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Abstract In this paper we analyze spectral transformations of measures sup-
ported on the unit circle with real moments. The connection with spectral
transformations of measures supported on the interval [—1, 1] using the Szegd
transformation is presented. Some numerical examples are studied.
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1 Introduction

Let u be a positive, non trivial Borel measure, supported on a subset E of the
real line. The sequence of polynomials { p,},,~, With

Pn(X) = yux" + SuxX" L4 ., Yp >0
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is said to be an orthonormal polynomial sequence associated with p if

/ Pn(X) pm(X)dp(x) = énpn,  m,n = 0.
E

The corresponding monic orthogonal polynomials , i.e. with leading coefficient
equal to 1, are defined by

Vn

The sequence {p,},~ satisfies the following three-term recurrence relation

xpn(X) = an1Pn1(X) + by pu(x) + anpp-1(x), n =0, (1)
with a,, = % >0,n>1and b, = f,— - %, n > 0. The matrix representation
of (1) is

xp(x) = Jp(x),
where p(x) = [po(x), p1(x),...]" and J is a tridiagonal symmetric matrix

boa; 0 O ---
[llbl as 0 --.

J=| Oaxbsas
0 0613 b3.'~

which is called in the literature Jacobi matrix [2]. There exists a similar
expression to (1) using the monic orthogonal polynomials. In such a case, the
matrix representation is

xP(x) = JP(x),
where P(x) = [Po(x), P1(x),...]"and Jis a tridiagonal matrix

bo1 0 O -
@b 1 0 -

j: Oa%bzl
00 a2 b;

which is called monic Jacobi matrix.

The functions
L(Odu(t
S,,(x):/ prn(Ddu ()
E

X —1

constitute a second solution to the difference equation

XYy = Ap1Ynt1 + buyu + @nyn-—1



and they are called second kind functions associated with u. The Stieltjes
function

S0 = So(w) = f du®

EX—1
has a significant relevance in the theory of orthogonal polynomials and admits
the following series expansion at infinity
o U
k
SO =2 w1
k=0

where p; are the moments associated with u given by

i = f xfdu(x), k=0
E

Given a measure p supported on the real axis, some examples of pertur-
bations of such a measure have been studied (see [1, 15]). In particular, three
canonical cases are considered:

1. The perturbation djx = (x — B)du, B & supp(i), is the so-called canonical
Christoffel transformation.

2. The perturbation dii = du + M,8g, B & supp(u), M, € R, is the so-called
canonical Uvarov transformation.

3. The perturbation djx = i—“ﬂ + M,8g, B & supp(n), M, € R, is the so-called
canonical Geronimus transformation.

In [1], the monic Jacobi matrix associated with each of the three canonical
perturbations in terms of the monic Jacobi matrix associated with p is studied
taking into account their LU and U L factorizations.

We will call a spectral rational transformation of a Stieltjes function S(x), a
transformation

A(X)S(x) + B(x)
C(x)S(x)+ D(x)’

where A(x), B(x), C(x), and D(x) are polynomials in x. In the particular case
when C(x) = 0, the transformation is said to be linear. The three canonical
perturbations mentioned above correspond to spectral linear transformations
when they are expressed in terms of the Stieltjes functions.

In this paper we consider measures on the unit circle, defined from Borel
measures supported on the interval [—1, 1] and we analyze the connection
between spectral transformations of them. In particular, we focus our attention
in the three canonical ones defined above. In Section 2, the background about
orthogonal polynomials with respect to Borel measures supported on the
unit circle is presented. In Section 3 we introduce the Szeg6 transformation
from measures p supported on the interval [—1, 1] to measures o supported
on the unit circle such that their moments are real numbers. A connection
between the LU factorization of the Jacobi matrix associated with u and the
Verblunsky coefficients of the measure o is stated. Thus, a new algorithm to

S(x) =

3



define the Verblunsky coefficients is deduced taking into account the entries
of the matrices L and U of the factorization mentioned above. In Section 4
we describe the counterparts on the unit circle of the canonical spectral
transformations on the real line, using the Szegd transformation. It is shown
that the resulting transformations on the unit circle are of the same kind that
those applied on the real line. Finally, in Section 5 some examples of spectral
transformations on the unit circle are presented as well as the computation of
the Verblunsky coefficients for the corresponding Borel measures using our
algorithm. In fact, we show that these spectral transformations come from
spectral transformations of the same kind on the real line, via the Szeg6
transformation.

