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Abstract

In this contribution we study some pertubation of the Jacobi weight function by
adding a mass point at= 1, one of the ends of the interval supporting such a mea-
sure. We find the explicit expression of the corresponding orthogonal polynomials
as well as the holonomic equation that such polynomials satisfy. Next, we analyze
the location of their zeros and, finally, we give an electrostatic interpretation of
them.
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1 Introduction

Let {un},s0 be a sequence of complex numbers arallinear functional defined in the
linear spacé of polynomials with complex coefficientwhere

<l’l’ Xn> = Hn, ne N

u is said to be anoment functionahssociated witfyn},.o. Moreoveruy, is called
themoment of order f the functionalu.

Given a moment functional, a sequence of polynomial®,},-o is said to be a
sequence abrthogonal polynomialsvith respect tqu if:

*Thework of the second author has been supported by Direccion General de investigacion, Ministerio de
Educacion y Ciencia of Spain, grant MTM2006-13000-C03-02


Nota adhesiva
Published in: Communications in the Analytic Theory of Continued Fractions, 2007, n. 15, p. 4-19


(i) Thedegree ofP,isn.
(i) Pa(¥)Pm(¥)) =0,m#n.
(iii) <u, Pﬁ(x)) #0,neN.

If every polynomialP,(x) has 1 as leading coefficietiien{Py}..q is said to be a
sequence ofmonic orthogonal polynomialdlt is clear that for every sequence of or-
thogonal polynomials there exists the corresponding family of monic orthogonal poly-
nomials. In the sequel we will work with monic polynomials .

The next theorem, whose proof is given in [6], provides necessary andiesoiffi
conditions for the existence of a sequence of monic orthogonal polynofRigis.q
with respect to a moment functionalssociated withyn} so-

Theorem 1 Let u be the moment functional associated wijifi},.o. There exists a
sequence of monic orthogonal polynomitg} .o associated with if and only if the
leading principal submatrices of the Hankel matimj]i e are nonsingular.

A moment functional such that there exists the corresponding sequence of orthog-
onal polynomials is said to lregular or quasi-definite See ([6]).

Now we show the three term recurrence formula that a sequence of monic orthog-
onal polynomials satisfies. It will be used in the next section. The proof is given in

(6].

Theorem 2 If 4 is a regular moment functional andPy}.-¢ is the corresponding se-
guence of monic orthogonal polynomials, then there exist sequgiiges and{yn}nso
with y, # 0 for every ne N, such that

XPn(X) = Pny1 (X) + BnPn(X) + ¥nPn-1(X) (1)
with Po(X) = 1,P1(X) = x— Bo.

If ¢(X) is a complex polynomial, we define the moment functiopa) the left
multiplication by a polynomial, and Dy, the usual distributional derivative of as
follows

(b, P(X)) = (1, ¢ (X) P(X)y, (D, p(X)) = = {u, P'(X)) -

We will say that a sequence of orthogonal polynom{&g,..o is classical, if there
exist polynomialsp andy with degg < 2, degy = 1, such thaj satisfies the Pearson
differential equation

D (o) = v
Classical orthogonal polynomials (Hermite, Laguerre, Jacobi, and Bessel) are used
in the literature taking into account their applications in Mathematical Physics, in par-
ticular in the study of problems involving hypergeometric differential equations (see
[13], [14], and [10]).
The next theorem summarizes some properties of classical orthogonal polynomials.
The proof is given in [11].



Theorem 3 Letu be a regular moment functional arié,},.o the corresponding se-
guence of monic orthogonal polynomials.

1. {Pn}nso is classical if and only if there exist sequencgsg, ¢, with ¢, # O for
every ne N, such that

P()PA(X) = 8nPns2(X) + baPn(X) + CnPn-1(X) ()

with degy < 2.

2. {Pn}nso is classical if and only if, for every a N, P, is an eigenfunction of the
differential operator
L=¢D?+yD (3)

wheredegg < 2, degy = 1, and D denotes the standard derivative operator.

