Spectral transformations for Hermitian Toeplitz matrices
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Abstract

In this paper we deal with some perturbations of probability measures supported on the unit circle as well as, in a more general
framework, with Hermitian linear functionals. We focus our attention in the Hessenberg matrix associated with the multiplication
operator in terms of an orthogonal basis in the linear space of polynomials with complex coefficients. The LU and QR factorizations of
such a matrix are introduced. Then, the connection between the above-mentioned perturbations and such factorizations is presented.
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1. Introduction

Given a linear functional u in the linear space 2 of polynomials with real coefficients we define an inner product

(p,q)=ulpq), p,qec?.

Notice that the Gram matrix G of this inner product with respect to the canonical basis {x"}, > is a Hankel matrix,
ie., (x™, x") = u(x™*"). This means that the antidiagonals of G have the same entries.

If the leading principal submatrices of G are nonsingular, then the linear functional u is said to be quasi-definite. In
such a case, there exists a sequence { Py}, > of monic polynomials with deg P, = n such that u (P, P,,) =0if n #m
and u(Pnz) # 0. {Py},, >0 1s said to be orthogonal with respect to u.

It is very well known that { P, },, > o satisfies a three-term recurrence relation

xPp(x) = Pyp1(x) + b, Py(x) + ¢y Pro1(x), n>1,

with ¢, # 0 for every n > 1.
This means that the matrix representation for the multiplication operator (hg)(x) = xq(x), g € £, with respect to
the basis { P}, > is a tridiagonal matrix H,. We will denote x P = H, P, where P = [Py(x), P(x), ... I
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Several examples of perturbations # of a quasi-definite linear functional have been considered in the literature
[3,5,22-24] in the framework of some factorization process of the matrix H,. In particular, three canonical cases
appear.

(1) u is a linear functional defined by

u(p(x)) =ulxp(x)), peP.

u is said to be the Christoffel transformation of u.
u is a linear functional defined by

(ii)
u(p(x)) =u(px)) +mp@©0), pe?, meR

is said to be the Uvarov transformation of u.
is a linear functional defined by

IR

(i)
i(p(x) = u (M) +mp©), pe? meR

i is said to be the Geronimus transformation of u.

Necessary and sufficient conditions for the quasi-definite character of & appear in [3,23]. These three canonical trans-
formations are called basic spectral transformations (see [22,24]).

A natural question is to find the connection between the tridiagonal matrices associated with the monic polynomial
bases orthogonal with respect to u and i, respectively. In such cases, the LU and UL factorization of H,, play the main
role in order to obtain explicitly the tridiagonal matrix associated with the perturbed linear functional # [3,23].

In the theory of integrable systems, these transformations are called Darboux transformations. See [4,22,23] for more
details.

The aim of our work is to analyze the analog of spectral transforms in the framework of inner products associated with
Hermitian Toeplitz matrices. They appear in prediction theory as covariance matrices of discrete stationary stochastic
process and the corresponding sequences of orthogonal polynomials are prediction filters (see [13,15]). The analysis
of such families of orthogonal polynomials has intensively attracted the interest of researchers in the last five years.
The monograph by Simon [21] is a good sample of it.

From the point of view of perturbations of positive-definite Hermitian Toeplitz matrices or, equivalently, probability
measures supported on the unit circle, there is a wide literature (see [2,7-9,16,18,19], among others) emphasizing the
analytic properties of polynomials orthogonal with respect to the perturbed measures.

In [11,10], an operator approach based in the matrix representation of the multiplication operator is given. We get
a lower Hessenberg matrix that is almost unitary. More recently, in [6], a five diagonal matrix that is unitary and such
that the characteristic polynomials of their leading principal submatrices are the monic orthogonal polynomials with
respect to the spectral probability measure is introduced.

The goal of our contribution is to present the connection between the infinite Hessenberg matrices associated with
canonical perturbations of probability measures supported on the unit circle using LU and QR factorization of the
original one. We will analyze this problem in a more general framework that will be described in the sequel. When the
measure has a finite support, then the Hessenberg matrix is finite dimensional. In such a case, there is a vast literature
(see [1,12,20]) about the QR and LU factorization for eigenvalue computations and for the least-squares approximation
by trigonometric polynomials. There the representation in terms of a set of n parameters, sometimes referred as Schur
parameters or Verblunsky parameters (see [21]), both before and after the spectral transformation is emphasized because
this makes efficient computation possible.

Let % be a linear functional in the linear space L of Laurent polynomials with complex coefficients. Denote by
L(p(2),q() = L (p(z)q(1/z)) a bilinear functional, with p, g € P, where P is the linear space of polynomials
with complex coefficients.

Definition 1.1 (Jones et al. [14], Marcelldn and Alfaro [17]). Consider the matrix T = (¢;, j)?j'zo’ where #; j =
L, 7)) = F(z'77), and let T}, be the leading principal submatrix of order n. Then

(i) If t; j = t;;, then & is said to be Hermitian in P.



(i1) If det 7,, # 0, for every nonnegative integer n, then ¢ is said to be a quasi-definite bilinear functional in [.
(i) If Z(p, p) >0, forevery p € P, p(z) # 0, or, equivalently, det 7,, > 0, for every nonnegative integer n, then &
is said to be a positive definite bilinear functional in [P.

If & is quasi-definite, then there exists a sequence { P}, > o of monic polynomials orthogonal with respect to &,
1.e.,

degP,=n and L (P, Py) =Kk, 0kn, ky #0, 0<k<n,

where Jy ,, is the Kronecker delta.
The sequence { Py}, > satisfies two recurrence relations

() Ppt1(2) =2Pn(2) + Ppy1(0) Py (2),
(i) Poy1(2) = (1 = [Par1(0)[)zPu(2) + Pay1(0) Py (2).

