1(e) |

From Lemma 3.10 again, lim._.o R2,(0) # 0 and lim._.¢ K2,1(¢) # 0. Therefore,

eliﬁrrz) |l2n(€) (€ — I2n41(€))| < o0.

Equivalently,

$2n+1R2n(0)[ Ezn+26K2n+1(6)]

lonr1(e)(€ —lopi2(€)) = ————— |6 + —

i * Kou41(€) R2n+2(0)

_ 1R (0) |:1 n §2n+2K2n+1(6)]

Kony1(€) Rony2(0) |
Therefore, since lim¢_.g R2,42(0) # 0 and lim¢_.0 K2,+1(¢) # 0, it follows that
ell_ljz) [l2n+1(€)(€ — lop42(€))| < 00. 0

4. Transformation of thefunctional L intoL + Cd(x)

In this section, we will prove that the application of a Darboux transformation
without parameter followed by a Darboux transformation to the monic Jacobi matrix
associated with a linear functional L, yields the monic Jacobi matrix associated with
the functional L + C§(x). This result can be extended in a simple way to obtain the
monic Jacobi matrix associated with

k
L+> Cis(x—a), a eC.
i=1
Next, we define the concept of symmetrizable functional. This definition will be
useful to prove the main result in this section.

Definition 4.1. Let L be a quasi-definite linear functional. The functional L is said
to be symmetrizable if the linear functional U defined by

U()Czn) — L(Xn), U(x2ﬂ+l) — 0, n> 0’
is also quasi-definite.

Lemma4.2. A linear functional L is symmetrizable if and only if P,(0) # 0 for
alln > 1, where {P,} is the sequence of monic polynomials orthogonal with respect
toL.

16



The following proposition is the main result in this section.

Proposition 4.3. Let Jy be the monic Jacobi matrix associated with the quasi-defi-
nite linear functional L. Assume that {P,} is the sequence of monic polynomials
orthogonal with respect to L, and P, (0) # 0 for all n > 1. If we apply the following
transformations to Jy:

Jo=LiU1, J1:=UiLy,

J1=ULa, J2:= LUy,
then J> is the monic Jacobi matrix associated with the functional L 4+ C§(x), where
_ wo(Bo — )

—

Here ug =L (1), Bo = % and s denotes the free parameter associated with the UL
factorization of J;.

c

Proof. Considering (2.9), the matrix J; can be expressed in the following way:

Bo+11 1 0
hBr—Nh) Br+h—1N 1

J1= 0 l2(Ba—1) Ba+13—12

Consider now the UL factorization of J; (which depends on a free parameter s).
From Proposition 2.4,

s 1 0
0 S5 1
Ji=l0 0 %

1 0 0

Bo+1l1—s 1 0

x 0 Prtlo—11— S5 1 ’
0 0 Bo+Ilz—1—S
where S; = Wbh) g o (Bu=l) , forall n > 2. Then, the matrix J :=

) ) Bot+li—s ' "M T Bu_atly—lp—1—Su-1
LoU, is given by

K 1 0
s(Bo+11— ) Bo+Il1—s+ 8 1
Jp = 0 S1Br+l—11—81) Pr+l—L+8—-5

0 0 So(B2+13—1—57)

17



We must prove that J is the monic Jacobi matrix associated with the linear func-
tional

L =L +CsX),

where C = 20079 ith pg = L(1).

Notice that L is a symmetrizable functional since P,(0) # 0 (recall Definition
4.1and Lemma 4.2). Let U be the symmetric linear functional associated with L. Let
{0, } be the sequence of monic polynomials orthogonal with respect to U and {&,}
the sequence of parameters given by the three-term recurrence relation that {Q,}
satisfies, i.e.,

Oni1(x) =x0n(x) —6,0p-1(x), n=0.
It is well known [2] that

Bo = &1,
Bn =&om +E&my1, n 2= 1, (4-1)
Yn = §on—1620, n =1

Assuming that /o = 0, we prove by induction that

EZn = ln» $2n+1 = ,Bn - ln’ nz 1. (42)
From (2.5) and (4.1),
§&1=PB0—lo, &= n =1
Bo
Assume that &,,_1 = B,-1 — l,—1. Then, from (2.5) and (4.1), we get
Yn
=— =1,
Ezn ﬂn—l - ln—l !