3. {Pn}nso is classical if and only if there exist sequencgamd $ such that

Pn(X) = Qn(X) + rnQn-1(X) + $1Qn-2(x), n > 2, (4)
with Qu(x) = Péf(f) k=0

4. (TheChristoffel-Darboux identity)

S P(OP(u) 1 Pn+1(x)Pn(u)—Pn(x)PnJ,l(u)'

k=0 <ﬂ, Pﬁ>  (u.P3) X—U ©)

The polynomials{Py},.o are semiclassical orthogonal polynomiaifsthere exist
polynomials¢ andy with degy > 1, so that the corresponding moment functigmal
satisfiesD (¢u) = yu.

Given a moment functional, if we add a Dirac mass we obtain a new moment
functionalu. The next theorem, whose proof is given in [12], characterizes the se-
guences of monic orthogonal polynomia{zﬁ}mo with respect to the moment func-

tional .

Theorem 4 Let {Py},5o be the sequence of monic orthogonal polynomials associated
with the moment functional. We introduce the moment functionak u + Mé(x — a),
where(s(x — a), p(X)) = p(a) is the Dirac moment functional supported at a. Then:

1. mgisregular if and only ifl + MK (a,a) # 0, n € N, where

5 Pj(a)
Kn(X @) = 27 p ().
L e

2. For every ne N,

MP,(a)

P =PaX) =I5k @)

Kn—l(x’ a)- (6)



As we mentioned before, a relevant class of classical orthogonal polynomials are
the Jacobi polynomials. For these polynomials the corresponding moment functional
satisfies a Pearson equation wiitx) = 1 — x? andi, 5(X) = — (@ + 8+ 2) X+ (B — a).

The next proposition summarizes some properties of the Jacobi polynd?ﬁi%(lx).
(See [1],[6],[10], [13], and [14]).

Proposition 1 Let{P‘,ﬁ’ﬁ}n>0 be the sequence of Jacobi monic orthogonal polynomials.

1. For every ne N,

XPRP(%) = P09 + Br? PRl (%) + v P (), (7)
with
aB ﬁz - 0[2
" @n+a+p)@n+2+a+p)’
op dnn+a)(n+B)(n+ a +B)
[ @n+a+B-1)@n+a+pP@n+a+B8+1)"
a-p

@B () _ B —
PI"(x)=1,and B7(x) = x + aip12

2. Forevery ne N,

(9 + bR PR + PP, (8)

n+1

(1-2)(PrP(0) = an’Pe;

where

a’ = -n,

0B 2(@-pB)n(n+a+B+1)

bn® = (2n+a+ﬁ)(2n+2+a+ﬁ)’and

cﬁ’ﬁ _ ann+a)(n+p)(n+a+B)(n+a+B+1)

@n+a+B-1)@n+a+p?@n+a+B+1)

3. For every ne N, there exists a sequence of real numbarg,.o such that B*(x)
satisfies the second order linear differential equation

Y + Yap(MY = 437y (9)

with 2% = —n(n+ 1+ a + f).

4. For every ne N,

(PH#(9) = nP (%), (10)



5. For every ne N there exists a constant,Auch that
Paf(
Kn(x 1) = APEH(0, A= — )

W L) y1yz...m
6. Forevery ne N,

I'h+a+IN+a+B+1)
Ile+)ICn+a+B+1) °
rn+B+1I(n+a+pB+1)
re+r2n+a+p+1) °

PRf(1) =2

Pf(-1) = (-2)"

7. For every ne N,

22BNy o+ DI (N+B8+ DI (N+a + B+ 1)nI

P =

For instance, using) and(11) we can write

@n+a+B+1) [T 2n+a+B+1)>?