They are known in the literature [7,13,14,21] as forward and backward recurrence relations, respectively. Here P (z) =
7" P,(z~1) is the so-called reversed polynomial of P,,.

Notice that % is quasi-definite if and only if |P,(0)| # 1 for every n>1. % is positive-definite if and only if
|P,(0)] <1 foreveryn>1.

On the other hand, if # is positive-definite and P, () = O then || < 1. For the quasi-definite case we need a deep
analysis as we show in below.

If for certain n, P, (o) = P,() = 0 with || # 1, then from the backward recurrence relation we get

Pi(2) = P{(2) =0.
But

Pi(z)=z—a and Pj(z)=1-a0z,
i.e.,

1-— |oc|2 =0 a contradiction.

Thus, if |o| # 1 and P, () =0, then P (o) # 0.

If |¢| = 1 and P, () = 0, then P () = 0. Using the backward recurrence relation Pj(z) =z — o, with | P1(0)| =1,
a contradiction. Thus, if |«| = 1 then P, () # 0 for every n.

Consider the semi-infinite lower Hessenberg matrix H), associated with {P,}, >, such that zP = Hj, P, where
P=[Py(2), P1(2),..., Pu(2),... 1"

We will deal with the study of polynomial perturbations of . of the form (see [8,16])

ZL2(p.q)i=L((z—)p,(z—w)q), p,qeP, e9)

and how the Hessenberg matrices associated with the original and the perturbed bilinear functionals are related to each
other by using certain factorizations of them. As a convention we will denote % as |z — o|>.%.

In Section 2, in order to study the perturbation of ¥ given by (1), we will first consider the following perturbation
of & defined by

gl(P,Q) = g((Z_W)PsQ)s p,qu,

and then we will finally consider the perturbation:

Lrp, ) =2L1(p, z—0)q) =L (z—)p, (z—n)q), p,qelP.

In this process we will see that the corresponding Hessenberg matrices are related using the LU factorization of the
Hessenberg matrix associated with .

In Section 3, we will consider the perturbation (1) directly. Since in this case we will deal with orthonormal polyno-
mials, we assume the bilinear functional Z to be positive definite. In this case, we will establish how the Hessenberg
matrices associated with ¢ and %, respectively, are related to each other by using now the QR factorization.



In Section 4, we consider another perturbation of Z(p, ¢) defined by

L3(p,q)=ZL(p,q) +mp()g(w), o] =1.

By using the results obtained in Section 3, we will establish a relation between the Hessenberg matrices associated
with ¥ and Z3, respectively, again using QR factorization. Finally, we will analyze a new perturbation

La(p,q) =L (p,q) +mp@q @) +mp@Eq@),

with |o] £ 1 and m € R.

2. Quasi-definite linear functionals and LU factorization

According to the notation given in the Introduction, assume that .’ is a quasi-definite linear functional in the linear
space of Laurent polynomials with complex coefficients as well as the bilinear functional ¥ is Hermitian. P will denote
the linear space of polynomials with complex coefficients and [P, is the linear subspace of polynomials of degree at
most 7.

If { Py}, >0 is the sequence of monic polynomials orthogonal with respect to £ and H), is the semi-infinite lower
Hessenberg matrix associated with { P, },, > ¢, such that 7 P=H), P, where P=[Py(z), P1(2), ... 1, then Z (P, PY) =Dy,
where D), is a nonsingular diagonal matrix.

As we have mentioned in the Introduction, in this section we will study the polynomial perturbation (1) of % in
two steps.

First of all consider the perturbation of % defined by

ZLi(p,q)=ZL((z—0)p,q).

In this case, %1 is not Hermitian. Therefore, we cannot consider the sequence of monic polynomials orthogonal with
respect to . 1. However, we can look for sequences of polynomials which are either left or right orthogonal with respect
to Z.

Definition 2.1. Let 7 be a bilinear functional in P, {L,},, >0, { R}, >0 sequences of monic polynomials.

(i) {Ln}, >0 is said to be left orthogonal with respect to 7 if for every n >0, we get
e degL, =n,
o F(Ly(2),2")=0,0<k<n — 1,
o F(Ly(2),7") #0.

(i) {Rn}, >0 is said to be right orthogonal with respect to .7 if for every n >0, we get
e deg R, =n,
o 7 (2" Ry(2)) =0,0<k<n — 1,
e 7 (7", R,(2)) #0.

Indeed, one can prove the following:
Proposition 2.1. Suppose that P, (x) # 0 for everyn>1. Then
(1) The sequence

Kk,

K, n—1 p—
Rale ) = 2K (290 = Pu@) + o= 3K BP0 )
=0

Py (o n () 2

is right orthogonal with respect to 1. K, is the kernel polynomial of degree n associated with the bilinear
functional & .



(ii) The sequence

1 P,
Sp(z,0) = —— (Pn+1 (z) — %?PN)) 3)

z—a

is left orthogonal with respect to ¥1.

Proof. (i) From (2), deg R, =deg P, = n.
The kernel polynomial K, (z, ) satisfies the Reproducing property

L(p(), Kn(z,0)) = p(x) forevery p € P,

as well as the Christoffel-Darboux formula (see [7,13,21])

1 P:+1(“)P:+1(Z) — Puy1(2) Prt1(2)

K,(z,0) = - 4
n(z, o) Koo e “)

Thus, for 0 <k <n,

kn
L1, Ru(z, 0)) = e 215, Ku(z, )

_ K Pk,
= —Pn(oc) L (z—a), K,(z,a)

K, B -
=7 L@@ — ), Kns1(z, ) — K} Pog1 (2) Pug1 ()
_ _ kn Pn—H(OC)én.k-

Py(o)

(i1) For 0<k <n,
L1(Su(z, %), 2 = L((z — 0)Su(z, %), 25

=7 (P 1(0) = 2@ p o, Zk>

P ()

= L (Pi1(2), 2 — P;*z;;‘) L(Py(2), 75
_ _knPn+](“)5nk- 0
Py(a)y

The sequence {S,(z, ®)}, > was used in [4] for nonsymmetric perturbations of symmetric bilinear functionals. We
will work with the family {R;,(z, )}, >¢-

We will now establish a relation between the Hessenberg matrices H, and H, associated with {P,}, >, and

{Rn(z, ¥}, >0, respectively. Notice that { P, },, > ¢ and {R, (z, ®)},, > ¢ are monic polynomial bases in the linear space P
of polynomials with complex coefficients. Thus, there exists a lower triangular matrix L ,, with 1 as diagonal entries

such that P =L, R, where R=[Ro(z, «), Ri(z, ), ..., Ry(z, @), ...]" Observe that D, = % (R, R") is a nonsingular
lower triangular matrix.

