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Abstract. In this manuscript we analyze some linear spectral transformations
of a Hermitian linear functional using the multiplication by some class of
Laurent polynomials. We focus our attention in the behavior of the Verblunsky
parameters of the perturbed linear functional. Some illustrative examples are
pointed out.
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1. Introduction and preliminary results

Let £ be a linear functional in the linear space A = span {z"}, ., of the Laurent
polynomials such that £ is Hermitian, i.e. ¢, = (£,2") = (£,27 ") =¢_,, n € Z.
Then, we can introduce a bilinear functional associated with £ in the linear space
P of polynomials with complex coefficients as follows (see [7],[12])

(p(2),4(2)) . = (L. p(2)a(z"")) (1.1)
where p,q € P.
In terms of the canonical basis {2"}, ., of PP, the Gram matrix associated
with this bilinear functional is

CO C—l “ee C—TL
C1 Co 0 C(n-1)

Cpn Cp—1 =~ Co
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i.e., a Toeplitz matrix [10].

The linear functional is said to be quasi-definite if the principal leading sub-
matrices of T are non-singular. In this case, a unique sequence of monic polyno-
mials {®,}, 5, such that

(Pr, @) o = knOnym, (1.3)
can be introduced, where k,, # 0 for every n > 0. It is said to be the monic
orthogonal polynomial sequence associated with L.

These polynomials satisfy the following recurrence relations (see 7], [10], [17],

[19])
D,11(2) = 2P, (2) + D1 (0)P] (2), n=0,1,2,... (1.4)
Or 1 (2) = @) (2) + Pry1(0)2P,(2), n=20,1,2,... (1.5)
Here ®%(2) = 2"®,,(1/2) is the reversed polynomial associated with ®,,(z) (see
[17]), and the complex numbers {®,,(0)},>1, with |®,(0)| # 1,n > 1, are called

reflection (or Verblunsky) parameters.
K, (z,y), the n-th reproducing kernel associated with {(I)n}n;m is defined by

Koo, y) = zn: ;()2;(x) _ P51 (W) P41 (2) = Puga () Py (2)
n\+L, gt kj kn+1(1 — 'gx)
Notice that
O (2) =k, Ky (z,0).
Moreover,

I @ppr(z)®) 44 (y) — @51 (2)Prya(y)

K (z,y) :=
(T, y) Knr vy

)

i.e. this is the Bézoutian of ®,1,®;, ., up to a constant factor.
On the other hand, from the recurrence relations we deduce

n+1

2®,(2) = Z An,iPi(2), (1.6)
j=0

with
1 if j =n+1,
Mg = {6 P (0)25(0) i j <, (1.7)
0 otherwise,

(see [13],[17]). Thus, the matrix representation of the linear operator h : P +— P,
the multiplication by z, in terms of the basis {®,,}, is

2®(z) = He®(2),

where ®(2) = [Bg(2), ®1(2),...,Pn(2),...]" and Hg is a lower Hessenberg matrix
with entries A, , defined in (1.7).



If the leading principal submatrices of T have a positive determinant, then
the linear functional is said to be positive definite. Every positive definite linear
functional has an integral representation

wm@»:Af&Md@7 (18)

where ¢ is a nontrivial probability Borel measure supported on the unit circle
T={z€C:|z| =1} (see [7],[10],[12],[17]).
Then, there exists a sequence {¢, }n>0 of orthonormal polynomials

on(2) =knz"+ ..., Enp >0,
such that .
/ gon(eie)cpm(ew)da(ﬂ) =6mm, m,n=0. (1.9)
Notice that ()
PnlZ
(Dn = 5
()= #0

as well as |®,,(0)] < 1 for every n > 1.

It is well known that if o is a nontrivial probability measure supported on
the unit circle, then there exists a unique sequence of Verblunsky parameters
{®,,(0)}n,>1 associated with o. The converse is also true, i.e., given a sequence
of complex numbers {ay,}n>1, with a,, € D, there exists a nontrivial probability
measure on the unit circle such that if {®,,},>0 is the corresponding sequence of
monic orthogonal polynomials then a,, = ®,(0).

The family of Verblunsky parameters provides a quantitative information
about the measure and the corresponding sequence of orthogonal polynomials.

