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Abstract
We address questions that arise in statistical analyses of recently detected fluctuations in the
Cosmic Microwave Background (CMB). Estimators of the quadrupole amplitude, Q, and spectral
index, n, of the CMB angular fluctuation power spectrum are considered. Families of unbiased
estimators of Q? and existence conditions for minimum variance estimators of n are given. We
find that the common practice of excluding the quadrupole is not recommended if one is interested
in unbiased estimators. We explain previously reported correlations of the estimators and show
how they depend on the multiple used to normalize the spectrum. We show that a finite beam

resolution does not justify the use of truncated least-squares to estimate harmonic coefficients of
CMB data.
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1. Introduction

Thirty years ago the Cosmic Microwave Background (CMB) radiation was discovered
by Penzias and Wilson (1965). This nearly isotropic, 2.7 K blackbody radiation is the
redshifted relic of the Big Bang, and is comprised of the oldest observable photons. Their
long journey towards us has lasted 99.997% of the age of the universe; a journey that
began when the photons were last scattered by free electrons of the cosmic plasma, at a
time when the universe was 1000 times smaller and the temperature 1000 times higher
than the CMB today. Observed large scale structures like galaxies, clusters of galaxies,
giant voids and superclusters are believed to be the result of gravitational instabilities of
under- and over-densities in the matter distribution. If that is the case their imprint must
be present in the form of anisotropies in the temperature distribution of the CMB. For 25
years, astrophysicists had been looking for these anisotropies, which are crucial ingredients
in present theories of large scale structure formation. In 1989, NASA launched its first
cosmology satellite, COBE. The Differential Microwave Radiometer (DMR) instrument
on board COBE was constructed to search for these anisotropies. In the spring of 1992,
the COBE DMR team announced the discovery of anisotropies in the CMB (Smoot et
al. 1992), starting a new era in cosmology.

Since our observable universe is a single finite sample of a larger universe, models
of large-scale structure can only make statistical predictions about the observable CMB
fluctuations. This statistical uncertainty in the predictions is usually known as cosmic
variance. For example, a popular class of models predicts Gaussian distributed spherical
harmonic coefficients of the fluctuations. More precisely, CMB fluctuations in a given

direction in the sky are written in terms of real spherical harmonics as (Smoot et al. 1991)

AT/T(@,QS) = ZalmFlm(o,QS), (1)
lm

where the coefficients a;,, are modeled as idependent N(0,0?) variables, with o, being a
function of two parameters; the spectral index n of the power spectrum of the matter
density fluctuations, and its amplitude @). Usually @ is written as Qrms—ps to emphasize
that it is the rms amplitude of the quadrupole (I = 2) normalized power spectrum. If
n can be determined to be greater than one, then some favorite theories (e.g. some
inflationary models) will have to be abandoned or modified. On the other hand, if n
is found to be less than one, then the contribution of gravitational waves towards the

production of fluctuations could be significant. There have been a number of studies
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to estimate the spectral parameters that best fit the data. Figure 1 is a summary of
published n and @Q estimates from COBE DMR data. Many of the estimated values of Q
in Fig. 1 have been obtained by simply fixing n = 1. Also, the best fitting quadrupole
is sometimes removed from the data before any estimation is done (e.g. Lineweaver et
al. 1994, Smoot et al. 1994, Wright et al. 1994). This quadrupole exclusion is motivated
by the possibility of galactic contamination and systematic error contributions to the
measured quadrupole. Exclusion of the quadrupole results in values of n that are closer
to the favorite inflationary value n = 1. When the quadrupole is included, larger n values
are obtained as the observed quadrupole appears significantly lower than that predicted
by fluctuation amplitudes at higher orders; only the five points to the right in Fig. 1
include the quadrupole. The curves in Fig. 1 are fits to scatter plots of Monte-Carlo
estimates of the spectral parameters. This correlation of the estimators makes it difficult
to estimate n and @ with Monte-Carlo methods.

