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Abstract. We consider bivariate real valued polynomials orthogonal with respect to a posi-
tive linear functional. The lexicographical and reverse lexicographical orderings are used to order
the monomials. Recurrence formulas are derived between polynomials of different degrees. These
formulas link the orthogonal polynomials constructed using the lexicographical ordering with those
constructed using the reverse lexicographical ordering. Relations between the coefficients in the re-
currence formulas are established and used to give necessary and sufficient conditions for the existence
of a positive linear functional. Links to the theory of matrix orthogonal polynomials are developed as
well the consequences of a zero assumption on one of the coefficients in the the recurrence formulas.
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1. Introduction. Bivariate orthogonal polynomials have been investigated by
many authors. Special examples of these types of polynomials have arisen in studies
related to symmetry groups [3], [14], [20], as extensions of one variable polynomials
[5], [13], and as eigenfunctions of partial differential equations [12], [17], [11], [19] (see
also the references in [4]). The general theory of these polynomials can trace its origins
back to [10] and an excellent review of the theory can be found in [4] (see also [21]).
A major difficulty encountered in the theory of orthogonal polynomials of more than
one variable is which monomial ordering to use. Except for the special cases that have
arisen from the subject mentioned above, the preferred ordering is the total degree or-
dering which is the one set by Jackson [4]. For polynomials with the same total degree
the ordering is lexicographical. There is a good reason to use this ordering, which is
that if new orthogonal polynomials of higher degree are to be constructed, then their
orthogonality relations will not affect the relations governing the lower degree polyno-
mials. This can be seen especially in Xu’s vector formulation of the problem [22] (see
also [2], [6], and [15], [16]). However, in their work on the Fejér—Riesz factorization
problem, Geronimo and Woerdeman [8], [9] noticed that the most useful ordering was
the lexicographical ordering and reverse lexicographical ordering. Important in their
work were the relations of the orthogonal polynomials in these orderings. The reason
for this is that in these orderings the moment matrix is a structured matrix, i.e., it
is a block Toeplitz matrix where the blocks are themselves Toeplitz matrices. In the
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one variable case the connection between orthogonal polynomials and the Hankel or
Toeplitz matrices associated with them plays an important role in the theory. The
coeflicients in the recurrence formulas for the orthogonal polynomials give a param-
eterization of positive definite Hankel or Toeplitz matrices. Furthermore, structured
matrices come up in a variety of engineering and physics problems and so the orthog-
onal polynomials associated with them need to be investigated. The aim of this paper
is to study orthogonal polynomials associated with positive definite block Hankel ma-
trices whose entries are also Hankel and to develop methods for constructing such
matrices. We proceed as follows. In section 2 we consider finite subspaces of mono-
mials of the form z'y7, 0 < i < 2n, 0 < j < 2m, and show the connection between
positive linear functionals defined on this space and positive doubly Hankel matrices,
i.e., block Hankel matrices whose blocks are Hankel matrices. These structured ma-
trices arise when using the lexicographical or reverse lexicographical ordering on the
monomials. We then introduce certain matrix orthogonal polynomials and show how
they give the Cholesky factors for the doubly Hankel matrix considered above. These
polynomials may be thought of as arising from a parameterized moment problem.
In section 3 we construct two variable orthogonal polynomials, where the monomi-
als are ordered according to the lexicographical ordering. When these polynomials
are organized into vector orthogonal polynomials they can be related to the matrix
orthogonal polynomials constructed previously. From this relation it is shown that
these vector polynomials are the minimizers of a certain quadratic functional. Using
the orthogonality relation, recurrence relations satisfied by the vector polynomials
and their counterparts in the reverse lexicographical ordering are derived and some
elementary properties of the matrices entering these recurrence relations are deduced.
Because of the size and shape of the coefficients in the recurrence formulas they must
be related. In section 4 we derive and examine these relations, and in section 5 a
number of Christoffel-Darboux-like formulas are derived. In section 6 we use the
relations between the coefficients derived in section 4 to develop an algorithm to con-
struct the coefficients in the recurrence formulas at a particular level, (n,m), say, in
terms of the coefficients at the previous levels plus a certain number of unknowns.
The collection of these unknowns is in one-to-one correspondence with the number
of moments needed to construct the vector polynomials up to level (n,m). This is
used in section 7 to construct a positive linear functional from the recurrence coeffi-
cients. The construction allows us to find necessary and sufficient conditions on the
recurrence coefficients for the existence of a positive linear functional which is in one
to one correspondence with the set of positive definite “doubly” Hankel matrices. In
the above construction an important role is played by a set of matrices that must be
contractions. In section 8 we explore the consequences of setting these contractive
matrices equal to zero and show that this condition characterizes product measures.
Finally in section 9 we give a numerical example for the case n = 2, m = 2, which
illustrates the above algorithm. We also present an example for which the moment
problem is not extendable.

2. Positive linear functionals and Hankel matrices. In this section we con-
sider moment matrices associated with the lexicographical ordering which is defined
by

(k,f) <lex (klagl) S k< kyor (k =k and £ < 61)
and the reverse lexicographical ordering defined by

(k7£) <revlex (klygl) < (67 k) <lex (El, kl)
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Both of these orderings are linear orders and in addition satisfy
(k, €) < (m,n) = (k+p,£+q) < (m+p,n+q).

Note that none of these orderings respects the total degree. Denote [["" (z,y) as
the span{xiyj, 0<i<mn,0<j<m} LetkL,, bea linear functional defined on

H2n,2m($, y) by
Lopm(ziy?) = hi ;.

We will call h;; the (i,j) moment of L, ,, and L, ,, a moment functional. If we
form the (n+1)(m+1) x (n+1)(m + 1) matrix H,, ,, for L, ,, in the lexicographical
ordering then, as noted in the introduction, it has the special form

H[) H1 Hn

H, H Hy
2.1) Ho = | . Lo

H, Hn-{—l Hy,

where each H; is a (m + 1) x (m + 1) matrix of the form

hio hia 7 him
hit  hig

(2.2) H=| . L, =0,
hi,m hi,Zm

Thus H,, ., is a block Hankel matrix where each block is a Hankel matrix so it has a
doubly Hankel structure. If the reverse lexicographical ordering is used in place of the
lexicographical ordering we obtain another moment matrix ffn,m where the roles of
n and m are interchanged. We have the following useful lemmas, which characterize
doubly Hankel matrices. An analogous characterization of doubly Toeplitz matrices
was given in [9].

LEMMA 2.1. Let H be a real square k x k matriz and H* be the same as H except
with the first row and last column removed. Then H is a Hankel matriz if and only
ifH=H" and H' = H'T.

Proof. Recall that H = (h; ;) = (hi};) characterizes a Hankel matrix. Thus the
necessary conditions of the lemma follow immediately. To prove the converse, note
that H = H' implies that h; j = h;;. Since H' = (hj ;) = (hiy15), i =1,..., k=1,
j=1,...,k—1, the second condition implies that

hit1,5 = hjti

Thus hiy1,; = hi j+1, which completes the result. 0

LEMMA 2.2. Let H=(H;;),i=1,...,k, j=1,....k, where each H; ; is a real
m xm matriz. Then H is a doubly Hankel matriz if and only if H = H", H* = H'T,
and H? = H?T. Here H' is obtained from H by deleting the first block row and last
block column and H? is obtained from H by removing the first row and last column
of each H; ;.

Proof. Again the necessary conditions follow from the structure of H. To see

the converse, note that H' = H implies that H, ; = H]TZ so that H;; = Hsz The
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condition on H' shows that H; 1 ; = H; j4+1. Thus H is block Hankel with each entry

being symmetric. The result now follows from Lemma 2.1. 0
Remark 2.3. The above results are true if the roles of the rows and columns are
interchanged.

We say that the moment functional L, ,, : HQ"’zm — R is positive definite if

(2.3) Lnm(p®) >0
for all nonzero p € [[™"™. Likewise, the moment functional L,, ,, : 17" — R is
nonnegative definite if £,, ,,,(p?) > 0 for every p € [[""™. Note that it follows from a
simple quadratic form argument that L,, ,,, is positive definite or nonnegative definite
if and only if its moment matrix H, ,, is positive definite or nonnegative definite,
respectively.

We will say that L is positive definite or nonnegative definite if

L(p?) >0 or L(p?) >0,

respectively, for all nonzero polynomials. Again these conditions are equivalent to the
moment matrices H,, ,,, being positive definite or nonnegative definite for all positive
integers n and m.