On the other hand, from (4.1),

§2ﬂ+1 = ,Bn - ln-
Suppose now that {5,} and {7,} are the sequences of parameters associated with
the recurrence relation that the polynomials orthogonal with respect to L satisfy. It is
easy to prove that L is also a symmetrizable functional. Let U be the symmetric linear
functional associated with L and let {Q,} be the sequence of monic polynomials
orthogonal with respect to U. If {£,} denotes the sequence of parameters given by
the three-term recurrence relation that {0, } satisfies, then
Po=8&1.
Bn = §2n +§2n+1, n=1, (43)
Yn = &m-162n, n =1

Moreover [2,4]

fl=—2

1+%’
§om = Eom—1 + Eom — Eom-1, m 2> 1, (4.4)
Eom1 = 52’”;2# m>1

18



In the sequel, we state the relation between B, and B, as well as the relation
between 7, and y,,. From (4.1), (4.3), and (4.4)

= &110 Boio
Po=&1= = =5,
mwo+C  puo+C

71 =&k = (514 & — E1)fo = Po(Bo + & — Bo).

Taking into account (4.2), the previous result can be read as

yi=sBo+11—s).
Taking into account that /o = 0 and denoting Sp := s, we will prove that
Eon=Pu-1+ln—ln-1— Su-1, En1=Su-1. n>1
We have already proven that £, = s = So. From (4.4), & = &1 + & — &1, and we get

& =po—lo+11— So.
Assume that &, _1 = S,,_1, then

Eon = Ean—1+ &0 — E2n1 = Bu1 — ln—1 + In — Su—1.
On the other hand, from (4.2) and (4.4)

$2n€2n+l _ ln(ﬁn - ln) -
§2n ,Bn—l +ly—Ilh1— S "

g1 =
Hence,

Br = Eok + Eokr1 = Br—1 — le—1 + Lk — Sk—1 + Sk,
Vi = Eokbor—1 = Sk—1(Br—1 — lk—1 + Ik — Sk—1). O

Next we give the shifted version of Proposition 4.3.

Corollary 4.4. Let Jo be the monic Jacobi matrix associated with a quasi-definite
linear functional L. Consider the following transformations on the matrix Jo:

Jo—al =L U, Jy:=Uil,
J1 = U>L>, Jo = LoUy +«al.

Then, J, is the monic Jacobi matrix associated with the functional L + C5(X — «),
where

Czﬂo(ﬂo—a—S)’

N

with uo =L (1), Bo = % and s is the parameter associated with the UL factor-
ization of Ji.
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Proof. Denote by Tp := Jo — «l. From Lemma 3.5, Tp is the monic Jacobi matrix
associated with the linear functional L1 given by

Lilp()] = LIp(x —a)].

From Proposition 4.3, the matrix 71 = LU, is the monic Jacobi matrix associ-
ated with the linear functional Lo = L1 + C8(x), where

C— io(Bo — 5) _ pmo(Bo — o — S)’ with fio = L1(1). fo = L1(x).
s s L1(D)

Finally, J, = Ty + oI is the monic Jacobi matrix associated with the linear func-
tional L3 given by

Ls[p(x)] = Lalp(x + a)]
and, hence

Lalp(x)] = La[p(x + )] = Li[p(x + )] + Cp(a) = L[p(x)] + Cp(a),
or, equivalently,

L3=L+Cs(X—a). O

Next corollary shows how to include a mass point in two points symmetric with
respect to the origin.

Corollary 4.5. Consider the monic Jacobi matrix Jo associated with the quasi-
definite linear functional L. Let us apply the following transformations to Jy

Jo—al = LUy, J1:=U1L1,

J1 =UzLy, Jo = LUy +al,
Jo+al = L3Uz, J3:=UsL3,
J3 = UyLy, Jy:= LaUy — al.