Lemma 2.1.

1) Zi(P, Pt) = (H,, —al)Z (P, P‘) = (H,, — ocI)Dp,
(i) Z1((z — )P, PY) = (H, — al)>D,,

where I denotes the infinite unit matrix.



Proof.
L(P,PY=ZL((z— )P, P)=L((Hy, —al)P, P")
=(H, —ol)#(P,P") = (H, — al)D,.
In a similar way, the second statement follows. [J

Proposition 2.2. Let L, be the lower triangular matrix with 1 as diagonal entries such that P = L, R. Then
Hy, —al = LU, where

L= Lpr D, ©)
is a lower triangular matrix and
¥ —1
vU="L,D, (6)

is an upper triangular matrix.
Proof. By the above Lemma, one can write
(Hy, —al)D, = % (P, P') = %1 (LR, R‘L‘p,)
=L, Z1(R, R‘)L;r =Ly DL},
Therefore, H, — «l = L, D,L%.D,". O
Remark 2.1. Observe that the LU factorization given in the last Proposition is not unique.
Next, we give a result that shows that the matrix H, is similar to the product U L.
Proposition 2.3. If H, — ol = LU, where L and U are given by (5) and (6), respectively, then
H,=D,(UL)D; ' +al.

Recall that D, is a nonsingular lower triangular matrix.

Proof. From the above result, we get H, — ol = LU, with L and U given by (5) and (6), respectively. Therefore, taking
into account the last Proposition, on one hand we have

L@~ )R R) = ZL1((z =)L, P, P'Lyy)
=L,/ Z1(z =P, PYL;)"
=L, (H, —al)*D,(Ls) "' =L, (LU’ D, (L%,)~".
On the other hand, %1 ((z — )R, RY) = (H, — o) %1 (R, RY) = (H, — al)D,. Thus,
Hy—ol =L,'L,D,ULD;'=D,ULD;'. O

The next step is to define now a perturbation of ¥ as follows: Z»(p, q) := Z1(p, (z—a)q). Notice that ¥>(p, g)=
L((z — a)p, (z — a)q) and that the bilinear functional .#» is Hermitian (see [17]).

Proposition 2.4. The bilinear functional ¥, is quasi-definite if and only if K, (o, ) # 0, for every n >0.

Proof. Assume that % is a quasi-definite bilinear functional and consider the sequence { O, },, > o of monic polynomials
orthogonal with respect to %>. Then

Pp=(z—)Py_1 & L[Ky(z, )]
=L[(z =) Qn-1(2)]® (2 = P2 & L[Kn(z, )],

where L[ K, (z, «)] means the span of K;,(z, ®).



On the other hand,
Pp=Pn_1 @ L[Pn(2)]
=L[P,(2)] ® L[Ky-1(z, 0] ® (z — ) Py—2.
Thus,
L[(z =) Qn-1(2)] ® L[K,(z, )] = L[P,(2)] ® L[Ky-1(z, )]

Therefore,

Py(2) =@ —00,-1(z) + ﬁnKn—l(Zv ).

If Kpy—1(o, o) = 0 for some no, then, from the above expression, P,,(«) = 0. This means that K, («, ) = 0, for every
n>ng and thus P,41() =0, n>ny.

If |a| # 1, taking into account P, (a) # 0, n >no, as well as the Christoffel-Darboux formula (4), then for n>ng
we get

P (@) = |Puy1 () |P*, ()]
—1 | +1 n+ —1 +1
K o) =k == =k e 70

a contradiction.
If |«| = 1, then P () =0, thus P,—1(x) =0 and Pi(x) =0, i.e., P1(z) =z — a, hence | P{(0)| = 1, a contradiction
with the quasi-definite character of . Hence K, (a, o) # 0, for every n >0.
Conversely, assume that K, («, @) # 0 for every n>0 and consider the family of monic polynomials {Q,},>¢
given by
Pn—H (O‘)

(z—=0)0n(2) = Pyr1(2) — mKn(Za o). (N

Then, for 0<k<n

L2(0n(2), (z — ") = L((z — 0) 04 (2), (z — )"

P,
=9 <Pn+1(z) - ﬁ;’(glfn(z, %), (z — a)k“)
= L (Pys1, (z — o)* 1) — Bt ® o200, (2 = 0t
Ky (o, o)

Ppi1(2) Pyy1(o)

=Kt 10nf — oL | Kps1(z, 8) — == Py (2), (z — o)<t
K, (o, o) n+1
Pyy1(00) Pyyr (o)

=k o —_r 7

n+10n.k + K, (. ) n.k
k. K (o o)
=RKp+1 Kn(O(, O!) nk-

Hence {0y}, > is the sequence of monic polynomials orthogonal with respect to 5. [

Let H, be the lower Hessenberg matrix such that zQ = H, Q, where Q =[Q0(2), Q1(2), ..., On(2), ... 1" We will
show that H,; can be obtained from the LU factorization of H,.
First we need to prove the following:

Lemma 2.2.

i) Z2(R, RY = #1(R, RY(H, — ol)* = D,(H, — al)*.
(i) Z2(R, (z — ®)RY) = D, ((H, — al)*)%.