From the above remark we easily find the next lemma.

LEMMA 2.4. Let H, ,, be a positive (nonnegative) definite (n + 1)(m + 1) x
(n+1)(m+1) matriz given by (2.1) and (2.2). Then there is a positive (nonnegative)
moment functional L, ,, : H2n’2m(x,y) — R associated with H, ,, given by

hij = Lopm(zy?), 0<i<2n, 0<j<2m.

If the positive moment functional Ly, , : H2"’2m — R is extended to two variable
polynomials with matrix coefficients in the obvious way, we can associate to it a
positive matrix function Lo, : [T1v o (2) % [T1, 41 (z) — M™TL™F defined by

(2.4) Lon(P(2), Q) = Lo (P(,y) QT (x,9)),
where
1 1
P(z,y)=P(z) | | and Q(z,y) = Q(x)
ym y™

Here, [, ., (z) is the set of all (m + 1) x (m + 1) real valued matrix polynomials of
degree n or less and M™" is the space of m X n matrices. Because of the structure of
H,, ., we can associate to L,, matrix valued orthogonal polynomials in the following
manner. Let {R;(z)}?, and {L;(x)}{—, be (m + 1) x (m + 1) real valued matrix

polynomials given by
(2.5) Ri(x) = Ri i’ 4+ Rij1z' ™" 4+, i=0,...,n,
and

(26) Ll(CL‘) = mez + Li’ifﬁUi_l + -, 1=0,...,n,
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satisfying

(2.7) Lom(RSR]) = 6i51msa
and

(2.8) Lo (Liy L) = 8351 m1,

respectively, where I, ;1 denotes the (m + 1) x (m + 1) identity matrix. The above
relations uniquely determine the sequences {R;}? , and {L;}?_, up to a unitary factor
and we fix this factor by requiring R; ; to be an upper triangular matrix with positive
diagonal entries and L;; to be a lower triangular matrix also with positive diagonal
entries. From the defining equations (2.7) and (2.8) it follows that R = L, hence we
will concentrate on L;. We write

Ln+1
xIm+1
ann+1
and
LQ($) ALn+1
ld($) ILW+1
(2.10) L"(z) = ) _— ) 7
L" (l‘) xnInH—l
where
L07O 0 - 0
Lig Lix - 0
(2.11) L = ' .
Ln,O - Ln,n

By lower A (respectively, upper B) Cholesky factor of a positive definite matrix M
we mean

(2.12) M = AA"T = BBT,

where A is a lower triangular matrix with positive diagonal elements and B is an
upper triangular matrix with positive diagonal elements. With the above we have the
following lemma.

LEMMA 2.5. With the above normalization, LT is the upper Cholesky factor of
H L.

Proof. Note that (2.8) implies that

Im+1 Im+1

.II +1 xI +1
[ =L (L™ L") = L&, S I LT = LH, L7,

lm]m-&-l xnIm+1
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where [ is the (n+1)(m + 1) x (n 4 1)(m + 1) identity matrix. Thus

H' =LTL. O

n,m

From this formula and the fact that L is upper triangular we see that L;L'—’n is

the upper Cholesky factor of [0,..., Ipy1]H, L, [0,... , I;ya]". Hence from (2.11)
we find

(2.13) Ly(z) = [0,0,...,0,(Ly )" Hy b llms1s @Liir, oo @™ L] T

n,m

The theory of matrix orthogonal polynomials [1], [7], [18] can be applied to obtain
the recurrence formula

l‘Ll(SL‘) = Ai+1)mLi+1(x) + Bl7le(l‘) —|— A;':mLi_l(x), Z = 07 e, = 1,

(2.14) L.—o0

where

(2.15) Aipim = Lon(@Liy Lit1) = LigLih i4q
and

(2.16) Bim = Ly (xL;, Ly).

The above equations show that B; ,,, is an (m + 1) x (m + 1) real symmetric matrix
and A, , is an (m + 1) x (m + 1) real lower triangular matrix.
Routine manipulations of (2.14) using the fact that B, ,, is self-adjoint give

L (z1)Ait1mLisa(x) — Ll (x1) Al Lilx)
(217) = (z— @)L (2)Li2) + Ly (x1) A Li(x) = L (21) A, Lica (2),
and iteration of this formula to i = 0 yields the important Christoffel-Darboux for-
mula.
We note that the same results hold for the reverse lexicographical ordering with
x replaced by y and the roles of n and m interchanged.
As in the scalar case, matrix orthogonal polynomials satisfy a minimization prin-

ciple [7]. Let sym R,, 11 be the space of (m + 1) x (m + 1) real symmetric matrices
and let £: ], .1 — sym R, 41 be given by

(2.18) L) =L,(Y,Y) — 2sym Y,.
Here
Y(z) =Yz 4+ Yo = [Yo, Y1, o, Yol a1, ®Lg1, ooy 2™ Ty "

and

Y, +Y

Y, =
sym 5

The equation (2.18) can be evaluated as

L(Y(2) = [Yo, Vi, o, Yu ] Hpn[Yo, Vi, ..., Vo] T — 2sym V.
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Set
X =Yo,Y1,.... Yo HY2 —V,H, /2,
where any square root of H, ,, may be used and where V,, = [0,0,..., I;,41]. Then
(2.18) becomes
(2.19) LY)=XX" -V, H, .V,

Thus there is a unique W €[]

m+1> corresponding to X = 0 given by

(2.20) W(z) = VoHy b st @lgt, o 2" T ]

that minimizes £ in the sense that

(2.21) L(W) < £(Y)
forallY € szl. From formula (2.13) we find
(2.22) La(z) = (L],) "W (@),

3. Lexicographic order and orthogonal polynomials. In this section we
examine the properties of two variable orthogonal polynomials where the monomial
ordering is either the lexicographical or reverse lexicographical. Given a positive
definite linear functional Ly as : H2N’2M — R we perform the Gram—Schmidt pro-
cedure using the lexicographical ordering and define the orthonormal polynomials
pﬁl)m(x,y), 0<n<N,0<m<M,0<1<m,by the equations

(3.1) LNM(pnm, ) 0, 0<i<nand0<j<m ori=nand0<j<I,
LN (Dl s Ply) = 1,

and

(3.2) P (@ y) = k@™ > ks

(4,9) <tex(n,l)

With the convention k" od mat >0, the above equations uniquely specify pn m- Polynomi-
als orthonormal w1th respect to L, ar but using the reverse 1ex1cograph1(3a1 ordering
will be denoted by pn)m They are uniquely determined by the above relations with
the roles of n and m interchanged.

Set,
Pom 1
Prm y
(33) IP>n,m = . = Kn,m : 5
Prm z"y™

where the (m + 1) x [(n + 1)(m + 1)] matrix K, ,,, is given by

0,0 0,1 n,0
kn m,0 kn,m,O e kn m,0 0
0,0 kO,l . n,0 n,l
(34) Kn,m — n,m,1 n,m,1 n,m,1 n,m,1

0,0 0,1
kn,m,m kn,m
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As indicated above denote

ﬁ?L,m 1
. Prm| - x
(35) IP>n,m = : = Kn,m . 5
Prm zy"

where the (n 4 1) x [(n 4 1)(m + 1)] matrix K, ,, is given similarly to (3.4) with the
roles of n and m interchanged. In order to find recurrence formulas for the vector
polynomials P, ,,, we introduce the inner product

(3.6) (X,Y) =Lyu(XYT).

Let HEZ)m) be the vector space of k dimensional vectors with entries in [[""" (z, ).
Utilizing the orthogonality relations (3.1) we see as in the next lemma.

(n,m)

LEMMA 3.1. Suppose P € H(k) . If P satisfies the orthogonality relations,
(3.7) (P,a'y’) =0, 0<i<n, 0<j<m,

then P = CPy, 1, where C is an kx (m~+1) matriz. If k = m+1, C is lower triangular
with positive diagonal entries, and (P,P) = I,11, then C = Ip4q.
Likewise we have the next lemma.

(n,m

LEMMA 3.2. Suppose P € H(k) ). If P satisfies the orthogonality relations,
(3.8) (P,z'y/) =0, 0<i<n, 0<j<m,

then P = CP,, ,,, where C is an k x (n+1) matriz. Ifk =n+1, C is lower triangular
with positive diagonal entries, and (P,P) = I,,41, then C = I, 41.

