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Abstract

How to combine information from different sources is becoming an important statistical
area of research under the name of Meta Analysis. This paper shows that the estimation of a
parameter or the forecast of a random variable can also be seen as a process of combining
information. It is shown that this approach can provide some useful insights on the robustness
properties of some statistical procedures, and it also allows the comparison of statistical models
within a common framework. Some general combining rules are illustrated using examples from
ANOVA analysis, diagnostics in regression, time series forecasting, missing value estimation and
recursive estimation using the Kalman Filter.
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1. INTRODUCTION

The proliferation of statistical studies in many areas of research has led to a growing
interest in developping methods of combining information from different studies. This area
of research was named Meta-Analysis by Glass (1976) and it has received considerable
attention in the Social Sciences (Hedges and Olkin, 1985; Wolf, 1986). Examples of the use
of Meta-Analysis in other scientific areas can be found in Utts (1991), Mosteller and
Chalmers (1992), Dear and Begg (1992), Hedges (1992) and the references included in these
papers.

The process of estimation of an unknown quantity, 4, that can be a fixed parameter
or a random variable, can always be seen as a process of combining information from the
data about §. Understanding this process is crucial to evaluate the performance of an
estimation rule. Often, we have independent sources of information about §. For instance,
a sample of size n can be considered as a set of j independent samples of size n,, with Xn;
= n. If we have unbiased and independent estimates of the unknowm quantity, 91, oo 9,, they

are usually combining according to the following well known rule
Rule 1. Given n unbiased and independent estimates 8, of a scaler parameter # with non zero
variances ¢;?, the best (minimum variance) linear unbiased estimate (BLUE) of 4, 8., is given

by

0=y 19, (1.1

and the variance of the pooled estimate, b, is given by (Z o'

This rule is commonly applied in Meta-Analysis for the parametric estimation of
effect size from a series of experiments (see Hedges and Olkin, Chp.6). This paper
generalizes this rule for dependent and vector-valued unknown quantities and apply it to
several common statistical estimation problem that are presented as particular cases of the
general problem of combining different sources of information. It is shown that this approach

provides some insights about the properties of the procedures considered. Also, it provides




a common ground to compare several models and estimation procedures.

The paper is organized as follows. In section 2 we show that looking at ANOVA from
the perspective of rule I allows a simple understanding of the robustness properties of the
estimators and of the importance of equal sample size in all groups. Section 3 shows that this
approach is useful to compare two models for forecasting growth in a time series. Section
4 analyzes the estimation of missing values in linear time series and shows how this approach
leads to a simple solution for dealing with the end effects. Section § discusses how the
structure of an estimator in linear regression can suggest new diagnostics to evaluate the data
robustness of the fitted model. Section 6 presents the more general rule for combining
information used in the paper and applies it to derive recursive estimators and diagnostic

measures. Finally, section 7 includes some concluding remarks.

2. ROBUSTNESS IN ANOVA PROBLEMS

Suppose we have two independent samples (x,,..., X)), (¥1,.-., Y from the same
population and we want to estimate its mean and variance. Assuming normality, and calling
X, y, the sample means, and s,? and s,? the unbiased sample variances, the application of rule
I leads to

@.1)

and

g2 . (n-l)st + (m-1)s;

n+m-2 2.2)

The result in (2.2) follows because in normal samples Var (s2) = 2¢*/(n-1). When the
population is not normal j is still the best linear unbiased estimator, whereas s? is not. This
happens because the variance of X is always ¢%/n and then rule I always leads to (2.1),
whatever the parent population. However, the variance of s? for nonnormal populations is

usually a more complex function of n: for instance, when the population is x?, it is given by




o*/g(n), where g(n) is an increasing function of n. Therefore, for non normal populations the

general estimate of ¢? given by rule I is

g(n) + g(m) ! g(n)+g(m) 2° (23)

If n=m, (2.2) and (2.3) are both equal to (s> + s,%)/2, and the estimate is robust: it
is BLUE whatever the population. However, if the sample sizes n and m are very different,

then (2.2) and (2.3) will produce different answers.