Proof. (i)
Z>(R,RY=21(R, (z—®)R") = L1 (R, RY(H, — al)* = D,(H, — ol )*.
In a similar way, we deduce (ii)).
Proposition 2.5. Let I:rq be thefower triangular matrix with 1 as entries in the main diagonal such that R = L4 Q.
Then, H, — al = L,4,U, where U denotes a nonsingular upper triangular matrix.
Proof. From the previous Lemma
Dy(H, —al)" = Z2(R, RY) = Z2(Lr 0, 0'L;,)
= Lg 22(0. QL]
=Ly DqL;‘q, (Dg = Z2(Q, Q") is a diagonal matrix).
Therefore, H, — al = L D;L;“q (D;*)_1 and
H, — ol = LU where L = L,; and U=D'L* (D:‘)_l. O

q-rq

Proposition 2.6. Let L, be the lower triangular matrix with 1 as entries in the main diagonal such that R = L4 Q.
If H, — ol = LU denotes the LU factorization without pivoting of H, — ol , then

Hy—ol =UL.
Proof.

Z2(0, =0 0Y) = L2L R, (z = )R'Ly

=L,/ L2(R, (z = )RY(L;)~".

Thus,

(0. QY(Hy — al)* = L; ! D, ((H, — al)*)*(L},) ™"
or, equivalently,

Dy(Hy —al)* =L; ! DDy Ly Dy LY, Dy ' Leg Dy Ly (L)
Finally

(Hy —oD)* =L}, D 'L,yDy e,

H,—ol =D:L! (D) 'L,,=UL. O

q-rq

3. Positive-definite linear functionals and QR factorization

Assume now that % is positive definite, and denote by {¢,,}, > the corresponding sequence of orthonormal poly-

nomials, i.e., ¢, (z) = Kk, P, (2), where Kk, =/ Kk, .
We will deal with the study of the polynomial perturbations %> of . given in (1). Notice that the bilinear functional
&> is also Hermitian and positive definite. Let {1}, },, > o denote the corresponding sequence of orthonormal polynomials.
Our aim is to obtain a relation between H, and Hy by using (7). For convenience, we will rewrite such a formula
in terms of the orthonormal polynomials {¢, }, > and {i,}, > with respect to & and %5, respectively. Thus,
" o) ; (a
K (o, oc)) o= 3 Pn1(0)@;(2)

(z— Of)lpn (x)= m iz0 \/Kn.H(OC, o) K (o, o)

?;(2). ®)



If we consider

?=100(2), 912, ..., 0,(2),...1" and Y=o, ¥;@),.... ¥, ), ...1,
then the matrix expression of (8) is

=y =M, ©)
where M is a lower Hessenberg matrix with entries m; ; given by

_ Piy1(2)
VEKiy1(o, 0)K; (o, )

m; ;= K;(a, o) it (10
Kit1 (o, o) '

0 if j>i+1.

@) if j<i,

The matrix M satisfies
Proposition 3.1.

MM* =1, (11)
where I denotes the infinite unit matrix.

Proof. From the orthogonality of {¢, },, > ¢ and {i,,}, > with respect to £ and %, respectively, and by (9), we get

=L, ") = Lz — 0, (z — yY')
=L Mo, p'M)Y=MZL(p, oYM =MM*. O
Remark 3.1. Notice that M*M # I.

To obtain the relation between the Hessenberg matrices Hy, (i.e., Hp ¢ =z, see [11,10]) and Hy,, we must introduce
the lower triangular matrix L such that ¢ = Ly. We will show that such a matrix can be expressed in terms of H,, and
M in the following way:

Proposition 3.2.

L=(Hy—al)M*. (12)

Proof. Let ¢ = L. Then (z — )y = (z — 2) L™ . From (9), M = L_l(H(p — al)¢. Therefore, LM = H, — ol
and since M M™* = I, the statement follows. [

From this, as a straightforward consequence, we get
Proposition 3.3.
Hy —ol =ML.

Proof. From (9), (z — 0){ = M ¢. So (Hy, — ol )}y = M L and the result follows. []



Therefore, to compute Hy, from H,, first we need to determine the lower triangular matrix L. We can explicitly do
these calculations. Just take into account that the coefficients of Hessenberg matrix Hy, are

. +1(0)P;(0)  if 0<j<i,
Ki
=) it j=i+1,
Ki+1
0 if j>i+1,
and the expressions (10) and (12), we deduce by a simple computation.

Proposition 3.4. The entries I; ; of the matrix L are

ki [ Kigi(a, o) i
kip1V Ki(o o) ’

T ((Pry1 (0)/Ki)i 197, () s R CA o
. “ﬂ:(]a ag;'c(a‘(’;)l“ —(P,-+1<0>Pi(0>+oc>,/ﬁ, =i,
ALY i—1 5 i B

Pi1(0)
Ki/Kj(o, ) Kjy1(a, o)

(j @115 () — @11 (0)K (2, @), J<i—=2.

From Proposition 3.3, to obtain Hy, we need to multiply again the matrices M and L. To do this explicitly is very
complicated, so we have chosen an example to show these computations. Indeed, let

“ ., ———do
L(p,q) = / p(e‘“)q(eﬂ’)ﬁ.

It is very well known that the nth orthonormal polynomial in this case is P, (z) = ¢,(z) = ", for every n >0.
Consider the parameter o with || = 1. Then, the reproducing kernel is
n
7/ 1 Zn—H _ O("+1
Kp(z,o)=) —=——"

s of o z—ua

and, as a consequence, K, («, o) =n + 1, for every n >0.
On the other hand,

—o 1 0
Hy—ol=| 0 —o 1

The entries m; ; of M are

it
—— S if j<i,
JE+2)(+1)
mi ;= i+ 1 e (13)
fj= 1
Vit2 =i+l
0 if i+l

In this case, from Proposition 3.4, [; ; =0, for j <i — 2. Hence, the matrix L is a lower bidiagonal matrix with entries

i [i+2
l,',,'_l = —u il and l,',,' = it 1. (14)

We will analyze several cases.