The discussion above allows us to make contact with the matrix orthogonal poly-
nomials introduced in section 2.

LEMMA 3.3. Let Py, ., be given by (3.3). Then

(3.9) P = Lo (@)1, 9,92, ... ,y™]"

and
Po.m (2, y) Lo(x) It

(3.10) Pl”"fz’y) - Llfx) Ly .y =L xl’“:”“ Ly,....y™".
]P’mm.(m, Y) Ln(w) a:"[;n_H

Proof. If we substitute the equation

Prm = Ln(x)[1 - y™]" = Zin,ixi[l cy™ T

into (3.7), where Ly, (z) is some (m + 1) X (m + 1) matrix polynomial of degree n, we
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find, for j =0,...,n—1

)

1 n 1 1
0=\ Pum,z :Zﬁnﬂ' z! S x’
ym =0 ym ym
n Lnm(ztt9) Ly (aH7y™)
=2 Ln : E
i=1 LNM(QJH_Jym) LNM(xH_]me)
= [A/mLm(xZ, al) = Lm(in(x), x?)

Similarly,
<Pn,ma ]Pn,m> = dm+1 = Lm<f/n($), ﬁn(w»

This coupled with (2.8) and the fact that (3.3) implies that L, ,, is lower triangular
with positive diagonal entries, gives the result. ]

As mentioned earlier, analogous formulas exist for orthogonal polynomials in the
reverse lexicographical ordering with the roles of n and m interchanged.

THEOREM 3.4. Given {Py m} and {Ppm}, 0 <n < N, 0 <m < M, the following
recurrence formulas hold:
( ) m]P)n,m = An+1,mPn+1,m + Bn,mPn,m + A;l;mpnfl,m;
( ) Fn man :an 1 _jcn mf@nfl,ma
(313) J1 n m — yPn m—1+ J72; m]’pnfl,m + Jrg,mﬁnnfl,mfly
( ) IP>n,m - In,mPn,m + F;l;m]P)n,mfla

An,m = <x]P)nfl,m7Pn,m> € Mm+1,7n+1’
Bn m = <x]P)n,m7Pn,m> S Merl’erla
<yPn7m—17Pn,m> S Mm,m—i—l,

~
A
I

(3.15)

(3.16)

(3.17) n,m

(3.18) T2 = —WPrm-1,Pn1,m) € M™",
(3.19) I = —(yPn, m_l,@n_m_l) e M™n,
(3.20) an = (Prm—1,Pnm) € M™™T
(3.21) = (Ppm-1,Pn_1,m) € M™",
(3.22) = (P, m) € MmHLnAL

Similar formulas hold for I@n,m(x, y) and will be denoted by (3.11), (3.12), etc.
Proof. (3.11) follows from Lemma 3.3 and (2.14). To prove (3.12) note that
because of the linear independence of the entries of Py, ,,, there is an m x (m + 1)

matrix I'y, ,,, such that Ty, p,Prm — Ppm—1 € HE;) L m)( y). Furthermore,

TpmPrm —Ppm_1,2'97) =0, 0<i<n—-1 0<j<m-—1.
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Thus Lemma 3.2 implies that
anPn,m - IP)n,mfl = gcn,mfp)nfl,m-

The remaining recurrence formulas follow in a similar manner. 1]

Remark 3.5. As indicated in the proof, formula (3.11) follows from the theory of
matrix orthogonal polynomials and so allows us to move along a strip of size m + 1.
This formula does not mix the polynomials in the two orderings. However, to increase
m by one for polynomials constructed in the lexicographical ordering, the remaining
relations show that orthogonal polynomials in the reverse lexicographical ordering
must be used.

Remark 3.6. We saw in the previous section that A, ,, is a lower triangular matrix
with positive entries on the main diagonal, and B,, ,, is a symmetric matrix. From the
orthogonality relations it follows immediately that (J} ,,)i; = (yph n_1, Phoa) = 0 if

i+1<j,and (J},,)ii+1 > 0. Thus J; . has the form

(Jpm)rr (Jp )12 0 0 0
5 (Jpm)2a  (Jpm)22  (Jpm)2s O 0
(Jvlz,m)mJ (Jrlz,m)m,Q (Jrll,m)rm?) T (Jvlz,m)mﬂn-i-l

Similarly, (I'y m)ij = <pf;r}%1,p%jn11> =0ifi<j,and (T'y,m)ii > 0, i.e., I'y 5, has the
form

(Fn,m)ll 0 s 0 0
(Cnm)2r Tngm)2z -+ 0 0
L = : : . : :
(Fn,m)ml (Fn,m)mQ t (Fn,m)mm 0

Finally notice that p;',, = py ,, and therefore (In,m)m+1n+1 = 1, (Inm)m+1,; =0
for j <n and (Inm)int1 =0 for i <m, i.e,

x % .- % 0
Inm: 0
' * % --- x 0
o0 --- 0 1

Using the orthogonality relations and Theorem 3.4 one can verify the following.
PROPOSITION 3.7. The following relations hold:

(3.23) K = Kop s

(3.24) KnnKom + Trm L)y = I,
(3.25) T3 = —KnmAY 1 s

(3.26) Tnn = I} s

(3.27) Ly + T T = I

Proof. We prove only (3.25) since the others are obvious from their defining
relations. Beginning with (3.19) we find

J’r%,m = _<Pn,m71u yIEanl,m71>~
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The result now follows by using the counterpart of (3.11) for P and the defining
equation for XK, ,,. O
The function £ given by (2.18) can be used to show that P, ,,, satisfies a certain

minimization condition. Define £ : HEZTE) — sym R,,11 by
(3.28) £(P) = (P, P) — 2sym K,,,
where P € HE:zle)) is written as
1
(3.29) P(x,y) = Kya™ | © | + R(x,y)
ym

with R € [T{ 11", We find,

LEMMA 3.8. The polynomial P, (,y) = Ly P () is the unique minimizer
of £ in the sense of (2.21).
Proof. Write P as

" 1
P(xz,y) = Z Kix" | ¢
1=0 ym
Since
1 1 Lyt z?) oo Lno(a?, 2iy™)
z’ o ! = : : :Lm(xiv xj)v
y" y" Cna(@'y™, a?) - Lyu(a'y™, 2/y™)
we see that £(P) can be written as £(P) = £(K), where K (z) = K,2"+- - - € | J Ky
The result now follows from (2.22) and Lemma 3.3. a

4. Relations. As is evident from the previous section, there are relations be-
tween the various coefficients in (3.11)-(3.14) and their (3.11)(3.14) analogues. In
this section we exhibit these relations.

LEMMA 4.1 (relations for K, ).

(4.1) T 1KnmAn ym = —J2 1 = Knme1Batm-1,
(4.2) Anm—1KnmIy 1 m = =J2 11 0 = Butm—1Kn—1,m-
Proof. We have
KnmApy_1.m = Prm—1, Ap1.mPr1,m)

= <Pn,m—1,yﬂ~bn—1,m—1 — Bn—l,m—lﬁbn—l,m—l — Al_l,m_l]f”n—l,m—ﬁ
= (Ppm—1,YPn_1.m—1)-
Thus,
Fn,m—lj{n,mg;z_l,m = <Fn,m—1Pn,m—layI@)n—l,m—l>
= <Pn,m—2 - g{nnn—lf@n—l,m—la y]fbn—l,m—l>
=-J?2

m—1 " :Kn,mlenfl,mflv
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which completes the proof of (4.1). Writing (4.1) for X, ,, and using (3.23) we obtain
(4.2). O
LEMMA 4.2 (relations for J2 ).