The measure o can be decomposed into a part that is absolutely continuous

with respect to the Lebesgue measure gfr and a singular measure. Thus, if w = o’
de
do(0) = w(f dos(0).
2(0) = w(0) . +do.(0)
Definition 1.1 ([17],[19]). Suppose the Szegs condition,
de
1 0 — 1.10
[ osteon)y) > . (1.10)
holds. Then, the Szegé function, D(z), is defined in D by
1 e + 2
D(z) = exp <4ﬂ / it 10g(w(0))d9> . (1.11)

The Szegd condition (1.10) is equivalent to >~ |®,(0)|* < co. On the other
hand, the measure o is said to be of bounded variation if

Z |(I>n+1(0) - (I)n(o)‘ < oo
n=0

holds.



Finally, in terms of the moments {c, },-, an analytic function

F(z)= 00—1—2Zc,nz" (1.12)
n=1

can be introduced. If £ is a positive definite linear functional, then F'(z) is analytic
in the open unit disk and fRe (F'(z)) > 0 therein. In such a case F'(z) is said to be
a Carathéodory function and it can be represented as a Riesz-Herglotz transform
of the nontrivial probability measure o introduced in (1.8) (see [7],[12],[17])

F(2) :/ UEE o(w).
TW—Z2
Following are some perturbations of the measure o, for which we have studied
the behavior of the corresponding Carathéodory functions (see [15]) as well as the
Hessenberg matrices associated with the corresponding sequence of orthogonal
polynomials in three cases

(i) If d6 = |z — a|?do, |z| = 1, then the so-called canonical Christoffel trans-
formation appears. In [4] and [16] we have studied the connection between
the associated Hessenberg matrices using the QR factorization. The iteration
of the canonical Christoffel transformation has been analyzed in [8],[11], and
[14]. See also [2] for a more general framework.

(1) If do = do + md(z — a), |a] = 1, m € Ry, then the so-called canonical
Uvarov transformation appears. In [4] and [15] we have studied the connection
between the corresponding sequences of monic orthogonal polynomials as well
as the associated Hessenberg matrices using the LU and QR factorization.
The iteration of the canonical Uvarov transformation has been studied in [7]
and [14]. Asymptotic properties for the corresponding sequences of orthogonal
polynomials have been studied in [20].

(#i1) If do = \z—1a|2dg +mé(z —a) +md(z —a ), |z| =1, meC, and |a| # 1,
then a special case of the Geronimus transform has been analyzed in [5].
In particular, the relation between the corresponding sequences of monic
orthogonal polynomials and the associated Hessenberg matrices is stated. A
more general framework is presented in [9].

Notice that the above transformations constitute the analogue on the unit circle
of the canonical linear spectral transforms on the real line (see [1] and [21]).

The aim of our contribution is to analyze a new perturbation of a Hermitian
linear functional £, such that the Christoffel transformation is a particular case.

In Section 2, we introduce two perturbations of £ by using the left multi-
plication by the real and imaginary part of a complex polynomial, respectively.
Necessary and sufficient conditions on order to preserve the quasi-definiteness of a
linear functional under such perturbations are known in the literature (see [3] and
[18]). We also determine the relation between the associated Hessenberg matri-
ces. In Section 3 we prove that these perturbations belong to the family of linear
spectral transformations. In Section 4, we deduce the explicit expression for the



Verblunsky parameters associated with these perturbations and, as a consequence,
the invariance of the Szegd class of bounded variation measures follows. Finally,
in Section 5 we show some illustrative examples.

2. Transformations L = JRe[P,(z)|£ and L£; = ), TIm[P,(2)]L
Let consider the following transformations of a hermitian linear functional L.

Definition 2.1. Given a hermitian linear functional £ and a monic polynomial
n

P,(z) = Z a;z', o, = 1, we will denote by £z and £ the linear functionals such
i=0

that

(i) (L1,9) = (L, 5, (Pu(2) = Pa(271))a).

Notice that Lz and L are also hermitian. If £ is quasi-definite, necessary and
sufficient conditions for Lz and L to be also quasi-definite have been studied in
[3] and [18], when P;(z) = z — a. Moreover, explicit expressions for the sequences
of monic polynomials orthogonal with respect to Lz and £ in terms of {®,,},>0
are also shown. Indeed,

Proposition 2.2 ([18]).