This result will also be true in ANOVA problems. Suppose we have k different
groups. Then, under the standard hypothesis of homogeneity in variance in all groups, the

residual variance estimate is given by

2 _ n=1| 2

Sp = E [ﬁ]si (24)

where s = (n-1)" ¥ (y;-Y)? is the unbiased variance estimate in group i. Again, if the
jel

population is not normal (2.4) may be a very bad estimate and will be in contradiction with

rule I. However, when the sample size is equal in all groups and assuming Var (s?) =

o*/g(n), it will be BLUE, whatever the population, for here g(n) = g(n).

3. COMPARING ESTIMATES OF GROWTH IN TIME SERIES

Two procedures often used for forecasting the future growth of a given time series
are: (i) detrend the observed data by regressing the observations on time, fit a stationary time
series model to the residuals from this regression and build the forecast as the sum of the
deterministic trend and the forecast of the stationary residual; (ii) difference the series, fit
a stationary ARMA model in the first difference of the series and forecast the series using
the ARIMA model. Typically models built in this way include a constant for many economic
time series. The decision on which of these two procedures should be used is made by testing
weather or not the series has one unit root. However, the available tests are not very

powerful, specially for short time series, (see for instance De Jong et al 1992) and, therefore,




it is important to understand the consequences of using these models.

Let y, be the time series data and let us assume, for the sake of simplicity, that the
sample size is n=2m+1. Let t={-m,..., 0, ..., +m}. Then the least squares estimator of

the slope in the regression on time

Y, = Bo*Bit+u, E(u) =0, Var(u) = o (3.1)
is given by
= E ty’ = 12 B -
Bl _Z_'F [2,_;11 ] lglt (Yx Y-x) . (3.2)

Calling b, = y;y,, the observed growth at time t and after some straightforward

manipulations that are shown in Pefia (1995), the estimate of the slope can be written as

Bl = Jg’ w; (b;+b,_;) (3.3)

where the weights ; are given by

o, = 2-aG) j=1,...m

where a, = 3/(2m+1) and a, = 3/m(2m+1)(m+1), and add up to one. Therefore the
estimated growth B3, is a weighted mean of all the observed growths b;, with decreasing
weight from the center of the sample. The maximum weights are given to b, and b, that
correspond to the observed growth in the middle of the sample period, and the minimum
weights are given to b, and b, the first and last observed growth. Note that the weight

decrease quadratically from the middle of the sample.

The estimator (3.3) has an interesting interpretation. In the assumption that the linear
model (3.1) holds, the 2m values b, (t= -m+1,...m) are unbiased estimates for 8. The

covariance matrix of these 2m estimates is the Toeplitz matrix:
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202 -0 0 0
-0? 207 -0’
ve|. . : . . (.4)
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Now we can set the following rule (see, for instance Newbold and Granger, 1974).

Rule II: given a vector 8 of unbiased estimators of a parameter § with covariance matrix V,

the best (in the mean squared sense) linear unbiased estimator of 6 is given by
0, = (Av11)1(1v19) (3.5)
where 1’ = (1 1... 1), and the variance of 91 is given by
var(b, = (1v11) (3.6)
This Rule II is a particular case of the Rule V that is proved in the appendix.
The inverse of the Toeplitz matrix (3.4) has been studied by Shaman (1969) who
obtained the exact inverse of a first order moving average process. As V can be interpreted

as the covariance matrix of a non-invertible (§=1) first order moving average process, then

V1 = {vy}, is given by

_ 1(2m-j+1)

V') 2n+1 J >ll i=1’ ’Zm;
and vy = v;. Therefore
2m 2m-1 2m-2 .. 1 T
2m-1 2(2m-1) 2(2m-2) .. 2
v = 1 2m-2 2(2m-2) 3(2m-2) .. 3
a?(2m+1) : ; :
2 4 6 v 2m-=-1
| 1 2 3 - 2m |

It is easy to show that the estimator (3.3) can also be obtained by applying Rule II to the




unbiased but correlated estimates b,.

When an ARMA model is fitted to the residuals of the regression model, the equation

for the h steps ahead forecast where we call §,(h) = E[Yiy, | Yo Yer,--.118
9,(h) = By+B,h+h, (h) 3.7
where fi(h) is the forecast of the zero mean stationary process fitted to the residuals. As for

a stationary process the long run forecast converges to the mean, fi(h) - O, and the

parameter f3, is the long-run estimated growth of the time series.