2 1 A
(43> Fn7m*1‘]n,m = _Jn’m—ljcn,m + j<:’I’L,Wlf].‘471,71,7713
2 T _ 71 T 2 . 71T
_A"am—l‘]n,mrn—l,m - Jn—l,mAn—l,mIn—27m - Jn—l,mFYL—LmJn—Lm

2 T 72T 3 T 73T
+ Jn—l,mj{n—l,m‘]n—l,m + ‘]n—l,mIn—Zm—lJn—l,m
2 T 1
+ anlﬁmfl‘]nfl,m - An—l,m71[n72,m71Anf2,m

(4~4> + An,mflJs,mlr—[—l,m—lxnfl,m-

Proof. The first equation can be derived by multiplying (3.18) on the left by
T, m—1 then using (3.15) to obtain

Fn,mfljghm = _<yPn7m72apn71,m> + j<:n,mfl‘infl,m-

Eliminating yP, ,—2 using (3.13), then using the orthogonality of the polynomials
and (3.19) yields (4.3).
To derive (4.4) notice that

2 1T _
_An,mfljn,mrnflym = An,mfl <y]P>n,m71a anl,mPnfl,m>

(45) - An,m—1<yPn,m—1aPn—2,m>
*An,m—l <yPn,m—1> ]P)n—l,m—1>j<n—l,m-

Using (3.11) in the first term on the right-hand side of (4.5) gives

An,m71<yPn,mfl»@n72,m> = <xPn71,m71a y]fbn72,m> - anl,mflefl,m
(46) - A2717m71<Pn72,m71a y]fbn72,m>~
Interchanging the positions of z and y in the first term on the right-hand side of (4.6),
then using (3.13) and its (3.13) analogue yield
<xpn—1,m—1vyﬁbn—2,m> = JvlL—l,m(In—l,mjrlz—Tl,m - Fl_l,mjfbjl,m)

2 T 71T 2 T 72T 3 T 73T
- Jnfl,mrnfl,m‘]nfl,m + Jnfl,mj{nfl,m‘]n 1,m + Jnfl,m‘[nfszl‘] 1,m>

where (3.21), (3.22), and their (3.21), (3.22) analogues have been used.

Substituting (3.26) as well as the transpose of (4.18) into the above equation
yields

<mPn,1’m,1,y]§’n,2,m> = Jgfl,mA;’lL—fl,mInfzm - Jg*l,mfnflymjrlljl,m

(4.7) + szl,mg('r—trfl,mjzjl,m + Jsfl,mlr—lz;melng

The last term in (4.6) can be computed using (3.11) and (3.22), which gives
(48) <Pn72,m717y]§>n72,m> = n72,mflf‘in72,m~

Substituting (4.7) and (4.8) into (4.6) we see that the first term of (4.5) is

» 1 T 2 a 71T
An,m—l<yPn,m—17Pn—2,nL> = Jn_17mAn_1,mIn_27m - Jn_ljmrn—l,m']n_lﬂn
2 T 72T 3 T 73T
+ Jn—l,mg{n—l,m‘]n—l,m + Jn—l,mIn—2,m—1Jn—1,m

(49) + anl’mfl‘]r%fl,m - Av—lz—fl,mflln*Q,mflA"n72,m~
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Substituting (3.13) in the second term on the right-hand side of (4.5) and using the
equations

(410) <Pn,mfl7 ]P)nfl,m> = jc’ﬂ,mlr—l;fLm
and
(4.11) (Prm—1,Pn2.m) = Knml'p_1 s

which follow easily from (3.12), yields
An,mfl<y]P>n m—1, IP)n 1,m— 1>:Kn 1,m
—Anm lenm n— 1mJn 1mj<n lm_Anm len,m n— 1mJ72L 1mj<n71,m
—Anm lfKn m( n— 1fm_1—‘7—zr lmJn lm)jCN—lvm

n— 1mJ
:_A7L1m 1Jnm n—1,m— 1j<n 1,m-

(4.12)

In the last equality we used (3.25) and (4.18). Finally, combining (4.9) and (4.12) we
obtain (4.4). |

LEMMA 4.3 (relations for J} ).
(413) an 1J7£,m = Jém 1Fn my
(414) JrlL,mFT Fn m—1 — J’rll m—1 +J j<jTmfl +J :KT n m—1-

Proof. (4.13) can be derived by multiplying (3.17) by I}, ;,,—1 then using (3.13).
For the second equality we multiply (3.17) by T’} ,, then use (3.12) to obtain

J71L m n m = <yPn,m—17 Fn,mPn,m> = <yPn,m—17Pn,m—1> + J'i’mjc;[m

Multiplying on the right of the above formula by '] then using (3.12) followed
by (3.13) twice, leads to the result. 0

LEMMA 4.4 (relations for Ay, ).

n,m—1»

(415) Fn—l,mAn,m = Amm—lrn,ma
(4.16) Iy tmAnm = Anm—1J -

Proof. First we compute
Pr—1.m—1,2Pp m) = Pr—1,m-1, Prc1,m)Anm = TnetmAnm.
On the other hand,
(Pr1m—1,2Ppm) = Ap m—1Tnm.

This gives (4.15). If we use (3.17) with n changed to n — 1, then multiply on the right
by A, n and use (3.11), we find
Jé_LmAn,m = <IPn—1,m—17yPn,m>-

Now eliminating «P,,—1 m—1 using (3.11), then applying (3.17), yields (4.16). 0
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LEMMA 4.5 (relations for I, ,,).

(417) FnymIn,m - _:Kn mf‘n my

) )

(4'18) J»rlb7mln,m = In,m—lﬁn,m + J2 f‘n,m-

n,m

Proof. The first relation follows in a straightforward manner by multiplying (3.22)
on the left by I';, ,,, and then using (3.12).
For (4.18) we first compute

In,m—lAn,m = <Pn,m—17 y]fpn,m>7

which follows by using (3.11) to eliminate yP, ,,. Next, in the above equation use
(3.17) to obtain

71 2 T
<y]P>n,m—la IEJ>n,m> = Jn,mln,m - Jn,mrn,ma

which gives (4.18). d
LEMMA 4.6 (relations for B,_1 ).

Fn—LmBn—l,m = - j<jn—1,TYLI77,-|——2,m"47L—177n + Bn—l,m—lrn—l,m
(4.19) + An,mflxn,m‘[n—zl,m’

J%*l,manl,m = B’nfl,mflt]»;fl’m + Jgfl,m'[n—zQ,mAnfl,m
+ Jg—l,mlr;r—z,m—1An71,mflrnfl,m - An’mfljz,mln—r—l,m
(4.20) — Anm—1Jp Ly 11 Tn—1m.
Proof. We begin by multiplying (3.20) on the left by B,,_1,, and then using
(3.11) to obtain

Fn—l,mBn—lﬂn = <]P)n—1,m—17xpn—1,m> - <Pn—1,m—1a]P)n—2,m>An—1,m~

We see from (4.10) that the second term on the right-hand side of the above formula
gives the first term on the right-hand side in (4.19). We can compute the first term
on the right-hand side of the above formula by eliminating zP,,_1 ,,, using (3.11) to
find
<Pn—1,m—17 xpn—l,m> = An,m—l <Pn,m—17Pn—1,m> + Bn—l,m—1<Pn—1,m—17Pn—l,m>
= An,m—lxn,mlylr_l,m + Bn—l,m—lrn—l,ma
where in the last equality we used again (4.10). This completes the proof of (4.19).

Relation (4.20) can be derived as follows. First we multiply (3.16) with n reduced by
one on the left by J} ;. to obtain

(421) J'rlL—l,mBn—l,m = <yPn—1,m—1a (E]P)n—l,m> + J,2L_17m<]fbn_2,m, an—l,m>
+ Jg—l,m<ﬁpn—2,m—17 xPn—l,m>~

Next we compute the three terms on the right-hand side of the above formula. For
the first term we eliminate zP,,_1 ,,,—1 using (3.11) to find

<y]P)n71,m717 xPnfl,m> = An,m71<]P)n,m717 ypnfl,m> + anl,mflJ»}Lil,m~
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The term (P, yn—1, yPr—_1,m) can be computed using (3.13) so that
WP 1m—1,2Pr—1,m) = = Apm—1J7 D1 — Anim—1Jo i In—1,m-1Tn—1,m
(4.22) + Bn-tm—1Jpn_1.m-
Next we compute the second term in (4.21) using (3.13) to obtain

2 _ 71 T 72
<Pn—2,ma xPn—l,m> - Jn—l,mIn—l,m - Jn—l,mrn—l»m'

Using (4.18) for I,,_1,, and (3.26) we obtain the following formula for the second
term

(4.23) T2 P2, Pyt ) = T2y L A1 m.
Finally, the third term in (4.21) can be computed with the help of (3.13),
<]fDn72,m7175yIF’n717m> = jﬁ—l,m—lgfbnfl,mflvPnfl,m> - jz—l,m—1<Pnfl,m72v]P)nfl,m>~
Notice that
<I@’n—1,m—1,Pn—1,m> = ~n—1,m—1rn—1,m,
and using (3.14) for P,_1 ,,,, we get
(Pr—1.m—2:Pr1.m) =Tne1m—1Tn—1m-
Thus we have
JS_17m<[@n—2,m—laxPn—l,m> = J3_17min—2,m—1An—l,m—lrn—l,’nu

where in the last equality we used again (4.18). Combining the above equation, (4.22),
and (4.23), we obtain (4.20). 0O
LEMMA 4.7 (relations for J) ).