MPR(1)

DS .8 a+1ﬁ — _
P09 = PRE09 + chPR 1 (9, do =~ s

An 1,
and, taking into accourgiL1)
MP;P ()P (1)
<M,(P‘;;1(x)) >+ MP# (1)P‘”1ﬁ(1)
On the other hand, usindl),

dy = —

.3 .
oy~ PRI0OPR()
YT TR
Paoo
- W)ﬁmn( ,1) = Kna(x, 1)]
@3
) ’Pn (X) s [An P () — A, Pa+1ﬁ(x)]
= —P“‘sﬁ(l) n 1
|Pa,ﬂ( X) |Paﬁ( X)
Y as a+1 P " Mag b
M T e

and,taking into accounPﬁ’ﬁ(x) is monic, according t¢11) we get

| fYﬁ x+lﬁ( )
PR(D)

A

Pa(x) = PR (%) — Ant

(11)

(12)

(13)

(14)

(15)



Usingthe last identity, from{(14) we get

2
DS a+1.8 | Pﬁﬁ(X) [2 a/+1ﬁ
Pi"(¥X) = P (X + dn—An—lpaT(l)’ (X
n
MPR*(1) |Ps* o 1
— Pa/+l,ﬂ _ n a+ ﬂ
v oKL T R | ™
. 2 Q. 2
s M@)o Mk D) [PREC] -
= P - | At P (%)
" (1+ MKn1(1,1)) PHP(1)
@8 111\2
lezcolf M)+ (14 MKna 0, 1))
1 n (X) af P;"ﬂ(x)H +1,
= PR - —5 2 PP ()
P& (1) 1+ MKn-1(1,1)
1+ MKn(1,1) Ans
_ a+13 _ n 01+1B
= Pk LoD A et X
Pa+lﬁ( ) <y,(P‘;ﬁ(x)) >+ Mpaﬁ(l)pwﬂﬁ(l) P"ﬁ(l) a+1,ﬁ( 0.
= n (X) —
Q) Q. -+ @3
<y,(Pn_ﬁl(x)) >+MP 4 (1P (1) PRP(D)
Letr, anday besuch that
@, 2 Q) Q@ o
(1 (PR209)7) + MPEAWPE (1)
04 =
" PHA(1)
(1 (PEPO)) + MPRP QPR () prs
Mn
< (P,0) >+ MP (1P (1) Paf (L)
then
Theorem 5 For every n=1,2...
PRf() = PR (0 + raPi (%), (16)
where , = -,
n-1

Usingthe definition ofr, (12), (13), and making some calculations, we obtain the
explicit expression of,

I'(a + DI(a + 2)RMO, @, p)

fn = @n+ra+p)@n+a+B+1)S(na.p)

6



with

RNao,B) = 22T (n+B+ 1) +2MI(n+a+2)T(N+a + B+ 2)
S(n,a,f) = 22T (- (n+B)I(e+ (e +2)+MI(N+a+ 1IN+ a+B+1),

and, as a conclusion, the asymptotic expression

2@+ D+ 2)N+a+)(n+a+B+1)

@n+a+pB)2n+a+pB+1) (47

M~ -
2 The holonomic equation

We are going to find the second order lineateatiential equation satisfied @ﬁﬁ(x).
Taking into accoun(9) if we changex for @ + 1, then

¢(X) (P(Hl’ﬁ(x))” + I/I(H.LIB(X) (P(Hl’ﬁ(x)), /la+lpa+1,ﬁ(x),
é(X) ( a+lﬁ(x)) + Yar15(X) ( a+lﬁ(x)) - /la+1pa+1[j(x)

Adding to the first identity the second one multipliediyywe obtain

009 (PP (9)" + Yias1.s9 (FR/(9) = 570 + rodf P79

as well as

¢ (PP ()" + as1,509 (Pa? (%)
(y+1,BP(1+1[3(X) + rn/l(y+1,ﬂp(1+lﬁ(x) + rn/la+1,BP(1+1,ﬁ(X) (I+1,BP(1+1,B(X)
/lw+1‘B (Pﬁ+lﬁ(x) + rn ﬂ/+lﬁ(x)) + rn (/la+l,ﬁ /la+1,8) a+lﬁ(x)