Let us compare (3.7), with the growth estimate provided by the integrated ARIMA

model

Vy, = B+n, (3.8)

where V = 1-B and By, = y,, and n, follows a zero mean stationary ARMA model. Letting
V denote the covariance matrix of n,, the estimate of 8 in (3.8) is given by the generalized

least squares estimator
B = (v 1)1 (1vb) (3.9)
where the vector b has components b, = y,-y,,. Assuming that n, is stationary and invertible

it is well known (see Fuller 1976) that b = (1/(n-1)) I b; is asymptotically unbiased for 8.

When n is large, the expected forecast h periods ahead is given by
9,(h) =b h + f,(h) (3.10)
where fi,(h) is the h-step ahead forecast of the stationary process n,. As for h large the f,(h)

will go to zero, the long-run growth will be estimated by a weighted average with uniform

weighing of the observed growths b,.




In summary, the two models forecast future growth by using a weighted average of
the observed growths in the sample. Linear regression gives minimum weight to the last
observed growth and maximum weight to the center of the sample period. The ARIMA
model gives uniform weighting in all the years in the sample. A comparation of the
forecasting performance of these and other models used for forecasting growth can be found
in Pena (1993).

4. ESTIMATING MISSING VALUES IN TIME SERIES

Suppose a Gaussian stationary time series y, that follows the general representation

Ye = E“iyt-i + a, ' 4.1)

i=1

where g, is a white noise process with variance ¢,2. Then, if the value y; is missing, we can

obtain an unbiased estimate of it by ussing

}7'1('0) = E TiYri 4.2)
=1
and this estimate will have variance ¢,%. Also, from (4.1) we can write

Y1 = B3 | V1=, BiYVreg-s| * ar/7y (4.3)
=1
inj
Thus we can obtain additional unbiased estimates of y; from (4.3) by

I('j) = Tt;l(y'r»«j—z: “in*rj-i) 4.4

I#5

with variance o®/7%. As all these estimates are unbiased and independent given the observed
data, the best linear unbiased estimate of the missing value y is readily obtained by applying
Rule 1

“§ ()
_)77, = E _—EyT (45)




where 7, = -1. It is easy to show (Maravall and Pefia, 1995) that this estimate is equivalent

to the well known expression for the missing value estimation in a gaussian stationary time

series

o

9 ==Y PAYr-s*Yres) (4.6)

i=0

(See Grenander and Rosenblatt, 1957, and Peiia and Maravall, 1991). However, the
advantage of formulation (4.5) is that it provides a clear understanding of how to proceed
when the missing value is near the extremes of the series so that the two side symmetric filter
(4.6) has to be truncated. Then, we have to combine (4.2) with the n-T estimates(4.4) that

are available and the exact formula for the finite sample interpolator is

Pre= Y, =199 @.7)

This idea can be easily extended to groups of missing observations. We will illustrate
it here with an example: suppose we have an AR(1) process in which the values y; and y,;

are missing. Then, for y; we have the two estimates:

2 = by, @.7)
with variance ¢,%, and
97 = by, (4.8)

with variance ¢,2(1+¢%/¢*. The best linear unbiased estimate will be

-91' = -——¢(l+¢2)

2
Tegiagt ™t —& ., (4.9)

1+$p2+d*
that agrees with the general formula obtained by a different approach in Pefia and Maravall

(1991). The estimate of §,,, will be similar to (4.9) but with the roles of y;, and y;,
reversed.




5. SENSITIVITY ANALYSIS IN REGRESSION

It is well known that in the linear regression model
y =8, + Bx +u, E(u =0, Varu) = ¢ 5.1

the least square estimate of the slope is given by

A

B=Iwb (5.2)

where w; = (x;-X)/I(x;-X)? is a set of weights (w; = 0, L w; = 1) and the b; are estimates

of the slope that can be built up by using the sample data:

b= XY (5.3)

X -X

These estimates are not independent, because a,’b = 0, where a,” = ((X;X) ... (x,-X)) and

b = (by,..., b,). They have a singular covariance matrix
S, =D, 1(1-1n11)D," ¢ (5.4)

where D, is a diagonal matrix such that the ith diagonal element is the ith element of a,, that

is diag (D,) = a,. Then, we can use the following rule.