71 T T T
Jn,m = In—l,mAnymIn,m + In_17mBn—1,mIn—1,an,m

(4.24) - - - - -
+ I;Lr—1,mA;Lr—l,mIn—Q,an—LmF"»m + F;Lr—l,m‘]rlz—l,mrmm'

Proof. We begin by eliminating P,, 1 ,,, and P,, ,,, in (3.17) using (3.14) and (3.13),

jrll,m :Ir—zrfl,m<xp’ﬂ*1,m’l—r Pn,m + f‘r—tr,m@n*17m>

n,m

nT 71 » 72 73
+ Fn71,m<Jn717mPn71,m - JnfLmPnfl,mfl - Jnfl)mpnflmflvpn,m%

which simplifies to

j%,m = Ir—[—l,mAn,mIn,m + I;—l,mwpnfl’mv Iﬁ)nfl,rn>f‘n,m + fvl——l,mjrll—l,mrn,m~
In the above equation, (3.15) and (3.20) have been used. Next use (3.11) to elim-
inate «Pp_1,,. All terms can be evaluated using (3.15)—(3.22) except the term
(Pr—2.ms Pri—1,m), which can be evaluated by applying (3.14) to Pr—1,m. a

Similar arguments show the next lemma.
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LEMMA 4.8 (relations for jﬁm)

72 _ T T T T
Jn,m - (In—l,mA%an,m + In—l,mBn—lymIn—l,miKn,m

+ I7—|z— AT I f‘nfl,mg{;lz—,m + f‘;l,—fl,mjifl,mx;,r,m)‘

—1lm*‘*n—1m n—2m

(4.25)

LEMMA 4.9 (relations for fln’m).

(426) A’f%m = IJ,m—IJ'rlL,mIn,m - I’r—Lr,m—l‘]?l,mfn)m + frTL,m—IAN—lymme

Proof. From (3.15) we obtain

An,m = I;Lr’m_l <y]P)n,m—1a ]@n,m> + f‘;;m_1<y]fpn—1,m—l7pn,m>-

Eliminate yP,, ,, 1 using (3.13) and yP,,_1 ,,_1 using (3.11) leads to the result. 0
Again in an analogous fashion, we have the next lemma.
LEMMA 4.10 (relations for By, ).

(4.27)
>, _ 7T 1T T 2T
Bn,’m*l - In,mflr’ﬂ,mJn,mIn,mfl - In,mflxﬂ,m n,mIn,mfl
nT 3T T 3 T nT », T
- Fn,m—l‘]n,m]n,m—l - In,m—l‘]n,mrn,m—l + Fn7m—1Bn—1,nL—1Fn,m—1-

5. Christoffel-Darboux-like formulas. It is well known that the Christoffel-
Darboux formula plays an important role in the theory of orthogonal polynomials of
one variable. Using the connection between matrix orthogonal polynomials and two
variable orthogonal polynomials developed in section 3 we will present two variable
analogues of this celebrated formula.

THEOREM 5.1 (Christoffel-Darboux formula).

Pz,m(xh yl)An+1,mPn+1,m(x, y) - ]P);Lr—i-l,m(xla yl)A;Lr+1,m]P"am(x’ y)
r — T

= Z ]P);fr,m('rh yl)]P)k,m(xa y)
k=0

m
= P, (w1, 41)Pn (2, ).
7=0

Proof. The first equality follows from (3.11) and standard manipulations. The sec-
ond equality follows since both sums are reproducing kernels for the same
space. 0

An analogous result holds for the reverse lexicographical ordering. The above
Theorem also implies the next lemma.

LEMMA 5.2.

(5.1)

P;Lr,m (xla yl)An+1,mEDn+1,m (1'7 y) - IP);LI—.|-17m(xl> yl)Aq—l’L—-Fl,m]P)n,m(xa y)

= (ZE - xl)PI,m(xlayl)Pnym(xvy)

+ P;Lr,mfﬂxlv yl)An+1,m71]P)n+1,mfl(m7 y) — I[D7—1r+17m—1(x1’ y1)ArTL+1,m,1Pn,mf1($€, Y)s
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and

Pt (1, Y1) Pt mr1 (2, 9) — Py (1, 91) Prsam (2, 9)
(5.2) =Py 11 (81,91 Prgtmr1 (@, 9) = Py sy (21, 41) Pt (2, 9).

Proof. To prove the first formula let
Zﬂ,m(xa y) = [13 Y,... aym} [Ierl, I'Ierl, s 71'nIm+1}7

and let Zn,m(x, y) be given by a similar formula with the roles of 2 and y, and n and
m interchanged. Then from the Christoffel-Darboux formula, Lemma 2.5, and (3.10)
we find
Py (@1, 1) Anp1mPrstm (2,9) = Py (21, 91) A1 Prm (2, )
xr —
- Zn,m(-rh yl)HTZ}nZn,m(xv y)T = Zn,m(xla yl)HyzinZn,m(xa y)T
— ]fnr—[,m(xlv yl)ﬁbn,m(xa y) + Zn,mfl(xlv yl)f{;ﬂln_lzn,mfltxv y)T

Switching back to the lexicographical ordering in the second term in the last equa-
tion implies the result. (5.2) can be obtained by using the equality of the sums in
Theorem 5.1 to find

m
Pzﬂ,mﬂ(muyl)[?nﬂmﬂ z,y) Z ntl,j $17y1)Pn+1,j($U,y)
=0

3

= PI+1’m+1(I17yl>Pn+1 m1(2, ) Z imt1 (T, Y1) Py mpa (7, 9).

Switching to the lexicographical ordering in the sum on the left-hand side of the above
equation and reverse lexicographical ordering in the sum on the right-hand side then
extracting out the highest terms and using Theorem 5.1 gives the result. ]

Remark 5.3. The above equations can be derived from the recurrence formulas in
the previous sections. (5.2) follows easily from (3.12) and Proposition 3.7. However,
the derivation of (5.1) is rather tedious.

6. Algorithm. With the use of the relations derived in the previous section we
develop an algorithm that allows us to compute the coefficients in the recurrence
formulas at higher levels in terms of those at lower levels plus some indeterminates
that are equivalent to the moments (see Theorem 7.1). More precisely, at each level
(n, m) we construct the matrices Ky my Tnims Jp s Iims Anms Inims Bn—1,ms Apom,
J}L N By.m—1 and the polynomials P,, ,,,(x,y) and P,, ., (z,y) recursively, using
the matrices at levels (n — 1,m) and (n,m — 1). In order to construct the above
matrices we will have need of the m x (m + 1) matrix U, given by

10 --- 0 0
0 1 0 0
Un = [Im|0] = [571,]'] = . -
O o0 --- 1 0

and the m x m elementary matrix E,, ,, having just one nonzero entry at (m,m).
The matrix norm used in that and the remaining sections is the I3 norm.
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At level (0,0) we have just one free parameter (corresponding to hgo = (1)), at
level (n,0) (resp., (0,m)) we have two new parameters corresponding to hon—1,0 =
(x4 and hgpo = (22") (resp., hoom—1 = (y*™71), and hgaom = (y°™)), and,
if n > 0 and m > 0, we have four new parameters corresponding to the mo-
ments h?n—l,Qm—l — <x2n—1y27n—1>7 h2n—1,2m — <$2n—1y2m>7 h2n,2m—l — <m2ny2m—1>,

h2n,2m = <x2ny2m> .

Level(0,0). When n =m = 0 we simply put
(6.1) Poo(x,y) = Poo(x,y) = s,

where sg ¢ is the new parameter corresponding to the moment (1).

Level(n,0). When m =0, P, o = (p}) ;) is just a scalar valued function in x and
clearly
p§’0
- Pio . N
(62) IP)n,O = : )y 1.8, p'lri,() = pg,o'

0
pn,O

Thus I,, o = (0,0,...,0,1) (1 x (n+ 1) matrix).

To construct all other matrices at level (n,0) from (n — 1,0) we have two new
parameters, so,,—1,0 and s2, 0, corresponding to the moments (z*"~!) and (2").