2 Orthogonal polynomials on the unit circle and spectral transformations

Let o be a positive, non trivial Borel measure, supported on the unit circle
T ={z € C : |z| =1}. Then there exists a sequence {¢,},>0 of orthonormal
polynomials

on(2) = knZ" + ..., kn >0,
which satisfies
T
/ on (€7) om (€)do (0) = 8yn.  m.n > 0. )
The corresponding monic polynomials are defined by
z
®,(z) = ©n(2)
Kn

The sequence {®,},>o also satisfies the following recurrence relations
(see [5, 13, 14])
©,4+1(2) = 2Pp(2) + Pr+1(0)P;,(2), 3)
@, ,4(2) = ©,(2) + ©p11(0) 2P, (2), 4)
and the complex numbers {$,(0)},>0 are called Verblunsky coefficients. No-

tice that |®,(0)] < 1
i, the k-th moment associated with the measure o, is defined by

k= / ¢ do (0).

In these conditions, we can introduce an analytic function in terms of the
moments {c,},>0 as follows

e
F(z) =co+ 22 c_kzk.
k=1



F(z) is analytic on the unit open disc and fRe F(z)>0 in such a disk. F(z) is
called Carathéodory function and it can be represented as a Riesz—Herglotz
transformation of o as follows

T 0
F(z)=/ ¢ 200,

g e —z

We consider three cases of canonical transformations introduced in [3]

1. The perturbation dé = |z — «|?do, |z| = 1, a € C, is the so-called canoni-
cal Christoffel transformation (see [10]).

2. The perturbation dé6 = do + M 3, + M. 851, « € C— {0}, M, € C, is the
so-called Uvarov transformation (see [8]).

3. The perturbation do = \zdf;‘a\?’ |zl =1, and |a|# 1 is the so-called

Geronimus transformation (see [4, 6, 9]).

These three transformations correspond, in an analogue way to the real axis,
to linear transformations of the corresponding Carathéodory functions. This
approach was studied in [8].

3 The Szegé transformation

From a positive, non trivial Borel measure u, supported on [—1, 1], we can
define a measure o in [—7, 7] as

1
do(0) = §|du(c0s9)|, (5)
so if du(x) = w(x)dx, then
1
do(0) = Ew(c0s9)|sen9|d9.

If @ is a probability measure, i.e., f_ll du =1, then o is also a probability
measure on the unit circle T = {z € C : |z| = 1} and then there exists an or-
thonormal polynomial sequence that satisfies (2), as well as the corresponding
monic orthogonal polynomials. In this case,

(0 € (=1L, n=12...

There is a relation between the orthogonal polynomials associated with
a measure pu supported on [—1, 1] and the orthogonal polynomial sequence
associated with the measure o defined by (5), which is supported on the unit
circle.

Theorem 1 [14] The monic orthogonal polynomial sequence {®,},>0 on the

unit circle associated with the measure o has real coefficients. In addition, if
-1

x = then

K2n

NT\/T(O)) [27 CDzn(Z) +z <I>2n(1/z)] .

Pn()C) =



On the other hand, the coefficients of the recurrence relations (1), (3), and
(4) are related by [5]

20, = /11— D2, (ON[L — @3, ;(O][1+ Dz 2(0)], n>1 (©6)
2b, = ©3 1)1~ @2,(0)] — D1 OL+ D201 n>0.  (7)

There is another way to relate the coefficients of the recurrence relations, as
follows

Theorem 2 [5] Let i be a probability measure supported on the interval [—1, 1]
and let o be the probability measure supported on the unit circle associated with
wu via the Szego transformation. Let {®,(0)},>0 be the Verblunsky coefficients
associated with o and {aﬁ},@l, {bn}n>0 be the coefficients of the recurrence
relation associated with the orthonormal polynomials with respect to . Then,
forn>0

q)Zn(o) =Wy + v, — 17

@ ) = Wy — Up
241(0) = =
where
w, =1-0b, — ai(wn—l)_la (8)
Uy = 1 + bn - ayzl(vn—l)il, (9)

with the convention wj = vj =0.

These relations are called in the literature Inverse Geronimus Relations (see
[5])- Notice that [13] shows a slightly different Inverse Geronimus Relation,
because a normalization of the measure p which is supported on the interval
[—2, 2] is used.