Rule III: Given n dependent estimates 8, with singular covariance matrix S,, the best linear

unbiased estimator of 8 is given by
b, =S, DTS, B (5.5)
where Sy is a generalized inverse of S,, and the variance of the pooled estimator f; is

Var (0 = (' S; D).
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It is straightforward to check that a generalized inverse of (5.4) is given by
Sy = D, D, 07, (5.6)

because 1°'D, = 0, and if we apply (5.5) to (5.6) and (5.3) as 1’S, 1’ = 1/¢* I (x;-X)* we
obtain (5.2). In summary (5.2) is again the BLUE estimate given the estimates b,. This

estimate can also be written as a weighted function of the estimates

b. = Yi-y;

ij Xl' _XJ (5 '7)

that are independent, and have variance 20%/(x;-x;)*>. Therefore, the BLUE based on b; must
be

T b, (5.8)
and it is straightforward to show that this estimate is equivalent to (5.2).

Equations (5.2) shows that the leverage (x,-x)*/Z(x;-X)* determines the potential
influential of an observation on the estimated slope of the regression line, whereas the
observed effect depends also on b,. Since B is the sum of n components w;b;, the relative

importance of a point in determining 3 can be measured by

w, b

i1

B

d; =n

5. (5.9

= ' (X.i-)?) (Yl'?)'

where S,, = i{: (x;-X)(y;-y). Note that §, is a measure of the influence of a point (x;, y) on
the slope, whereas the usual statistics of influence, as the one due to Cook (1977), tries to
identify both outliers and influential points. Also, the Cook’s statistic can be very affected
by masking (see Pefia and Yohai, 1995) whereas §; is not. For instance, table 1 presents a
set of artificial data with three large influential observations that are not identified neither by
D; (Cook’s statistics) nor by the studentizied residual (t) as extremes, but they are clearly

indicated as the most influential on the slope by the statistic (5.9)

11




x |1 2 3 4 5 6 7 8 9 10 17 17 17
y|l2 3 4 5 6 7 8 9 10 11 25 25 25
D, |.25 .10 .03 .00 .00 .01 .02 .05 .08 .14 .16 .16 .16
t (14 10 6 3 01 04 07 -1 -14 17 9 9 9
5113 1 7 5 3 1 0 0 0 0 26 26 26

Table 1
Consider now the multiple regression model
Y=XBg+U (5.10)

where X is nxp and we suppose to simplify the presentation and without loss of generality
that all the variables have zero mean. Then, it is well known that each of the components of

B can be written as

B, = L Wy by (5.11)
where
b, = 27 (5.12)
€ R

and e;  is the ith component of the vector of residuals e ; obtained by regressing x; on all
the other explanatory variables. That is, if X}; is a matrix without the jth column, x;, and ¥
= (X’ X" XX is the least square estimate of this regression, then ¢; = x; - Xj; 4. The

weight w; is given by e; /T ¢; g%

Suppose that we are mainly interested in some regression coefficient Bj that is of
special interest. Then, the usual diagnostic statistics that look at the change on the whole
‘vector of parameter estimates may not be useful. However, the weights w;; provide a natural

and simple way of looking at the potential effect of an observation. These weights can be
computed from

12




/ / ~“1xs/ 2
(xy=Xigp (XX ) " X))
/,.
x; (I-Hp) x;

(5.13)

where H;, is the hat or projection matrix built without variable X;. A plot of the variables w;;

can be useful to judge about the robustness of one estimate to the given sample.

As in the simple regression case a measure of the influence of point (x; y;) on the

estimation of Bj can be built by

|Wijbij|

1851

6; =n

A different problem occurs when we have a sample of n; data points (X; Y),
i=1,2,..., n, in which we have obtained 8, = (X;’ X)) X;” Y, with covariance s? (X;’X)",
and we want to combine both estimates to obtain the BLUE. Then we can use the following

rule.

Rule IV: If f?, is an unbiased estimator of § with covariance matrix V, and 02 is also unbiased

for 8 with covariance V, and these two estimates are independent, the best linear unbiased

estimator (minimizing the trace of the variance covariance matrix) is given by
b = (Vi + VO VLA + (vt + V)T VG, (5.15)
and the covariance matrix of the pooled estimator is
Vil =Vt 4+ v (5.16)
- This rule is a particular case of Rule V that will be proved in the appendix, and
generalizes rule I to the vector case. For instance, the BLUE estimate of B when combining

two independent samples with the same parameter 3 but different residual variance is given

by

B = X/X/s2 + X, X,/8.2)" (XY /s + X, Y,/s2).