This work was motivated by questions arising in the analysis of DMR data: Do there
exist unbiased estimators of Q? besides the observed total power at ! = 2? Do minimum
variance unbiased estimators of n and Q exist? How good are maximum likelihood (ML)
methods for the CMB problem, consisting of non-identically distributed observations?
How are estimates affected by the exclusion of the quadrupole? Why are reported esti-
mators always correlated? Are least-squares estimates of harmonic coeflicients affected
by the order of the fit? To answer these questions we consider estimators that can be
expressed as functions of finitely many spherical harmonic coefficients. For example,
Q? can be estimated using the total power, 3" a2, at | = 2 or using ML of the ai (e.g.
Gorski et al. 1994). These estimators also arise naturally when Monte-Carlo methods are
used: given a map of temperatures T},..., Tk, a statistic S(T4, ..., Tk) is defined (Banday
et al. 1994, Kogut et al. 1995, Smoot et al. 1994). Then its mean ps(n, Q) and variance-
covariance Ls(n, Q) are determined through sky map simulations for different n and @
incorporating actual noise levels, observation patterns, known systematics and pixeliza-
tion. Next, a criterion is defined for choosing the best n and @ by comparing the measured
S to the one obtained from simulations. Usually estimators # and Q) are defined as those
values that minimize or maximize a test statistic (e.g. x?2), which is formed using the
simulated ps and s, and the statistic S of the real data. However, the statistic S of the
observed data depends in principle on infinitely many a;, while us and 5 are computed
using only those of order ! < L. We may assume that the estimators are functions of ajpm,

| < L, provided they are insensitive to this order truncation.
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Among those statistics given in terms of finitely many ay,, unbiased and ML esti-
mators are considered. The a;, will be assumed to be noiseless, subject only to cosmic
variance, providing a reference as to the best one might hope to achieve using these esti-
mators. Establishing the existence of uniformly minimum unbiased estimators (UMVU)
estimators, or even of unbiased estimators, for a given maximum order L is not straightfor-
ward. Some existence conditions are given in Section 2. On the other hand, ML estimators
of n and Q? are relatively easy to compute numerically. The use of ML is usually justified
by its nice asymptotic properties. However, one has to be cautious since these proper-
ties are usually proved under the assumptions of independent and identically distributed
variables. The ay,, are not identically distributed for different [. Although there are some
results concerning the non-identically distributed case (e.g. Hoadley 1971), we conducted
Monte-Carlo simulations to study ML estimators of n and Q? for the values of L fre-
quently used, and to check for possible systematic effects caused by the exclusion of the
quadrupole. Section 3 presents results of our simulations, as well as a discussion of the

observed bias, variance, and correlations.

In the last section we point out some difficulties in estimating the a;, themselves.
To estimate harmonic coefficients of our observable universe, cosmic variance is neglected
and only variance contributions due to the measurement process are considered. Suppose
we want to estimate the monopole and dipole (I = 0,1) coefficients. This is usually done
by least-squares fitting the signal to a harmonic expansion of some finite order L > 1. Tt
is sometimes believed that the finite resolution of the beam allows one to safely assume a
finite harmonic expansion of the data, i.e. the a;,, estimates are not order dependent if L is
high enough. Harmonic coefficients of a linear combination of two functions on the sphere
are linear combinations of the corresponding coefficients of each function, i.e., the ajn
are linear functionals of the temperature. It has been shown that only linear functionals
which are linear combinations of the data generating process can be recovered with finite
uncertainty in a linear inverse problem, unless additional constraints are imposed (Backus
1970). Due to galactic plane cuts, uneven sky sampling and beam resolution, harmonic
coefficients of DMR data do not have this property. Uncertainties of the a;,, estimators
depend on L. This truncation effect has been pointed out before (e.g. Backus 1988,
Benton et al. 1982, Stark 1993) but a simple toy example is illustrative. The last section
gives a simple COBE-like example to show how misleading least-squares estimates of the
ay, can be.