(i) If |Re()| # 1, and by, ba are the zeros of the polynomial z* — (o + &)z + 1,
then Lg is quasi-definite if and only if K} (b1,b2) # 0, n = 0. In addition, if
{Y,}n>0 denotes the sequence of monic polynomials orthogonal with respect

to Lgr, then
P (2) K51 (b1, b2) = K5 _1(2,b2) P (b1)
Y, 1(2) = n n o>, 2.1
1(2) K3y (b1,b2)(2 — b1) 21)
and
Y 1(0) = D,,(b1)Pp—1(b2) — Dr(b2)Pp—1(b1) 01, (2.2)

K ((b1,b2)(by — bo)knoy

(i1) If |Re(a)| = 1, and b is the double zero of the polynomial 2> — (o + @)z + 1,
then Lg is quasi-definite if and only if K (b,b) # 0, n > 0. In addition,

and
Yo 1(0) = _b<I>n(O)K;§71(b7 b)kp—1 — D1 ()P (b) w1, (2.4)

Ko 1 (b,b)kn 1 ’



Proposition 2.3 ([18]).

(i) If |Im(a)| # 1, and by, by are the zeros of the equation 224+ (a—a)z — 1,
then Lg is quasi-definite if and only if K*(bl, bg) # 0, n > 0. In addition, if
{yYn}n>0 denotes the sequence of monic polynomials orthogonal with respect

to Ly, then
D, (2)KF_ (b1, bs) — K*_((2,b2)®, (b
yn71(2’) _ (Z) n 1( 1 ~2) ~ n IEZ 2) ( 1), 7?,2 1, (25)
K 1(b1,02)(z — b1)
and
Yn1(0) = D, (b1)Pp—1(b2) — (I)n(bQ)(I)n—l(bl), N1 (2.6)

Ky (b1, b2) (b1 — ba)kn—1

(i1) If |Jm(c)| = 1, and b is the double zero of the equation 2* + (& —a)z —1, L1
is quasi-definite if and only if K} (b b) #0, n > 0. In addition,

L Ou(2)K o (b,0) = Ky (2, D)@ (b)
Yn—1(2) = K (b b)( B) , n=>1, (2.7)

and
=0, (0)K7 (l;, B)kn—l —®n (E)q)n(b)

Yn_1(0) = b s . n>1 (2.8)
K5y (b, b)kn

Notice that, if « = a+ci, then by = a++va2 — 1 and by = b1 =a—vVa? -1,
as well as by = \/1 — 2+ ciand by = fb_

There is another equivalent condition for the quasi-definiteness of L and L;
and, as a consequence, an expression for the corresponding families of Verblunsky
coefficients follows

Proposition 2.4 ([3]). The linear functionals Lr and L; are quasi-definite if and
only if T, (b1) # 0, TL,(by) # 0, n > 0, respectively, where

w®n (1) @7 (z)

0=, w6

Moreover, the families of Verblunsky parameters {Y,(0)}n>1, {yn(0)}n>1,
associated with Lr and Ly, respectively, are given by

@, (bl)(l)n(b;l)

Yo (0) = (by — by") M) " >1 (2.9)
i oy @a(b) @ (-0
yn(0) = (b1 +b77) 11, (by) , n=>1 (2.10)

Remark 2.5. We recover the Christoffel transformation when |[9Re(«)| > 1. This
transformation was studied in [4],[16].



Now, we study the relation between the Hessenberg matrix associated with
Lpr, which will be denoted by Hy, and the Hessenberg matrix associated with L.
Assume |a| # 1. From (2.1),

(2 = b)Y (2) = g (=) - I‘I{’:(*bllfbbj) K7 (2 b)
_ Prp1(b1) [ 1 2D, (2) @5 (b2) — ba®} (2) Py (b2)
=0 41(2) - K;izrbh b2) [kn 2 — by }

_ Pry1(br) [ Pry1(2)P(b2) — Prya(b2) P (2)
= Puia(2) - k,LKg(bl,bg) [ ’ by } '