If the necessary conditions for the existence of the LU factorizations of Jo — «/ and
J2 4+ oI hold, then J4 is the monic Jacobi matrix associated with the functional

La=L+Cid(X—a) + C26(X + o),

where

_ no(Bo — o — s1) Cp = no(Bo + o —s2) + C1(2a — 52)
S1 ’ 52 ’

]

with o =L (1), Bo = % and s1, s are the free parameters associated with the
UL factorization of J; and J3, respectively.

Proof. From Corollary 4.4, the matrix J; is associated with the linear functional
Li=L+CidX—a),
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where
_ o(Bo—a —s1)
S1 ’
From Corollary 4.4 again, the matrix Jy is associated with the linear functional

C

Ly=L1+Coé(X+ ),
where

~ fo(Bo+ o — s2)
52 ’

C

Notice that
o = L1(x) _mt Cia _ Bomo + Cra
L1(D) o+ C1 uo+C1
If p denotes any polynomial, then
Lao[p(x)] = L1i[p()]Cop(—a) = L[p(x)] + Cip(a) + Cop(—a),

or, equivalently,

o = L1[1] = po + C1,

Ly=L+Ci8(X—a)+Co8(X + ).
Moreover,
B (o +Cp) (—ﬂ%):glw +o— 52)

52
_ mo(Bo + o —s52) + C1(2a — 52)
52

C

O

5. Transformation of thefunctional L into %L + Cé(x)

Finally, we analyze the case when the initial linear functional L is transformed
into %L + C§(x) by the application of a Darboux transformation to the monic Jac-
obi matrix associated with L. Moreover, we consider appropriate combinations of
Darboux transformations and Darboux transformations without parameter in order
to obtain the monic Jacobi matrix associated with the linear functionals X (:L) +

C18(X) + Cr8'(x) and L 4+ C18(X) + C28"(X).

Propogition 5.1. Let J; be the monic Jacobi matrix associated wiEh the linear func-
tional L. Suppose that there exists a linear functional L such that L = xL. Consider

a Darboux transformation applied to Jx,
J1=U1L1, Jp:=L1U;.
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Then, J; is the monic Jacobi~matrix associated with the linear functional H, where
H=1L+Csx) and C= 5L In other words, H is the Geronimus transform
of L.

Proof. From Proposition 4.3, the application of a Darboux transformation without
parameter followed by a Darboux transformation to the monic Jacobi matrix Jg asso-
ciated with the linear functional L, yields the matrix J, which is the monic Jacobi
matrix associated with the linear functional L + C15(x), where Cq = m with
uo =L(Q), Bo= % and s is the free parameter of the corresponding UL fac-
torization. On the other hand, if J1 is the monic Jacobi matrix obtained after the
application of a Darboux transformation without parameter to the matrix Jo, Ji is
associated with the linear functional L = xL. Then, let us prove that applying a Dar-
boux transformation to J1, the matrix J; is the monic Jacobi matrix associated with
IL+Csx), e,

1-~
[;L N ca(x)] (») = [L + CL5(01(p).

Taking into account the definition of the linear functionals involved in the left
hand side of the above expression, we get

1- - — p(0
(;L) (0)+ CpO) =L (M) +Cp(0)

=L(px) = p0) +CpO)
=L(px) + p0)(C — no).

Then,

C—L(l):#—L(l):@—ul)zwzcl,

Notice that C must be different from zero for any choice of the parameter s. O

An alternative proof of the previous proposition can be found in [13]. The finite
version of Proposition 5.1 is presented below.

Proposition 5.2. Let (J1),, be the principal submatrix of order » of the monic Jacobi
matrix associated with a quasi-definite linear functional L. Assume that there exists
a linear functional L that satisfies L = xL. Apply the following transformations to

(-ll)n:
(JDn = U)n(L)n,  (J2)n == (L)n(U)y-
Then, (J2), is the principal submatrix of order n of the monic Jacobi matrix asso-

ciated with the functional %I: + Cé8(x), where C = % with 1o = L(1), and s is the
free parameter associated with the corresponding UL factorization.
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Next we give the shifted version of Proposition 5.1.