2. The Model

Power-law models predict a linear power spectrum of the CMB fluctuations for the
angular scales probed by the DMR instrument ( 27°). Such a spectrum is usually
parametrized by an amplitude @ and a spectral index n. Assume that harmonic co-
efficients a;n, in the expansion (1) are noiseless, subject only to cosmic variance. Then the
aim are modeled as independent N(0, 0?) variables, with cosmic variance o7 given by
_ 100+ (= 1)/2)0((9 = n)/2) o)

5T+ (=23 T n)/2)’
for I > 1, @ > 0. The functions N, have a singularity at n = —3 and are only physically
meaningful for n < 3 (Efstathiou 1990, Lineweaver 1994). We therefore consider the

range —3 < n < 3 as a natural parameter space for n, but the more restricted interval

‘712 = Q2N1(n)’ Nl(n)

—1 < n < 2 is physically reasonable in that it spans all the experimentally determined
values of n.

The joint distribution of the a;,, for [ < L can be written as
1 1 (204 1)P
flaz -2y ar,r) x ———===exp[—5 ) =], 3)
’ ( 2,—-2 Hi Q Nl(‘n) 9 ; Qle(n) (

where

1 : 2 Q2N1(n) 2
P = mmglazm ~ -QI—H—XzzH-

It follows that the spectrum, P = (P, ..., P), is sufficient for @ and n.

3. Unbiased Estimation

Consider unbiased estimators of the spectral parameters that are functions of the
observed a;, (I < L). Since P is sufficient, unbiased estimators of n and Q? may be
assumed to be functions of P. We will require that estimators 7 and Q2 behave properly
under re-scalings, i.e., multiplying all the a;,, by a constant ¢ should scale the estimated
Q? with a ¢? while the estimated n should remain unchanged. This means that for any
E>0

Q*(kP) = kQ*(P) and A (kP) = a(P). (4)

Since Ny(n) = 1/5, we have that Q? = 5P, is an unbiased estimator of @2 But

Q? has a large variance and it is rarely used to estimate Q?. However, we know of no




-6 -

other unbiased estimator of Q* previously reported. It is natural to ask whether Q2 is
the only one. Take the simple case L = 3, i.e., P = (P,, P5). By completeness, Qg is the
only unbiased estimator of Q* and therefore it is also UMVU. A larger number of a;,,
could be used by choosing P, and any other P; instead, but Qg will still be the unique
UMVU estimator of Q2. It is shown in the Appendix (Pf.1) that these are the only cases
for which Q% is an UMVU estimator. Any unbiased estimators of Q% can be written as
Q=2 - U(P), for some unbiased estimator of zero U(P). That there do exist families
of unbiased estimators of zero for L > 3 is shown in the Appendix (Pf.1). We thus have
infinitely many unbiased estimators of Q% when L > 3. The question is whether there
exists one with uniformly minimum variance. So far we are only able to answer that
Q2 is not UMVU if L > 3 (Appendix Pf.1). In fact, no P, is an UMVU estimator of its
expectation. But, the question of whether there exist UMVU estimators of Q2% for L > 3
is still unsolved.

Whether an unbiased estimator of the spectral index n exists is still unknown. But,
given L, we ask how many of the P, (I < L) are required to form an UMVU estimator.
Such an estimator of n, if there is one, can not be independent of two consecutive P, P44
(Appendix Pf.2). Therefore, if an UMVU estimator of n exists for [ < L, it will not be
UMVU if L is increased to L + 2. It is also clear that such an estimator of n will depend
on at least half of the P, | < L.

As mentioned in the Introduction, the quadrupole is sometimes removed from the
data before estimating n and (). How are unbiased estimatators of the spectral parameters
affected by the exclusion of P,?7 Heuristically, as n — —3 the expected amplitudes of each
of the P, goes to zero, except that of P;. Thus, if P, is not included we are only left
with the vanishing F;. Not surprisingly, there does not exist an unbiased estimator of
@? for the parameter space @) > 0, —3 < n < 3 (Appendix Pf.3). However, it is still not
clear whether unbiased estimators of Q? exist for subintervals of —3 < n < 3 when P, is

excluded.