We take A, o = s25,0 > 0 and By,_1,0 = S2n—1,0- Then,

(6.3) pg,o = A;})(xpgq,o - anl,Ungfl,O - Anfl,Opgfz,o)v

and J} ; is the tridiagonal matrix

Boo Aip
Ao Bio Aap

n,0 —

gt — Aso Bap Asp

An—10 Bn-1o0 Anpo
Level(0,m). In this case Py, = (P0.m) is a scalar function in y and

2
Poa| . .
(6.4) Posn = | . |, i€, phm =Bk
Po,m
We have two new parameters, spom—1 and sgom, corresponding to the moments
(y*m~1) and (y*m).
Clearly To.n = Upn, Iom is the (m + 1) x 1 matrix (0,0,...,0,1)7.
We take Ag . = So0,2m > 0 and Bo m—1 = S2m—1,0. Then

(6.5) Pom = A (B0 -1 — Bo,m—150 -1 — Aom—159 m—2)
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and
Boo Aop
Ao Boa Aoe .

gl = Aos Boa2 Aggs

0,m
Aom—1 Bom-1 Aom

Level(n,m). If n > 1 and m > 1 we have four new parameters Son—1.2m—1,

S2n—12ms Son2m—1, and So, om, corresponding to the moments (z?"~1y?m=1)

<x2n71y2m>’ <x2ny2m 1> and <x2ny2m>

Computation of K, m. In K, the only new entry is (K, m)m,n. (Everything
else can be recovered from the previous levels.) Indeed, if m > 1 we show below that
all rows except the last one can be obtained from (4.1). Notice that 'y, yy—1 Epm =0
and therefore

.
1_‘n,’m—l - Fn,m—l(Um_lUnL—l + E’m,’m) - n m— lU 1U7n—1~

But we know that me_lUl_l is an invertible matrix, which allows us to rewrite
(4.1) as follows:

Um—lgcn,m = _( n,m— lU 1)_1(J72l’m_1 "|':Knﬂn—lén—l,m—l)A;Lr llm

The matrix Uy,—1Ky, m is the (m — 1) X n matrix obtained from X,, ,,, by deleting the
last row.
Similarly, if n > 1 we can write

Fn lm—rn lm(U Un 1+Enn):Fn lmU Un 1
ie., f‘;{fl,m =U] (U,_1T)_ 1.m), and (4.2) can be rewritten as

‘rKn,mUr—L A'n, m— 1(j73j1,m + Bn-1,m-1Kn—1,m)(Un- 1Pn 1, m)” g
Thus the m x (n — 1) matrix X,, ,,U, _;, which is obtained from X,, ,,, by deleting the
last column, is known from the prev10us levels. This allows us to compute all entries
in the last row of K,, ,,, except (Ky.m)m,n. Finally we put (Knm)mn = S2n—1,2m—1-
From the computation of I';, ;,, below we see that the parameters must be chosen so
that I — fKnymﬂCI)m is positive definite.

Computation of Ty, m. If ||Kpm|| < 1, the matrix I — K, K,

m 18 symmetric
and positive definite. Rewriting (3.24) as

I— g{n,mg{l—,m = (Fn,mUTZ)(Fn,mUJ)T
we see that meU; (which is Iy, ,,, except the last zero column) is the lower-triangular
factor in the Cholesky factorization of the matrix I — fKnﬁme;';m
Computation of J2 .. The computation of JZ , is similar to the computation of

Kn,m. First, if m > 1 we can write (4.3) in the form

Umfleym = ( n,m— lU 1)_1(_J717,’m71g<n,m + :Kn,mflAnfl,m)v
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which gives all entries of J7 ,, except the entries in the last row. Rewriting equation
(4.4) as
2 7T ~1 1 T 2 3 F1T
Jn,mUnfl = An,mfl(Jnfl,mAnfl,mIn*Q,m - nfl,mrnfl,m‘]nfl,m

S A G PR L A BT

n—1lm¥“n—1m —1mn—2m—
2 T A
+ Bn—l,m—lt]n_l,m - An—1,m_1In—2,m—1An—2,m
3 T T -1
+ AnymflJn,mInfl,mfl“'K"*Lm)(Unflrnfl,m)

allows us to compute everything except the last column of Jﬁvm.
Finally, we put (J2 . )mn = S2n—1,2m-

Computation of J,ll)m. We put (J}L’m)m’m = Son,2m—1 and (Jim)mm“ = Son.2m

using the last two parameters. Everything else can be recovered from the previous
levels. Rewriting (4.13) as

1 T -1 71
Um—l‘]n,m = (me—lUm—l) Jn,nz—lrn,m7

we get the matrix obtained from J}hm by deleting the last row.

Consider now the (m + 1) x (m — 1) matrix '} | T’} . It is easy to see that
the last two rows of this matrix are zeros and deleting these two rows we obtain an
(m —1) x (m—1) upper-triangular matrix with positive entries on the main diagonal.
Therefore the matrix Um,lUmI‘I’mF;mfl is invertible. Since U, U,| _Up_1Uy =

Lm+1 — B — Bt 1,m+1, We can write

v, v =uvlvu! (U,..U,T} T}

n,m-nm—1 " n,m n,mfl)'

Combining this with formula (4.14) we see that

‘]7lz,mU7—an7Z—1 = (‘]’rlt,;l;a—l + Js,miK;Lr,m—l + Jg,mxv—lr,mrz,m—l)(Um—lUmF;Lr,mF;Lr,m—l)_l'
The matrix J}LMU;U”—':W1 is obtained from J,ll’m by deleting the last two columns.
This completes the computation of J}L’m.

Computation of A, m. Let us denote by M,,_1 ,,, the (m + 1) x (m + 1) matrix
obtained by adding the last row of J}L_Lm to the bottom of I'y,_; ,,. This is an
upper-triangular invertible matrix. Using (4.15) and the last row of (4.16) we obtain
a formula for M,,_1 1 Ap,m in terms of known matrices, which allows us to compute
Apom.

Computation of I, ,,. Writing (4.17) as

UmIn,m = _(Fn,mUl)_lj{n,mf‘n,ma

we can compute all entries of I,, ,, except the last row. But the last row is simply
(0,0,...,0,1), which completes the computation of I, ,,.

Computation of By_1 . Similarly to A, ., we can combine (4.19) and the last
of (4.20) to obtain a formula for M,,_1  Br—1,m in terms of known matrices.

We can compute A, o, j}hm, jﬁ)m, and By, ;1 from (4.26), (4.24), (4.25), and
(4.27).

Finally, we compute Py, ,,(x,y) using (3.13) and (3.12). Similar to the computa-
tion of A,, ,,, we obtain a formula for M, ,,,P,, , in terms of known expressions, where
My,m denotes the (m+1) x (m+1) matrix obtained by adding the last row of J;, . to

the bottom of T, . ]f”n,m(x, y) can be computed from the relation (3.14) analogous
to (3.14) for Py, .
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7. Construction of the linear functional. The above algorithm allows us
to find a linear functional given the coefficients in the recurrence formulas. More
precisely, we have the next theorem.

THEOREM 7.1. Given parameters sop, ..., Son2m € R, we construct
o scalars Ait10, Bio, 1 =0,...,n—1, and Agj4+1,Boj, j=0,...,m—1;
o j X1 matrices X; ; and Jﬁj, i=1,....,n,j=1,...,m;
e j x (74 1) matrices Jil’j fori=1,....n,j=1,2...,m.
If
(71) 82i,25 > 0 and ||j<z,]” <1,

then there exists a positive linear functional L such that
(72) L(Pi’m,Pj,m) = 6¢,jIm+1 and L(]fbmi,]’fbn’j) = 5i,j~[n+1-

The conditions (7.1) are also necessary.

Remark 7.2. The condition ||X; ;|| < 1 imposes restrictions on the parameters
si,;. In particular, it forces [sg;—12;—1| < 1fori=1,...,n,and j=1,...,m.

Proof. We construct the linear functional by induction. First, if n = m = 0 we
set

1 _
L(1) = —— and po,0 = Po,o = 50,0,
50,0

and thus L(po,0, po,0) = £(Po,0,Po,0) = 1.
If m = 0, we construct P, o = p, ; using (6.3) and then we define

L(IPZ,()) IFD]’O) - 61,] .

This gives a well-defined positive linear functional on ) for j =0,1...,n.
Likewise, if n = 0, we construct Py = ﬁg)k using (6.5) and define

L(Poi, Py ;) = & j,

which defines the linear functional on ¢/ for j = 0,1...,m. Thus formula (7.2) will
hold if m =0 or n = 0.