Corollary 5.3. Let J; be the monic Jacobi matrix associated with the functional L.
Suppose that there exists a linear functional L such that L = (x — «)L. Apply the
following transformations to J;:

J1—al =U1L1, Jo:=L1Ui+al.
Then, J» is the monic Jacobi mqtrix associated with the linear functional L3 =

ﬁ[ + C8(X — «), where C = @ and s is the free parameter associated with
the corresponding UL factorization.

Proof. The proof is similar to the proof of Corollary 4.4. [

The application of two consecutive Darboux transformations to a monic Jacobi
matrix include a new term in the transformed functional. In fact, this term is the
derivative of a Dirac’s delta function.

Corollary 5.4. Let J; be the monic Jacobi matrix associated with the linear func-
tional L1. If we apply two consecutive Darboux transformations to the matrix Ji,
ie.,

J1=UiL1, J2:=1L1Uy,

Jo =UzLy, J3:= LUy,

then, J3 is the monic Jacobi matrix associated with the linear functional

171
I_3 = ; |:;L1i| + C]_(S(X) + C25/(X),
where
=M c,=H
52 S1

with o = L1(1), fio = L2(1), and s1, so are the free parameters associated with
the UL factorization of J; and J», respectively.

Proof. From Proposition 5.1, J> is the monic Jacobi matrix associated with the
linear functional

1
Lo = ;Ll + C28(x),

where Cy = Lls—il) Considering again Proposition 5.1, J3 is the monic Jacobi matrix
associated with the linear functional

1

— Lofl] _ no
and Cl sy T os1s”
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Forany p € P, we get
1 171
La(p)= (;Lz> (p) +C1p(0) = ; I:;Ll + C25(X)] (p) +C1p(0)

171
=X [;Ll] (P) ~ Cop/©) +C1p(0). O

The situation discussed in the previous corollary, with moment functionals
involving not only Dirac’s delta functions but also any of its derivatives, was first
considered in [13]. Finally, we obtain the monic Jacobi matrix associated with the

functional L + C18(x) + C28’(x) in terms of the monic Jacobi matrix associated
with L.

Corollary 5.5. Let Jo be the monic Jacobi matrix associated with the quasi-defi-
nite linear functional L. Assume that {P,} is the sequence of monic polynomials
orthogonal with respectto L, and P, (0) + Oforall n > 1. Apply the following trans-
formations

Jo=LiU1, J1:=UiLy,

J1=LaU, J2:=UzLy,

Jo =U3L3, J3:= L3Us,

J3 =UsLys, Jy:= LaUy,
whenever the LU factorization of J; exists. Then, J4 is the monic Jacobi matrix
associated with the linear functional

L + C18(x) + C28'(x),

where C; = LS()‘:) —L(1) and Cp = —%12) + L(x). Here s1 and s, are the free

parameters associated with the UL factorization of J, and J3, respectively.

Proof. Notice that

1 1 ,

;[XL] =L -L(1éx) and ia(x) = —5§'(X). (5.1)
Then, from Theorem 3.4 and Proposition 5.1, we get

e J1 is the monic Jacobi matrix associated with the linear functional xL.

e J> is the monic Jacobi matrix associated with the linear functional XL .

e J3 is the monic Jacobi matrix associated with the linear functional xL + C§(x),
where C = L(g—"z) — L (x). Here s1 is the free parameter associated with the UL
factorization o% Jo.

e Jy4 is the monic Jacobi matrix associated with the linear functional L + C18(X) +

C28'(X).
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From Proposition 5.1, the linear functional associated with Jj is

%[XL + C5(X)] + Ds(x),

. 2 . .
with D = % Taking into account (5.1), our statement follows. [

6. Explicit algebraic relation between the polynomials orthogonal with respect
to a linear functional L and the polynomials orthogonal with respect to the
linear functional 1L + C§(x)

Let {P,} be the sequence of monic polynomials orthogonal with respect to the
quasi-definite linear functional L. Assuming that the linear functional %L + C8(X)
is quasi-definite, let {Q,,} be the corresponding sequence of monic orthogonal poly-
nomials. If J; denotes the monic Jacobi matrix associated with {P,}, and J, denotes
the monic Jacobi matrix associated with {Q,,}, then, from Proposition 5.1, we get

JoL = LJj, (6.1)

where L denotes the lower triangular matrix corresponding to the UL factorization
of Jq.