— /l(l+1pﬁﬁ(X)+ rn( (l+lﬁ /la+lﬁ) a+lﬁ(x)

In order to writeP**#(x) as a combination dP;*(x) and(ﬁ‘,ﬁ’ﬁ(x))/ , we use(10).
Thus

(5ﬁ’ﬁ(x))/ (Pﬁ,ﬁ(x))/ 4 dn( a+lﬁ(x))
(1 - x2) (5(;,;;()())' = (1-X@+X)nPH) +d, (1 _ Xz)( a+1ﬂ(x)>
On the other hand, using the Christdfformula (se€5))

n-1
(1+X) P00 = P00 + 37 6 PTH(0)



where

f (L+ %) PEFROOPT 00 (1 - 0™ (x+ 1) dx

" [P
a+lp
LR 0@t oe e
[Py el .
Asa consequence
(1+X) P09 = P00 + Py (%), (18)

In order to computé,, we evaluat€18) in x = —1 and we obtain

Pa+1,ﬁ( 1)
Ck+1ﬁ( 1)
Using(12) andmaking some calculations, we have

th=-—

2n+pB)(n+a+pB+1)
@n+a+B+1)(2n+a+p)
From(18) and(8), we deduce

n=

(1) (P’ 00)
= (1-)n[Pr ) + tPr P (9] +

a+18 a+lﬁ a+18 e+l a+lpB e+l
[an P bn—l Pn—l +Cn—1 Pn—2 ]

From(7)

1 (
PR 09 = — g [ (= Ar2”) P 00 - PR (9
yn—l
thus

(1) (P o)
a+1lp

C
(1-X)n+dea’t? - 1 } P (x) +

a+1p
n-1
w+1ﬁ

(X B(Hlﬁ):i Pa+lﬁ(x)

yn—l

Usingthe values of:‘”lﬁ andy‘”lﬂ given in Proposition 1, we have



a+1p
Cr‘l—l

a+lp

n-1

=n+a+pB+1.

As a consequence

- (X (Fe)
= —|pxn-a ' Pdi+n+a+p+ 1 PR +

+[ X(Nh+n+a+B+1)+n,+ b P+ (n+a+p+ 1)[3‘”15] P (X).
If we define

VLA (x) = [xn Pyt nra+B+ 1] and

PN = XM+ N+ @+ B+ 1)+t + b + (n+a+ 5+ 1) 8077,

we obtain
'ﬁﬁ,ﬁ(x) Pa/+l,ﬁ(x) + rn (I+l,ﬁ(x)
(1- %) (PrP(x) = v 8Py (x) + q“*lﬁ(x)P‘”lB(x)
Thus,

(1-2) (PaP(¥) - v ()P (x)

w+1ﬁ
¥ = T e -

(19)

As a conclusion

[0 () - v ()| (1) (Paf () +

o150 a7 (X) = v (x)| (PP (%))

[qa+l,ﬁ(x) —r Va+l,/i’(x)] /1(':+l,ﬂrj<éﬁ(x) +

+ry (/la+lﬁ /la+l'8) [(1 _ X2) <|E>‘¢;,B(X))' _ \/y+l,ﬁ(x)'|5ﬁ,ﬁ(x)] ,

or, equivalently,

a0 — rav ()| (1- ) (Pr#() " +
+ V100 [0 0 = v 00] + 1 (1) (457 - 472)] (PR ()
— [( w+1,8(x) r V(Hlﬁ(x)) 0z+1[3 i1, (/l(r:+1,[3 /la+lﬁ) VaJrlﬁ(X)]( aﬁ(x))

So, we have proved



Theorem 6 If {Pﬁ’ﬁ}n>0 are the Jacobi monic orthogonal polynomials a{'ﬁﬁ‘ﬁ}mo

are the monic orthogonal polynomials associated with the moment funcfioaal +
Mé(x — 1), then