10



For j >i + 2, one can easily see that M(i)L(j ) = 0. (Note that the resulting matrix must be Hessenberg).
For j =i +1,

+1 z+3 Vi+DGE+3)
My L+ = I ,/’ - .
@) miit1bi41,i+1 = P12 P

For j =1,

MG LD =m; il +miialiy
% i+2 z+1 P24 G +1)?

T ixoaxnVivl 2T Yar G+

Finally, for j <1,

Mo LY =mijlj j+mijiil s,

i+l JTI_ JTI_ yi—itl
VG+DIG+HD \VJj+2 J+1 BN I

Hence, the entries i,j of the Hessenberg matrix Hy, — ol are

0 if j>i42,
I+ 1D3GE+3) .
VE+DE+I) fj=it1
it2 =i+l
hij=\_ it2+G+1)’ g
G+ 1D +2) I=h
gt
—— - - - if j<i.
JE+2)@+DG+2)(G+ D

As we have seen in this example, all the calculations need a lot of work. This is the reason why we tried to relate, in a
general case, the computation of the Hessenberg matrix Hy, with certain factorization of the original Hessenberg matrix
H,. More precisely, we will use the QR factorization of (H, — ol )* to obtain Hy, — al. Indeed, assume that O*R*
is the Q R—factorization of (H, — al)*, where QQ* = I and R* is upper triangular with strictly positive diagonal
entries. Then, H, — o/ = RQ and one can prove the following:

Proposition 3.5. If L is such that ¢ = Ly, then R = L.

Proof. Notice that Z5 (¢, ¢') = Lo(Ly, y'LY) = LL> (Y, y")L* = LL*.
On the other hand,

L2, oY) = L((z — 09, (z — D))
= (Hyp — o)L (¢, ¢")(Hy — al)*
=(Hyp —al)(Hp — al)*
=(RQ)(Q*R*) = RR".
From Proposition 3.4, one can see that the diagonal entries /; ; of L are all strictly positive. Therefore, LL* represents
the Cholesky decomposition of the Gram matrix of the bilinear form %, with respect to the orthonormal basis {¢,,},, > ¢-
Thus, R=L. O

Now, we will prove the following:

Proposition 3.6. Hy — ol = QL.

1"



Proof.
Hy —ol = (Hy — o) %20y, §")

= L2 (Hy — o)y ¥
= L2 — DY, ")
=L@ -L g, 'L
=L 22 (@ - e, oHL™H*
=L~ (Hp — o) Z2(p, 9" )(L*) !
=L7'co@LHeH™!
=QL. O

Remark 3.2. Notice that, according to Propositions 3.3 and 3.6, we get Q = M.

In order to give a finite version of the last Proposition we will prove the following:

Proposition 3.7. Let (Hy,—ol), be the leading principal submatrix of order n of Hy,— ol and consider the factorization
(Hp —al), = Ry Qn where Ry is a lower triangular matrix and Qy, is a unitary matrix such that (Hgy — al)i= Q%R
is the OR factorization of (Hy, — o). Then

(Hlp - Od)n—l = (Qan)n—l'

Proof. Consider the factorization H, — o/ = LM and let L1, M be the leading principal submatrix of order n of L
and M, respectively. Then

i Lu 0 ]| MM
Lat| Loz | | Mar| Mz

_ L11M11 ‘ LMMIZ
LoiMiy + LoxMy ‘Llelz + LMo

and, as a consequence (Hy, — o), = L1 M.
On the other hand,

Hy, —al = ML

MLy 4+ MiaLo; ‘ MLy

M Lyy + MaLyy ‘ MLy

Thus,
(Hy —al), = Mi1Li1 + Mi2Lo,
but
0 ln,O lnfl 0 0

MLy = ) ) : =MmMy_1n

Mp—1,n 0 ln,O SRR

12



Thus,

(Hy —al)y—1 = (ML), (15)
Since MM* = I, we get

MuM{; = I = Imu—1.2)” Enn,

where
o --- 0
Eu = . .
o --- 0 1

is a matrix of order n and I, is the unit matrix of order n.
Now, consider

I 0 0
0
E:= s
1 0
0 0 !
0

where 6 = /1 — |mn_1,n|2 > 0. Let Q = EM; and R = L1y E~!. Then, we will check that Q is a unitary matrix of
order n. .
Letg;,i =0,1,...,n — 1 be the ith row of Q. Then

mi, 0<ign -2,
P
& gmn, i=l’l—1,
where m;,i =0, 1,...,n — 11is the ith row of My;.
If 0<i, j <n — 2, then we get
A A 1 if i =,
* oAk ok
(00 )i,j—%qj'—mzmj—{o it

Ifi=n—1,orj=n—1andi # j, then
A Ak 1 *
qiqj = Smimj =0.
Finally,
o 1 « 2
dn—-19,_1 = ?mn—lmn_l = ?(] - |mn—1,n| ) =1

R is a lower triangular matrix, with positive diagonal entries.
Furthermore,

O*R* = M{\EE™'L}, = M}, L}, = (H, — al)}.

n

Thus, by the uniqueness of the QR factorization of (H, — ol);;, we get
Q:Qn and R=R,.
But Q, and M/ differ in the last row and R,, and L; differ in the last column. Hence,

(Qan)nfl :(MllLll)nfl :(Hllj_{xl)nfl' U

13



4. Perturbation

L3(p,q) =L (p,q) +mp@)q(@), |l =1.
Let consider now the perturbation %3 of the original bilinear functional ¥ defined by

L3(p.q) =L (p.q) +mp@q(@. p.q <P, (16)
where m € R and |o| = 1. Notice that, since m € R, such a bilinear functional is also Hermitian.
Proposition 4.1. .#3 is quasi-definite if and only if 1 + mK,,—1 (o, o) # 0 for everyn>1.
Proof. Let {U,}, > be the sequence of monic polynomials orthogonal with respect to .#’3. We wish to obtain a relation
between the nth monic polynomials U, and P,, where P, denotes the nth monic orthogonal polynomial with respect

to Z.
We can write

n—1

Un(2) = Pu(2) + ) I j P (), (17)
j=0

where {4, }7;(1) are the Fourier coefficients given by

o g(Uns Pj)

I i = ,
" 2Py, P))

=0,...,n—1.