On the other hand, if we define a sequence {uy}x>1, with

1
ug = 5(1 — O (0) (1 + P_1(0)), (10)
we get
ai = uppliop—1, k=1 (11)
b +1=uz +uxi1, k=0, (12)

and then we get a unique factorization

J+I1=LU



where [ is the identity matrix, and L and U are lower and upper bidiagonal
matrices, respectively, with

100 0 --- u; 1 0 0 ---
u, 1 0 0 --. Ous 1 0 ---
I — Ous 1 0 . and U = 0 0w 1°
00u61". 000147'
Thus, from (10)
22Uy
P ,00=1— ——F—, 13
x(0) 1+ & 10) (13)
or,
2
®(0) =1 - “k
2uy_q
2= 2u
o_ k—2
2_2_ 2bl2
2—2M1 (14)

Therefore, we obtain a sequence that we can use to determine in a very simple
way the Verblunsky coefficients ®;(0) of the measure o supported on the unit
circle. Notice that the subsequence of the odd elements of the sequence {u}i>1
defined in (10) is the sequence {v}i>1 defined in (9).

Notice that, since the moments {c,},~¢ are real, the Carathéodory function
F(z) associated with o has real coefficients. Therefore, we have

ReF(e”) = Re F ('@,

and then do (0) 4+ do (2t — 6) = 0. Thus, there is a relation between the Stielt-
jes and Carathéodory functions associated with p and o, respectively, as
follows

2
< S(x) (15)

F(z) = =
(Z) 1X—t 22

1—12/1 du( 1
27 _

with x = # Z=x+ +/x%2 — 1(see [12]).

4 Spectral transformations on the real line and the unit circle:
The connection through the Szegé transformation

Our aim is to apply spectral rational transformations to the Stieltjes function
S(x) corresponding to the measure p and to analyze the transformation
obtained on the corresponding Carathéodory function F(z) defined in the
previous section.



4.1 Christoffel transformation

Consider the Christoffel transformation of S(x) given by

(x=pB)Sx -1
pn1—p

that represents the perturbation of the probability measure p supported on

[-1.1]

S(x) = : (16)

- x=p
din = du,
pur—p
in such a way that f is a probability measure.
Using (15) in (16)
2z ﬁ (Z+2171_13> 1_ ZZF(Z)_]-
-2 @@= pi—p
- z+z‘172ﬂF 7) — =2
F(Z) — 2 ( ) 2z
ur—p
(P-28z+ 1) F()+ 22— 1
2z(n1 — B)

Then, the resulting transformation for Carathéodory functions can be repre-
sented by means of the linear rational transformation

~ A(DF B
Fz) = (2)F(z) + (z)’

D(z)
with A(z) = 5255 B(z) = 7=t and D(z) = z.

In [8] it is shown that the canonical Christoffel transformation of a
Carathéodory function is given by

~ A1(2) F1(z) + B1(z)
Fi(z) = ,
D1(z)
where A1(z) = —az?+ 1+ ||z — &, B1(z) = —az% + (acy — @c1)z + «, and
Di(z) = z. Normalizing Fi(z) so that ¢o = 1, the polynomials on the above
transformation become

—az?+ (1+|e?)z—a

Av(z) =
12 = =07 aP = 2reac,
- 2 -
—az°+ (@cp —ac1)z + o
Bi(z) =
1(2) (11 [af?) — 2Reacs
Di(2) = z.



Thus, the comparison between the coefficients of B(z) and B1(z) yields
oac1 — &C_]_ =0.

So it follows that « € R, and comparing the coefficients of A(z) and the
remaining coefficients of B(z) with the coefficients of A1(z) and B1(z), respec-
tively, we find:

—a 1
= 17
A+ ) —20c1  2(u1—B) @7)
and
(14 a?) —28
= . 18
A+ a®) —2ac1  2(u1—PB) (18)
From (17),
—20(pu1 — B) = (14|l — 2acy (19)

and from (18) and (19)

—(1+a0» 2B
20(p1 = B) 2w —B)
Then
0> —2Ba+1=0
and, finally,

ay =B +/B%—1, with |B] > 1.
This means that the zero of the complex polynomial of degree 1 in the

canonical Christoffel transformation must be real.

4.2 Uvarov transformation

We now consider the Uvarov transformation of the Stieltjes function S(x)
associated with u

S+ M(x—p)t
- 1+ M, '

S(x) (20)

corresponding to a transformation of the measure u defined by

du + M, 5g

dii =
K="11m,

Again, 1 is a probability measure.