Thus,
(z=b1)(z = b2)Y,(2)
Dpp1(b1)Pk (b
= (Z — bg)@nJrl(Z) — k:}é:;(g)l’ b(2)2) (I)n+1(2)
Pyp1(b1) Prt1(b2) zn: ®;(0)®;(2)
K (b1,b2) = k;
Dpy1(b1)Pr (b
= 2 (2) = b (=) — “ﬂ” ) g,12)
(b17 b2)
(b1)®,11(ba) &
n+1 1 n+1 2
K (by,b2) Z;) k;
= Cpia(2) = Prt2(0)P5 41 (2) — b2Prta(2)
Dpy1(br) « ®;(0)®;(2)
— D7 (b2)P,, —D,1(b
oo K2 (b, by) | T (2P () = Pua (b2) ;) k;
Prt1(b1)
n+2(2) <52 + @, 42(0)Pp11(0) + ko K5 b1, b2) Dpq1(2
D41 (b1)Pry1(b2) ) (Z)
+ - n n
( K3 (br, b2) +2(0knts 2% k;
In matrix form the above expression reads
(Z — bl)(z — bQ)Y(Z) = MR(I)(Z), (2.11)
where My is a matrix with entries
1 ifj=n+2,
ba + @5, 12(0)P,,41(0) + q>’l;:1[§b:’1()b?fb(£2) if j=n+1,

T A L (2.12)
’ ( K = ‘I’n+2(0)kn+1) ©;(0)  ifj<n

0 otherwise.



and Y (z) = [Yo(2),Y1(2),...]Jt, ®(2) = [®o(2), P1(2),...]*. Notice that (2.11) can
also be written as

z[Re{P1(2)}Y (2)] = MpP(2). (2.13)
On the other hand, we have 2Y (z) = HyY(z), and then from (2.11) we get

(Hy - bll)(HY - ng)Y(Z) = MR(I)(Z) = MRLyq)Y(Z),
where Ly g is a lower triangular matrix such that ®(z) = LysY(2), i.e. a matrix
of change of basis. Therefore,
(Hy — byI)(Hy — boI) = MpLyo.

It is not so difficult to show that the entries of Ly ¢ are

1 if j =mn,
L @Oy - if=n (2.14)
" -l B (00 ifj<n-2, |

0 otherwise,

k, K (b1, b2)

here Y% (0 be calculated using (2.9) and k1 = — :
where Y% (0) can be calculated using (2.9) and k;,—1 K" (b, b)

3. Carathéodory functions

Let o be a nontrivial probability measure supported on the unit circle and consider
the transformation do = Re(P,)do, where P, is some polynomial in z of degree
n. If F(z) is the Carathéodory function associated with o, we want to find Fr(z),
the Carathéodory function associated with &.

Proposition 3.1. Let o be a nontrivial probability Borel measure supported on the
unit circle. Consider a perturbation to o defined by do = (ReP,)do, where P, is a
polynomial on z of degree n, i.e. Py(z) = 2" +a12" 14 aoz" 2+ 4y, Let F(z)
be the Carathéodory function associated with o. Then, Fr(z), the Carathéodory
function associated with &, is a linear spectral transformation of F(z) given by

[Pn(2) + Pn(1/2)]F(2) + Qn(2) — Q,(1/2)

FR(Z) = 9

2w g
where Qn(z) = /0 Zzz [Po(e®?) — Po(2)]do.

Proof. We have

e — 2 e — 2
= P (2)F(2) + Qn(2),

27 eie Py ) 27 ew Py )
/ P (69Ydo = / T EP () — Pu(2)]do + Po(2)F(2)
0 0

where

e — 2

i 4 o .
@n(z) = /0 T EIPL(e?) - Po(2))do.



On the other hand,

27 i Z l —19 )
A / Pl = Pu(1/2)]do + Po(1/2)F(2)
= 1/2) (2) — Q,(1/2).
Therefore
a(e) = [PH)+ Pa/AIFE) +Qule) = 0,0012) o

Remark 3.2. Notice that this result was proved in [3], where (3.1) was obtained
using the relation between the moments associated with £ and Lg.

4. Verblunsky parameters

In the rest of the manuscript, we assume that ¢ is a probability measure of the
Szegl class, i.e. (1.10) holds, as well as it is a measure of bounded variation.