A(X; n; @) (5‘;’[5)" + B(x; n; ) (5ﬁ'ﬁ)' —C(x;m; )P =0, (20)
with
A(x;n) = [q(”lﬁ(x) - rnv‘”lﬁ(x)] (l - xz),
BOG 5@) = Yias100 |09 — e (3] + 1 (1= ) (457 - 421)  and
COx; M) = [q (3 = v ()| 4+ + 1o (457 — 4777 v (),

3 The Zeros

We are going to have an explicit expressiorP&f in terms of the generalized moments
applying the Gram-Schmidt orthonormalization process to the family of polynomials
1,(1-x),(1-%?2,...(1-X". Indeed, If

1, 1)
</J’ 1- X>
. (1-%2)

Ho = &o
&1
£

</J’ (1 - X)n> é’n

and
L & S n
H L -
Qn (/J) =

dh1 n - I
éﬁ §h+1 L één

then

o &1 Coe ¢n
& £ e {ni1
e |

(X o1 () (21)

{n-1 n S {on-1

10



If £ =+ M&(x - 1) then

H+M 4 Coe n
&1 Lo b
~mﬁ ~ (_1)r| . . . .
]
{n-1 ¢n Coe {on-1
1 1-x a-x"
But
HL+M 4 ... &
a L. . b
Qn—l(:[l) =
gn—l é,n L {Zn—l
fn §n+1 .. §2n

Qn-1 (1) + MQn2 (1~ %% ).

As a consequence,

(1) Q01 (1) PRA0) + M (1= ) Qoo (1 - %% ) (D)™ PR 2 (%)

—)"PEA(x) =
AR Qn-1 (W) + M2 (1~ %)% )

iy - Ot ) PRP0) + M (x— 1) Qn o ((1 - 9% p) P‘,:ff”f(x). )
Qn-1 (1) + M2 (1~ %% )

Taking into accoun(22)
lim P00 = (x— 1) Py (0 (23)
Next we will need the following result whose proof can be founded in [3].
Proposition 2 For M > 0, we get

1. The zeros oP%#(x) are real, simple, and they are located(inl, 1).
2. Since | < 0, we have

il < XM and

x‘rfj.lﬁ < ng]l) < x‘;fllf j=1,..,n-1,

+1\" a8 (M)\"
Where{xg,j }1:1 are the zeros of the polynom|aH§ () and{xn!j }j=1 the zeros

of P*#(x), respectively.

11



As a consequence,

lim XY = 1,h|Aianx(n?ﬁ> =x*2 k=12..n-1
Now, using(22), we conclude
Q1 (1) PR7(1)

Q1 (1) + M2 (1 - Xn)
Fromthis expression we get

P =

MY (1 (M) M) Qn1 (1) PRP(1)
(2=« (1 ) Q-1 () + M2 (1~ 92 1)

and,as a consequence,

@,
fim M (1 X _ Qn_1 (Il) Pr”(1)
sim M (1= X07) P 2A(1) 002 (1 - 0% 1)
Qn 1 () 2(a+ 1) (a+2)

Qn—z((l— x)zy) N+a+1)(N+a+B8+1)
On the other hand, taking into acco@t),

Qn (1)

(P70, (1=2") = (-1 505

P = ey

or, equivalently,

0n ) = [P0 1 0.
Using the last result, we have
Q) Pt 0| [Pes | - [P0 [Psfoo]

Qn-2 ((1 - X)Zlu)
but, using(13)

pr2e | [P [Ps 2o

N 22+ B lr (ne )T (N+ BT (N+a + ) (n—1)!
Pn’_l(X)H ~ Cnta+p-D)(IT@n+a+p-1)>2

Poz+2,ﬁ(x)“2 T 22 lr(nt o+ DI (N+B8-DI(N+a+p+1)(n-2)!
"2 @n+a+B-1)T@2n+a+B-1)>°
(n+8-1)(n-1)

n+a)(n+a+p)’

12



For instance

Qn1 (1)
Qn2 ((1 - X)Zﬂ)