13




6. RECURSIVE ESTIMATION

Suppose we have a parametric model y, = f(x,, 8, a), that relates a vector of
responses to a set of explanatory variables, x,, a vector § of p parameters and a set of
unobserved random variables a, We will say that a basic estimate of 0 is an estimate
obtained from a sample of size p, while an elemental estimate of 6 is an estimate obtained
from a sample of size one. We will say that an estimate is proper if it is obtained from a
sample of at least size p. For instance, if 6 = (u, o) and y, = p + o a,, where a, is a zero
mean and unit variance scaler variable, the basic estimate requires n=2, and the elemental
estimates, from a sample of size one y,, are given by & = y,, & = 0, with a singular
variance covariance matrix. In the standard regression model where 8 is px1, the basic
estimate of § = (B, ¢®) requires p+1 data. The elemental estimate of 8 given a sample (y,,
x,) of size one is obtained from x’3, = y;. Using the Moore-Peurose generalized inverse (see
Guttman (1982)) and calling A" to the generalized inverse of A the solution of this equation

can be written as
Bi= (/Y yi = &%) xy; (6.1)
where x; is a px1 column vector and will have a singular covariance matrix.

Sometimes we need to combine a proper and an elemental estimate of §. For instance,
in regression recursive estimation where we have an estimate B(,,, of (5.10) based on n data
points, we observe y, ., and need to revise B(,,, to obtain B(,,H,. In general, given a px1 vector
of parameters § we will say that 8. is an elemental unbiased estimator of 8 if (1) the
covariance matrix of 8,, V,, is such that rank (V) = 1; (2) given p independent estimates b;
with covariance matrices V;, the matrix V,” +...+ V.7, where V; is a generalized inverse of

V is nonsingular; (3) Combining these p estimates by

T = f ( f Vi-).lvi-éi 6.2)

i=1 1

=5
]

we obtain a basic unbiased estimator of . For instance, in linear regression the estimate

(6.1) is elemental unbiased, because (1) the pxp covariance matrix of the estimate fii, V,, is

14




V; = x;x;” (x’x)?0? has rank equal to one; (2) V; = xx;’ 1/¢*> and

p p

£vil - [i] x5 = [i] |x7%] # o
i=] g i=] ag
and (3) combining B; by
Br = 251 Ex; Y%y = (X'X)'X'Y | (6.3)

we obtain the basic BLUE estimate. We can generalize (6.1) as follows:

Rule V: Given n independent estimates §; unbiased or elemental unbiased with covariance

matrices V;, that may be singular, the best (minimizing the trace of the covariance matrix)

unbiased estimate is given by

9T=E(

n
i=1 Jj=

Viy'vib, (6.4)

1

where V; is the Moore-Penrose generalized inverse of V;, and where we have assumed that

TV, is non singular. The covariance matrix of f; is then easily seen to be
Vit =Y Vil (6.5)
This Rule is proved in the appendix.
The application of this Rule V to recursivé estimation leads directly to the Kalman

Filter. To show this, let us consider the standard state space formulation of a dynamic model

with observation equation
Yo = A6 + ¢ (6.6)
and state equation

6, =Q6, +u, 6.7

15




where y, is rx1, A, is rxp with rank (A)=r, ¢, is N(0,C), @, is pxp and u, ~ N,(0, R). In
this model, at any time t we may consider two independent estimates of 8. The first is the
forecast of the state that comes from (6.7)

6 = Q. b, (6.8)
and whose covariance matrix can be obtained from

8,- 00 =Q (B.-8.) + v (6.9)
calling I, = {y,, ..., y,} the information until time t, defining

Vyu = EIB, - 0)B, - 6) | L] (6.10)
and letting V, = V,,, we have from (6.9) that the covariance matrix of (6.8) is given by

Vir = % Vi ) + R, (6.11)