From (16) and the orthogonality conditions of U,, with respect to .#’3, one has

_ L3Un, Pj) —mUn(@)Pj(0) — mUn(2)Pj(c)

Jn,j = = ., j=0,...,n—1
: c.f(Pj,Pj) g(P]VPj)
Thus,
n—1
Un(@) = Pa@) + Y 7 jPj(2) = Pu(2) — mU () K1 (2, ).
j=0

If we set z = a in the last formula, then one can easily obtain that
Pp(o) = Up()(1 + mK ;1 (o, 2)).

If 1 +mK,,—1(a, o) = 0 for some ng, then Py,,(x) = 0. This means 1 + mK,,(x, @) =0, i.e., Pyy+1(0) =0. As a
consequence

P,(2) =0 forevery n>ny.

On the other hand, taking into account |o| = 1, P,fo () =0,1.e., Pyy—1(a) =0, from the backward recurrence relation
and thus P; () =0, hence P(z) =z —a« and | P1(0)| = 1, a contradiction. Hence 1 +mK,,_1 (o, o) 7# O for every n > 1.
Conversely, assume that 1 +mK,_1 (o, ) # O for every n > 1, and define the polynomial

U _p mP, (o) % 18
n(z) = n(Z)—m n—1(z, o). (18)

14



Then, for 0<k<n,
mP (o)

9 _ ok
TrmK o Krmt@ 2, @ =)

L3(Un(2), (z — 0)F) = L(Py(2), (z — 0)F) —

Po ()

n

mPy ()
L+ mKp—i(a, o)

= - % (mz, %) — Pu(2), (z — a>k>
Py () Py (2)
Tt mKy (o) "
1 +mK, (o, o)
= kn— n,k-
1+mK,,_1(Oc, O() '

= knén,k +m

Thus, {U,},, > is the sequence of monic polynomials orthogonal with respect to 3. [

If & is positive definite and m > 0, then 1 + m K, (o, o) > O for every n >0. Thus, #3 is also positive definite.
In order to rewrite (18) in terms of the sequences {9, },, > and {5, },, > ¢ of orthonormal polynomials with respect to
& and &3, respectively, we must compute the norm of U,,. Indeed,

1 14+mK,(« )

U2, = U U =5 +—F—"—~-
I n||gz 3(Un, Uy) K%1+mKn—1(fX,OC)

Therefore,
n—1
(- _ mP,(x) —
on(e) = (xnnUnug)"’"(Z) ,2 1Tl 220+ mK i oy 1?1 @
n—1 — 3
1+mK,_1(x, o) m(Pn(OC)QDj(OC)

_ _ (2). 19

(\/ L+ mKn(, ) )%(Z) jX_(:)\/(l+mKn(fX,OC))(1+mKn_1(<x,oc))(p"/(Z) )

Hence, we have shown the following:

Proposition 4.2. Let Ly be the lower triangular matrix such that ¢ = Ly, where ¢ = [69, 01, ...]" and ¢ =
[@g, @15 - .- 1" Then, the entries ll(lj) of Ly are given by

14+mK;_1(a, o) . .
f—— i=],
S _ 1+mK,;(o, o)

i) - me; ()@ ; ()
ST+ mK; (o o)1+ mK;_ (o, 2))

i>].

To compute Ll_l,just set P,(z) =U,(2) + Z?;l I, ;jUj(2) where now, for0<j<n — 1,

, = L3P Up) LB Uj +mPu@U; @) _ mPa()T; ()
T 23U, U 1U; 1%, 1U; 1%,

Thus, for orthonormal polynomials one has

me, ()U; (o)

n—1
0,(2) = Kp | Unll 500 (2) +
" pnnEs T 2 1U; |l &

J=0

_ [ Lm0 = m, () (@) |
- \/1 FnKpn O ]ZO N BT SIce e SRICED M

0j(2)

Thus, we get

15



Proposition 4.3. The entries lAi(’Ij) of Lfl are given by

14+mK;(o, a) . .
—_—, 1=,
i(l) _ I+mK;_(a, o)

L] e
me; ()@ ()
JAT+mK (o, ) (1T +mK ;—1 (o, 2))

i>j.

We will see how we can use the results in Section 2 to establish a relation between the Hessenberg matrix associated
with the original bilinear functional .# and the Hessenberg matrix corresponding to .#3.
Notice that if we apply to Z3 the transformation defined in (1) we get

lz—a’PL3=|z— o> L = P>. (20)

Hence, on one hand, by Section 2 we know that the QR-factorization of (H, — af)* is M*L*, where M is the matrix
given by (9) and L is such that ¢ = Ly. By Proposition 3.6, H;, — ol = M L.

Taking into account (20), we can apply the same process to the functional .#’3. Therefore, for the orthonormal
polynomials {a,,}, > ¢ and {{/,},, > o With respect to #’3 and %>, respectively, we have the following relations:

(z—o)Yy =Mzc and o= L3y.
Then, again the QR-factorization of (H, — ol)* is M;‘ Lg, and, by Proposition 3.6, Hy, — ol = M3L3.