(+-D (-0 +8-2(0-2)... 0+ )P
Mta)n+a+f)ta-DM+a+f-1.. @+2@+B+2)

rn+pB)(n-21!

rB+1) 22PIAT (a+ DT B+ DI (@+B+1)
Fh+ae+ DI (n+a+p+1) (@+B+1) (T (a+p+1)> N
IFa+2T(a+B+2)

208 (- DT (n+B) T (@ + DT (o + 2)
Ih+a+)T'(n+a+B+1)

Finally

. M) Qn-1 () 2(@+1) (a+2) B
I\LITOOM(l X”'\:l‘)_ Qn_z((l—x)zu) M+a+)(N+a+B+1)

2B (- DT (N+B)T(a+ DT (e +2) 2@+ 1) (@+2)
Fh+a+)I'(n+a+B+1) n+a+)(N+a+p+1)

20982 (- DT (n+B) T (e + DT (o + 3)
rh+a+2)T(n+a+B+2)

finally, the following result concerning the greatest zer®pf holds
Theorem 7 For n > 1, we get

_ 22— T (n+B)T (@ + 1T (a +3)
,\”anM(l—x,ﬂ'ﬂ)): Frn+e+2)T(N+a+B+2) ' (24)

4 Electrostatic model
Assume thafx\\)}  are the zeros dP;*(x), and evaluaté20) in every zero. Thus

AN e) (PR OAD)” + B n; ) (PR X00)) =0,

and

FO) Boinia)

(P AN

13



But

coftiniar oo )7 ) - O - (40 - 52
AR () o G ()
s (0G0) (- a)

oR0) " e G oo ()

andmaking some calculations, we get

e (G)) @B+ (@-p+ D)

(%) 1- (x40
a+2 B+1

™M) (M)
1-x T+

From
Bt
we have
5 § 1 _ a+2 B+l
SRR R

ro (4273 - 291
T () = raverets (00)

SinceA?*! = —n(n+a + B + 1) then

A5 —onta+ gl

Thus
n

1 a+2 B+1
+ +
2T ) (e

j#k
. m@n+a+p+1)
(o3 M ¥ M
q +18 (Xg,k)) — I\ +18 (Xg,k))

Taking into account

=0. (25)

14



qrwl,ﬁ (X;M)> _ rnvrwrl,ﬁ (Xg\{l())
= XNV -nty-n—a-g-1)+
Nty + b (Nt a+ g+ )BT

(—a;’fll'gdn +N+a+B+ 1) I,

if we defind, ands, as follows

Lo m@n+a+p+1)
"7 (rh-nt,-n-a-B8-1)
ntn+b‘”lﬁ+(n+a+,8+1)ﬁ“+1ﬂ (aﬁ*iﬁdn+n+a+ﬁ+1)rn
(nrp=-nt,—-n—-a-B-1)

Then
m@n+a+p+1) In

(o3 M ¥ M - M —_ ’
q +18 (Xg]yk)) _ rnv( +18 (X;’k)) X[(j’k) S
In other words(25) becomes

n

1 a+?2 B+1 In
Z] + + = 0. (26)
(M) (M) (M) (M) (M)
OO0 2(1-00) 2(1e) 0 -

j#k

Thus, the following electrostatic interpretation for the location of zerosPHf
can be stated. If we considarcharges located in the real line under a logarithmic
interaction with an external field

w(x):—@lnﬁ—ﬂ—

thisequation means that the gradient of the total energy

E)=- > Inx- X,|+Zn:¢
j=1

1<k<j<n

In|x+1 +1qIn|x- sy,

B+1
2

) (M)

- 8R). In other words, it is a

with X = (X1, X2, ..., Xn) Vanishes a( M)
critical point.
Notice thatl, ands, have the asymptotic behavior

Lo 2l(a + 1) (a + 2) -0
: (o + 1) (a+2)+3
1-Ta+1la+2) T(@+L(e+2)-1
M+ )(a+2)+3 T(e+L(e+2)+3

Noticethatl, ands, do not depend oM.

15
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