Proposition 4.1. The family of Verblunsky parameters {Y,,(0)},>1 can be given in
terms of the family {$,(0)}n>1 by

Y, (0) = Ay (b1)Pn41(0) + Bi(b1), (4.1)
with
1 * *(3—1
1(b1)<1’ (by ) ‘I’n+1(b1 )®7, (b1)
a1 (01) @ (07 ) = @rpr (b7 1) @i (b
Bn(bl) _ +1( 1) ( 1_1) +1( 1_1) *( 1) (43)
D1 ()5 (by ") = rga (b7 )5 (1)
Proof. From the recurrence relation and (2.9), we have
¥, (0)
 [@uaa(br) — Duaa (0085 (00)] B (07") — (B (571 — B (002557 )@ (1)
[@n41(b1) = @1 (0) 27 (b1)]7 (b7 ) — [ @y (b77) — P2 (0) @5 (b7 )] (br)
and the result follows by a rearrangement of their terms. ]

Now, we study the behavior of A,,(b1) and By, (b1) when n — co. For |b1] < 1,
the division by ®,,+1(b7") in the numerator and denominator of A, (b;) yields

—1 * * (—1 1
[(I)n(bl )q)n(bl) - ch(bl)cI)n(bl )] <I>n,+1(bfl)

[ @1 (b1) @5 (b7 1) — Prga (b7 )P (b1)] Do)

A (b)) =

Thus, when n — oo, we get

lim A, (b)) = — lim b (by) _

—b
n— oo n— o0 (I):‘l(bl) b



Pnt1(2)

since lim =z, for z € C\ D, and if |b1]| < 1, then
D, (b)) " (b7 ®,,(b1)by ", (b
i POITO) a0
n—eo (I>n+1(b1 ) n—eo (I)n+1(b1 )

In a similar way, for |b1] > 1, dividing by ®,11(b1) in the numerator and
denominator of A, (b1), we obtain lim A, (b) = —bl’l.

On the other hand, if |b1| < 1, we get

Bo(by) = [ @1 (b1) @ (b7 1) — ¢n+1(b£1)¢n(b1)}/¢n(b£1)

[ 1 (01) @5 (b7 ") = Prger (b7 1) @7 (b1)] /P (b71)

Notice than ®,,(b; ) never vanishes if [b;| < 1 and thus the denominator only
vanishes on b; = +£1. When n — oo the numerator of B,,(b1) becomes

lim D1 (b1) P (b7 ) — @ppr (by )P (b1)
oo Du(b1) D, (b7Y)
= (by —b7Y) lim @, (by) = 0.

—1
— lim ®,(b)) Cpy1(br)  Ppya(by )

For the denominator, we have
B, 1(01)PE (b7 — @yt (b7 H®E (D
lim +1( 1) n( 1 ) +1( 1 ) n( 1) — lim [—51—1¢;(b1)] _ _bl_l'

In a similar way, when |b;| > 1, dividing the numerator and denominator of
B, (b1) by ®,(b1) and calculating the limit, we obtain the same result. Therefore,
lim B, (b1) =0 for all b; € R\ 0, except for b = £1. As a conclusion, we have
the following result.

Proposition 4.2. Suppose that Y - [®,(0)|? < 0o and Y oo |Pn+1(0) — @, (0)] <
oo. Then, for |a| € C\ {0,1, -1},

(1) D I¥a(0)]? < 0.
n=0

(i) Y [Ya41(0) = Ya(0)] < co.
n=0

Remark 4.3. If b; = £1, then we get a result proved in [6].



5. Examples

5.1. A Bernstein-Szegé case
We study a spectral linear transformation of a Bernstein-Szeg measure given by

d6 = (z —a+ 2" —a) llz‘_'g'li 9 with a € €\ {0,1,~1} and || < 1. It is well

known that
D,(2) =2" - B2""" and @F(z) =1- Gz, n > 1.