4. Maximum Likelihood Estimation

Solving the maximum likelihood equations leads to estimators ) and Q2, that are
functions of the sufficient statistic P and that satisfy the scaling conditions (4). For
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example, when L = 3 the ML estimators are

A 9P; — 3P,

2 A 3 2

= 5P,, = —",
Omi 2 Ps+ P,
In this case, anl is the unbiased estimator considered in Section 3, but fin is biased:
a short analytical calculation shows that E(fym) = 0.489 and 1.409 for n = 0 and 1,
respectively. It is also easy to see that 7, and anl are negatively correlated, in fact,
Ns(n)

5N3(n) -+ 7N3(flm1) '

E(Q%)|fm) = 12Q°

Figure 2 shows a scatter plot of 7, and anl for simulated P, with input values ng = 1,
Qo = 1. The solid curve is the conditional expectation of anl given fy . The curves in

Fig. 1 are basically estimates of the corresponding conditional expectation.

4.1. Simulation Results and Discussion

We study ML estimators for higher values of L through Monte-Carlo simulations.
The ML estimator of n is determined by finding the zero of d,log(L[n, Q]), where L{n, Q]
is the likelihood obtained from Eqn.(3). We use a combination of the Newton-Raphson
and bisection methods to determine the zero to an accuracy of five decimal places. Once
fim1 is found, the ML estimator of Q? is determined by substitution into the Q-derivative of
the log-likelihood equation. Since the estimators satisfy the scaling conditions, it suffices
to consider the case @ = 1. Due to the resolution of the DMR beam, Monte-Carlo
simulations of DMR data are usually performed using harmonic expansions to L ~ 30.
The fits in the simulations here are for L = 20 and L = 30.

Figures 3a-d show estimated biases of 7, and le as functions of n. Both estimators
show a positive bias. The n dependence of the bias of () seems to be large while the n
bias is almost n independent. For L = 30 the average biases are about 0.004 and 0.001Q
for A and Qum respectively. Excluding the quadrupole (solid symbols) does not seem to
affect the bias of fiy but increases that of le.

We now compare the variance of the estimators with their Cramer-Rao (CR) bound.

The information matrix / of Q? and n is

1(Q%n) = %? Ticr(20+1) %13—2 Y20+ 1)Zin(V) (5)
’ sor Dier (2 + D& In(N) § Tugr (2 + D(EIn(N)) )
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Therefore, the CR bounds for n, Q and @Q? are
CR(n) = I1/det(I), CR(Q?) = I2/det(I), CR(Q)= CR(Q?)/4Q".

Figures 4a and 4b compare the estimated standard errors of 7 and Qm] with the square
root of their CR bound. The plots show that the ML estimators are basically efficient for
L =20 and L = 30. The distance from the bound does not seem to be affected by the
exclusion of the quadrupole. We show next that this efficiency is partly responsible for

the observed correlation between n and Q.

4.2. Correlation of the Estimators

The estimators fi,q and Qfm are negatively correlated when L = 3. Simulations show
that this is also the case for higher values of L. All reported estimators of n and ) have
also shown this correlation (e.g. curvesin Fig. 1), which makes difficult the determination
of n and @ if a Monte-Carlo method like the one described in the Introduction is used.
Some studies have reported a fit to the curve E(Q|#) (see Fig. 1) and some others have
claimed that the correlation is due to instrument noise in the data (Smoot et al. 1994).
But, as Fig. 1 shows, the correlation is present in ML estimators of n and Q% even for
noiseless data. The observed correlation is a property of the estimators. Independent
estimators of the spectral parameters do exist. For example, by independence of the
P, independent estimators with small bias could be found by choosing a high enough L
and determining the ML estimator of n using only the odd P, and the ML estimator
of Q? using only the even ones. The CR bound can be used to find a simple sufficient
condition to explain the observed negative correlation. Consider the CR bound of n — Q?:
CR(n — Q?) = (I22 + I)1 + 2I13)/det(I), where [ is the information matrix in Eqn.(5). It
is easy to see that I;o > 0 for —3 < n < 3. Therefore,

CR(n — Q?) — CR(n) — CR(Q?) = 2I,5/det(I) > 0. (6)

Now, take any estimators # and (2 such that their variances and the variance of & — Q2
achieve their corresponding CR bounds. It then follows from Eqn.(6) that

var(f — Q?) — var(n) — var(Q?) = —2cov(f, Q%) = 2I15/det(I) > 0.