Using (15) and (20) we get

2 E2 . -
1 EZZZ Fo = = o +1Air 1(\4 : ﬂ) o
F(z) = e M1(T> (1£_> =
_F@+ M, (%) (23)

1+ M,

In other words, A(z) = ZZ%‘?\ZH, B(z) = %, and D(z) = z° — 2Bz + 1.

On the other hand, from [8] we know that
Bi(2)
Di(2)’
where Bi(z) = (a —az?) (M + M) — (1 — [a|) (M. — M)z, D1(2) = (z — @)
(a¢z — 1), and F(z), Fi(z) are the Carathéodory functions associated with the
functions ¢ and its Uvarov transformation o1, respectively, given by

Fi(z) = F(z) +

(24)

(P. Dy = (P. Do + Mcp(@)q(@ ) + Mep(@ Hgle). « € € — {0},
Taking into account
Fi(2) = 1+ Mc + M) F(2)
we get
M, = 2ReM..
On the other hand, the comparison between (23) and (24) yields
o —az? _ 1- 272
z—a)az—-1) z2—-2Bz+1

(25)

as well as
1~ |a)(Mc = M) = 0.
As a consequence, two situations must be analyzed.

1. If |a| = 1, then from (25), £ = 1 and g = 1. This means that ax = £1. As
a conclusion the Uvarov transformation of the measure o appears by the
addition of one mass M, at the point . = +1.

2. If|a| #1,then M, e Rand M, = % On the other hand, from (25), =1
as well as ”T“z =2B,i.e.a = @ and o? — 2Ba + 1 = 0. This means that

ap=p+Vp2-1 [BI>1

As a conclusion, the Uvarov transformation of the measure o is the result
of the addition of two real masses z\g at the points o = 8 4+ /82 — 1, with
18] > 1.

10
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4.3 Geronimus transformation

The Geronimus transformation of the Stieltjes function S(x) associated with
is given by
3 S(B) + M, — S(x)
Sx) =
(x =B (M, + S(B))
and represents the following transformation of p
_ =P ldu+ M3y
M, + S(B)
Notice that ji is a probability measure. The corresponding Carathéodory
function F(z) can be obtained from

- S M, — 2, F
2z Fo) - B) + T2 F(2)

1- 22 G%i—ﬁ)ML+SwD

dpi

—27F(2) + (1— 2)[S(B) + M,]
(22— 2Bz + 1) (SB) + M,)

F(z) =

b

or, equivalently,
2F(2) + 3(22 = D[S(B) + M,]
122282+ DISPB) + M,

Thus, we have A(z) = z, B(z) = 2(z% — D[S(B) + Mgl, and D(z) = —3(z% -
28z + D[S(B) + M,]. On the other hand, in [8] it is shown that
A1(2)F(2) + B1(2)

D1(z)

F(Z) =

(26)

Fi(z) =

27)

where
A1(z) = z,
Bi1(z) = @z® — 2i3m(qo)z — .
Dy(z) = —az’ + (1+ o)z —
and qo is a free parameter defined by
qo = Co — aCy.

Then, comparing the coefficients from B(z) and B1(z), we get go € R. On the
other hand, (27) can also be expressed as

~ Aq(z +z — 1+4az
P = 29p0 o m 2 3, e (28)
D1(2) oa—z 1—-az
with M, = f_f‘—;‘%z. Therefore, M, € R and (28) becomes
~ ZF(z) = 2M (—az® + «
Fag) = L@~ 2Nl ) (29)

(—az2+ 1+ |a|®)z —a) A,

11



where A, is the normalization factor. Comparing the coefficients of the poly-
nomials on (26) and (29) we get

SB)+ M,
Rv MC = >
o€ 2ol
and
o2 —2Ba+1=0.
Then,

ar =B +tB%2—1 with |B]> 1

This is, in the canonical Geronimus transformation, two real masses are added

at pointsax = g8 +,/82 - 1.

5 Examples
5.1 Jacobi case
We consider the family of orthogonal polynomials corresponding to the
measure
dp =1 —-x)*A+x)Pdx, a B> -1, (30)

supported on the interval (-1, 1).
It is well known (see [2, 14]) that the coefficients of the three-term recur-
rence relation are given by

,32—0!2
b= i Taxrpent2tarp "0
5 dnn+a)y(n+B)(n+aoa+ B)

= ontatBf-Dntatpltatptl)

We analyze some representative Jacobi cases.