Proposition 4.4.
Ly=L\L and Mz=ML;" (21)
Proof. Since 0 = L{¢ and ¢ = Ly, then ¢ = L1 L. On the other hand, ¢ = L3. Thus, L3 = L L.
Since Hy —ol =ML = M3Ls3, then
My=MLL;' =ML(L'L7H =ML, O
Therefore, to compute H; — ol from H, — ol , we just need to apply the QR factorization of (H, — ol )™ to obtain the

matrices M and L. Then we compute M3 and L3 according to the formulas given in (4.4) and finally, H; — ol = L3 M3.
On the other hand, for the leading principal submatrices we get

Proposition 4.5. Let (H,—al), bethe leading principal submatrix of order n of H,—al , and consider the factorization
(Hp —od), = R, Q, where Ry, is a lower triangular matrix and Q, is a unitary matrix such that (Hy, — ol ), = Q5 R:.
Then

(Hy —al)y—y = (L1 Ry QuLi) 1,

where L1 is the leading principal submatrix of order n of the matrix Ly, that satisfies ¢ = L1 ¢.

Proof. Consider the factorization Hy, — ol = LM, and let L1, M be the leading principal submatrices of order n of
L and M, respectively. Then

(M3), = My Ly + MiaLo

and

(L3), = L1iLy1,

where

16



Hence
(L3M3), = illLu(Mnil—ll + Mi2Lay),

but i“LnM“I:l_ll and (L3 M3),, differ in the last row. As a consequence,
(Hy —al),—y = (L3M3), = (Lu LMy Ly, .

Thus,
(Hy — o)y = (L1 Ry QL7101

since R,Q, =L 1E"'EM 1 =L M;;. O

In order to illustrate the procedure of finding H; — «/, consider the bilinear functional #5 defined by
0o 40 —

L3(p,q)= [ ple7)g( )Z: + p(Dg (D).

—T

It is straightforward consequence that 1 + K, (1, 1) =n + 2, for every n >0.
From (13) and (14) we get the entries m; ; of M and [; ; of L, respectively,

i

1 B oo
e ifj<i i1 =it
J@+2)0@+1) —

mij=y [i+1 e and [ j= : if j=i,
p +2 1f]=l+1 l+1
i e
0 £ 1.
0 if i+ 1 r<it
0 if j>i.

The entries / l(lj) and lAl.(lj) of the lower triangular matrices L and Ll_l, respectively, are

i+1 e i+2 e
- if i =, - if i =,
i i+2 hO i+1
iLj 1 iLj = 1
——— ifi>, —— ifi>j.
@+ DG +2) VE+1DGE+2)

The next step is compute L3 and M3. These matrices are given by (21), and as consequence, the entries (m3); ; of M3
are

1
0 if j=i,
G+2)G+1
(m3); FD0+Y iy
i+2
0 if j>i+1orj<i,
and, the entries (/3); ; of L3 are
i+1 i
S if j=i—1,
Vit +2) /
1 if j =1,
(13);,; = 1
——= . . . if j<i—1,
i+ DE+2G+ DG +2)
0 if j>i.

17



Finally, to obtain H, — I, we need to multiply L3 by M3. This result is following:

1

—_—— -1 if j=i,

G+D0E+2)

VI +1D3GE+3) )

AL e if j=i+1,
(Hg —1); j = i+2 J=t

0 if j>i+1,

j+3 o
- 3 if j<i.
(J+22/E+DGE+2(G+ D

5. Perturbation

La(p.q) =L (p.q) +mp@3 @) +mp@ Hq@), ol # 1.
Let consider now the perturbation ¥4 of the original bilinear functional ¥ defined by
La(p.q) =L (p. ) +mp@q(@") +mp@E (@), (22)
with |o] #£ 1 and m € R.
Notice that ¥4 is a Hermitian bilinear functional.
Proposition 5.1. The bilinear functional ¥ 4 is quasi-definite if and only if

14+mK, (e, a b mK (o, o)

A, =
" 'mKn(&_l,&_l) 1+ mK,@ ", o

0,
)#

for everyn>0.

Proof. Assume that %4 is quasi-definite, and let {V,}, > ( be the sequence of monic polynomials orthogonal with
respect to #4. Then

n—1
Va(2) = Pp(2) + Z;Ln,ij(Z),
j=0
where
g(VVH P]) m _ 1 .
A. = — = — — Vn P V P_ .
= gy ey kg ORI TGO
Hence,

n—1 n—1
Va@) = Pu(2) =mVu(@) YK Pj @ HPj() —mV,a@ ) Y ki) P(2)
Jj=0 j=0

= Pu(2) = mVy ) Ky-1(z, &) =mV,u (G Kn—1(z, 2).
If we evaluate the above expression for z = o and z = &~ !, respectively, then we get
—Py(@) + (L mK 1 (2,5 ) Va (@) +mK 1 (o ) Va3~ =0,
—P@ ) +mKy 1@ a V@ + (L4 mK @ o) Va@E ™ =0.
According to the uniqueness of the values V, («) and V,, (&™), the matrix of the above linear system

. 1+mK,—1(e, &b mK 1 (a, o)
U ok, @ ey 14+ mK, @)

must be nonsingular. Hence 4,,_1 =det B,,—1 # 0 for every n > 1.
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Conversely, we assume that 4, # 0, for every n >0, and consider the polynomial

Py()  mKn_1(z, @) mK,—1(z, %)

Po() 14mK,_1(, 3 ") mK (o, o) , n=0. (23)
Po@ ) mKy a1+ mK,1 G )
For 0<k<n — 1 we get