Therefore cov(1, Qz) < 0, and # and Q? are negatively correlated. The same is true if the

variances are not equal but ‘close enough’ to their CR bounds. This is precisely the case
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of the ML estimators found above. In other words, any estimators of the two spectral
parameters which are based on the same statistic P and which are almost efficient will be
negatively correlated. A similar argument predicts the sign of the correlation for different
power spectrum normalizations. Suppose we normalize the spectrum to the kth multipole.
Take R to be the new normalizing amplitude, and E(P,) = R*M(n). It can be shown
(Appendix Pf.4) that almost efficient estimators of R and n are negatively or positively
correlated depending on whether 9,In(Ny) is smaller or larger than the weighted l-average
of 0,In(N;). E.g., it will be negative for small values of k¥ and positive for larger ones.
One can use Eqn.(6) to find a k that gives a small correlation in order to get a better

Monte-Carlo estimate of n.

5. Covariance of Harmonic Coeflicients

COBE measurements of the CMB are convolutions of the DMR instrument’s beam
pattern with a sky signal AT /T'. The relationship between the true sky spherical harmonic

coeflicients a;,, of AT /T and those of the convolved sky by, is (ignoring pixelization effects)
b = Gium,

where the G, are known Legendre coefficients of the beam pattern. Reported estimates of
the a,, are usually Gj-corrected least-squares fits of the b;,,. It is usually believed that the
expansion of the real signal can be assumed finite due to the exponential decay of the Gj.
However, using only a finite number of harmonics in the least-squares fits effectively adds
the extra condition of having a finite harmonic expansion. Using least-squares to estimate
the coeflicients leads to estimators that depend on this extra information. For example,
we fit a dipole to a 2-year 53 GHz COBE sky map using least-squares to different orders
and galactic cuts. Figure 5 shows the estimated z-component amplitude of the dipole
in celestial coordinates and its estimated error. With a 5° galactic cut, the absolute
value of the r component amplitude decreases with L, while its estimated error increases.
Due to larger correlations of the harmonics on the further cut sphere, the increase in
the error is steeper with 10° galactic cut fits. Instabilities in the matrix operations may
have something to do with the observed effects, especially for larger values of L. A simple
example in which all the matrix operations can be done by hand may give more convincing
evidence of a truncation order dependence.
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5.1. A Toy Example

Start with a non-orthonormal basis {x:(t)}, 0 < t < 1 (non-orthogonality of the

harmonics for DMR data is mainly due to galactic plane cuts and uneven sky sampling)
xi(t) = ex(t), xi(t) = elt) — e (t), 1> 1,

where {e;(t)} is any orthonormal basis. Suppose we have measurements y(t) modeled by

L oo
y(t:) =D aGix(t) + Y, aGixt) + €t),
1=1 I=L+1
where €(t) are iid N(0,0%) and t; = i/I, 1 < i < I, index the different observations.
Assume that the G; are so small for [ > L that only the first L terms are considered in
the fit. We show that no matter how small the G; may be, truncating the expansion to a
finite order leads to estimates of a; that strongly depend on L.

A least-squares fit to tha data using only bases functions up to order L is obtained
by minimizing ||y — Xb||?, where b = a;G; and Xj; = xi(t;) for 1 <1< Land 1 <7< 1.
The least-squares estimator of b is '

b = (X'X) Xty.

Assume that sampling in ¢ is fine and uniform enough to assure that sums of products
over the I observations are well approximated by the scalar product of the corresponding
vectors in t-space (e.g. Sr_; x1(t:)xm(t:)) = I < X1, Xm > )- The matrix (X*X)~! can then
be written explicitly

([ L L-1L—2L—3...1\
L-1L-1L-2L-3 .. .1
. L-2 L-2 L-2 L-3 .. .1
(X'X) ! =~
I
1 1 1 R |

Notice that the entries of (X!X)~! grow linearly with L. The estimator b is biased

bias(b) = E(b — b) = (XX)"'G,
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where

Gt = I(Z a1G1 < X1, X! >,...,Za1G1 < XL, Xi >).
I>L I>L

In particular,

GL+1

G
For example, the bias is small for large L if the a; are known to be uniformly bounded,
l.e., increasing the order decreases the bias. The covariance is not so well behaved; the
covariance matrices of b and & are

Ibias(bi)| = |ar41|Grs1  and  |bias(@;)] = |aps]