Assume now that the functional L is defined for all levels before (n,m). We first
extend L so that

(73) L(Pn,m—la[@n—l,m) = fK",m.

To check that the above equation is consistent with how L is defined on the previous
levels, note that

(74) L(Fn,mflpn,mfla]pnfl,m) = 1—‘n,mfl:K:n,ma

which follows from the construction of X, ,,, and the definition of L on the previous
levels (see Lemma 4.1). Similarly, using the second defining relation of X,, ,, (i.e., the
last row of (4.2)) we see that

(75) L(Em,mPH,M717 ]fbnfl,m]-—‘zflvm) = Em,mg{n,mfl—fl’m~
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Equations (7.4) and (7.5) show that (7.3) is automatically true except the equality of
the entries at (m, n) place (i.e., the definition of the linear functional on the previous
levels and the construction of X, ,, imply most of (7.3)). We use the (m,n) entry
to extend the functional on 2"~ 1¢y?m~1 ie. we define L(z?"~1y?™~1) so that (7.3)
holds.

Using the same arguments as in the proof of (3.25) we show that
(7.6) T = K m A = —LWPrm1,Pp1m_1).

n—1m

Similar to X, ,, we can use the construction of .J?  to extend the functional on
22~ 192™ 50 that

(7.7) T = ~LWPwm—1,Pu1m)-

Finally we use J; ,, to extend the functional on z*"y*™~! and 2*"»*™ in such a
way that
(78) Thm = BB Bu).

This completes the extension of the linear functional. It remains to show that the
orthogonality relations (7.2) hold. Recall that P,, ,,, is constructed by using (3.12) and
the last row of (3.13). The orthogonality relations in the previous levels and (7.3),
(7.6), and (7.7) imply that

L(Fn,mpn,ma Pn—l,k) = L(Em,mjl HDn,ma Pn—l,k) =0for k= 0, 1, s, MMy,

n,m

hence

LPnm,Pr_1k) =0for k=0,1,...,m.
From the last equation it follows that
(7.9) L®Ppm,Prm) =0for k=0,1,...,n—1.
It remains to show that

(710) L(Pn,mvpn,m) = dm+1-

This can be derived from the two equalities
L(Fn,mpn,mu Fn,mPn,m) = Fn,m]-—‘z’m7

L(Em,mjylhmlpn,mv Pn,m,) = Em,m,t]yll7m-

Conversely, one can easily show that conditions (7.1) are necessary. Indeed, s2;2; > 0

follows from the normalization in (3.2) that the coefficient of the highest term is

positive and (3.13). (3.24) shows that K; ; must be a contraction, i.e., ||X; ;|| <1. 0O
Remark 7.3. The above construction gives simple criteria for the existence of a

one-step extension of the functional. That is, given moments so that there exists a
o . . . 2n—2,2m 2n,2m—2

positive linear functional on [] Ull , any set

{h2n—1,2’m—1a h2n—1,27n7 h2n,2m—17 h2n,27n}

that satisfies (7.1) can be used to extend the functional to [J>"*™.
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8. Interpretation of the condition X, ,, = 0. In this section we classify
two variable orthogonal polynomials, which can be obtained as a tensor product of
two sets of (one variable) orthogonal polynomials. In other words, we want to see
when P; ,(z,y) can be written as

po(y)
(81) ]P)i,m(xay) sz(af) :
P (y)
for some orthogonal polynomials p;(z) and p;(y). The next proposition lists simple

implications of (8.1).
PROPOSITION 8.1. Assume that (8.1) holds for i = 1,2,...,m. Then, for all

i=1,2,....,m, and j =1,2,...,n, we have
Po(y) po(z)
(82) Pij(y)=pi(x) | : |, Pijley)=p| : |,
p;(y) pi(z)
and
(8.3)
:Kij = 0, lej = U, Ai,j = ai1j+1, AZJ = &in+1;
0 (:11 B bo ay
a by by ar b1 b
Jl.lj = azy by as ; jilj = az by as
ELJ‘_1 Bj_l &j a1 b1 a
The scalars a;,b;_1 fori=1,2,...,n and dj,IN)j,l for j=1,2,...,m, are the coeffi-

cients in the three term recurrence formulas for the orthogonal polynomials p;(z) and
p;j(y) respectively, i.e.,
(8.4) zpi(x) = ait1pi1(x) + bipi(x) + aipi—1(z),
(8.5) yp;(x) = aj41Pj+1(y) + 00 (y) + a;pj-1(y).-

Proof. If (8.1) holds, then the orthogonality (P, m,Piy.m) = 0iyisIm+1 1S equiv-
alent to
(8.6) (pir ()05, (), Pia (2)Djo (4)) = b3 35651 o -

From this relation one can easily obtain (8.2) and (8.3). 0
Remark 8.2. Notice that if p;(z) and p,(y) satisfy (8.2) and ¢ is a nonzero
constant, then the polynomials

(8.7) qi(w) = cpi(x) and g;(y) = p;(y)/c

also satisfy (8.2). Conversely, if two pairs p;, p; and g;, §; of scalar orthogonal polyno-
mials satisfy (8.2), then there is a nonzero constant such that (8.7) holds. Thus the
polynomials p;, p; are unique up to a multiplicative constant.
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LeMMA 8.3. IfK; ;=0 fori=1,...,(n+1), and j=1,...,(m+1), then (8.2)
holds for i <n and j < m.

Proof. The proof is by induction. This is obvious if n = 0 or m = 0. Assume now
that this is true for levels (n — 1,m) and (n,m — 1). We need to show that it is also
true for level (n,m). The induction hypothesis and Proposition 8.1 show that (8.2)
and (8.3) hold

e ifi<n—1andj<m,or

e ifi<nandj<m-—1.
In particular, A, ;1 = anlm. (3.24), (3.25), (4.1), and (4.2), combined with X; ; =0
fori<n+1and j<m+ 1, imply that

(8.8) Ly =[500], J}; =0, and J7; =0 for i<n+1, j <m.

Using (8.8) and the defining relations (4.13)-(4.14) for .J, ,,, we see that .J} ,, has
the form

(b ay 1
ar by by
ELQ bQ as
(8.9) Tnm =

L Am—1 C1 C2 |

for some scalars ¢, ca. (4.15) combined with (8.3) and (8.8) shows that

Qn
Qn
an

(8.10) Apm =

Qn

_d1 dy ... dm-1 dy d

for some scalars dy,ds,...,dn,d. Plugging (8.9), (8.10), and A, m—1 = anly, into
(4.16) and comparing the entries on the last row, we get the equalities

&mdl = 0,
Gmds = 0,
(8.11) Amdym_o = 0,

am—lan + amdm—l = AnGm—1,

bp—1an + amdy = ancy,

A d = QpCo.

The first (m — 1) equations simply imply that dy =dy = -+ =d;,—1 = 0.
Formula (4.4) (for J72,, ,,) becomes

0= Jl AT Infl,m - Az,mfl-[nfl,mflfinfl,m~

n,m*nm
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Using (8.3) we can rewrite the last equation as

J’rlL,mA'rTL,mIn—l,m = an&mln—l,m—L
On the other hand, from (4.17) it follows that for ¢ < n and j < m all entries, except
(j+1,i41), of the matrix I; ; are equal to zero. Thus the last equality simply means
that the last column of the matrix J}, A’ is equal to (0,0,...,0,a5dy)". Using
(8.9) and (8.10) we see that the bottom two entries of the last column of the matrix
JY AT are dm_1dm, and cad, i.e., we have

n,m*n,m

dm—1dm = 0,
(8.12) !

Ccod = ay, Q-

The first equation implies that d,,, = 0, while the second one combined with (8.15)
implies that d? = a2 and ¢3 = @2,. Since all the numbers d, ¢z, a,,, and a,, are positive,
it follows that d = a,, and ¢o = a,,. Finally notice that the (m — 1)st equation in
formula (8.11) gives ¢; = bim_1. Thus we proved that

bo
ai by by
(8.13) Anm = anlmyr and J) = az by as

From the last formula and (3.12), (3.13), and (3.14), one can easily see that (8.2)—(8.3)
hold for ¢ = n and j = m, which completes the proof. 1]
As a corollary we get the following theorem.
THEOREM 8.4. The following conditions are equivalent:
(i) For all n and m, Py, is a tensor product of scalar polynomials py(z) and
Dj(y), i.e., we have

(8.14) Py m(2,y) = pa(x)

(ii) Kpym =0 for alln,m=1,2,....