The second estimate of 6 at time t is obtained from (6.6) when y, is observed. Assuming p>r

and A, A’ non singular, this estimate is given by

2 = A’ (AAD)' . (6.12)
Using (6.6), it can be written

02 = A’(AADA, 8, + A (AA)) ¢ (6.13)

which shows that it is not unbiased for 6, However, it is easy to see that it is elemental

unbiased, with singular covariance matrix

V@ = AJ(AA)'C(AA)) A, (6.14)

16



This matrix has a generalized inverse

(V@) = A'CA,.
Therefore, following rule V, the BLUE estimate will have a pooled covariance matrix

V1 = V! + A'CA, (6.15)
and the estimate will be given by

b = (I-VACIAYQD,, +VALCY, (6.16)
or, as it is normally written,

b = Qd., + VACI(y, - A Q 0, (6.17)

Equations (6.15) and (6.17) constitute the Kalman Filter, that appears as a particular case of
Rule V.

It is interesting to stress that equation (6.7) provides a clear ground for building
influence measures of the last observed data in recursive estimation. Calling 9‘,‘_1 = 9‘9‘_1 to
the forecast of 6, with information until y,,, the change on the parameter vector due to

observing y, is given by
9! - at/t-l = V,A’C/'ey, (6.18)

where ey, = y-A, B,., is the predicted residual. The Mahalanobis change on §, will be given
by

D, = (9(9%1) ’Vl-l(ét'al/t-l) (6.19)

that can be written as

17




D, = ey’ C' AVACley. (6.20)

This diagnostic measure can be built for any statistical model in the state space form (6.6),
(6.7) and estimated with the Kalman filter. It is straightforward to show that for regression
models this statistic for the last observed point is equivalent to the one introduced by Cook

(1977), whereas in ARIMA and transfer function models it is equivalent to the statistic
introduced by Pefia (1990, 1991).

7. CONCLUDING REMARKS

Any estimation or forecasting procedure can be seen as a way to combine the
available information. In Bayesian statistics the prior information is combined with the
posterior using Bayes’ Theorem. In classical statistics the different pieces of sample
information are weighted to obtain the final estimate. When we have unbiased estimators (or
elemental unbiased) they are lineary combined to obtain the best linear unbiased estimate
using as weights the (generalized) inverse covariance matrices. We have shown that analyzing
estimates from this point of view can provide some useful insights on the properties of some

statistical procedures.
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APPENDIX
To prove Rule V, let us consider the class of unbiased estimators

a n- a n-1 ,.
0y = )3l A6+ d- Y A6, (A.1)

i=] i=]

such that if the éi (i =1,..., n) are unbiased, 9T will also be unbiased. The covariance matrix
of 9T is
n-1 n-1 n
S:= Y AVA’+V,- ¥ AV,- ¥ V,A’+ILAVA/
i=1 i=1

i=]

and the trace of this matrix is
m=trSy) = ¥ tr (AVA) +tr (V)-2 ¥ tr(AV,) +
i=1 i=1
n-1 n-1
Yy Y tr (AiVnAj,)-
i=1 i=1

Now, if V is symmetric we have that 4 tr (A V)/dA = V, 3tr (AV A’)dA =2 AV, dtr
(A’VA/OA=2VAdtr(AVB)IA =BVandatr(BV A)JA =V B’, we have

om _ ) n-1 _
7Z, =2A V-2V, +2 jf;‘l AV, =0
and so,
n-1
AVi=(I-Y AV,
j=
A=a-F AV Ve (A2)
Jj=1

Adding the n-1 equations (A.2), we obtain

n-1 n-1 n-1 n-1
L A=V, T V- ¥ AV, T Vi,
i=1 i=1 i=1

Jj=1

1 n-1 n-1
Y Ad+Vv, ¥ vh=vVv, Y Vv
1 i=1

i=l

19




n-1 n n-1
E Ai vn( Z Vi-l) = Vn E \,i.l
i=l i=1

i=]

n-1 n-1 n
AV,=V, (L V(Y vy
- is1 i=1

i=1

-

and, inserting this result in (A.2)
n-1 n
A=V, 0-CY Vh(y vihhvt
izl |
n n-1 n
A=V, (Y V- Y vihy vihlvt
i=1 i=1 i=]
A= (% VitV
i=1

We have assumed in the proof that all the inverse matrix involved exit; the proof is
similar when some of these matrices are singular by replacing the inverse by the generalized

inverse of the matrix.
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