5.1.1 Tchebichef polynomials of first kind, (¢ = B = —%)

In this case

b,=0,n>0, a%:—, and aﬁ:%,n}Z
Therefore,
10 0-
11 0-
J+I1=]031 1°
00% 1°

12



From the LU factorization, we obtain

1
u; =1 and unzé, n>=2,

and from (13)
(Dn(o) = 07 n > 17

as expected, since the measure on the unit circle associated with (30) for
a=p= —% is the normalized Lebesgue measure.

5.1.2 Tchebichev polynomials of second kind, (¢« = B = %)
In this case,

b,=0,n>0, and d°

n =

WV
=

, n

N

110 0 -
1 1 0 -
J+I1=]031 1°
L .
003 1

Calculating the LU factorization of this matrix, we obtain, for the elements of
the sequence {u,},>1,

2n >1
u = < n = ]

T A+ 1)

n+2
= >
U2n+1 2(n+1)’
and from (13) we get

®5,(0) = 1 >1
2)1 - }’l+ 1’ n = )
<D2n+l(0) = 07 n 2 O

This is a perturbation of the Lebesgue measure given by

ae :
div = |22 — 1|ZE’ —

Notice that the measure [ is a sieved measure of du; = |z — l|zg—7f, z=2¢".

Sieved orthogonal polynomials relative to measures supported on the unit
circle have been analyzed in [7] and [11].

13



5.1.3 Tchebichev polynomials of third kind (o = %, B= —%)

We get
1 1
bo=-3 by=0n>1 and &= n>1
so that
1
510 0 -
1
711 0-
J4r=|031 1~
0031 1°

Calculating the LU factorization of this matrix, we obtain

1
Ui = Ea k 2 1’
and from (13) we deduce
1
$,0) = ——, > 1
© n+1 "

This corresponds to a perturbation of the Lebesgue measure given by (see [10])
o

- de
du=|z—1lzg, z=e¢

Indeed, it is a canonical transform of the Lebesgue measure as pointed out in
Section 4.1, with @ = 1.

5.1.4 Tchebichev polynomials of fourth kind (a = —%, B

Il
NI
~

We get

so that

O O AR Nw
O hE B

Ak R, R, O
"R R, O O

14



Calculating the LU factorization, we obtain for the elements of the sequence
{Un}n>1
2n—1

= =1,
2 "
2n+3
= ) 2 0
Wi =g o "
and from (13) we deduce
="
D, (0) = , >1
n© n+1 "

This corresponds to a perturbation of the Lebesgue measure given by (see
[5, 10])

din = |z + 1|25, z=¢".

Indeed, it is a canonical Christoffel transformation of the Lebesgue measure
as pointed out in Section 4.1, with @ = —1.

5.1.5 Gegenbauer polynomials, witha = 8 =1

In this case
2 nn+2)
" @2n+1@2n+3)

=

Therefore, from the LU factorization of J + I we obtain

- 2 17
Uy n T 3, n
n+3
= ’ 2 09
Het =5 s
and from (13) we get
3
CD 0 = 5 = 4
A
®2,+1(0) =0, nzl1

This corresponds to a perturbation of the Lebesgue measure defined by
do -
d~: 2—13—, :ele.
n=1z 3 z
5.2 Uvarov transformation

We consider the Legendre case du = dx, i.e.,a Jacobi case withe = 8 = 0, and
its Uvarov transformation defined by

dii =dx+8(x+1) +8(x — 1) (31)

15



We denote J the monic Jacobi matrix associated with . From Corollary 4.5
on [1], if we apply the following transformations

J—1= LU
J1:=U1Lq
J1 = Uzl
Jo = LoUs+ 1
Jo+1 = L3Us
J3:=UsL3
J3 = Usly
Jg = LUy — 1

then Jy is the monic Jacobi matrix associated with (31). We now calculate the
LU factorization of J4 + I to obtain the sequence {ux},>1, such that

(n+1)2[n?(2n + 4) + 4n] + 2n

Y = oy D+ D2+ 2+ D41 o
_ 4+ D2 -2+(n+D@n°+2) o
B = o DI+ D2+ 2+ +1 T
From (13) we get
2 2 _
By (0) In“n+D°+2n(n+1) -1 o1

@+ D[P+ 12+ 2n(n+ 1) + 1]
®,11(0)=0, n>1
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