L4V (2), (z — )5
La(Pa(@), 2 — ) mPa(Kyo1(z,a7 ), (2 — b)) mPa(Ky_1(z, 0), (z — »)F)
=4 P, (o) 1+ mK,_q(a, 27 mK 1 (a, o)
P, mK,_1@ ', a 14+ mK, 1@ ", o)
On the other hand, for 0 <k <n — 1,

Vu(z) =

Anfl

L4(Pa(2), z — Ky =mP, (@) (" — @),
LaKn1@ 2D, =0 = =D A+ mK, @),
La(Kn-1(z,9), (2 = 0" =mKp1 (2,0 (" =2

Thus,

L4V (2), (2 — o))

Py(@)  1+mK,_(,a )  mK,_ (e

Py(@) 14+mK,_(a,a " mK p_1 (o, o) =0.
P,y mK,.1@ o) 14+mK,_1@ "' o

_m@ -t
N An—l

Now,
34(‘/"’ Vn) - 34(Vn7 Pn)
La(Py, Py) mLa(Ky_1(z, 071, ) mLa(Ky—1(z,0), Py)

= P, () 14+ mK,_i(a, 2" mK p_1(o, o)
" pGh mKn_1G", 5" L+ mKu_1 G, )
But
La(Py, Py) =Ky +mPy (@) Py (3 +mP, &) Py(w),
La(Kn—1(z, 87, Py) =m(Kp—1 (2, & Y P, ") + Ky 071, 27 Pu(@)),
La(Kn-1(z,0), Py) =m(Kn—1(2, 0) Py (37" 4+ K1 (371, ) Py ().
Thus,

k, _mPn(a_l) _mPn(a)
Py(@)  14+mK, (o3 ") mK ,—1(a, )
P,y mK,. @ Lo 1+mK,1(@ o)

1
34(‘/}1’ Vn) = A

1 k, _mPn(O‘_l) —m Py (o)
= 0 14+mKy(ah mK , (o, o)
"o mk,@ @Yy 14+mK,@ "
A
=k,—— #0. O (24)
Anfl

If # is a positive-definite bilinear functional, then we get
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Proposition 5.2. The bilinear functional ¥ 4 is positive definite if and only if A, 14, > 0, for every n >0.
Proof. This is a straightforward consequence of (24). [J

Under these conditions, let {¢,, },, > o be the sequence of orthonormal polynomials associated with #4. Then ¢, (z) =
(1/1Val) Va(z), where

[Vall = 1 Pl T (25)
n—1
Proposition 5.3. Let L be the lower triangular matrix such that =L, where p= (o, D1 - - - 1"and =g, @y, ... 1"
Then, the entries ll,., of L are given by
Ai— i
="

m — N ey
———=Ai(@ ;@) + Ai(@ (@), i>],

where Ay (2) = ¢,(2) + m(Pn(Z)Kn—l(Z_l, z) —me, (Z""YK,—1(z, 2). The entries l:(;l) 0fl~,_1 are given by

1
| Vam
ij m

Proof. We can express

(Uit +me;()A; @) +me; @ HA; (@), i=],

(Ai@); @ + Ai@ e, @), i>j.

i—1
Vi) =P+ Yy P2

j=0

where y; ; = L (V;, Pj)/|IPj|*, 0<j<i — 1.
Thus, from (25), for orthonormal polynomials we get

i—1
$i(2) = ,/ qo,(z)+Zyl,||P||,/ <p,(z> (26)
j=0

By (22) and the orthogonality conditions of V,, with respect to ¥4

b= — #(vi(a)m+ Vi@ ") Pj()
-~ 1F ”(V(oc)m-l— Vi, ().
On the other hand, from (23)
V=LA ad Ve =4,

Thus, if i > j then

~ Ai,] m 1. v

I o= APl -— A ()@ A; (@)).

ij =" IPjll 1 AHAZ-( i@e;@ )+ Ai@ )e;(@)
From (26), we get l~,, =./4i_1/4;.
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Now, we can also express

¢;(2) ZZﬁi,j¢j(Z),

j=0
with ﬂi,j = 34(([)1', ¢j)
Thus,
Bij=ZL(pi ) +me;@p; ") +mep, "), ().
From (23) and (25), we get
1

};(0) = Aj(@) and ¢j<&—1>=/ﬁm(&—l).

1
JA—14;

Hence, if i > j

F(=1) _ _ m A1 A (o)
L =Pi;= PRy (i (A @) + ;@ )Aj (@),
and,ifi = j
(—1) A,‘_l m U e
li,i = ﬁi,i = + . (p; (A (@) + (@ HA; (). O

4 VAi-14;
Notice that if we apply to %4 the transformation defined in Section 2, i.e., if we set |z — a|>.%4, then we get
Iz —a>’Ly =z —a>L =L, (27)

Hence, by Section 2 we know that the QR-factorization of (Hy, — of )* is M*L*, where M is the matrix given by (10)
and L is such that ¢ = Ly. By Proposition 3.6, Hy, — ol = M L.

Taking into account (27), we can apply the same process to the bilinear functional .# 4. Therefore, for the orthonormal
polynomials {¢,}, ¢ and {/,,},, > With respect to #4 and %>, respectively, we get

(z—o)Yy=Myo and o= Lygy.
Then, again the QR-factorization of (Hp — ol )* is MILI and, from Proposition 3.6, Hy — ol = M4La.
Proposition 5.4.

Ly=LL and My=ML", (28)
where M is given by (10) and L is given in the Proposition 3.4.

The finite version of the above result is presented in the following:

Proposition 5.5. Let (Hy—ol), bethe leading principal submatrix of order n of Hy—o.l and consider the factorization
(Hyp —ad), = R, Q, where Ry, is a lower triangular matrix and Q,, is a unitary matrix such that (Hy — al )i = Q%R
Then

(Hy —od)y—y = (L11 Ry QnLi Dot

where L1y is the leading principal submatrix of order n of the matrix L, that satisfies ¢ = L.
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