255 = 0‘2(XtX)_1 and E&& = O'ZD(XtX)_lD,

where D = diag{G7',...,G;'}. It is clear that the variance should grow as 1/G; because
the G; are decaying, making higher order terms weakly determined; and that it should
decrease as the resolution I increases. But, for a fixed [, the variance and covariance also
grow linearly with L. For example, since var(a;) = (L+1—1)/(G,I), the variance ratio of
ay for fits of order [ = L and [ = 1 is just L. This does not mean, however, that it is best to
do lower order fits. Then we really get artificial uncertainties to an ill determined inverse
problem. Work to overcome these difficulties with the COBE data is still in progress.
A possible solution might be to add constraints from prior physical information. For

example, quadratic bounds have been used for similar problems in geomagnetism (e.g.
Backus 1989, Stark 1992).

6. Conclusions

We have chosen a class of estimators which arises naturally in the type of Monte-Carlo
methods used in COBE DMR data analyses. Within this class we considered unbiased
and ML estimators. We found families of unbiased estimators of Q? but were unable
to prove the existence of UMVU estimators. No unbiased estimators of n were found
but existence conditions for UMVU estimators were given. It was shown that excluding
the quadrupole from the data introduces a bias in estimators of Q2, but does not affect
the efficiency of ML estimators. We showed that the observed negative correlation of
reported estimates of n and @) is a property of the estimators used; any two almost efficient
estimators of the spectral parameters that are based on the same sufficient statistic P

are negatively correlated. In particular, Monte-Carlo estimates of n and @ which are
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insensitive to truncation order and which are almost efficient will be correlated, depending
on the multipole to which the power spectrum is normalized. It was also shown that
despite the finite beam resolution, least-squares fits of harmonic coefficients of DMR data
should be corrected for an order dependence of the fit.
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7. Appendix: Proofs

Pf.1. Start with the sufficient statistic P = (Pa,..., P), L > 3. A recursive relation
between N; and N4 leads to two familes of unbiased estimators of zero

Vi(P) = (20 + 5)PiPiyy — (21 4 3)(20 + 5)PPriyz + (20 + 3) Py — (20 4 5)Pri1 Py,

UI(P) = 4P1P1+2 - 4(l + 2).P1P1+3 - 4P1+1P1+3 + 4(l + 2)P[+1P]+2.

Unbiased estimators of zero satisfying the scaling conditions (4) can be obtained easily
from these. We use the V} to show that Q2 is not UMVU if L > 3. For an unbiased
estimator to be UMVU it is necessary and sufficient that it be uncorrelated with any
unbiased estimator of zero. Since the identity

5 < Vz,Pz >= ].SQG [N3(n) - 7N4(n)] =0

can not hold for all n, it follows that Qg is not UMVU when L > 3. A similar reasoning
shows that no P, is an UMVU estimator of its expectation.

Pf.2. Take ajm, [ < L, so P = (P,,..., PL). We show that an UMVU estimator of n
can not be independent of P, Py, for some | < L — 1. Suppose #(P) is an unbiased
estimator of n that is independent of P, and Pj4+;. Then

20-14n

E(P) = Q" Ni(n) = Q*5—=—

Ni(n).
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Since n is an unbiased estimator for any @) and n, we have
E(P,H.)E(zl +5—h)=Q*2 — 1+ n)Ny(n) = E(2l — 1 + A)E(P).
But P; and P4, are independent of #t by assumption, so
E[(2l+5—-n)Pp —(2l-14+ )R] =0,
for all @ and n. That is,
=(204+5—-A)Py1— (2l -1+ A)P,

is an unbiased estimator of zero. If in addition 7 is minimum variance, then it must be
uncorrelated with any unbiased estimator of zero. In particular we must have < U, 7 >= 0,
thus

Nl(n) + NI_H(TL) = 0.

This is a contradiction since the last identity is not true for all n. Therefore 7 is not an
UMVU estimator of n.