In this case, the condition for the existence of the sequence of monic orthog-

onal polynomials {Y},},>0 is
0 7 b1®y, (b1) @5, (b7 1) — by ' @y (b7 )5, (b1)
=0 (br = B)(1 = by ") = by " (b = B)(1 = Bhy),

and thus
(b7 = B)(1 — o) _ @i(by )5 (b)
(b1 = B)L = Bbr")  @r(br)@i(by ")

So we have a quasi-definite case if and only if

b
b2n
1#1)

D1 (b )@ (b1)
D1 (b1) @5 (b7 1)
IN.
21n bl §é

If B = 0, i.e. a transformation of the Lebesgue measure, then the above
condition becomes

1
4
bt
ie.,
bl#e:ﬂ, 1<k<n.

Next, we obtain the expression for the family of Verblunsky parameters as-
sociated with the perturbed linear functional. From (4.2),

A (o) = OO = B)(1 = Bby) = B (b = B)(1 — B
! b (b — B)(L = Bby ") — by " (by ' = B)(1 — Bby)
bR (b )@ (br) — b Ry (b)) @ (b7 )
bR (b)Y () — by (b )5 (0r)
b ®a(by )R (b1) — b7 R (b1) D (by )
Sy (b)) 5 (by ) — B (by )5 (ba)
Notice that

lim An(bl) = —bq, ‘bl‘ <1,

n—oo

lim A, (b)) = —by", || > 1.

n—oo



On the other hand, from (4.3),
Bo(by) = by (b1 — ﬁ)b;”“(bfi —B) = by (bt — ﬁ)b?flglh - p)
b (b — B)(1 = by ") — by " (b = B)(1 — Bby)
0@y (b)®@1(by ) = by 1@ (b)) (b )
bRy (b)) Py (by ) — by B (b)) (ba)
b (b = o) @a(by) @ (b7 )
b Py (b1) @7 (b7 1) — @1(by )P (b1)
Therefore, for large n, if [b;| < 1, then
Y (0) = Ap(b1)Pn41(0) + Bp(b1) ~ N1(b1)bY,

. by—by 1)@ (b1) @1 (b7
with Ny (by) = — e (21 1)(<1> )(bl)( g

If |by| > 1, then
Y0 (0) ~ Na(br)by ™,
with Na(by) = ®1=0 D (b)) (b7

@1(b1)<1>*(b1)
Finally, for 3 =0,

1—bi"
An(b1) = b2n+1 1b71’
by (b1 — b )
By (b
( 1) b%n—i—l bl_

So, in this case we get the following asymptotic behavior for the Verblunsky
parameters
Y,.(0) ~ b7, |b1] < 1,
Y, (0) ~ 07", |b1| > 1.

The behavior of such parameters for some specific values of b; is shown in
Fig. 1.

5.2. The case d6 = (v —a+ 271 — a@)|z — 1|22
Now we study a transformation of the measure do = |z — 1\2277, z = e (see
[16]). Is is well known that if {®,,}, -, denotes the sequence of monic polynomials

orthogonal with respect to o, then

1 1
D, (2) = ntl_ J >1 5.1
@)=, 1|7 n+1§z ot (5.1)
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FIGURE 1
Notice that
,,(0) L >1 (5.3)
= n . .
" n+1’ ~

Then, the perturbed linear functional is quasi-definite if and only if

1 1 <. 1 1 ,
b bn+1 _ I 1 b—]—l
Yo -1 |\t n+1,Zl 1—b;t n+1,Zl
j=0 7=0
1 1 & . 1 1 M
— b7t by — by? 1-— byt 0
1b;1—1 1 n+121 171)1 n+121 7é7
j=0 7=0
1 oo pnt2 2 ) 1 n )
bn+2 o b—n—2 o b]-l—l Y1 b—]—l b_]_1
! ! n—&-lzl n+14="1 +n+1,7 1
J=0 7=0 j=0
b g
Yt 40
+ n+1 Z 1 ?é )
Jj=0
bn+2 _ b—’rL—2 o 2 ibj+1 4 2 i b*jfl ?é 0
! ! n+1 L n+1 1

§j=0 =0



In other words
bn+2

an+4 j+1
by n+1 Zb 70,
2b, b"+1 —
it 1 — ! 0
1 n+1 b —1 # ’
(n+1)(by — )72 +1) — 20, (07 — 1) # 0, for every n € IN.

On the other hand, from (2.9), the Verblunsky parameters are
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Finally, we show the behavior of Y;,(0) for some specific values of b; in Fig. 2.
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