Moreover, if p and ¢ denote, respectively, the column vectors whose compo-
nents are the polynomials {P,} and {Q,}, i.e., p = [Po(x), P1(x),...]' and ¢ =
[Qo(x), Q1(x), ...]%, taking into account that both sequences constitute a monic
polynomial basis, then there exists a unique lower triangular matrix L, with ones
in the main diagonal, such that

g=Lp. (6.2)
We will prove that L = L. From the definition of monic Jacobi matrix,

tp = Jip, (6.3)
as well as

tq = Jogq. (6.4)

Replace (6.2) in (6.4). Next, multiply (6.3) by L on the left and subtract the resulting
equations. Then we get JoL = L J;. Comparing this result with (6.1), we obtain L =
L because, if L and L were different, then Jo(L — L) = (L — L)J1. Since L — L is
a strictly lower triangular matrix, it is straightforward to prove that L — L = 0 or, in
other words, L = L.

From Propositions 2.4 and 5.1, taking into account that ¢ = Lp, it follows that

On(x) = Py(x) + (Bp—1 — Su—1) Pr—1(x), (65)

where So = Sl Recall that Ik = 1 — Sk_1 denotes the entry in the position (k +
1, k) of the lower triangular matrix L, obtained from the UL factorization of the
monic Jacobi matrix J1. Let us prove that
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P (0)
P_1(0)

Ik =Pr-1— Sk-1=— (6.6)
where the new polynomials 2 are obtained changing the parameters in the three-
term recurrence relation that { P,,} satisfies invariant. These polynomials are said to be
the co-recursive polynomials with parameter So associated with the linear functional
L (see [4]). Since P1(x) = x — Bo + So and Py(x) =1,

P1(0)
lih=B—S=——.
Py(0)
Assume that [, = —ﬁﬁ"—%. From Proposition 2.4, since ﬁk+1(x) = (x — Br) X
k—1

Pr(x) — yx Pr_1(x) for k > 1, we get

Bi Pr(0) + yi Pi—1(0) _ Pi41(0)

Vi
lk+1=,3k_Sk=,3k—E=

Py(0) Pi(0)
Finally, replacing (6.6) into (6.5), we obtain
P, (0
On(x) = Pp(x) — = © Py—1(x). (6.7)
Pn—l(o)

This expression has also been obtained in [17] using a different approach.

7. Explicit algebraic relation between the polynomials orthogonal with respect
to a linear functional L and the polynomials orthogonal with respect to the
linear functional L + C§(x)

Let {P,} and {Q,} be the sequences of monic polynomials orthogonal with re-
spect to the linear functionals L and L + C&(x), respectively. Let Jo be the monic
Jacobi matrix associated with L. Then, from Proposition 4.3, the matrix J, such that

Jo= LUy, J1:=Uil,,
J1 =UsLy, Jy:= LUy,

is the monic Jacobi matrix associated with L 4+ C3(x), where C can be expressed
in terms of the free parameter s associated with the UL factorization of J1. From
Theorem 3.4, we also know that J; is the monic Jacobi matrix associated with the
linear functional xL. If { P} denotes the sequence of kernel polynomials associated
with {P,} (recall that {P} is also the sequence of monic orthogonal polynomials
associated with Jp) then, taking into account the results in the previous section and
(6.7), in particular,
*
0,0 = Pr) — @ pr ), w1
P10
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Considering the definition of kernel polynomials, we get
Pi41(0)  PY(0)
P,0)  Pr . (0)
P,(0) P (0)
Pn—l(o) P,;k_]_(o)

xX0p(x) = Prya(x) —

Py (x)

Py_1(x),

which is equivalent to the expression obtained in [1].
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