Next we want to prove a finite analogue of Theorem 8.4, i.e., to give necessary
and sufficient conditions for (8.4) to hold up to a given level (n,m). We need the
following lemma.

LEMMA 8.5. IfX; ; =0 and (ij)“ =0fori=1,...,n,and j=1,...,m, then
(8.2) holds ifi <m and j <m orift<n and j < m.

Proof. We prove the statement by induction. If n = 0 or m = 0 this is a trivial
statement. Assume now that this is true for levels (n — 1,m) and (n,m —1). We will
show that it also holds for level (n,m). The induction hypothesis means that (8.2)
and (8.3) hold

e ifi<m—2andj<m,or
eifi<m—1land j<m-—1,or
e ifi<mandj<m-2.
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As before, the condition X; ;j =0fori=1,...,nand j =1,...,m implies that
(8.15) JP;=0and I ; =[[|0] fori=1,...,nand j=1,...,m.
Formula (4.2) gives
Jrim =0,

which combined with (4.25) for jﬁ,lym shows that

(8.16) I,ng’mAnfl,mFr—Lr—l,m =0.
Using the induction hypothesis and (4.3)-(4.4) one can prove that J7_; , = 0. Indeed,

the right-hand side of (4.3) is obviously zero, while on the right-hand side of (4.4)
there are only two nonzero terms:

1 T T 1
J7L—2,mAn—27mIn—3,m - An_27m_1ln—3,m—1An—3,m-

Using (8.3) one can easily see that the above expression vanishes. This shows that all
entries of J,le’m are equal to 0, except probably <J72Lf1’m)m,n71a but we know that
this entry is 0, because this is one of the assumptions in the lemma.

Formula (8.3) and the defining relations (4.13)—(4.14) for J} show that it has

—1,m
the form
B G _
&1 bl b2
a b a
(8.17) Ty = 7

L am—1 €1 C2 ]

for some scalars ¢q,co. (4.15) for A,,_1 ., together with (8.3) imply

o .
(np—1
apn—1
(8.18) Aptm =
Qp—1
| dy da vl dy d

for some scalars dy, ds, ..., dn,d. Plugging (8.18) into (8.16) and using (8.15) we see
that dy =dy =---=d,, =0 and A, 1, is a diagonal matrix of the form

o -

Gp—1
an—1
(8.19) Aptm =
Gp—1
L d—
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Writing (4.16) for n — 1, plugging (8.17) and (8.19), and comparing the last two
entries on the last row we get the equalities

(820) bmflanfl = an-1C1,
(821) dmd = QAp—1C2.
The first equality gives ¢; = Byy—1.

Finally, notice that the last column of the left-hand side of (4.4) must be 0, which,
in particular, implies that the last entry in the last column on the right-hand side of
(4.4) must be zero. Computing this entry we get
(8.22) ng — an,lﬁcm =0.

(8.21) and (8.22) show that ¢y = @y, and d = a,,—1. Thus

by ay
a b by
az by as

— 1 —
An—l,m = an—1lms1 and Jn—l,m = . . )

which combined with (3.13) shows that (8.2)—(8.3) hold also for i =n—1 and j = m.
Similarly one can show that (8.2)—(8.3) hold for i = n and j = m — 1, completing the
induction. ]

COROLLARY 8.6. For given n,m > 0, the following conditions are equivalent:

(i) For alli=0,1,2,...,n, P; ,, is a tensor product of scalar polynomials py(x)
and p;(y), i.e., (8.1) holds.
(i) —XK;;=0foralli<n,j<m;

— (Jl27)” =0i4fi=norj=m;
- (J'rll,m)m7m+1 = Ao’m and (J'rll,m)m7m = Bo’mfl'
9. Numerical examples. In this last section we give several numerical exam-

ples which illustrate the algorithm.
Ezample 9.1. Let us choose parameters s; ; as follows:

50,0 =0.7543 591 =0 50,2 = 0.4633 503 =10 50,4 = 0.4997
510=0 511 =—0.1185 512 =0 513 =—0.1128 s14=0
89,0 =0.4634 s3; =0 S22 =0.4681 s23=0 594 = 0.4998
s30=0 531 =—0.1128 s35=0 s$33=—0.1073 s34 =0
54,0 =0.4997 541 =0 sS40 =0.4682 s543=0 54,4 = 0.4997

First we apply the algorithm at levels (0,0), (0,1), (0,2), (1,0), (2,0). (There is no
restriction on the parameters at these levels.) Next we compute K11 = [s1,1]:

Ky = [<0.1185].

Since |s1,1| < 1, Ky,1 is a contraction and we can compute all other matrices and the
polynomials at level (1,1). Then we proceed to levels (1,2) and (2,1). We obtain

0
Kz = [—0.1128}
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and
Koq=[0 —0.1128],

which are obviously contractions, hence we can compute everything else at these levels
using the algorithm. Finally, at level (2,2) we get

0.0174 0

Kap=1" —0.1073 ]’

which again is a contraction and allows us to apply the algorithm.
The example described above corresponds to the following moment problem:

hoo =1.7575 hg1 =0 hoo = 0.3773 hos =0 hos = 0.1752
hio=0 hi1=—0.0447 hys =0 his=—0.0196 hy4=0
hao = 0.3773 hyy =0 hao = 0.0838 hys =0 ha.4 = 0.0395
hao =0 hsy =—0.0196 hss =0 hss = —0.0087 hs4 =0
hao=0.1752 hyy =0 has =0.0395 hys=0 has = 0.0188.

Next we present an example of a moment problem which cannot be extended.
Ezample 9.2. Let us fix the free parameters at levels (0,0), (0,1), (0,2), (1,0),
(2,0), and (1,1) as follows:
Level (0,0): so0 = 1;

)
Level (0,1): sp1 =1/7, s0.2 = 2;
Level (0,2): so3 =1/3, s04 =T;
Level (1,0): s10=1, s20=3;
Level (2,0): s30 =0, s40 = 0.33;
Level (1, 1) $1,1 = 05, S1,2 = O, 82,1 = O, 82,2 = 1.

Applying the algorithm described in section 6, we obtain a functional L defined
on the space {z'y? : i+ j < 2} and the orthogonal polynomials P and P corresponding
to this functional.

Computing K21 and X; 2 we obtain

Ko = [0.9997407262 s31], Ky = [_0'02749286996} :

51,3

which shows that if we pick s3; and s;,3 with absolute value less than 1 and such
that K 1 and K 2 are contractions, we can extend the functional to the space {z'y’ :
i+ j < 3}. All other parameters at levels (0, 3), (1,2), (2,1), and (3,0) can be chosen
arbitrary. (Of course sg6, S2,4, 4,2 and sg o must be positive.)

Finally let us compute Ko 2. Entry (1,1) of this matrix is

(K2,2)1,1
—59.47189 — 0.2717694 x 10™0s; 5 + 0.1087078 x 10~ 13 157 5 — 43.93372s3,151 3

\/1 - 1928.71333’1)\/1 — 1.00075652 5(1 + 1.237179 x 10145, )

From the above formula it is clear that |(X22)1,1] > 1, which means that Kz 2
is not a contraction. Thus, we see that the functional £ cannot be extended to level
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(2,2) no matter how we choose the parameters at levels (1,2) and (2, 1). In particular,
it follows that £ cannot be extended to the space of polynomials of (total) degree 3.

Remark 9.3. The above example shows that not every functional defined on
levels (n,m — 1) and (n — 1,m) can be extended to level (n,m) even if we modify the
parameters entering one step back in each direction, that is, at levels (n,m — 1) and
(n — 1,m). Several numerical experiments indicate that deforming the parameters
two steps back in each direction is enough to extend the functional. Whether this is
true or false in general is an interesting open problem.

Remark 9.4. Example 9.2 shows the simplest possible case of a moment problem
which cannot be extended to a level (n, m) even if we modify the parameters entering
one step back in each direction. More precisely, one can easily show that if n = 1 or
m = 1 the moment problem can always be extended by deforming just one parameter
entering one step back. Indeed, if, for example, m = 1, then X, ; is a 1 x n matrix.
The first (n — 1) entries are computed from (4.2). Notice that in this equation the
only matrix coming from level (n,0) is A, 0 = (S2n,0). Thus, if we make so, o large
enough, X, ; will be a contraction.
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