Pf.3. Consider the parameter space —3 < n < 3, @ > 0, and assume P, is excluded
from the data, i.e. P = (Ps, ..., P.). We show that no unbiased estimator of Q2 satisfying
the scaling conditions (4) exists. Take a finite variance unbiased estimator §(P) of Q2 ,
so that

E(5)=Q* (7)
for any n and Q. If §(P) satisfies the scaling conditions, then
P, P
§(P) = BF
®) = PrEE,., 2,

for some function F. Also, by the scaling conditions it suffices to consider the case @ = 1.
Define new variables Y; = P3,Y; = Py/ P, ...,Y 2 = P/ P;. The joint density of the Y] is

L*f2L-10 7 _
Voo Yyg) o T g exp( il + -+ )
1y ooy X L—2 1
N3(n)2Ny(n)% --- Np(n )—*—

Calculating the integral with respect to Y; in the expectation of § turns Eqn.(7) into

IdYI

p oy = PN ) Npa(m) 5 (8)
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where Y' = (Y3, ..., Yi-3), @ = (L* + 2L — 6)/2, k is some positive constant and
N(n) n4+5 n420-3

N = — ..
() Ns(n) 11-n 2l43-n’
9 2L +1
Y)= T4 oYy do ot ot ly, o
P Y) =T+ gyt Ng(m) 22

z 2L-1 ,
oY) =Y Y5 F(Y).

We first proof that the integral on the left side of Eqn.(8) is bounded for any n: since the
variance of ¢ is finite for any n, it follows that E(| § |) < oo for all n. Choose ny = 1,
OQY)] P(no, Y')

then for any n
! le
/ P(n,Y P(no,Y")* P(n,Y")>

The integral of the first quotlent on the right is bounded by assumption. The second
quotient is a ratio of two positive polynomials of the same degree. It is easy to see that
this ratio is bounded and therefore the integral on the left side of Eqn.(9) is bounded.
But, since N3(n) o« (3 + n)/(9 — n), the right hand side of Eqn.(8) goes to infinity as
n — —3. A contradiction since the left side is bounded.

dyY’. (9)

Pf.4. It was shown in Section 5 that the correlation sign of efficient estimators of n
and @ is determined by the sign of I;5. We use the same argument for different spectrum
normalizations. Renormalize the power spectrum to the kth multipole so that

E(P[) = R2M1(n),

where Mi(n) = 1/(2k + 1) and (2k + 1)M;(n) = Ni(n)/Ng(n). The new information
matrix I'(R?,n) is the same as the previous I(Q?,n) in Section 5, but with R in place of
@ and M, instead of N;. Writing Ij, in terms of N; leads to

2= - Z(Ql +1) 0nin(M;) = - Z(?l + D[ 0nln(N}) — Onln(Ny) ],
2R I<L 2R I<L
which can be re-written as

Iy = — 2 [ Buln(Ny) — ——2(21+1 )0aln(N)],
2R l<L

where N = 3,1 (2/ +1). That is, the term I}, is positive when Jnln(Ni) is to the left of
the weighted average + 311 (21 + 1)3:In(NV) and negative otherwise.
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Figure Captions

Figure 1. Estimates of Power Spectrum Parameters n and @ (also known as Q,ms.—ps).
For many of the points @) was found after fixing n = 1. The curves are estimates of
the conditional expectation of Q given 7. Only the five points on the lower right were

calculated with the quadrupole included in the data (Lineweaver 1995).

Figure 2. Scatter plot of simulated ML estimators of Q% and n when only P, and
P; are used. The input values were ng = 1 and @y = 1. The dotted curve is the condi-

tional expectation of Q2 given M.

Figure 3. Bias of the ML estimators for different values of n with @) = 1. Solid symbols

correspond to simulations with the quadrupole excluded.

Figure 4. Comparing the standard error of fiy (4a) and Q2 (4b) with the square
root of their CR bound (curves) as functions of n with Qo = 1. The solid symbols corre-

spond to the cases when the quadrupole is excluded.

Figure 5. Least-squares fits to a 2-year 53 GHz COBE sky map. Estimates of the
z-component of the dipole in celestial coordinates and standard errors are shown in 5a
and 5b respectively. The fits were done to orders L = 1,2,4,...,12, and regions with
galactic latitudes |b] < 5° and 10° were removed to minimize contamination from the

galactic plane.
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